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Solution to question 1
(a)(i) We say that L = ILm f(z) if Ve > 0 3§ > 0 such that
T—x(
0<|z—m0| <d = |f(z)—L| <e.

[3 marks; bookwork]

(a)(ii) We say that the function f : D — R is continuous at the point xg if Ve > 0 3§ > 0
such that
|z —xo| <6 == |f(z) = f(@o)| <e.

[3 marks; bookwork]
(a)(iii) The function f is said to be differentiable at the point ¢ if

lim f(x) — f(20)

T—x0 T — To

exists. In this case the limit is denoted by f(xq) (or %(xo) or % ) and is called the derivative
T=T0

of f at xp. [3 marks; bookwork]

(a)(iv) Let f be differentiable at the point xg. Then, by the Algebra of Limits, we have

0= f'(zo) - 0= lim fl@) = flwo) (z — @) =
r—xQ r — X9 T—xTo
Jim (W (@ — xo)) = lim (f(z) - f(x0)),

SO

lim (f(z) — f(xzo)) = 0.

r—rx0o

But we also have the trivial identity

lim f(xo) = f(xo)-

T—rTo

Adding up the latter two identities we get lim f(z) = f(z¢), which means that the function is
T—T0

continuous at the point zy. [7 marks; bookwork]
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(b)(i) The ¢, § definition of a limit works here with L = 0 and § = . Hence, lir% f(z)=0.[3
Tr—r

marks; unseen exercise]

(b)(ii) The function f is not continuous at the point 0 because lir% fx) =0+#1= f(0). [3
r—r

marks; unseen exercise]

(b)(iii) The function f is not differentiable at the point 0 because it is not continuous at this
point. [3 marks; unseen exercise]

Solution to question 2

(a)(i) Consider two power series:
(oo}
D ana” (1)
n=0

and

i na,x". (2)
n=1

Lemma 1 The two power series and (@ have the same radii of convergence.

Proof Denote the radii of convergence of the power series and (2) by R and R’ respectively.
Let us prove first that
R <R. (3)

Suppose is false. Then R’ > R and we can choose an x such that R < x < R’. For this x the
series converges absolutely whereas the series diverges. But

lanz™| < |naza”|,

Vn € N, so the series (1)) converges by the comparison test. Thus, the series diverges and
converges, which is impossible. This contradiction proves .
Let us prove now that
R<R. (4)

Suppose is false. Then R > R’ and we can choose ¥, z such that R’ <y < z < R. For these y

and z the series
oo
> an" (5)
n=0

converges absolutely whereas the series

Z nay” (6)
n=1

diverges. But
n
nany”| = lanz"| (n|2]). (7)

It is known from MATH1101 that lim (n |%’”) = 0 so there exists an M > 0 such that n ’%W <M,
n—oo

vn € N, and formula implies |na,y™| < Mla,z"|, ¥n € N. Hence the series @ converges by
the comparison test. Thus, the series (@ diverges and converges, which is impossible. This

contradiction proves (4]).
Formulae and (4) imply R = R’. O [9 marks; bookwork]

2



(a)(ii) Now consider the power series

Z napz™ L. (8)
n=1

Note that is the formal derivative of the original power series .
Lemma 2 The two power series and (@ have the same radii of convergence.

Proof The two power series obviously converge for x = 0. For x # 0 we have

o0 1 o0

E napz" == g na,x",
T

n=1 n=1

so the series in the left- and right-hand sides converge and diverge for the same x. Thus, the radius
o0

of convergence of the power series g nap,z™ ' is the same as the radius of convergence of the

n=1
[eS)

power series E napx”. It remains to note that, according to Lemma the radius of convergence

n=1

(o] o0

of the power series Znanx” is the same as that of the original power series Z apz™. O [2
n=1 n=0

marks; bookwork]

(a)(iii) Now consider the power series

oo

n! _
2 (9)

n=~k

where k is an arbitrary fixed nonnegative integer number. Note that is the formal kth derivative
of the original power series (|1)).

Lemma 3 The two power series and @ have the same radii of convergence.

Proof Repeated application of Lemma O [1 mark; bookwork]

(a)(iv)

o0
Theorem 1 Let Y anz™ be a power series with radius of convergence R > 0 and let f : (—R, R) —
n=0

R be the sum of this series. Then f is differentiable on the interval (—R,R) and f'(x) =
3 na,xz™t.
n=1

Proof Fix an zg € (—R,R) and an hg such that 0 < hg < R — |zo| and let h be such

that 0 < |h| < ho. Then by the results from (a)(ii) and (a)(iii) and the inequality stated in the
examination paper

00
an(wo +h)" = > anzy o
n=0 n—1
A - g nanTy | =
n=1

i

> h)" —
Z an ((mo + }2 %o _ msgl)‘
n=2

To + h)" — xl n— h - n-
oo (I ) < S = D + )2

n=2

n=2

h| -
< PIS™ = Dlaal(faol + 1oy~ 0

n=2

number, not a function of A



as h — 0, giving the required result. Note that the results from (a)(ii) and (a)(iii) play an important
role in this proof: they guarantee that all the series appearing in the above argument converge
absolutely. O [6 marks; bookwork]

(b) We know that
k

cos(z?) = ;(—l)k (Zk)' (10)

k=0

and that the radius of convergence of this power series is co (this follows from Example 2.10 from
the lecture notes).

Let us now try guessing a differentiable function f : R — R such that f’(z) = cos(z?) and
f(0) = 0. Examination of indicates that a good guess would be

(E4k+l

f(z) :Z(—l)km' (11)

k=0

We will now show that the function is well defined for all z € R, that it is differentiable and
that it satisfies the equation f’(x) = cos(z?) on R as well as the condition f(0) = 0.

By (a)(ii) the power series and have the same radii of convergence, hence the radius
of convergence of is oo.

The fact that the function satisfies the condition f(0) = 0 is obvious as the power series
in the RHS of does not contain a term with z°.

Differentiability of the function follows from (a)(iv). Theorem [1| also tells us that we can
differentiate the series (11)) term-by-term within the interval of convergence (which in our case is
the whole real line R) so that

k

o0 pAk+1 / o0 / ! )
fi(z) = 2 <(_1)kWM> = sz(—l)k @0 cos(x7).

k=0

[7 marks; unseen exercise]

Solution to question 3

(a)

Theorem 2 Let f,g : [a,b] = R be continuous on [a,b] and differentiable on (a,b). Then there
exists a point & € (a,b) such that

(9(b) = g(a))f'(§) = (f(b) = f(a))g'(£) - (12)
[3 marks; bookwork]

(b)

Theorem 3 Let f,g: (a,b) = R be differentiable and let ¢ € (a,b) be such that f(c) = g(c) =0
and g'(x) # 0 for x # c. Then
!
tim £ _ iy L) (13)

o g(w)  ave /()

provided the latter limit exists.

[4 marks; bookwork]
Explanation why g(z) # 0 for = # ¢ (this is not part of the proof of the theorem). Indeed,
suppose g(z) = 0 for some z € (a,b), z # c.



Case 1: x > c¢. Apply Rolle’s Theorem to the function g on the interval [c, z]: Rolle’s Theorem
tells us that there exists a £ € (¢, z) such that ¢’(§) = 0, which contradicts the assumptions of

Theorem [3

Case 2: x < c. Apply Rolle’s Theorem to the function g on the interval [z, ¢]: Rolle’s Theorem
tells us that there exists a & € (z,¢) such that ¢’(§) = 0, which contradicts the assumptions of

Theorem [B
/
Proof of Theorem Suppose lim f/(x) exists and equals L. Then
z—c g'(x)
/
im £ _p
r—ct g’(x)
and ,
L)
r—c™ g/(l‘)

In order to prove we need to show that
f(z)

lim —+%
zggr g(x)

and
lim M
r—c— g(l‘)

L.

Let us prove .
Take an arbitrary sequence {z,} C (¢, b) such that

lim z, =c.
n—oo

Applying Theorem [2[ on the interval [c, z,] we get a sequence {&,} such that
c< & < Ty

and
(9(zn) = g(@) ' (&) = (f(xn) = f(c)g' (6n)

which can be equivalently rewritten as

Flon) _ 1(E)
g(wn) g'(&n)

Formulae , and the Sandwich Principle imply

lim &, =c.
n—oo

Formulae , and the sequential definition of a limit (one-sided version) imply

f'(6n)
nl)nolo gl(fn)

Formulae (20]) and (22) imply
)
lim

Formula and the sequential definition of a limit (one-sided version) implyﬂ .

Formula is proved similarly. OJ [9 marks; bookwork]

IHere it is important that the sequence {zn} C (c,b) is an arbitrary sequence satisfying 1j
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(c)(i) Applying L'Hopital’s Rule three times we get

. 2x+ 2%+ 2In(1 — 1) 242z — ﬁ . 2- (1—233)2 . (1—4x)3 2
lim =lim ———— = lim ———— = lim = ——.
x—0 3 xz—0 3x2 z—0 6x xz—0 6 3
[3 marks; unseen exercise]
(c)(ii) We have
tan? x — arctan? tanx — arctanx tanx + arctanx
1 = 3 . (24)
T T T
Applying in each case L’Ho6pital’s Rule once we get
1 1
tanz + arctan x +
ljy G tarctans . GosTw T Tia? _ 2, (25)
x—0 T x—0 1
. tanz — arctanzx . ﬁ—ﬁ . 1 . 1+ 2%2—cos?z
lim ———————— = lim = —"" = lim lim
z—0 x3 z—0 3x2 z—0 (1+ m2) cos2 x z—0 3x2
2 .2 . 2
1 1 2
S e LS T T 0]
z—0 322 3 3 \z—=0 =z 3

Note that in we used the following standard fact (proved by applying L’Hopital’s Rule once):

sinx
=1.

lim
z—0 I

Combining formulae (24)-(26) we get

. tan’z —arctan’z 4
lim = —.
x—0 ;C4 3

[6 marks; unseen exercise]

Solution to question 4

(a)
Theorem 4 Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b). Then there
exists a point £ € (a,b) such that

(€)= ——=. (27)
[3 marks; bookwork]

(b) Fix = € (a,0) and consider the function
ot) 1= 1) 1) - PO~ 1)~ T @2 - T gy

f(n_l)(t) n—1 f(n)(t) n
- (n—1) (w=8)"" = n! (=%, (28)




where ¢ is the independent variable. Since f : (a,b) — R is n+1 times differentiable, g : (a,b) — R
is differentiable. Differentiating we get

710 = =10+ 170 - O -0+ |70 -0 - L0 w 02|+
f(n—l) t _— f(n) t i f(n) t _ f(n-‘rl) t .
o m_g()?(x—w - <n_(1§1($‘t> ] " [(n_%;(“” e
(n+1)
LT P

(all the terms cancelled out, apart from the last one). Applying Theorem [4] to the function g(¢)
on the interval [x,0] (which we can because g is differentiable on (a,b), hence continuous on
[,0] C (a,b) and differentiable on (x,0) C (a, b)) we get

_ S0

n!

(z—¢)"

for some ¢ € (z,0). But
g(O) = Rn(z)7 g(l‘) =0,

so the above formula can be rewritten as

Rn(x) _ _f(n+1)(€) (.’L‘ _ g)n

-z n!

Fr©)
———(z = §)"x. 0 [12 marks; bookwork; note that in the
n

lectures the above argument was done briefly (I did in detail Lagrange’s form of the
remainder) and only for the case z > 0]

or, equivalently, as R, (z) =

(c) Application of the result from (b) to the function f: (—=1,99) — R, f(z) = In(1 4+ z) with

T = f% gives
1 “ 3" 3
1“<2> == g TR <4) :

k=1

() o SR - ()

for some ¢ € (—3/4,0). We have

S+¢ 03
max =-
gel-3,001+& 4
(here the function being maximised has no critical points and achieves its maximum at the endpoint
£=0),so0
n+1 n+1
3 3 3
R, | —- §<4) <4 - —0 as n — 00,
4 14+¢ 4
and, hence,

R, (—>—>0 as n — 00

which gives the required result. [10 marks; this question is a special case of a question
from an exercise sheet)]

Solution to question 5



(a) A partition P of the interval [a, b] is a finite sequence of real numbers P = {z¢, z1,..., 2T}
such that
a=x0< 21 < < Tp_1<xTy=0>

[2 marks; bookwork]

(b)(i) The lower Darbouz sum of f with respect to the partition P is defined as

L(f7 P) = Zml(ml — .’1%;1) 5
i=1

where m; := [ inf | f(z). The upper Darboux sum of f with respect to the partition P is defined
TE|Ti—1,T4
as .
U(fv P) = ZMZ(:L'l - 1'7;71) )
i=1
where M; := sup  f(z). [3 marks; bookwork]

T€[Ti—1,T4]

(b)(ii) The lower Riemann integral of f over [a,b] is defined as

b
/f(x)da: = sup L(f,P).

PePla,b]

The upper Riemann integral of f over [a,b] is defined as

/ f(z)dx = Pei71>1[fa,b] U(f,P).

a

[3 marks; bookwork]

(b)(iii) The function f is said to be Riemann integrable on [a,b] if

/if(x) dx —/:f(:c)dx.

In this case the common value of the lower and upper Riemann integrals is denoted by

/abf(x)dx

and is called the Riemann integral of f over [a,b]. The set of all Riemann integrable functions
f:a,b] = R will be denoted by R[a,b]. [2 marks; bookwork]

(b)(iv)
Theorem 5 Let f € Bla,b]. Then f € Rla,b] iff Ve >0 3P € Pla,b] such that
U(f,P)—L(f,P) <e. (29)
[3 marks; bookwork]
(c) A function f : [a,b] — R is said to be decreasing on [a, b] if
1 <z & 11,29 € [a,b) = flz1) > f(z2).

[2 marks; bookwork]



(d) Proof Consider a partition P, into n subintervals of equal length: P, = {zq,z1,...,2z,},

xi:aeriai, 1=0,1,...,n
Then
b—a— b—aq 2
LB =23 fw), U P =" fw)
i=1 =0
—a b—a

b
U(faPn>_L(faPn): (f(xo)_f(xn»:
Now, let € be an arbitrary positive number. Choose n so large that
b—a
n

(fa) = f(b)) <e.

Then

U(fapn) 7L(f7pn) <e
and Riemann’s Criterion for Integrability tells us that f is Riemann integrable on [a,b]. O [7
marks; for the case of increasing function proof done in lectures]

(e) Consider the function f :[—1,1] — R defined as follows:

1 if x<0,
flx):==¢ 0 if z=0,
-1 if z>0.

This function is Riemann integrable on [—1,1] because it is decreasing but it is not continuous
because lir% f(z) doesn’t exist. [3 marks; unseen exercise]
r—r

Solution to question 6

(a)
Definition 1 A function f : (0,1] — R is said to be locally Riemann integrable over (0,1] if

Ya,b € (0,1] we have f € R[a,b]. The set of all locally Riemann integrable functions over the
interval (0,1] will be denoted by Rioe(0,1].

[2 marks; bookwork; note that in the lectures this definition was given for an arbitrary
interval I and not specifically for the interval (0, 1]]
1
(b) We say that f is integrable on (0, 1] in the improper sense if lim+ f(z) dx exists. We
a—0 a
1
will denote this limit by / f(z)dz. [4 marks; bookwork; note that in the lectures this
0
definition was given for an arbitrary interval I and not specifically for the interval

(0, 1]]

(c) Note that the integrand is continuous on (0, 1], hence locally integrable on (0,1]. So we
have to check only integrability at 0. We have

1
1
/aﬁdl‘22\/a*>2 as 04)0+.

[2 marks; special case of an argument done in the lectures]

(d)



Theorem 6 Let f,g € Rio.(I), I = (¢c,d), and suppose that
e 0< f(x) <g(x) forallz € I;

° fcdg(x) dx exists.

Then fcdf(x) dz exists.

[3 marks; bookwork]

(e)
Theorem 7 Suppose that f € Rioc(I) and |f| is integrable over I. Then f is integrable over I.

[3 marks; bookwork]

(f) Let us prove the existence of the improper integral

L sin i
Y dz . (30)

Note that the integrand is continuous on (0, 1], hence locally integrable on (0,1]. So we have to
check only integrability at 0.
By Theorem m in order to prove the existence of the integral it is sufficient to prove the

existence of the integral
1 faip L
/ sin 2] g, (31)
0o VT

’sin l| 1 .
£l and —= on the interval (0,1]. We have

v v

Compare now the functions

|sin%| < i

0<

B
B

so, by Theorem @ in order to prove the existence of the integral it is sufficient to prove the
existence of the integral fol % dz. But this has already been done in (c). [6 marks; unseen
exercise]

(g) Note that the integrand is continuous on (0, 1], hence locally integrable on (0,1]. So we
have to check only integrability at O.
Integrating by parts we get

1 1 1y 1
cos = 1 1 sin =
/a xg/;’d:c:\/asingfsinlJri/a \/gd:ﬂ.

We have \/ﬁsin% —sinl — —sinl as a — 0%, so in order to prove the existence of the original
1 sin %

integral we have to prove the existence of the integral fo NG dzx. But this has already been done

in (f). [5> marks; unseen exercise]
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