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Basic example of a problem in my subject area

Acoustic resonator. Suppose we are studying the vibrations of air

in a bounded domain Q C R3 subject to boundary conditions
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Here p is the pressure and c is the speed of sound.

Seek solutions in the form p(x1, x2, X3, t) = p(x1, X2, x3)e~“t,

where w is the unknown natural frequency.



This leads to an eigenvalue problem:

—Ap=Xp in Q op/0n|yq =0,

where A is the Laplacian and A := ‘;’—22 is the spectral parameter.

Finding eigenvalues 0 = A\; < A2 < A3 < ... is difficult, so one
introduces the counting function

N = D1

0< k<A

(“number of eigenvalues below a given \") and studies the
asymptotic behaviour of N(X) as A — +oo.



Rayleigh—Jeans law (1905)

4
N(\) = 6—)\3/2 +0(A%?) as A — 4o,

T2

where V is the volume of the resonator.



Rayleigh's “proof” of the Rayleigh—Jeans law

Suppose 2 is a cube with side length a. Then the eigenvalues and
eigenfunctions can be calculated explicitly:

o <7Tk1X1> <7Tk2X2) <7Tk3X3>
Pk = cos cos cos ,
a a a

2
k[* = —5 TR+ K3+ K3),
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where k = (ki, ko, k3) and ki, ko, k3 are nonnegative integers.
N(X) is the number of integer lattice points in the nonnegative
octant of a ball of radius ,ﬁ SO

1/4 a 3 a’ 3/9 V3
N(A)*s(gﬂ(w\@)‘w” =g



Jeans’ contribution to the Rayleigh—Jeans law

“It seems to me that Lord Rayleigh has introduced an unnecessary
factor 8 by counting negative as well as positive values of his
integers”.



1910: Lorentz visits Gottingen at Hilbert's invitation and delivers a
series of lectures “Old and new problems in physics”. Lorentz
states the Rayleigh—Jeans law as a mathematical conjecture.
Hermann Weyl is in the audience.

1912: Weyl publishes a rigorous proof of Rayleigh—Jeans law.
Almost incomprehensible.

Comprehensible proof: in R.Courant and D.Hilbert, Methods of
Mathematical Physics (1924).



Courant’s method

Approximate domain Q by a collection of small cubes, setting
Dirichlet or Neumann boundary conditions on boundaries of cubes.
Setting extra Dirichlet conditions raises the eigenvalues whereas
setting extra Neumann conditions lowers the eigenvalues.

Remains only to
» choose size of cubes correctly (in relation to \) and

> estimate contribution of bits of domain near the boundary (we
throw them out).



General statement of the problem

Let M be a compact n-dimensional manifold with boundary OM.
Consider the spectral problem for an elliptic self-adjoint semi-
bounded from below differential operator of even order 2m:

Au=MAu on M, (B(j)u) =0, j=1,...,m.
oM

Has been proven (by many authors over many years) that

N(X) = ax™Cm) 4 o(A/(2M) a5 X — 400

where the constant a is written down explicitly.



Weyl's Conjecture (1913)

One can do better and prove two-term asymptotic formulae for the
counting function. Say, for the case of the Laplacian in 3D with
Neumann boundary conditions Weyl's Conjecture reads

4 S
N = —=\32 4 2 =
(\) 6.2 NS+ 167r)\ +o(N) as A — oo,

where S is the surface area of M. For a general partial differential
operator of order 2m Weyl's Conjecture reads

N(A) = aA"Cm) o pA(=/Cm) 4 oA/ - as A — 400

where the constant b can also be written down explicitly.



For the case of a second order operator Weyl's Conjecture was
proved by V.lvrii in 1980.

| proved it for operators of arbitrary order in 1984.

My main research publication:

Yu.Safarov and D.Vassiliev, The asymptotic distribution of
eigenvalues of partial differential operators, American
Mathematical Society, 1997 (hardcover), 1998 (softcover).

“In the reviewer's opinion, this book is indispensable for serious

students of spectral asymptotics”. Lars Hormander for the Bulletin
of the London Mathematical Society.



Two basic issues

> Prove the existence of a two-term asymptotics expansion.
Need to exclude situations with too many symmetries.
Requires the examination of a particular dynamical system, a
Hamiltonian billiards on the cotangent bundle. There
shouldn't be too many periodic billiard trajectories.

» Derive explicit formula for the second Weyl coefficient for the
general case.



Idea of proof: Levitan's wave equation method

Key word: microlocal analysis.

Developed by B.M.Levitan, L.H6rmander (Fields Medal 1962),
J.J.Duistermaat, V.W.Guillemin and others.

Introduce time t and study the “hyperbolic” equation
a 2m
Au=(i— .
u <18t> u

U(t) :== o ItAY/ G

Construct the operator

This operator is called the propagator. It is a Fourier integral
operator.



Having constructed the propagator, recover information about the
spectrum using Fourier Tauberian theorems. These allow us to
perform the inverse Fourier transform from variable t (time) to
variable X\ (spectral parameter) using incomplete information, with
control of error terms.

Similar to Tauberian theorems used in analytic number theory.



Example: vibrations of a plate

A’u=Xu in QCR? Ulgqg = 0u/0n|yq = 0.
My formula (1987):

S BL

N - = 1/2 F=N1/4 1/4
(N 47r/\ +47r/\ +o(A") as A — 400
where S is area of the plate, L is length of the boundary and

_ r/4)
B=—-1- N IOk —1.763.

The first asymptotic term was derived by Courant (1922).

Inverting the formula and switching to frequencies )\1/2, we get

A = %”N— 2gfLm+o(m) as N — +oo.
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Buknneguid

Kiuunmog, Imurpuii Muxainjiopua

Marepuai u3 - i

Jivm Tpmit Muxa irosma Kom Mo (pozt. 13 Wiois 1933, )— i fickmit yeHbIii-
MeXaHUK, B 0BMACTH TeOPETHUECKOH i fi MexaHuKH, MeXaHUKH JedpOpMUpyeMOro
TBEPIOTO TeNla; ABTOP TPYAOB 1O MeXaHMKe cucren. [leii it wien PAH (1992),
JIOKTOp H3HKO- THyeckux Hayk (1965), (1974). Jlaypear Tocynapersentoii npemin CCCP

(1976) 1 Tocyrapersenoii mpemin Pocentiickoit denepamni (1994).

Copep:xanue
Buorpadms

Harpaabi u npemuyn
Bu6nuorpacms
Mpumevanms

Ccbinku

Buorpadusa

‘OxoHYHIT

MIV (1955), AMIIOMHYIo pPaGoTy BHIONHIN MOX
pykoBozcTBoM H. T Ueraepa.

PaGoran 8 HUN mapauiorisix cueres, MHCTATYTe MPHKTAAHOI MeXaHHKIL.

C 1967 rona paGoraer B Miicrutyre npoGiiem mexariii AH CCCP (itbisie — PAH), ¢ 1990 r0Aa 110 2004 rox —
JMpeKTOp HHCTHTYTA.

Amutpuin Muxainnoesuy Knumos

Narta poxpaenus: 13 nions 1933 (84 ropa)
Mecto poxaeHus: fluxocnaene, Mockosckas
obnactb, PCOCP, CCCP
CrpaHa: mm CCCP
= Poccust
Hayunas ccepa: mexaHmka
MecTo paBoThi: MoCKOBCKI  rOCYAApCTBEHHbI
yHusepcvTer, UMMex PAH

https://ru.wikipedia. 0%B8%L )0%B2,_%D0%94%D0%BC%D0%B8%D1%82%D"

)_%DO0%9C%DO%BE%D" 13



18/01/2018 Russian state-controlled TV ‘accidentally’ broadcasts secret plans for nuclear torpedo system | The Independent

Russian state-controlled TV 'accidentally’
broadcasts secret plans for nuclear torpedo system

Vladimir Putin had announced the development of a system to defeat Nato defences

Lizzie Dearden Thursday 12 2015 09:18 GMT 11 comments
37 7 Click to follow
The Independent Online

I identally-broad I 1276.html
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Nuclear-Powered Ballistic Missile Submarines

Submarines

Nuclear-Powered Crt
Submarines

Conventional Submarines

Test Fa

OFFSHORE STRUCTURES

TRAINERS

OTHER PROJECTS

http:/jckb-rubin.rulenfprojectsinaval_engineering/nuclear_powered_ballstic_t

Since 1956, Rubin's research and engineering personnel have had
the leading role in concept, research and technical design in the
program which produced about 100 strategic submarine cruisers.
Missile-carrying submarines were consistently modified mainly due.
to new missile systems, which promoted steady improvement of
submarines' tactical and technical characteristics such as missile
range, weaponry, firing accuracy, missile defence penetration
capabiltes, etc.

‘The first generation of nuclear-powered ballistic missile submarines
- Prmec! 658 (Hotel) — was constructed to the design of Rubin in

-1964.

Subssquenny. pudear-powered balistic misile submarines known
as Project 667A (Yankee), Project 667B (Delta /), Project 6678l
(el Pm}ec( 667BDR (Delta I}, Project 667BDRM (Delta VV)
were built to Rubin's designs.

Based on the previous experience, the team of Rubin jointly with
other companies solved the challenging problem of producing the
Typhoon seagoing strategic system on the basis of the third
generation heavy nuclear underwater cruiser - Project 941
(Typhoon) - armed with solid-propellant multiple warhead ballistic
missiles.

A great number of large-size missiles on board as well as the
submarine length and draft limited by operating requirements called
for a new design with a large reserve buoyancy. The new
architecture made it possible to achieve unrivalled parameters for
reliability, damage control, manoeuvrability and habitability at the
same time. Remote automated control of the boat and her
equipment was introduced, while living and service spaces were
expanded to improve service and living conditions.

For the boat producton, Rubin and PO «Sevmashs (Severodinsk)
introduced an _innovative — aggregate-and-modular

construction. Subsequently it was widely adopted in 5hlpbulldmg
For over 50 years of construction of nuclear-powered missile
ubmarines a remarkable progress has been achieved in their
technical level and efficiency.

Currently, a series of strategic missile submarine cruisers of the
fourth generation - Project 955 designed by Rubin - is under
construction at PO "Sevmash”. The submarines will make the basis
of the marine component of Russian strategic nuclear forces in the
21st century.

ile_submarines/
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founded in 1946 upon the initiative of S. I. Vavilov, Academician, President of the Academy of
Sciences of the USSR. Since 1994, it is the State Scientific Center of the Russian Federation, the
only one in the field of solid-state photoelectronics. In the period of its activity, JSC “SPA “Orion”
has i and of new item types: optoelectronic converters, night

vision devices, photo i and pt , thermal imaging devices, IR lasers, electron-
beam and ion-plasma equipment, electronic microscopes, special calculators and other devices and
units.
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Central Institute of Aviation Motors named after P.I. Baranov is a world-class research center
= — =

Being the Russian Federation’s State Research Center, federal state unitary enterprise Central Institute of Aviation Motors named after P.1. Baranov is a world-class scientific center, an
organization conducting the whole scope of rescarch activity necessary for the development of the aircraft engines and gas turbine units based on them.

hitp:/iwww.ciam.rulen/about/ "
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WIKIPEDIA

Operation Mole Cricket 19

Operation Mole Cricket 19 (Hebrew: 19-25% vs, Mivtza ‘Artzav Tsha-Esreh) was a suppression of enemy air
defenses (SEAD) campaign launched by the Israeli Air Force (IAF) against Syrian targets on June 9, 1982, at the outset
of the 1982 Lebanon War. The operation was the first time in history that a Western-equipped air force successfully
le (SAM) network.P] It also became one of the biggest air battles since
World War I1,/® and the biggest since the Korean War.l") The result was a decisive Israeli victory, leading to the
colloquial name the "Bekaa Valley Turkey Shoot".

destroyed a Soviet-built surface-to-air mis:

The IAF began working on a SAM suppression operation since the end of the Yom Kippur War. Rising tensions
between Israel and Syria over Lebanon escalated in the early 1980s and culminated in Syria deploying the SAM
batteries in the Begaa Valley. On June 6, 1982, Israel invaded Lebanon, and on the third day of the war, with clashes
going on between the Israel Defense Forces (IDF) and the Syrian Army, Israel decided to launch the operation.

The battle lasted about two hours, and involved innovative tactics and technology. By the end of the day, the IAF had
destroyed 29 of 30 SAM batteries deployed in the Begaa Valley and shot down between 82-86 enemy aircraft with
minimal losses. The battle led the United States to impose a ceasefire on Israel and Syria.

Contents

Background
Aftermath of the Yom Kippur War
1981 SAM crisis

Prelude
Battle
Aftermath

References
Bibliography

External links

https:/ien.wikipedia.orglwiki/Operation_Mole_Cricket_19

Operation Mole Cricket 19
Part of the 1982 Lebanon War

Part of a Syrian SA-6 site built near the Beirut-
Damascus highway, and overlooking the Begaa
Valley, in early 1982.

Date June 9, 1982

Location Beqaa Valley, Lebanon

Result Decisive Israeli victory
Belligerents

= Israel == Syria

Commanders and leaders

= David Ivry == Mustafa Tlass
= Aviel Sharon == Hafez Al-Assad
Strength

=90 fighter aircraft =100 fighter aircraft
(mostly F-15s and F-  (mostly ground attack

16s)(1] MiG-21 and MiG-23,
1 remotely piloted some MiG-23M air-to-
vehicles squadronf?l  air fighters)[!]

UAVs 30 SAM batteriest®!

Casualties and losses

18
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World leading system critical electronics for harsh environments

C-MAC leads the world in the manufacture of specialised system critical electronics requiring precision and high reliability in
harsh environments.The customers of C-MAC Automotive are served by two manufacturing sites. One is located in Ronse,
Belgium and the second in Sherbrooke, Quebec, Canada. Each facility features highly d g lines capable of
producing the required production volume of thick film on ceramic, PCBA or module assemblies at the optimum cost. With a
pedigree in the electronics industry stretching back over 50 years, our customers benefit from top-class engineering and industry
expertise. We provide custom-designed electronics for a broad range of applications. We partner with our customers to solve
their electronics engineering challenges and reduce the total cost of ownership throughout the project lifecycle.

Markets we serve

AEROSPACE

Navigation systems - Power control systems - Security & Surveillance - Flight controls - Space



My current research programme

Study of first order systems on manifolds without boundary.

Why do this?

» Second Weyl coefficient appears even without boundary. It
comes from the bulk (interior) of the manifold.

» The spectrum is not semi-bounded. Spectral asymmetry.

> | developed an obsession in my old age: | want to understand
elementary particles.



My main result for first order systems on manifolds

Explicit formula for second Weyl coefficient.

O.Chervova, R.J.Downes and D.Vassiliev, The spectral function of
a first order elliptic system, Journal of Spectral Theory 3 (2013),
317-360.



Warning: doing microlocal analysis for systems is not easy

v
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The circle group U(1)

U(l)={zeC: |z|=1}.

Here the group operation is multiplication.



Why the circle group U(1) is relevant

Look at the matrix differential operator A, keep only leading (first
order) derivatives and replace each 0/0x“ by i{,, a =1,...,n, to
get a matrix-function A;(x, &) on the cotangent bundle.

The matrix-function A;(x, &) is called principal symbol.

Let v(x,&) be an eigenvector of the principal symbol.

Problem: v(x, &) is not defined uniquely. It is is defined modulo a
gauge transformation v > e’®v where ¢ : T*M \ {0} — R is an

arbitrary smooth function. This gives rise to a U(1) connection
which, in turn, generates curvature.



Physical meaning of the U(1) connection

In theoretical physics a U(1) connection is usually associated with
electromagnetism. The corresponding curvature tensor is the
electromagnetic (Faraday) tensor.

| have shown that inside any system of partial differential equations
with variable coefficients there is an intrinsic electromagnetic field
which lives on the cotangent bundle. Abstract mathematical fact.

One has to take account of this intrinsic electromagnetic field in
order to get correct results.



Basic ideas driving my current research programme

» God is more of an analyst than a geometer.

» Dimension four is special.



Recent results

Suppose | am looking at a system of two linear first order PDEs for
two unknown complex-valued scalar fields over a 4-manifold.

Suppose | know that this system admits a variational formulation.
Then Lorentzian geometry is automatically encoded within this

system of PDEs. There is no need to introduce geometric
constructs a priori. They are already there.

Z. Avetisyan, Y.-L. Fang, N. Saveliev and D. Vassiliev, Analytic
definition of spin structure, JMP 58 (2017) 082301.



Why does Lorentzian metric appear out of thin air?

Observation: 2 x 2 Hermitian matrices form a real vector space of
dimension four. Our manifold also has dimension four.

Take four linearly independent 2 x 2 Hermitian matrices o¢,
a=1,2, 3,4, multiply them by &,, o =1,2,3,4, and add up.
This gives us a principal symbol

A1(&) == 0%, .
Determinant of principal symbol is a quadratic form in momentum
det Ay(¢) = —g"” €als -

Lemma The real symmetric matrix g*? has Lorentzian signature,
i.e. it has three positive eigenvalues and one negative eigenvalue.



