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Solution to question 1

(a) The function f is said to be differentiable at the point xq if
f(z) = f(xo)

lim
T—To T — X0
exists. In this case the limit is denoted by f’(x) (or %(1‘0) or % ) and is called the derivative
r=x
of f at zg. [4 marks; bookwork] ’
(b) Take an arbitrary xg > 0. Then
1 1
oy g J@o+h) = flwo) (w0 +h)7 — (m0)9
e
g—1 q—2 1 1 q=2 g=1
iy (@04 BT = (@0)T) (@0 + )T + (w0 + D)7 (20)7 4.+ (w0 + W7 (20) T+ (20)7)
h=0 h((zo + )T + (@0 + 1) T (20)7 + ...+ (2o + h) T (20) T + (20)"T)
1\4 1\4
. (($0+h)q) - ((%)“)
= %m% a1 2z, 1 T, a2 a1
TPh((wo+h) T + (w0 +h) T (wo)t 4.+ (zo+h)T(x0) T A+ (20) T)
. 1
= lim T =2 1 1 72 q—1
h=0 (g +h) T +(xo+h) T (x0)s + ...+ (wo+h)i(xo) = + (xg) 7
by the Algebra of Limits and continuity of ¢ 1
= =1 =1 =1 1
(o) © + (x0) T + ...+ (x0) T + (w0) 7
q terms
1 1
= -1 = 7({1:‘0)91

[6 marks; question from an exercise sheet]
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(c)
Theorem 1 If f is differentiable at the point xg, then f is continuous at the point xg.

[3 marks; bookwork]

(d)
Theorem 2 Let f,g: (a,b) — R be differentiable at the point xoy € (a,b). Then fg is differentiable
at g and

(f9) (x0) = f'(z0)g(x0) + f(20)g' (20)- (1)

[3 marks; bookwork]

Proof of Theorem |z| Let h # 0 be any number small enough so that zo + h € (a,b). We

have
f(xo + h)g(wo + h) — f(x0)g(z0)
h
_ f@o+h)g(xo +h) — fzo)g(xo + ) + f(zo)g(xo + 1) — f(z0)g(0)
h
f(zo+h) — f(z0) g(xo + h) — g(xo)

= g(wo + h) + f(0)

h h ’

so by the Algebra of Limits and Theorem

lim f(xo +h)g(zo +h) — f(zo)g(xo)
h—0 h

f(xo +h) = f(xo)
h

g(zo + h) — g(x0)
h

= f'(z0) g(x0) + f(z0) g (20),

which means that the function fg is differentiable at x¢ and its derivative is given by formula .
O [6 marks; bookwork]

(e)

= lim
h—0

lim g(zo +h) + f(zo) lim

(fufefs-. fo-rfp) = filefs- . forfp+ ifafs- forfo+ - fifefs o foify.

[1 mark; unseen exercise]

(f)
(@P/9) = ((zV)PY = p(zV/ 2P~ (z1/9) = p(xl/Q)p—llxl/q—l _Pop/a-1
q q
[2 marks; question from an exercise sheet, however there students were asked to do
the question differently, without recourse to the Product Rule]

Solution to question 2

(a)(i) Consider two power series:
)

> ana” 2)
n=0

and
o0
Z na, " (3)
n=1

Denote the radii of convergence of the power series and by R and R’ respectively.
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Lemma 1 The two power series (@ and (@ have the same radii of convergence.

Proof Let us prove first that
R <R. (4)

Suppose is false. Then R’ > R and we can choose an z such that R < 2 < R’. Then the series
(B) converges absolutely whereas the series diverges. But

lanz™| < |na,z™|

for n > 1 so the series converges by the comparison test. Thus, the series diverges and
converges, which is impossible. This contradiction proves (4)).
Let us prove now that
R<R. (5)

Suppose is false. Then R > R’ and we can choose y, z such that R’ < y < z < R. Then the

series
oo
> an?" (6)
n=0

converges absolutely whereas the series

Z na,y" (7)
n=0
diverges. But
|nany"| = |anz"| (n ‘y‘ ) . (8)
z
It is known (MATHI1101) that lim (n |Z|n) = ( so there exists an M > 0 such that n |§|n <
n— o0

M, ¥n € N, and formula implies |nany"| < Mla,z"|. Hence the series converges by
the comparison test. Thus, the series @ diverges and converges, which is impossible. This
contradiction proves (/).

Formulae and (5) imply R = R’. O [9 marks; bookwork (special case of a lemma
proved in lectures)]

(a)(ii) Now consider the power series

i napxz™ L. (9)
n=1

Note that @ is the formal derivative of the original power series .
Lemma 2 The two power series (@ and (@ have the same radii of convergence.

Proof The two power series obviously converge for x = 0. For x # 0 we have

oo 1 oo

E napz" "t == E nanpx"
T

n=1 n=1

and the required result follows from Lemma (I} [J [3 marks; bookwork]

(a)(iii) Fix an 29 € (—R, R) and an hg such that 0 < hg < R — |z¢|, and let h be such that
0 < |h| < hg. Then by Lemma [2| and the inequality stated in the examination paper

Z an(xO +h)n - Z anxg oo |h| L)
n=0 ; n=0 - ;nan:ﬁg*l < 72 n(n — 1)|an|(|zo] + ho)" "2 = 0

n=2

number, not a function of h



as h — 0. O [6 marks; bookwork]

(b)

[3 marks; example done in lectures]

(c) By (b) and (a)(iii) we have

n=1
But ,
1y 1
1—2) (1—x)?2
S0 -
(1—x)? —

[4 marks; unseen exercise]
Solution to question 3

(a) We know the following fact which we are allowed to use without proof.

Lemma 3 Let D be an interval and xy be an interior point of D. Suppose that the function
f D — R is differentiable at the point xg, and suppose that f achieves a global mazimum
(minimum) at the point xo. Then f'(zo) = 0.

The following theorem is known as Rolle’s Theorem.

Theorem 3 Let f : [a,b] = R be continuous on [a,b] and differentiable on (a,b), and let f(a) =
f(b). Then there exists a point ¢ € (a,b) such that f'(c) = 0.

[4 marks; bookwork]
Proof According to the Attainment of Bounds Theorem there exist zg, xf, € [a, b] such that

fap) < f(2) < flxo),  Vx € [a,b].

If both zp and x{ are endpoints of our interval then f(z) = const and f/(x) = 0, Vz € (a,b), so
any ¢ € (a,b) would do. If zj is not an endpoint then, by Lemma [3| f'(z¢) = 0, so we can take
¢ = xzo. If z{ is not an endpoint then, by Lemma [3| f'(zy) = 0, so we can take ¢ = x. O [5
marks; bookwork]

(b) The following theorem is known as Mean Value Theorem, or simply as MVT. It is also
known as Lagrange’s Theorem.

Theorem 4 Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b). Then there
exists a point ¢ € (a,b) such that

fie) = 1= (10)



[4 marks; bookwork]
Proof Let us introduce a new function g(z) = f(z) — kx where the constant k& is chosen from
the condition that the function g satisfies the conditions of Rolle’s Theorem:

sa)=glh) = f@-ka=f0) -k = k=TSO
Thus, the function
o) = gy - LO =T,

satisfies the conditions of Rolle’s Theorem. Rolle’s Theorem tell us that there exists a point
¢ € (a,b) such that

J0=0 = -0y - SO

O [5 marks; bookwork]

s

(c) Applying the Mean Value Theorem to the function sin on the interval [0, &

that

] we conclude

T in0
M:cosc (11)

6
for some

ce (0, %) (12)

But sin § = % so formula implies

3
= 13
= Cose (13)
Formula (12)) give us the inequalities
3
§:COS%<COSC<COSO:1. (14)

Combining with we get 3 < 7 < 2v/3. [7 marks; unseen exercise]
Solution to question 4

(a) The following theorem is known as L’Hdpital’s Rule.

Theorem 5 Let f,g: (a,b) = R be differentiable, and let ¢ € (a,b) be such that f(c) = g(c) =0,
g (x) #0 for x # c. Then
f@) )

lim — = lim
z—c g(aj) z—c g’(:)j)

(15)
provided the latter limit exists.

[4 marks; bookwork]
Note that g(z) # 0 for « # ¢ (via Rolle’s Theorem).

/

Proof of Theorem [5( Suppose lim ‘ exists and equals L. Then
T—cC g’(x)
i L@ @)

e (@) eve g'(a)



In order to prove ([15) we need to show that
f(x)

and f()
Am oy = L (17)

Let us prove ([L6)). Take an arbitrary sequence {x,} € (c,b) such that

nhﬂngo Ty = C. (18)
Applying Cauchy’s Generalisation of the Mean Value Theorem on the interval [c, z,] we get a
sequence {&,} such that

c <& <y (19)

and

f(xn) _ J'(&n)

= . 20
o)~ 96 20)
Formulae 7 and the Sandwich Principle imply
nh_}rgo & =c. (21)
Formula and the sequential definition of a limit (one-sided version) imply
!
n—oo ¢ (fn)
Formulae and imply
im L&) _ (23)
T

Formula and the sequential definition of a limit (one-sided version) imply .
Formula is proved similarly. O [7 marks; bookwork]

(b) (i) . _
. x—sinx . l—coszx . sinx . Ccosx cos(0 1
lim ——— = lim = lim = lim — = = —.
x—0 1“5 x—0 31‘2 x—0 61’ x—0 6 6 6

[3 marks; unseen exercise]

(b) (ii)

In(1 e 1 1
T B T € L S S
x—0 x z—0 1 z—=01+x 1+0
[2 mark; unseen exercise]
(b)(iii) Note that for x # 0 we have
(14 z)Y/* = =5

Introduce the function

f(x) S for x #0,
€T = h
1 for z=0.

This function is defined in a neighbourhood of 0 and by (ii)(b) is continuous at 0. The function
ef(®) is also continuous at 0 as a composition of continuous functions. Hence

lim (1 + 2)Y/% = lim /@ = f (O — ¢,

x—0 z—0
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[4 marks; unseen exercise]

(b)(iv)

. sin?z — tan? x . sin® z . . sinx

lim ——— = — lim ——— = — | lim lim
z—0 ,’I,'4 z—0 x4 COS2 X z—0 C082 X z—0 X

1 4 1
=— (lim 3 ) (lim cosx) =—-— cos?0 = —1.
=0 cos?x ) \z—0 cos? 0
[5 marks; unseen exercise]
Solution to question 5
(a) A partition P of the interval [a, b] is a finite sequence of real numbers P = {zg,21,...,2,}

such that
a=x9<x1 < < Tp_1 <xp=>0.

[2 marks; bookwork]

(b) (i) The lower Darbouz sum of f with respect to the partition P is defined as

L(f,P) =" mi(w:i — xi 1),
=1

where m; := [inf | f(x). The upper Darboux sum of f with respect to the partition P is defined
TE|Ti—1,Tq
as ' .
U(f,P) =Y M(w;—zi1),
i=1
where M; := sup  f(z). [3 marks; bookwork]

x€[Ti_1,x4)

(b)(ii) The lower Riemann integral of f over [a,b] is defined as
b
/ f(z)dx == sup L(f,P).
J PePla,b]

The upper Riemann integral of f over [a,b] is defined as

—b
/f(x)dm = inf U(f,P).

a PePla,b]

[3 marks; bookwork]

(b)(iii) The function f is said to be Riemann integrable on [a,b] if

/if(a:) dx :/:f(x)da:.

In this case the common value of the lower and upper Riemann integrals is denoted by

/abf(:r)dx

and is called the Riemann integral of f over [a,b]. [2 marks; bookwork]

(b)(iv)



Theorem 6 Let f € Bla,b]. Then f € Rla,b] iff Ye >0 3P € Pla,b] such that
U(faP)_L<f7P><E' (24)
[3 marks; bookwork]

1 if is rational
(c) Let f:[0,1] — R be defined by f(x) = 1 . ?S .ra 1o.na ’
0 if =z 1is irrational.

Let P = {xo,...,x,} be any partition of [0,1]. Any interval [z;_1, ;] contains both rationals
and irrationals, therefore

inf  f(z) =0, sup  f(z) =1

T€[wi—1,a4] T€lwi_1,4)
Multiplying by (z; — ;1) and summing over i we get
L(f,P)=0, U(f,P)=1.
Thus,
/ fayds = sup L(f.P)=0,

PeP[0,1]

2 0

—1

/f(x)dm = inf U(f,P)=1,
0

PePl0,1]

and as the two are different the function f is not Riemann integrable. [4 marks; question from
an exercise sheet]

(d) A function f : [a,b] — R is said to be decreasing on [a, b] if
x1<x2 & x1,29 € [a,b] = f(z1) = f(z2).
[2 marks; bookwork]

(e) Proof Consider a partition P, into n subintervals of equal length: P, = {z¢,21,..., 2},

T; =a+ 7, 1=0,1,...,n.

n

Then

n n—1

L) =T8S g, UG P =Y ),
1 =0

UG P~ LU Pa) = 22 o) = ) = 1) — 70)).

n

Now, let € be an arbitrary positive number. Choose n so large that

b—a
n

(f(a) = f(b)) <e.
Then
U(faPn) —L(f,Pn) <e

and Riemann’s Criterion for Integrability tells us that f is Riemann integrable on [a,b]. O [6
marks; for the case of increasing function proof done in lectures]



Solution to question 6

(a) A primitive of f : [a,b] — R is a function F : [a,b] — R which is continuous on [a,b],
differentiable on (a,b) and satisfies F'(z) = f(x) on (a,b). [2 marks; bookwork]

(b) No: one can always add a constant to F. [1 mark; bookwork]

(c) The following theorem is known as the Fundamental Theorem of Calculus.

Theorem 7 Let f be Riemann integrable on [a,b] and let F be a primitive of f. Then

b
[ H@yde = FO) - Fla) = F@)l.

[4 marks; bookwork]
Proof Let P = {xzg,z1,...,2z,} be a partition of [a,b]. Applying the Mean Value Theorem to
the function F' on the subinterval [z;_1,x;] we get

F(zi) = F(xi—1) = f(t:) (@ — @i-1)

for some t; € (x;-1,x;). But
m; < f( ) < M;

where I use the standard notation m,; :=  inf  f(z), M;:= sup f(z). Hence,
T€[w;i—1,2;] z€lzi_1,zi]

my(z; —xi21) < F(x) — F(zi21) < Mi(z; — z-1).
Summing up over 4 from 1 to n we get
< Z(F(Iz) —F(zi-1)) <U(f, P).
But N
Z (F(x;) — F(xi-1)) = F(an) — F(xo) = F(b) — F(a),

so the above inequality can be rewritten as

L(f,P) < F(b) - F(a) <U(f. P). (25)

The inequality is true for any partition P. Taking a limiting sequence of partitions {P,}
and letting n — oo we get from

lim L(f,P,) < F(b) — F(a) < lim U(f, P,).

n— oo n— oo

It remains to note that as f Riemann integrable on [a,b] the Theorem about limiting sequences
tells us that

lim L(f, P,) = hrnUf7 / f(z
n—oo
O [8 marks; bookwork]
(d) An indefinite integral of f is a function F : [a,b] — R defined by
0= [ s

for some ¢ € [a,b]. [2 marks; bookwork]

(e)



Theorem 8 Let f € Rio.(I) and let F : I — R be an indefinite integral of f. Then
(i) F is continuous on I;

(i) F is differentiable at each interior point xo € I at which f is continuous, and at such a point
F'(wo) = f(z0);

(iii) if [ is continuous on I then F is a primitive of f.

[4 marks; bookwork]

(f) We have
G(z) = F(cosx) — F(sinx)

F(y)—/oyetdt.

Hence, by the Chain Rule and the Theorem about the Properties of the Indefinite Integral we have

where

cos T sin x

G'(x) = —F'(cosx)sinz — F'(sinx) cosz = —e°* " sinz — "7 cos z.

[4 marks; unseen exercise]
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