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Solution to question 1

(a)(i)
Definition 1 We say that L = lim x,, if Ve > 0 3N € N such that
n—oo
n>N = |z, — L] < e.

[3 marks; bookwork]
(a)(ii)
Definition 2 A sequence of real numbers {x,} is said to be a Cauchy sequence if Ve >0 IN € N

such that
m,n > N — [T — Tn] < e

[4 marks; bookwork]
(a)(iii)
Theorem 1 A sequence of real numbers {x,,} converges iff it is a Cauchy sequence.

[3 marks; bookwork]

(b)
Definition 3 We say that the function f : (0,1] — R is uniformly continuous if Ve >0 36 > 0

such that
lr -yl <d & z,y€(0,1] = If(z) = f(y)] <e.

[4 marks; bookwork]

(c) Let € be an arbitrary positive number. The definition of uniform continuity (Definition
tells us that there exists a § > 0 such that

[z -yl <d & z,y€(0,1] = [f(@) = fly)l <e. (1)

The sequence {%} converges to 0, hence, by Cauchy’s General Principle of Convergence (Theo-
rem (1)) it is a Cauchy sequence. The definition of a Cauchy sequence (Definition [2)) tells us that
there exists an N € N such that

m,n > N = — ——| <4, (2)




where the 4 is the one from formula (I). Combining formulae (1) and ([2) we get

m,n > N = ‘f(ﬂi)—f(i)‘<s,

which in view of Definition means that { f (%)} is a Cauchy sequence. Cauchy’s General
Principle of Convergence (Theorem now tells us that the sequence { f (%)} converges. [11
marks; similar to an exercise from an exercise sheet]

Solution to question 2

(a)
Definition 4

(i) A partition P of the interval [a,b] is a finite sequence of real numbers P = {xg,x1,...,2n}
such that
a=x0<x1 < < Tp_1<xyH =0

The set of all partitions of a given interval [a,b] will be denoted by Pla, b].

(i) The mesh (norm, width) of the partition P = {xq,21,...,x,} is the number

IP|| := max (z; —x;—1).
i=1 n

[3 marks; bookwork]

(b) (i)

Definition 5 Let f € Bla,b], P € Pla,b], P = {zg,21,...,2n}. The upper Darboux sum of f
with respect to the partition P is defined as

U(f,P):=> Mi(x; — zi1),
=1

where M; :=  sup  f(x).

r€[wi_1,24)
[3 marks; bookwork]
(b)(ii)
Definition 6 Let f € Bla,b]. The upper Riemann integral of f over [a,b] is defined as

/ f(z)dx = Pei71>1[fa,b] U(f,P).

a

[3 marks; bookwork]

(c)(i) We have  sup  f(z) =;, so

z€[Ti—1, ]

( sup ]f(x)> (i —wim1) = 232 — 1) = %(%2 —zi )+ %(ffi —ziq)% (3)

r€[Ti1, T



Formula implies

(@2 ) + g )Pl (@)

N |

%(%2 -z} ) < ( sup f(l”)> (g —wi_1) <
]

z€[Ti—1,T;

[9 marks; unseen exercise]

(c)(ii) Summing up the inequalities over i =1,2,...,n, we get

1<U(f,P) <

5 @+ 121)- (5)

N =

[3 marks; unseen exercise]

(d) The left inequality tells is that % is a lower bound for upper Darboux sums, whereas the
right inequality tells us that % is the greatest lower bound for upper Darboux sums (because
the mesh can be chosen to be arbitrarily small). Hence, by the definition of the upper Riemann

—1
integral (Definition EI), [ozde =3

5 - [4 marks; unseen exercise]

Solution to question 3

(a)

Definition 7 Let f: I — R. A primitive of f is a function F' : I — R which is continuous on I,
differentiable on the interior of I and satisfies F'(x) = f(x) on the interior of I.

[2 marks; bookwork]

(b) No: one can always add a constant to F'. [1 mark; bookwork]

(c)
Theorem 2 Let f € Rla,b] and let F be a primitive of f. Then

b
[ H@)de = FO) - Fla) = Fa)l.

[4 marks; bookwork]

Note: F($)|Z is simply a short way of writing F'(b) — F(a).

Proof of Theorem [2| Let P = {xg,z1,...,2,} be a partition of [a,b]. Applying the Mean
Value Theorem to the function F' on the subinterval [x;_1,z;] we get

F(ai) = Fzi—1) = f(t:) (@ — xi-1)

for some t; € (z;_1, ;). But
m; < f(t:) < M;

where I use the standard notation m; := inf  f(z), M;:= sup f(x). Hence,
Ie[xi—hxi] a:e[zi_l,az,;]

mi(z; —xio1) < F(x) — F(zio1) < Mz — z-1).

Summing up over ¢ from 1 to n we get
L(f,P) < Z(F(xz) — F(zi—1)) <U(f, P).
i=1

3



But

n

Y (Fxi) = F(zim1)) = F(za) = F(zo) = F(b) — F(a),

i=1

so the above inequality can be rewritten as
L(f,P) < F(b) — F(a) <U(f, P). (6)

The inequality @ is true for any partition P. Taking a limiting sequence of partitions {P,}
and letting n — oo we get from @

lim L(f,P,) < F(b) — F(a) < lim U(f,P,).

n— oo n— oo

It remains to note that as f € R[a,b] the result stated in the examination paper tells us that

n—oo

b
lim L(f,P,) = lim U(f,P,) :/ f(z)dx.
n— oo a
O [8 marks; bookwork]

(d)
Definition 8 Let f € Rio.(I). An indefinite integral of f is a function F : I — R defined by

Fo) = [ foy
for some a € I.
[2 marks; bookwork]
(e)
Theorem 3 Let f € Rio.(I) and let F': I — R be an indefinite integral of f. Then
(i) F is continuous on I;

(i) F is differentiable at each interior point xg € I at which f is continuous, and at such a point

F'(z0) = f(z0);
(iii) if [ is continuous on I then F is a primitive of f.

[4 marks; bookwork]

(f) We have
G(z) = F(cosx) — F(sinz)

y 2
F(y):/ e dt.
0

Hence, by the Chain Rule and the Theorem about the Properties of the Indefinite Integral we have

where

G'(z) = —F'(cosz)sinz — F'(sinz) cosz = —° sinz — e * cos z.

[4 marks; unseen exercise]



Solution to question 4

(a) Let us introduce the set

S::{TZO

Obviously, {0} C S C [0, +00).

oo
g anx™ converges for x =r or x = —r} . (7)

n=0

Definition 9 The radius of convergence of a power series is the extended real number
R:=sup$
where S is the set @

[3 marks; bookwork]

(b) The fact that the power series diverges for || > R follows from the definition of the radius
of convergence R: indeed, the fact that || > R and Definition |§| imply that |z| ¢ S, S being the
set @ So we only need to prove absolute convergence for |z| < R.

Suppose |z| < R. Then, by the definition of R, there exists a y such that |z| < |y| < R and

o0 o0

> any™ converges. But convergence of the series > a,y™ implies that lim a,y™ = 0, which in
n=0 n=0 n—0o0

turn implies that the sequence {a,y"} is bounded (a convergent sequence is bounded). Thus, there
exists an M > 0 such that |a,y™| < M, Vn € NU{0}. Hence,

n

n
lanz™| = |any™| z <M z
Yy Yy
But
oo x n
ZMf < 00
n=0 Yy

o0
< 1,80 > |apz™| converges by the comparison
n=0

because this is a geometric series with ratio

z
Y

test. O [8 marks; bookwork]

&) o0
(c) The two power series, Y. a,z" and Y. na,z" !, have the same radii of convergence. [2
n=0 n=1
marks; bookwork]

(d)

[ee]

Theorem 4 Let > anz™ be a power series with radius of convergence R > 0 and let f : (—R, R) —
n=0

R be the sum of this series. Then f is differentiable on the interval (—R,R) and f'(xz) =

o0

S napz™ .
n=1

[4 marks; bookwork]

(e)(i) Fix an x # 0 and apply the ratio test: we have for n > 1

1
n+1

an+lxn+1

2| = ||

Apx™

as n — oco. Hence, the power series converges absolutely for |z| < 1 and diverges for |z| > 1, so by
the result from part (b) its radius of convergence is 1. [3 marks; unseen exercise]
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(e)(ii) The results from (d) and (e)(i) tell us that the function f is differentiable on (—1,1)
and that its derivative is obtained by differentiating the power series for f term-by-term. Hence,

(1+x)f Znan n- 1—|—Znan —al—i—Znan + (n+ Dapgq]a™. (8)

We have )
ap = iao, (9)
and
—T)
Apy1 = ;ﬁa"’ for n>1. (10)
Formula can be equivalently rewritten as
nay, + (n+ Dapy1 = for n>1. (11)

2
Formulae (§), (9) and imply (1+ z)f'(z) = 3 f(z). [5 marks; unseen exercise]

Solution to question 5

(a)
Theorem 5 Let f,g: (a,b) = R be differentiable and let ¢ € (a,b) be such that f(c) = g(c) =0
and ¢'(x) # 0 for x # c. Then
@) . f@

lim —= =
voeg(z)  woeg(z)

provided the latter limit exists.

[5 marks; bookwork]

Explanation why g(z) # 0 for & # ¢ (this is not part of the proof of the theorem). Indeed,
suppose g(z) = 0 for some x € (a,b), x # c.

Case 1: x > c. Apply Rolle’s Theorem to the function g on the interval [c, z]: Rolle’s Theorem
tells us that there exists a £ € (¢, z) such that ¢’(¢§) = 0, which contradicts the assumptions of
Theorem [B

Case 2: x < c. Apply Rolle’s Theorem to the function g on the interval [z, ¢]: Rolle’s Theorem
tells us that there exists a £ € (z,¢) such that ¢’(§) = 0, which contradicts the assumptions of
Theorem [5l

Proof of Theoreml Suppose hm r Ex))
x

f@) S

a:g?+ g ( ) o mer}:lf g’(gc)

exists and equals L. Then

In order to prove we need to show that

i 255 =1 )
and @)
Jim =L (14)

Let us prove (L3). Take an arbitrary sequence {z,,} C (c,b) such that

lim z, =c. (15)

n—00



Applying Cauchy’s Generalisation of the Mean Value Theorem on the interval [c,x,] we get a
sequence {&,} such that
c<& <xp (16)

and
(9(zn) = g(e) (&) = (f(xn) — f(c)g' (6n)

which can be equivalently rewritten as

flan) _ (&)

= . 17
o)~ o) 1
Formulae 7 and the Sandwich Principle imply
nhﬁn;(} & =c. (18)
Formula and the sequential definition of a limit (one-sided version) imply
!
n—oo g'(§n)
Formulae and imply
lim 1@ _p (20)

Formula and the sequential definition of a limit (one-sided version) imply .
Formula is proved similarly. O [9 marks; bookwork]
(b)(i) Using L’Hopital’s Rule twice we get

2?4622+ 122 +8 3m2+12x+1271, 6x+12 6x(-2)+12

I - i Ml B = = 0.
2 23 4502 18z 44 wote 302+ 10248  aot2 62+ 10 6x (—2) + 10

[3 marks; unseen exercise]
(b)(ii) Using L’Hoépital’s Rule once we get

. T . (g—x)sinx . —sinx—i—(g—x)cosx
lim (- —z)tanz = lim ~—=———— = lim - =1
z—Z \2 % cosx % —sinx

9 2
lim (E — m) tan?z = < lim (z — x) tanw) =1.

[3 marks; unseen exercise]

SO

(b)(iii) We have

. . 3
tan® z — sin® sinx Cols - —1 1 1
5 = 2 5+ +1
T T T cos2xr  cosw

. 3
sinz\" 1—cosz 1 1 1

= (21

( x ) x? <c0s3x + cos? + cosx) (21)

It is a standard fact (proved by applying L'Hépital’s Rule once) that

lim 208 = 1, (22)

z—=0 X




By the continuity of the function cos we have

I 1 1 1 1 n 1 n 1 (23)
im = _
z—=0 \ cosSx  cos?x  cosx cos30  cos20  cosO
Using L'Hopital’s Rule twice we get
lim 17c203:c ~ fim sin x ~ lim CcOS & _ cos( _ 1 (24)
x—0 x z—0 2z z—0 2 2 2

Combining formulae 7 we get

. tan®z —sin® 2 3
lim —— = —.
z—0 x° 2

[5 marks; unseen exercise]

Solution to question 6

(a)

Definition 10 A function f : I — R is said to be locally Riemann integrable over I if Va,b € I
we have f € R[a,b]. The set of all locally Riemann integrable functions over the interval I will be
denoted by Ripe(I).

[2 marks; bookwork]

(b)
Definition 11 Let f € Rioe(I), I = (¢, d).

p
(i) We say that f is integrable at ¢ in the improper sense if Ip € I, ¢ < p, such that lim+ / f(x)dx
a—c
a

P
exists. We will denote this limit by / flz)dx.

b
(ii) We say that f is integrable at d in the improper sense if Ip € I, p < d, such that blirél f(x)dx
el

p

d
exists. We will denote this limit by / flx)de.
P

(ii) We say that f is integrable over I in the improper sense if both (i) and (i) hold for the same

d P d
p. We will then 'wm'te/f(w) dz = /f(x)dx + /f(m)d:v

[5 marks; bookwork]

(c)
Theorem 6 Let f,g € Rio.(I), I = (c,d), and suppose that

e 0< f(x) <g(z) forallz € I;

° fcdg(x) dx exists.



Then fcdf(x) dx exists.

[3 marks; bookwork]
Proof Given arbitrary a,b € I, a < b, we have

/b flz)dx < /bg(x) dzx . (25)
But according to the fact stated in th(; examinationa paper there exists a K such that
/b glx)de <K (26)
irrespective of the choice of a, b. Combinir:g formulae and we get
/ ’ fl@)de <K

irrespective of the choice of a,b. But according to the fact stated in the examination paper this
implies that fcd f(z) dz exists. O [5 marks; bookwork]

(d) Introduce the functions

[f (@) + f(x) - [f ()] — f(z)
FH) = PR ey = T
It is easy to see that
0< fH(a) < |f(@)], (27)
0<f(z) <[f(z)| (28)

(to check the above inequalities consider separately the cases f(z) > 0 and f(z) < 0). By the
Theorem about the Properties of the Riemann Integral we have f, f~ € Rjoc(I). Formula
and the Comparison Theorem for Improper Integrals (Theorem @ imply that f¥ is integrable over
I. Similarly, formula implies that f~ is integrable over I. But f(z) = f*(x) — f~(z), so the
integrability of f over I follows by linearity. O [4 marks; bookwork]

(e) Let us prove the existence of the improper integral
> sinz
—dx. 29
| o (29)

As there is no problem at x = 0, in order to prove the existence of the integral it is
sufficient to prove the existence of the integral

/ ST . (30)
1

14 x4

By the result from (d), in order to prove the existence of the integral (30)) it is sufficient to prove
the existence of the integral
* |sinx
/ | | dx . (31)
1

14 24

. sin
Compare now the functions ‘1 4|
T

1
and — on the interval [1,00) We have
x

0 < | sin x| <1
“14at ot

so, by Theorem @ in order to prove the existence of the integral it is sufficient to prove the

existence of the integral
>~ 1
—dx. 32
| (32)

But the existence of the integral is a standard fact. [6 marks; unseen exercise]
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