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Solution to question 1

(a) (i) We say that the function f: D — R is continuous at the point z¢ if Ve > 0 3§ > 0 such
that

|z — x| < 0 e |f(x) = flzo)] <e.

[3 marks; bookwork]

(a)(ii) The function f is said to be differentiable at the point xg if

L @)~ o)
T—T0 T — X
exists. In this case the limit is denoted by f’(zo) (or %L (x¢) or 4 ) and is called the derivative

dz dr | _
=T

of f at z¢. [3 marks; bookwork]

(a) (iii)
Theorem 1 If f is differentiable at the point xg, then f is continuous at the point xg.

[3 marks; bookwork]

(b)

Theorem 2 Let f,g: (a,b) — R be differentiable at the point xg € (a,b). Then fg is differentiable
at xg and

(f9) (x0) = f'(z0)g(z0) + f(20)g' (20). (1)

[3 marks; bookwork]
Proof Let h # 0 be any number small enough so that o + h € (a,b). We have

f(@o+ h)g(xo + h) — f(w0)g(0)
h
_ fwo+h)g(xo +h) — fzo)g(xo + ) + f(zo)g(xo + 1) — f(z0)g(x0)
h
f(@o +h) — f(zo) ( )9(930+h) — g(x0)

= W g(xo +h) + f(xo N ;




so by the Algebra of Limits and Theorem []

i f(xo +h)g(xo+ h) — f(x0)g(z0)

h—0 h

f(xo + h) — f(zo) g(xo + h) — g(xo)
h

h
= f'(z0) g(0) + f(x0) ¢ (20),

which means that the function fg is differentiable at x¢ and its derivative is given by formula .
O [7 marks; bookwork]

= lim

lim lim g(zo + h) + f(x0) Jim

(c) We need to prove that
L T@) ~ ()

x—0 x

=0.

That is, we need to prove that
hn%) 23 cos(z72) = 0.
T—

In order to prove the above statement, we apply the €, § definition of a limit. Let € be an arbitrary
positive number. We need to find a § > 0 such that

0<|z|<d = ’xz cos(x_z)‘ <e.

As |cos(x_2)| <1, we see that § = /¢ would do. [6 marks; unseen exercise but similar to a
question in an exercise sheet]

Solution to question 2

(a)(i) Consider two power series:
oo
> ana” (2)
n=0

and

i nanz". (3)
n=0

Lemma 1 The two power series (@ and (@ have the same radii of convergence.

Proof Denote the radii of convergence of the power series and by R and R’ respectively.

Let us prove first that
R <R. (4)

Suppose is false. Then R’ > R and we can choose an = such that R < x < R’. For this x the
series converges absolutely whereas the series diverges. But

lanz"| < |na,z™|

for n > 1 so the series converges by the comparison test. Thus, the series diverges and
converges, which is impossible. This contradiction proves (4]).

Let us prove now that
R<R. (5)

Suppose is false. Then R > R’ and we can choose y, z such that R’ < y < z < R. For these y

and z the series
o0
> an?" (6)
n=0
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converges absolutely whereas the series

Znany” (7)
n=0
diverges. But
n n y "
nany”| = lanz" (n]2]")- (8)

It is known!| from MATH1101 that lim (n |%‘n) = 0 so there exists an M > 0 such that n |g‘n <

M, ¥n € NU {0}, and formula implies |na,y™| < Mla,z"|. Hence the series converges
by the comparison test. Thus, the series diverges and converges, which is impossible. This
contradiction proves (/).

Formulae (4]) and (5) imply R = R’. O [10 marks; bookwork]

(a)(ii) Now consider the power series

Z nap,z" L. (9)
n=1

Note that @ is the formal derivative of the original power series .
Lemma 2 The two power series @) and (@ have the same radii of convergence.

Proof The two power series obviously converge for x = 0. For x # 0 we have

o0 1 o0

g nanpa" "t == g na,x"
x

n=1 n=1

and the required result follows from Lemma [I} O [2 marks; bookwork]

(a)(iii) Now consider the power series

oo

> (n ﬁ!k)!a”xnk (10)

n=~k

where k is an arbitrary fixed nonnegative integer number. Note that @D is the formal kth derivative
of the original power series ([2)).

Lemma 3 The two power series (@ and (@ have the same radii of convergence.

Proof Repeated application of Lemma O [1 mark; bookwork]
(a)(iv)

Theorem 3 Let > anz™ be a power series with radius of convergence R > 0 and let f : (—R, R) —
n=0

R be the sum of this series. Then [ is differentiable on the interval (—R,R) and f'(x) =

&)
3 na,r"t.
n=1

1 Here I use the standard fact that lim na™ = 0 for 0 < a < 1. Indeed, set a = ﬁ Then 8 > 0 and
n—o0

n n
na' = < =

2
+pr =20y Pa-1)




Proof Fix an zg € (—R,R) and an hg such that 0 < hy < R — |zg| and let h be such
that 0 < |h| < ho. Then by the results from (a)(ii) and (a)(iii) and the inequality stated in the
examination paper

f) (mh z _mgl)‘

a M—nz” 1 <7§: (n—1)|a |(|m0‘+|h|)n72
" h 0 T2 4 "

<l

2

Z (n —1)|an|(|zo| + ho)" "2 — 0

number, not a function of h

as h — 0, giving the required result. Note that the results from (a)(ii) and (a)(iii) play an important
role in this proof: they guarantee that all the series appearing in the above argument converge
absolutely. O [7 marks; bookwork]

(b) In view of the result from (a)(iv) it is sufficient to show that the power series

imc”_l (11)
n=1

has radius of convergence 1. But this power series is the formal derivative of the power series

> an (12)
n=0

which is the geometric series and is known to have radius of convergence 1. The result from (a)(ii)
tells us that the power series also has radius of convergence 1. [5 marks; unseen exercise]

Solution to question 3

()

Theorem 4 Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b), and let f(a) =
f(b). Then there exists a point £ € (a,b) such that f'(§) = 0.

[3 marks; bookwork]
Proof According to the Attainment of Bounds Theorem there exist ¢, d € [a,b] such that

fd) < f(z) < fle),  Va€la,b).

If both ¢ and d are endpoints of our interval then f(x) = const and f'(z) = 0, Vz € (a,b), so any
¢ € (a,b) would do. If ¢ is not an endpoint then, by the fact stated in the examination paper,
f'(¢) =0, so we can take £ = ¢. If d is not an endpoint then, by the fact stated in the examination
paper, f'(d) = 0, so we can take £ = d. O [6 marks; bookwork]

(b)

Theorem 5 Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b). Then there
exists a point & € (a,b) such that

f@)=——F—-—. (13)



[3 marks; bookwork]
Proof Let us introduce a new function g(z) = f(z) — kxz where the constant k is chosen so
that the function g satisfies the conditions of Rolle’s Theorem:

o) =glh) = f@-ka=f0) -k = k=TI
Thus, the function
o) = fx) - LU =T,

satisfies the conditions of Rolle’s Theorem. Rolle’s Theorem tell us that there exists a point
¢ € (a,b) such that

I (U ()

g€ =0 = f’(f)—ﬁ -

O [5 marks; bookwork]
(c) If x = y the inequality
|arctan x — arctany| < |z — y|

is certainly true, so further one we consider the case x # y. Without loss of generality we also
assume that y < z.

The function arctan is differentiable (and, therefore, continuous) on the whole real line, hence
we can apply the Mean Value Theorem to the function arctan on the interval [y, z] to get

arctan’(€) — 1 - arctanx — arctany
1+¢ r—y
for some ¢ € (y,x). Hence,
[z —yl

| arctan x — arctan y| = < |z -y

1+&2
[6 marks; unseen exercise]

(d)

Theorem 6 Let f,g : [a,b] — R be continuous on [a,b] and differentiable on (a,b). Then there
exists a point & € (a,b) such that

(9(b) = g(a)) f'(§) = ((b) = f(a))g'(£) - (14)

[3 marks; bookwork]

Solution to question 4

(a)
Theorem 7 Let f,g: (a,b) — R be differentiable and let ¢ € (a,b) be such that f(c) = g(¢) =0
and g'(x) # 0 for x # c. Then
fa) @

lim —= =
z=e g(z) e g'(2)

(15)

provided the latter limit exists.



[5 marks; bookwork]

Explanation why g(z) # 0 for z # ¢ (this is not part of the proof of the theorem). Indeed,
suppose g(z) = 0 for some z € (a,b), x # c.

Case 1: x > c. Apply Rolle’s Theorem to the function g on the interval [c, 2]: Rolle’s Theorem
tells us that there exists a £ € (¢, ) such that ¢’(§) = 0, which contradicts the assumptions of
Theorem

Case 2: x < c. Apply Rolle’s Theorem to the function g on the interval [z, ¢]: Rolle’s Theorem
tells us that there exists a £ € (z,¢) such that ¢’(§) = 0, which contradicts the assumptions of
Theorem [

Proof of Theoreml Suppose lim r EI;
r—cC g €T

f@) 1)

im im
vet g'(x)  a—e- g'(2)

exists and equals L. Then

In order to prove we need to show that

f(z)
L g (16)

. (@)
R (17)

Let us prove ([16)). Take an arbitrary sequence {x, } C (c,b) such that

lim z, = c. (18)

n—oo

Applying Cauchy’s Generalisation of the Mean Value Theorem on the interval [c,x,] we get a
sequence {¢, } such that
c<& <ap (19)

and
(9(zn) = g(e) f'(&n) = (f(xn) = f(c)g' (6n)

which can be equivalently rewritten as

flan) _ f'(&n)

= . 20
g9lzn)  g'(&n) 20)
Formulae , and the Sandwich Principle imply
lim &, =c. (21)
Formula and the sequential definition of a limit (one-sided version) imply
!
i f,(g”) =L (22)
n—o0 g'(&n)
Formulae and imply
lim 1@ _p (23)
n—oo g(zn)

Formula and the sequential definition of a limit (one-sided version) imply .
Formula is proved similarly. O [9 marks; bookwork]

(b)(i) Using L’Hopital’s Rule twice we get

o3 + 622 + 122 + 8 o 322 + 127 + 12 o 6 +12 6 x (—2)+12

lim = —_— = =0.
oy 78 1522 + 8z + 4 woo2 322+ 10248  aon2 6z + 10 6% (=2)+10
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[3 marks; unseen exercise]

(b)(ii) Using L’Hopital’s Rule once we get

lim (— — m) tanz = lim
z—Z \2 z—Z cos T z—Z

SO

2 2

[3 marks; unseen exercise]

(b)(iii) We have

. . 3
tan® z — sin® x sing\° - —1 1 1
= +—— 1
0 x 22 cos?x  cosx

—sinz

9 2
lirr}r (g—x> tan?z = <lirr}r (g—;y) tanx) =1.

1

(g—x)sinx y —sinx—i—(g—w)cosm
= = lim =

. 3
sinx 1—cosx 1
= 2 3T
T T cos3 x

It is a standard fact (proved by applying L'Hépital’s Rule once) that

sinx

lim =1.
z—0 X

By the continuity of the function cos we have

1

cos? x

I 1 n 1 " 1 1 n 1 n
1im e —
z—0\cosdx cos?xz  cosx cos30  cos20  cosO

Using L’Hopital’s Rule twice we get

1 —cosx . sinx . Ccosx cos(

lim ———— = lim = lim = =

x—0 .’)32 z—0 2a x—0 2 2
Combining formulae 7 we get

. tandz —sin®z 3
Iim —— = —.
x—0 1’5 2

[6 marks; unseen exercise]

Solution to question 5

()

COS T

! ) (24)

(27)

Definition 1 Let f: I — R. A primitive of f is a function F : I — R which is continuous on I,
differentiable on the interior of I and satisfies F'(x) = f(x) on the interior of I.

[2 marks; bookwork]

(b) No: one can always add a constant to F. [1 mark; bookwork]

(c)
Theorem 8 Let f € Rla,b] and let F be a primitive of f. Then

b
[ H@yde = FO) - Fla) = Fa)l.



[4 marks; bookwork]

Note: F($)|Z is simply a short way of writing F'(b) — F(a).

Proof of Theorem 8] Let P = {xg,z1,...,2,} be a partition of [a,b]. Applying the Mean
Value Theorem to the function F' on the subinterval [x;_1,z;] we get

F(ai) = Fzio1) = f(t:) (@ — xi-1)

for some t; € (z;—1,x;). But
m; < f(t:) < M;

where I use the standard notation m; :=  inf  f(z), M;:= sup f(x). Hence,
me[mi—lv'ri] we[aci,l,xi]

mi(z; —xio1) < F(x) — F(zio1) < Mz — z-1).
Summing up over ¢ from 1 to n we get
L(f,P) <Y (F(x;)) = F(x;-1)) <U(f, P).
i=1

But

n

Y (F(wi) = Flzio1)) = F(za) = Flxo) = F(b) — F(a),

=1

so the above inequality can be rewritten as
L(f,P) < F(b) — F(a) < U(f, P). (28)

The inequality is true for any partition P. Taking a limiting sequence of partitions {P,}
and letting n — oo we get from

lim L(f.P,) < F(b) ~ F(a) < lim U(f. P,).

n—oo

It remains to note that as f € RJa, b] the Theorem about limiting sequences tells us that

b
lim L(f, P,) = lim U(f, P,) :/ f(z)dz.

n—oo
O [8 marks; bookwork]

(d)
Definition 2 Let f € Rjo.(I). An indefinite integral of f is a function F': I — R defined by

Pla) = / "y at

for some a € 1.
[2 marks; bookwork]
(e)
Theorem 9 Let f € Rioe(I) and let F : I — R be an indefinite integral of f. Then
(i) F is continuous on I;

(ii) F is differentiable at each interior point xo € I at which [ is continuous, and at such a point
F'(zo) = f(wo);



(i5i) if [ is continuous on I then F is a primitive of f.

[4 marks; bookwork]

(f) We have
G(z) = F(sinx) — F(cosx)

where
Yy 2
F(y) = / e dt.
0
Hence, by the Chain Rule and the Theorem about the Properties of the Indefinite Integral we have

COSZ x

G'(z) = F'(sinz) cosz + F'(cosz) sinz = €™ % cosz + e sin .

[4 marks; unseen exercise]

Solution to question 6

(a)

Definition 3 A function f : I — R is said to be locally Riemann integrable over I if Va,b € I
we have f € R[a,b]. The set of all locally Riemann integrable functions over the interval I will be
denoted by Rioe(I).

[2 marks; bookwork]

(b)
Definition 4 Let f € Rio.(I), I = {(c,d).

a—c+

P
(i) We say that f is integrable at c in the improper sense if Ip € I, ¢ < p, such that lim /f(m) dx
a

P
exists. We will denote this limit by / f(z)dx.
c

b
(ii) We say that f is integrable at d in the improper sense if Ip € I, p < d, such that blir;l f(x)dx

p

d
exists. We will denote this limit by / flx)dzx.
P

(iii) We say that f is integrable over I in the improper sense if both (i) and (i) hold for the same

d p d
p. We will then write /f(w) dx := /f(x) dx + /f(x) dzx .
c c p

[5 marks; bookwork]

(c)
Theorem 10 Let f,g € Rioe(I), I = {c,d), and suppose that

e 0< f(x) <glz) forallz € I;

° fcdg(x) dx exists.



Then fcdf(x) dx exists.

[3 marks; bookwork]
Proof Given arbitrary a,b € I, a < b, we have

/b f(z)dx < /bg(x) dx . (29)
But according to the fact stated in the examination paper there exists a K such that
/b g(x)de <K (30)
irrespective of the choice of a,b. Combining formulae and we get

/abf(x)dng

irrespective of the choice of a,b. But according to the fact stated in the examination paper this
implies that fcd f(z) dz exists. O [5 marks; bookwork]

(d) Introduce the functions

[f (@) + f(=z) - |f(@)| - f(z)
Py o= D ey o= L
It is easy to see that
0< f(z) < [f(@), (31)
0<f(x) < |f(2)| (32)

(to check the above inequalities consider separately the cases f(z) > 0 and
f(z) < 0). By the Theorem about the Properties of the Riemann Integral we have f*,f~ €
Rioc(I). Formula and the Comparison Theorem for Improper Integrals (Theorem im-
ply that f* is integrable over I. Similarly, formula implies that f~ is integrable over I.
But f(z) = fT(z) — f~(z), so the integrability of f over I follows by linearity. [J [4 marks;
bookwork]

(e) Let us prove the existence of the improper integral
* sinz
—dx. 33
| o (33)

As there is no problem at x = 0, in order to prove the existence of the integral it is
sufficient to prove the existence of the integral

o s
| . (34)
1

14 24
By the result from (d), in order to prove the existence of the integral it is sufficient to prove
the existence of the integral
* |sinx
/ [sinz] (35)
1

1+ 24

sin x 1
Compare now the functions | m 4| and —; on the interval [1,00) We have
x x
| sin z| 1
T 14t T ot

so, by Theorem in order to prove the existence of the integral it is sufficient to prove the

existence of the integral
<1
/1 p dx . (36)

But the existence of the integral is a standard fact. [6 marks; unseen exercise]
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