ON p-ADIC FAMILIES OF SPECIAL ELEMENTS
FOR RANK-ONE MOTIVES

DOMINIK BULLACH, DAVID BURNS AND TAKAMICHI SANO

ABSTRACT. We conjecture that special elements associated with rank-one motives are
obtained p-adically from Rubin-Stark elements by means of a precise higher-rank Soulé
twist construction. We show this conjecture incorporates a variety of known results and
existing predictions and also gives rise to a concrete strategy for proving the equivariant
Tamagawa Number Conjecture for rank-one motives. We then use this approach to obtain
new evidence in support of the equivariant Tamagawa Number Conjecture in the setting
of CM abelian varieties.
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1. INTRODUCTION

Let M be a (pure) motive defined over a number field K and endowed with an action of a
finite dimensional commutative semisimple Q-algebra R. For a prime p set R, := Q, ®q R
and write V*(1) for the Kummer dual of the p-adic realization V' of M.

In [BSS19b] Sakamoto and the second and third of the present authors defined a canoni-
cal Bloch-Kato element nys that lies in C), ®q, /\Ele(K, V*(1)) for an appropriate non-
negative integer r (that depends on M and R). These elements simultaneously generalize
several well-known families of special elements, including the Rubin-Stark elements defined
by Rubin [Rub96] for the multiplicative group and the zeta elements constructed by Kato
[Kat04] for elliptic curves over Q.

In this note we restrict attention to motives that are of rank one in the sense of Deligne
[Del79], and predict a precise family of relations between 7y, and 7, for differing such
motives M and M'.

The source of these relations is a natural higher-rank generalization of the notion of Soulé
twists (in the terminology used by Loeffler and Zerbes, see [LZ, §1.4c]) that uses the theory
of exterior power biduals to overcome technical problems that arise when dealing with
torsion coefficients. For a rank-one motive we shall then define the Soulé-Stark element
to be an appropriate higher-rank Soulé twist of Rubin-Stark elements (see Definition 3.16)
and predict that this element coincides with the corresponding Bloch-Kato element. This
prediction will be referred to as the Soulé-Stark Conjecture (see Conjecture 3.18) and entails
precise, and explicit, relations between Bloch-Kato elements and Rubin-Stark elements.
We will see, for example, that for motives arising from the multiplicative group G, the
Soulé-Stark Conjecture predicts explicit relations between the generalized Stark elements
introduced in [BKS20] that are essentially different from the relations that are investigated
in [BS19a] via a study of ‘functional equations for Euler systems’, whilst for motives arising
from CM abelian varieties the Soulé-Stark Conjecture extends, and refines, the ‘explicit
reciprocity conjecture’ that is formulated by Biiyiitkboduk and Lei in [BL15].

However, aside from any intrinsic interest that the Soulé-Stark Conjecture might have in
particular cases, we show that its validity would also establish a precise connection between
the main conjecture of higher-rank equivariant Iwasawa theory for G,,, as formulated ex-
plicitly by Kurihara et al. in [BKS17, Conj. 3.1], and the equivariant Tamagawa Number
Conjecture for a general rank-one motive. This result is stated precisely as Theorem 3.22
and establishes a natural refinement and generalization to the setting of rank-one motives
with coefficients of the main strategy that was used by Huber and Kings [HK03] to prove the
Tamagawa Number Conjecture for Tate motives over abelian extensions of Q. We remark
that this approach is thus essentially different from that used by Greither and the second
author [BGO03] and, more generally, by Kurihara et al. [BKS17] which relies on a study of
the Mazur-Rubin-Sano Conjecture (see Remark 3.23).



For this approach to be of any practical use, one must of course understand both the main
conjecture of higher-rank equivariant Iwasawa theory for G,, and the relevant special cases
of the Soulé-Stark Conjecture.

The first of these issues is addressed in §4 where we use the recently developed ‘higher-
rank Kolyvagin-derivative’ techniques of Sakamoto et al. [BSS19a] to obtain concrete new
evidence in support of [BKS17, Conj. 3.1]. Our main result in this regard is stated as
Theorem 4.2 and refines earlier results of Biiyitkboduk in [Biiy09] and [Biiyl4] and of
Biiyiikboduk and Lei in [BL15].

Then, in §5, we establish explicit relations between important cases of Conjecture 3.18 and
results and conjectures already existing in the literature, thereby deriving concrete evidence
in support of the Soulé-Stark Conjecture in these cases.

In §5.1 we show firstly that the Soulé-Stark Conjecture incorporates a wide variety of
known facts and existing predictions relating to invariants of G,,, ranging from the in-
terpolation properties of Deligne-Ribet p-adic L-functions to the results of Beilinson and
Huber-Wildeshaus on the cyclotomic elements of Deligne-Soulé, the p-adic Beilinson con-
jecture of Besser-Buckingham-de Jeu-Roblot [Bes+09] and the explicit reciprocity law for
Rubin-Stark elements conjectured by Solomon [Sol10].

In §5.2, we shall then show that, in the setting of motives arising from CM abelian varieties,
the Soulé-Stark Conjecture both extends and refines the explicit reciprocity conjecture
studied in [BL15] and [BL17]. Upon combining this observation with the result of Theorem
4.2 we are then able to derive concrete new evidence in support of the equivariant Tamagawa
Number Conjecture in this case (see Theorem 5.10) and thereby also refine some of the main
results of [BL15].

Finally, we note that the approach developed here will also allow us to clarify other aspects
of the results and conjectures in [BL15] and [BL17] (for details of which see §5.2.1 and
§5.2.2).
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hara and the second and third authors. We are very grateful to Kurihara for permission to
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encouragement and advice. We are also grateful to Kazim Biiyiikboduk for helpful corre-
spondence concerning results in the articles [BL15] and [BL17].

The first author wishes to acknowledge the financial support of the Engineering and Phys-
ical Sciences Research Council [EP/1015234/1], the EPSRC Centre for Doctoral Training
in Geometry and Number Theory (The London School of Geometry and Number Theory),
University College London and King’s College London.



4 DOMINIK BULLACH, DAVID BURNS AND TAKAMICHI SANO

2. BLoCH-KATO AND STARK ELEMENTS

In this section, we quickly review relevant aspects of the theory of Bloch-Kato elements
from [BSS19b] and also recall some basic facts concerning étale cohomology that will be
useful in the sequel.

2.1. Bloch-Kato elements. The motive M discussed in the Introduction has the following
realizations.

e For each prime number p, the p-adic étale realization V),(M): a finitely generated
Ry-module endowed with a continuous R,-linear action of Gk := Gal(Q/K).

e For each embedding o: K — C, the Hodge o-realization H,(M): a finitely gener-
ated R-module.

e The Betti realization Hg(M) := @,.x,c Hs(M): a finitely generated R-module
endowed with an action of complex conjugation.

Definition 2.1. The R-rank 7(M/K, R) of Hg(M)™" is called the basic rank of the motive
(M/K,R). (This rank is, in general, a function Spec R — Z, but we shall only consider
examples in which it is constant.)

We write So(K) for the set of infinite places of K and S¢(K) for the subset of So(K) of
complex places.

Example 2.2.

(i) For any number field K and integer j, we have

|Soo (K)| if j is even,

r 0 ; =
(h (K)<]>/K,Q) {|SC(K)| ifjiS odd.

(ii) Let L/K be a finite abelian extension with Galois group G. Assume K is totally
real and L is CM and write ¢ for the complex conjugation in G. For an integer j set

e;.t = 1i(2—1)30 € Q[G].

Then one has

K : Q] ifszej,
0 ifazej_.

r(h°(L)(j)/ K, Q[Gle) = {
Fix an odd prime number p, a Gorenstein Z-order R in R and a Gg-stable lattice T :=
T,(M) of V := V,(M), which is free as an R, := Z, ®z R-module.

Now we assume the following.

Hypothesis 2.3. The R,-module Y (T) := P ) HY (Ko, T) is free.

’UESOO(

Remark 2.4. Since the R,-modules Q, ®z, Y (T) and Q, ®q Hg(M)" are isomorphic,
the rank of Yx (7T') is equal to r(M/K, R).



We now set r := r(M/K, R) and fix a finite set S of places of K such that
Soo(K) U SH(K) U Siam(T) C S,

where Sy,(K') denotes the set of p-adic places of K and Siam(T') the set of places of K at
which T is ramified.

Then, for each ordered R,-basis b = {b1,...,b,} of Yi(T'), one can use the leading term of
the L-function of M at s = 0 to define a canonical Bloch-Kato element

W(T) € €y, \j, H' Ok, T (D)

(See [BSS19b, Def. 4.10] for the precise definition.) Here 7(1) := Homgz, (T, Z,(1)) is the
Kummer dual of T'.

In order to study the integrality properties of Bloch-Kato elements we first recall that if
A is a commutative noetherian ring, then for any non-negative integer a the a-th exterior
power bidual of a finitely generated A-module X is defined by

ﬂAX := Homy4 (/\A Homy (X, A),A) )
We further recall that the canonical homomorphism of A-modules
3'E /\AX—>ﬂAX, x = (P — d(2)),

is bijective if X is projective or if both a = 1 and X is reflexive, but is in general neither
injective nor surjective.
In addition, if A =R, then [BS19b, Prop. A.7] implies £% induces an isomorphism

(1) {erp@@Z aX‘(I) )€ Ry forall e \” Hom, (X. R, }—>ﬂ X,

In the sequel we use this map to regard ﬂ%pX as a submodule of Q, ®z, /\%pX
We now consider the following hypothesis.

Hypothesis 2.5.

(i) H(K,T*(1)) = 0.
(i) HY(Ok.s,T*(1)) is Z,-free.

Conjecture 2.6 (Integrality Conjecture, [BSS19b, Conj. 4.15]). If Hypotheses 2.3 and 2.5
are both valid, then one has

(1) € (g, H' (s, T (1))
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2.2. Stark elements. To discuss an important special case of the above conjecture we fix
a finite abelian extension of number fields L/K with Galois group G.
For each Z,[Gk]-module X we set

Xp/x = Indgx (X),

regarded as endowed with the natural action of G x G.

We consider the Tate motive (h°(L)/K,Q[G]). As an order of Q[G] we take Z[G]. Then
the p-adic étale realization of this motive is Q, 1,/ and contains the natural lattice Z, 1,/
Suppose that all places in S..(K) split completely in L. Then r := r(h°(L)/K, Q[G]) is
equal to |Soo (/)| and Hypothesis 2.3 is satisfied. Choosing an ordered basis b of Yi (Z,, 1 /k)
is equivalent to choosing a labeling v1,..., v, of the infinite places of K and a place w; of
L lying above each v;. If we write

r

k.5 € Cp ®z, /\ZP[G] HY(Op.5,7,(1))
for the Rubin-Stark element defined by this choice (see [BKS17, §2A], for example), then

(2) 18(Zp,1yx) = M7k 5

More generally, for an integer j and an idempotent € € Z,[G], let

T

n/k,5(0) € Cp @z, /\ZP[G]HI(OL,SH Zp(1 - 7))

be the generalized Stark element defined in [BKS20, Def. 2.9], where r := 75 is as in [BKS20,
§2.1]. Then we have

ne(e - Zp(j)r k) = Lx,s(9);
where we take b to be the dual of the basis in [BKS20, Lem. 2.1].

Remark 2.7. Assume that T'= ¢ - Zy(j)/k for some integer j. Then Hypothesis 2.5 (i) is
satisfied unless j = 1, in which case it is satisfied if and only if € belongs to the augmentation
ideal of Z,[G]. Hypothesis 2.5 (ii) need not be satisfied in this case (even if j # 1) but this
issue is easily avoided by choosing an auxiliary set X of places of K and using a notion of
Y-modified cohomology as in [BKS20] (where ¥ is denoted by T'). In particular, when we
consider examples in the sequel for which T' = ¢ - Z(j)1/x and Hypothesis 2.5 (ii) is not
satisfied, it should be understood that a set X is implicitly used.

Remark 2.8. If T' is as in Remark 2.7, then Conjecture 2.6 with R, = Z,[G]e is known to
be valid in each of the following cases:

e [ is an abelian extension of @ (this is due to Kurihara and the second and third
authors [BKS20, Thm. 4.1]);

e K is totally real, L is CM, j <0, € is the idempotent e; in Example 2.2 (ii) (this is
due to Deligne and Ribet (cf. [BKS20, Ex. 3.10 (i)])).



Remark 2.9. After taking account of the final comment in Remark 2.7, the equality (2)
combines with the identification (1) to imply that if R, = Z,[G] and T = Z, 1, /k, then
Conjecture 2.6 coincides with the p-component of the Rubin-Stark Conjecture for L/ K, as
formulated by Rubin in [Rub96].

2.3. Galois cohomology. In this section we recall some basic facts about compactly sup-
ported étale cohomology that will be useful in the sequel.

For a commutative noetherian ring A we write D(.A) for the derived category of .A-modules.
Let N be a continuous Z,[G g ]-module that has a commuting action of A. Then, if S is any
finite set of places of K that contains So(K), Sp(K') and all places at which N is ramified
one can regard /N as an étale pro-sheaf of A-modules on Spec(Ok,s) and hence define its
compactly supported étale cohomology complex RI'.(Ok g, N) (as discussed, for example,
in [BS19b, §1.4]). This complex defines an object of D(.A) that is well-defined up to unique
isomorphism and so its shifted linear dual

C4(N) := RHom 4(RTe(Oxs, N), A[-3])

is also an object of D(A) that is well-defined up to unique isomorphism.
In the following result we record some useful facts about this construction.

Lemma 2.10. Let A be a Gorenstein Zy-order and N a finitely generated free A-module
that has a commuting continuous action of G that is unramified outside a finite set of
places S of K that contains both Soo(K) and S,(K). Then the following claims are valid.

(i) C4(N) is a perfect complex of A-modules, acyclic outside degrees 0,1 and 2 and its
Euler characteristic in Ky(A) vanishes.

(ii) Set N*(1) = Homy(N, A ®z, Z,(1)). There are canonical isomorphisms of A-
modules

H°(Ca(N)) = H(K,N*(1)) and H'(Ca(N)) = H'(Ok,s,N*(1))
and a canonical exact sequence of A-modules
0 — H*(Ok,s,N*(1)) = H*(Ca(N)) = Yg(N) — 0.

(iii) If Hypothesis 2.5 is satisfied, then Co(N) is isomorphic in D(A) to a complex of
the form P — P, where P is a finitely generated free A-module and the first term
1s placed in degree one.

(iv) Let B be a ring that is either finite or a free Zy-module of finite rank. For any
homomorphism of rings A — B, there exists a canonical isomorphism in D(B) of

the form B®E‘ Cu(N)=ZCp(B®4N).

Proof. Claims (i), (ii) and (iii) are proved in [BS19b, Prop. 2.21] and we recall only that
claims (i) and (iii) depend crucially on the fact that IV is free over the Gorenstein algebra
A, whilst the isomorphisms in claim (ii) follow directly from the Artin-Verdier Duality
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Theorem. The isomorphism in claim (iv) is obtained by combining the natural isomorphism
in D(B)

B @Y% RHom4(RT.(Ok s, N), A[—3]) = RHomp(B @4 RI'.(Ok s, N), B[-3])
together with the canonical isomorphism
B&Y RI(Ok.5,N) 2 RT(Ok5,B@4 N)
(as described, for example, in [F1a00, Prop. 4.2]). O

3. CONGRUENCE CONJECTURES
3.1. Rank-one motives. Following Deligne [Del79, §2.4], we give the following definition.

Definition 3.1. A motive M (or rather (M/K,R)) is of rank one if rankr(H,(M)) = 1
for any o : K < C (or equivalently, rankp, (V,(M)) = 1 for any prime number p).

Example 3.2.

(i) The motive (h°(L)(j)/K, efQ[G]) in Example 2.2 (ii) is of rank one.

(ii) Let K be an imaginary quadratic field (of class number one) and E/K an elliptic
curve with complex multiplication by Ok. Then the motive (h!'(E)(1)/K, K) is
of rank one. More generally, for any algebraic Hecke character ¢ of K, one can
consider the Hecke motive (h(y)/K, K), which is of rank one.

(iii) Let A/K be an abelian variety with complex multiplication by an order of a CM
field F. Then the motive (h!(A4)(1)/K, F) is of rank one.

Remark 3.3. Deligne conjectured in [Del79, Conj. 8.1 (iii)] that every rank-one motive
arises from an algebraic Hecke character.

Definition 3.4. Let M be a rank-one motive and 7" := T},(M) be a stable lattice of V},(M).
We define the character associated with T by the composition
XT': GK — AutRp(T) = 'R,;;,

where the last isomorphism follows from the fact that rankgz (7') = 1. For each natural
number n we similarly define a character

XTn: Gr — Autgpn (T/p") = (R/p")".

Example 3.5. If M = h°(K)(1) and T = Z,(1), then xr coincides with the cyclotomic
character Xcyc: Gk — Z, -

3.2. Congruences. Let (M/K, R) be a rank-one motive. Fix p, R, T := T,,(M) C V,,(M),
and S as in §2.1. We also fix a finite abelian extension L/K unramified outside S with
Galois group G and a natural number n. In what follows, we always assume Hypothesis
2.3. Let r = r(M/K, R) be the basic rank and fix an R-basis b = {b1,...,b,} of Yi (7).



Hypothesis 3.6.

(i) L contains ler(XT‘"), (or equivalently, the character x7.,: Gk — (R/p")* factors
through the restriction map Gx — G).
(ii) There exists an idempotent ¢ € Zy[G] such that
(a) the ring homomorphism Z,[G] — R /p"™ induced by x7, sends € to the identity
element of R/p™;
(b) the Zy[Gle-module Yk (¢ - Z,, 1,/k) is free of rank r;
(c) HY(Ok,s,¢ - Zp(1) 1K) is Zip-free.
(iii) There exists a Z,[G]e-basis w = {w1, ..., w;} of Y (¢ - Z, /) such that the map

Yi(e Zpr/x) = Y (T/p")
induced by twr, in Lemma 3.7 below sends w to the image of b.

Lemma 3.7. Assume Hypothesis 3.6(1) and (ii)(a). Then each choice of an R,-basis of T
gives rise to an tsomorphism

3) € Zp,L/K ®ZP[G]7X;,17L R/p"=T/p"

of Rp|Gk]-modules, and hence also to a homomorphism
twrnt € Zyp ik — T/D"

of Zp|G k]-modules.

Proof. The given hypotheses imply that the tensor product € -7, 1/ g (Gt R/p™is a
’ AT 'n

free R/p"-module of rank one upon which Gk acts via the character xr,. Since T'/p" is
also a free R /p"-module of rank one upon which G i acts via x5, any choice of an R ,-basis
-1 R/p™ = T/p" of R,|Gk|-modules and

Tn
hence also a composite homomorphism of Z,[G k]-modules

of T induces an isomorphism & - Zp,L/K ®Zp[G] X

€ Ly =€ Lypr/x O, c) 0 RIP"=T/p"
of the required sort. O

Example 3.8. For the motive (h°(L)/K, e;-tQ[G]) considered in Example 2.2(ii), Hypothesis
3.6(i) is satisfied if ym := {¢C € Q" | ¢" =1} C L, and one can take ¢ in Hypothesis 3.6(ii)
to be % Hypothesis 3.6(iii) is automatically satisfied in this case.

Lemma 3.9. Assume Hypothesis 3.6. Then each choice of Rp-basis of T gives rise to a
canonical homomorphism of Zy|G]-modules

Wy, ﬂZp[G]EHl((')K,Sa5 Zp(Vryk) = mR/anl(OK,S,T*(l)/p"),

where G acts on the right hand module via x1.,.
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Proof. We set A := Z,[Gle, R, := R/p" and T;, :== T//p" and abbreviate the complexes
Cule Zy 1K) and Cr, (T),) defined in §2.3 to Cc and C(T},) respectively. Then by applymg
the general result of Lemma 2.10 (iv) to the homomorphism A — R,, induced by XT ns We
find that the isomorphism of R,[Gk]-modules (3) (which depends on a choice of Rplbasis
of T') induces a composite morphism

C. — C. ® Ayl R, = C(Ty,)
in D(A) (in which the first arrow denotes the natural map).
In addition, since H°(K, Z,(1);, k) vanishes, the assumed validity of Hypothesis 3.6(ii)(c)
implies that the G ic-representation e-Z,, 1, /x satisfies Hypothesis 2.5. From Lemma 2.10(iii)
it therefore follows that the above displayed morphism is represented by a commutative
diagram of the form

p s p

(4) wnl lm

p, - p,

1 Ry, 0, :=0®id and m,

in which P is a finitely generated free .A-module, P, := P ® , Xk

is the natural projection.

We now set X := H'(Og,s,¢-Zy(1)1/k) and X,, := H' (O, T*(1)/p"). Then, by Lemma
2.10 (ii), we can identify X and X, with ker(#) and ker(,,) respectively. In particular, since
R, is self-injective, the general result of [BSS19a, Prop. 2.4] implies that the inclusion
X, C P, identifies [V X, with the submodule of (; P, = AR, P, comprising elements
y with the property that ®(y) € ker(6,,) for all ® in /\;{n1 Homg,, (P, Rn)-

To obtain a homomorphism tw., of the required sort it is thus enough to show that the
latter condition is satisfied by any element in the image of the composite homomorphism

(5) NX>N.P /\P—>(/\ )@Ale =\, P

in which ¢ is induced by the inclusion X C P and the second arrow is the natural projection.
Hence, given the commutativity of (4), and the fact that /\g{n1 Homg,, (P, Ry) is generated
over R, by the image of the natural map

N " Hom4(P, A) — (/\ Hom A(P, A) ) 4t R /\ZlHomRn(Pn,Rn),

it is enough to prove 8(9(¢(z))) = 0 for all = € (VX and © € A’y ' Hom4 (P, A). But this
is true since O((z)) = ©'(z) for an element O’ of /\Zfl Hom 4(X,.A) and any element of
the latter group maps (), X to ﬂi‘X = X = ker(0).

This shows (5) induces a map (), X — [V X, and it is straightforward to show that this

construction is independent of the representative complex P 9, P fixed above. O
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Next we note that, since H'(Ok g,T*(1)) is Zy-free (under Hypothesis 2.5) and R, is
Gorenstein, the argument of [BSS19a, (11)] implies the existence of a natural homomorphism

r 1 * r 1 * ny. —
(e, H'(Oxs. T W) = (), H (Oks, T*(1)/p"); arr @
We can now formulate a precise congruence conjecture concerning Bloch-Kato elements.

Conjecture 3.10 (Congruence Conjecture, CC(M/K,R,L,n)). Assume Hypotheses 2.3,
2.5 and 3.6 and the validity of the Integrality Conjecture (Conjecture 2.6) for both e-Z, 1 /k
and T. Then in the finite module ﬂ%/anI(OK,S,T*(l)/p”) one has

Wi, (18 (¢ - Zp, 1)) = 15(T).
Remark 3.11. Conjecture 3.18 is formulated for the data (M/K,R,p,R,T,S,b,L,n).
Since the data (p, R, T, S,b) is often fixed when (M /K, R) is given, we indicate the conjec-
ture by the symbol CC(M/K, R, L,n).

Remark 3.12. Since 7§(¢ - Zy, 1)k ) is the e-component of the Rubin-Stark element (see
§2.2), Conjecture CC(M /K, R, L,n) predicts a precise congruence relation between Rubin-
Stark elements and the Bloch-Kato elements for M. More generally, for another motive M’,
it is possible to formulate a congruence between Bloch-Kato elements for M’ and M @ M’.

3.3. Soulé-Stark elements. To formulate a ‘limit version’ of the Congruence Conjecture
we fix a rank-one motive (M /K, R) and data p, R,T,S,r,b be as in §3.2. (We do not fix L
and 7 in this subsection.) We also define fields

L, = @ker(XT,n) and Lo, = ULn _ ler(XT)7

and use the associated algebras
Ay = 7Z,[Gal(L,/K)] and A :=7Z,[Gal(Ls/K)].
For each Z,[G k]-module X we write X;_/k for the inverse limit @n X1, /K, where the
transition morphisms are the natural projection maps
XLn+1/K > Apt Xz, X = A, X7z, X = XLn/K'

Hypothesis 3.13.

(i) There exists an idempotent € € A such that
(a) the ring homomorphism A =R, induced by xr sends ¢ to the identity element
of Rp,
(b) the Ae-module Yk (e - Zy, 1. /) is free of rank 7,
(¢) HY(Ok,s,¢ - Zp(1)1, /) is Zy-free for every n.
(ii) There exists a Ae-basis w = {w1, ..., w,} of Yi(e-Z, 1 /k) such that the map

Yi(e Zpr./x) = Yr(T)

induced by twp in Lemma 3.14 below sends w to b.
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Lemma 3.14. Assume Hypothesis 3.13 (i) (a). Then there is an isomorphism
€ LipLoo/K Opy;t Rp =T
In particular, there is a natural map twp : -2y, 1, jx — T.
Proof. This is proved in the same way as Lemma 3.7. ([
Remark 3.15. Hypothesis 3.13 implies Hypothesis 3.6 for L = L,, for every n.

Definition 3.16. Assume Hypotheses 2.3, 2.5 and 3.13 and that the Integrality Conjecture
(Conjecture 2.6) is valid for ¢ - Z,, 1, /i for every n. We define a rank r Soulé twist to be
the map

13 .13 r 1 . r 1 *
twip = l%ntw’fpm Slime - ﬂAnH Oks,Zp(V), /) — I%IHR/ZJ”H (Ors,T%(1)/p")

= ﬂRle(OK,S7T*(1))a

where the isomorphism is by [Tsol9, Lem. 2.4]. We define the Soulé-Stark element for
(M/K, R) by setting

n

. T E3
BY(T) = twh, (@U?(g : Zp,Ln/K)> € meHl(OK,SyT (1))
One checks that this element is independent of the choice of w in Hypothesis 3.13 (ii).

Example 3.17.

(i) Let f be a positive integer divisible by p and write (; for a primitive f-th root
of unity. We set G := Gal(Q((r)/Q). The Soulé-Stark element for the motive
(R2(Q(¢))(G)/Q, ejQ[G]) is the Deligne-Soulé cyclotomic element

e c1-5(Cr) € HY(Q(Cy), Zp(1 — j))

(see [HKO03, Def. 3.1.2]).

(ii) Let L/K be a finite abelian extension with Galois group G, and assume that K is
totally real and L is CM. Then for any integer j # 1 the Soulé-Stark element for the
motive (h°(L)(j)/K, e; Q[G]) is the image of the Stickelberger element 0y /x 5(0)
(see [BKS17, §4B]) under the map

A = Z,[Gal(Loo /K)] = Zp[G; 0 = Xeye(0)T,

where & € G denotes the image of o € Gal(Ly/K). (Here we implicitly choose X
in Remark 2.7 so that 6_ /x ¢(0) lies in A.)

We conjecture that the Soulé-Stark element coincides with the Bloch-Kato element.
Conjecture 3.18 (Soulé-Stark Conjecture, SS(M/K, R)).
n$(T) = B(T).
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Remark 3.19. Conjecture 3.18 is formulated for the data (M /K, R,p,R,T,S,b). We omit
the data (p, R,T,S,b) for the same reason as Remark 3.11.

Remark 3.20. Conjecture SS(M/K, R) implies Conjecture CC(M /K, R, Ly,,n) for all n.

3.4. Connection to the eTINC. In this section we first review the main conjecture of
higher-rank Iwasawa theory for G,, that is formulated by Kurihara and the first and third
authors in [BKS17]. We then explain how this conjecture can be combined with the Soulé-
Stark Conjecture to give a precise generalization to rank-one motives of the main strategy
used by Huber and Kings in [HK03] to prove the Tamagawa Number Conjecture for Tate
motives over abelian extensions of Q.

3.4.1. The higher-rank main conjecture. We assume for the moment that L., is any Galois
extension of K for which Gal(Ls/K) is isomorphic to Z& x A for some natural number d
and finite abelian group A and, in addition, no finite place of K splits completely in L.
We write (Lo ) for the set of finite extensions of K in L. We set A := Z,[Gal(Ls/K)]
and Ap = Z,[Gal(F/K)| for each F in Q(Ly). We also fix an idempotent ¢ of A that
validates the conditions (i) (b) and (i) (¢) in Hypothesis 3.13. We write Q(A) for the total
quotient ring of A.

Now, since no finite place of K splits completely in Lo, the A-module H?(Ok s, Zy,(1) 1. /K)
is torsion. This fact combines with the results of Lemma 2.10 (i) and (ii) (with A = Ape
and N = ¢-Z, g/ for each F' in (L)) and the assumed validity of Hypothesis 3.13 (i) (b)
to imply that the complex Q(A)e @A RT(Ok s, Zp(1) 1. /K ) is acyclic outside degree one and
that its cohomology in degree one is free of rank r. Hence, under the present hypotheses,
there exists a canonical isomorphism of Q(A)-modules

Q(N)e @ dety(RT(Ok.s, Zp(1) 1 /i) = Q(A)e @4 /\j\Hl(OK,Sa Zp()L. /)

We further note that, by the argument in [BKS17, Thm. 3.4 (1) and Lem. 3.5], for any
Ae-order 2 in Q(A)e, the above isomorphism restricts to give an injective homomorphism
of A-modules of the form

T
Too: A @ dety ' (RT(Ok,s, Zp(1) 1 /i) — A @4 Jim ﬂAFHl(OK,SaZp(l)F/K)'
FeQ(Loo)

Setting

. T
N ks = (8 (€ Zyppix))rea(r.e) € Im  Cp®z,e- /\A HY Ok 5, Zp(1) /),
FEQ(Lso) o
we can now recall the formulation of the e-component of the Iwasawa Main Conjecture for
G, for (Leo/K,S). (In fact, since we do not assume that d = 1, the formulation we give
here is actually slightly more general than in loc. cit.)
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Conjecture 3.21 (Kurihara et al. [BKS17, Conj. 3.1]). Assume the above hypotheses and
fix a Ae-order A in Q(A)e. Then there exists an A-basis

3. k.5 € @4 dety (RT(Ok. s, Zp(1) 1 )
for which one has
Too (37 /K,s) =L /K,S
3.4.2. The strategy of Huber and Kings. We shall now prove the following result.

Theorem 3.22. Fiz a field Lo = J,, Ly, as in §3.53. Assume that Gal(Leo/K) is isomorphic
to Zg X A for some natural number d and finite abelian group A and that no finite place
in S splits completely in Lo,. Assume also that Hypotheses 2.3, 2.5 and 3.13 are valid and
that, for every n, the Integrality Conjecture (Conjecture 2.6) is valid for the data -7, 1, /K -
Then the equivariant Tamagawa Number Conjecture for the pair (M, R,) is valid whenever
the following three conditions are satisfied:

(a) The higher-rank Iwasawa Main Conjecture for G, (Conjecture 3.21) is valid with
A = Aeg;

(b) The Soulé-Stark Conjecture SS(M /K, R) is valid;

(¢c) H*(Ok.s,V*(1)) vanishes.

Remark 3.23. Condition (c) in Theorem 3.22 is predicted to be satisfied in all but a few
exceptional cases (see Jannsen [Jan89, Conj. 1]). However, if T' = & - Z, p/k for a finite
abelian extension F' of K and an idempotent ¢ of Z,[Gal(F'/K)], then class field theory
implies that (c) is satisfied only if £ annihilates the submodule X of the free Z,-module on
the places of F' above S\ S (K) comprising elements whose coefficients sum to zero. In the
case T' = €-Z,, p/x and - X # 0 the result of [BKS17, Thm. 5.2] gives an alternative strategy
for proving the equivariant Tamagawa Number Conjecture for (h°(F), Z,[Gal(F/K)]€) that
involves the Mazur-Rubin-Sano Conjecture.

Remark 3.24. The field Lo = |J,, Ly in Theorem 3.22 is determined by 7". However, the
argument given below will show that the same result is valid if in the statement of Theorem
3.22 one replaces L, respectively Ly, by any abelian extension L. = J,, L/,, respectively
L), of K with the property that L, C L! for each n and Gal(L., /K) is isomorphic to
Zg x A for some natural number d and finite abelian group A.

The proof of Theorem 3.22 will now occupy the remainder of this section. We start by
making the following technical observation.

Lemma 3.25. Assume Hypotheses 2.3 and 2.5 and that H*(Og s,V*(1)) vanishes. Then
we have a canonical isomorphism

T Q, @z, detz! (RT(Ok,5, T (1)) = Q, @2, \| H'(Ok5,T*(1)
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and the equivariant Tamagawa Number Conjecture for (M, Ry) holds if and only if there
exists an Rp-basis
34(T) € dety, (RT(Ok,5,T%(1)))
such that
17(35(T)) = n3(T).

Proof. The vanishing of H?(Ok g, V*(1)) implies that RT(Ok s, V*(1)) is acyclic outside
degree one and also combines with Hypothesis 2.3 and the result of Lemma 2.10 (i) and (ii)
to imply H*(Ok,s,V*(1)) is a free (Qp ®z, Rp)-module of rank r. The first claim follows
directly from this. The second claim then follows from the definition of Bloch-Kato elements
and the precise formulation of the equivariant Tamagawa Number Conjecture. g

We note that the vanishing of H*(Ok,s, V*(1)) plays an essential role in the construction
of the isomorphism 77 in Lemma 3.25. We will also later use the fact (that is verified by
the argument of [BS19b, Prop. 2.21]) that this map 7p restricts to give a homomorphism
of Rp-modules (that we denote by the same symbol) of the form

mr: detg) (RI(Ore5,T7(1)) = [, H'(Ores, T"(1)).
In addition, just as in Lemma 3.14, there exists an isomorphism
€ Zp(l)Loo/K QAxr Rp = (1),
which induces a map
tw§: & - det ), (RT(Ok.s, Zp(1) . /) = detz) (RT(Ok5, T*(1))).

The relation between the maps nr, twdTet and tw7, is described by the following result.

Lemma 3.26. Under the hypotheses of Theorem 3.22, the following diagram commutes:

det
twp

e - dety {(RT(Ok,s, Zp(1) L 1)) —— dety (RT(Ok5,T*(1)))

jme- M, 2" (Ox.s.Zp(1)1, /x0) (N, ' (Ox.s, T (1)),

”
two

Proof. This is proved by a standard argument. See, for example, the argument of Tsoi
[Tso019, Cor. 4.9]. O

We can now give a proof of Theorem 3.22. To do this we note, firstly, that the assumed
validity of Conjecture 3.21 with 2 = Ae implies the existence of a Ae-basis

3. /K,s EE dety ' (RT'(Ok.s, Zp(1) 1. /)

such that 7 (51L”OO/KS) =N ks The element

3$(T) = Wi GY i 5)
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is therefore an R,-basis of detﬁi (RT'(Ok,s,T*(1))).
In addition, since the very definition of ﬂg(T) implies that it is equal to

b _ (W r 1 *
BS(T) - tWT(nLOO/K,S) € ﬂRPH (OKstT (1))7
the commutative diagram in Lemma 3.26 implies that

11(54(T)) = B5(T).
From Conjecture SS(M /K, R), we can therefore deduce that

mr(35(T)) = n5(T)
and, by Lemma 3.25, this equality is equivalent to the validity of the equivariant Tamagawa
Number Conjecture for the pair (M, R,).

This completes the proof of Theorem 3.22. g

4. IwASAwWA MAIN CONJECTURES FOR G,

In this section we provide new evidence for higher-rank Iwasawa Main Conjectures for G,,
including, in particular, Conjecture 3.21.

4.1. Statement of the main result. Let Lo, /K be an abelian extension in which no finite
place splits completely and which is such that Gal(L.,/K) = I'x G for a finite abelian group
G and I' = Zg with d > 0. Put L = L. Let P C G be the p-Sylow subgroup of G and
set A = G/P. We fix a character x: A — @X and, following [BSS19¢c, Hyp. 2.9 and Hyp.
3.1], we consider the following hypothesis on this character.

Hypothesis 4.1. The character x satisfies each of the following conditions:
(i) x € {1,w}, where w is the Teichmiiller character of K;
(i) X2 £wifp=3;
(iii) x(v) # 1 for every v € Sram(L/K) U Sp(K);
(iv) r:=|{v € Seo(K) | x(v) = 1}| > 0.

Let L, be the subfield of L cut out by the character x and, for any subfield F' of Lo /K,
denote Gal(F'/K) by Gp.
We write S for the finite set of places Soo(K) U Sram(L/K) U Sy(K) and set

Ur, = @(ZP ®z Ofg) and  Cl(Le) = @nCl(F),

F F

where in both limits F' ranges over all finite subfields of L,/L and CI(F') denotes the p-
part of the ideal class group of F. We take A = Z,[im x|[I'][P] to be the relevant Iwasawa
algebra.

As before we fix a basis b of Y (Z, 1, / k) and, by abuse of notation, we will denote the
induced basis of Yx (Z,, /) for a subfield F' of L /K by b as well. We denote the Rubin-
Stark element relative to this choice of data by 77% IK,S (cf. §2.2).
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Finally, in the sequel, we will also use the following general notation: the y-component of
a A-module X is defined to be

Xy = X ®ga] Z,[im x|

with A acting on Z,[im x| as 0 -2 = x(o) -z and for any element a € X we set aX :=a®1 €
X. For any A-module X and natural number 7 we moreover set

E} (X) := Ext) (X, A).
We can now state the main result of this section.

Theorem 4.2. Assume the Rubin-Stark Conjecture is valid for all abelian extensions of K
and that x validates Hypothesis 4.1. Then the following claims are also valid.

(i) The norm-coherent family (n%/K g)F of Rubin-Stark elements, where F' ranges over

y y y y b7X r
all finite extensions of L in L, defines a canonical element N /K8 of MA UL x-
For this element one has an inclusion

Fitt} (Cl(Lao)y) C im (77%22/1(,5)

with pseudo-null cokernel.
(ii) For the canonical functorial homomorphism

ke E}\(( ﬂTA ULoox)/(A- ”%i/K,S)) — E}X(ﬂj\ ULeox)
one has
Fitt%(ker(n)) =im (77%:3/1(,8)**'

In particular, if p is any prime ideal of A of height at most one, then one has

(6) Fitt] (BA ([, Uraond) /(A 12% 1 6))),, = Fitt] (Cl(Loo)y ),

Remark 4.3. In certain natural situations, the equality (6) has a more explicit interpre-
tation. For example, if we assume that G contains no element of order p, then (since
characteristic ideals over power series rings are determined by their localisations at height
one prime ideals), (6) implies that

chary (( (M, Ub) /(A n%i/m)) = charp (C1(Lao)y).

In regard of the latter equality, we recall that main conjectures in this more classical style
have been proved (under certain additional hypotheses that include the assumed validity of
Leopoldt’s Conjecture) by Biiyiikkboduk and by Biiyiitkboduk and Lei in [Biiy09], [Biiy14]
and [BL15, Thm. 7.7].
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4.2. The proof of Theorem 4.2. At the outset we note that, since x validates Hypothesis
4.1, the representation Z, r, x(1)(x™') satisfies Hypothesis 2.5 for all finite intermediate
extensions of L, /K. Passing to the limit over F' in Lemma 2.10 (iii) we therefore have that
the complex

Coo = RI(Ok,5, Zp 1. ;k(D(X™) & YK (Zp 1. /1) [—2]

is isomorphic in D(A) to a complex of the form
(7) Pp2p

where P is a free A-module of finite rank and the first term is placed in degree one. In
addition, Lemma 2.10 (ii) combines with Kummer theory and class field theory to give a
canonical isomorphism of A-modules

(8) ker(0) 2 H' (Coo,x) = UL, x
and a canonical split-exact sequence
9) 0 — Cl(Leo)y — coker(0) — Yr(Zy 1. /x)x — 0,

respectively. Next, we note that for any finite abelian extension F' of L contained in L,
the complex

Cry = RI'(Ok.s, Zp,F/K(l)(X_l)) © Y (Zpr/K)x

is naturally isomorphic to Cx, ®% Z,[Gr] and hence isomorphic in D(Z,[Gr]y) to the
complex

(10) Pr 25 P,

where P denotes the Z,[Gr|,-free module P ®, Z,[Gr], the first term is placed in degree
one and fr denotes the endomorphism of Pr induced by 6.

In particular, since the module (Z,®7zO% ¢)y = H'(CF, ) identifies with ker(fr), the above
discussion allows us to apply a general observation of Sakamoto (see [Sak20, Lem. B.15]) in
order to obtain a canonical identification

A T x . T
%ﬂzp[gm (Zp ©2 Ops)x = mA ULeox:

Given this identification, the first assertion in claim (i) is therefore clear.

We next claim that, for any element a = (ap)p of ()} ULy, there is an inclusion of ideals
of A

(11) Lim(ap) C im(a)
F

with pseudo-null cokernel. To see this, we recall that

(12)  im(a) 2 {f(a) | fe \\ P} and im(ar) = {f(a) | f € /\sz[gp}x P},
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where the first inclusion has pseudo-null cokernel (see the proof of [BD20, Lem. 2.7 (c)]).
Note that, since the A-module P* = gn 7 Pr is free, the module Ay P* identifies with the
limit lim /\TZp[QF]X P} and so we have an equality

(13) @ re N, Py =tm{f@]|fe,  Pi}
F PIYFIx

This combines with (12) to imply the claimed inclusion (11).

The key point now is that the compatibility in (11) allows us to deduce from the result
[BSS19c, Cor. 3.6] of Sakamoto and the second and third authors that there is an equality

. b, . .
(14) %nm (anK,S) = L%mtt%p[gﬂ(cum)x.

To prove the second assertion in claim (i) we therefore need to show that the right hand
side of (14) agrees with Fitt} (Cl(Luo)y). However, as the complexes Csy, and Cr,y are re-
spectively isomorphic to the complexes (7) and (10), the general result of [BS19b, Lem. A.7]
applies in this case to imply the existence of an element z = (zp)r of ()} UL, for which
one has

(15) {FE) | fe N\, P} =Fitth (HX(Cr., ) = Fitt] (Cl(Loo)y )

and
(16)  {f(zp)| f € /\TZP[QF}X Pp} = Fitty, g1 (H(Cpy)) = Fitt, g, (CI(F)),.

Upon combining these descriptions with (13), we can therefore derive the displayed equality
in Theorem 4.2 (i) as a direct consequence of (14).

b,x
Loo/K,S

one. It is sufficient to prove that Ann/\(”%i K g) = 0, which will follow if FittQ (Cl(Loo)y) C

To prove Theorem 4.2 (ii), we set £ := A-n and claim that £ is a free A-module of rank

im(ni’i‘o /K, ) contains a non-zero divisor. Observe that

(17) Q(A) - Fitt) (Cl(Loo)x) = Fitty ) (Q(A) - CL(Leac)y) = Q(A),

where the first equality follows from a natural property of Fitting ideals and the second
from the fact that Cl(Lo ), is a A-torsion module, and so Q(A) - Cl(Ly)y, = 0. Thus,
FittQ (C1(Lso )y ) spans Q(A) over Q(A) and, in particular, must contain a non-zero divisor.
Moreover, the representative (7) of C , can be used to compute that the Q(A)-module
Q(A) - Uy is free of rank r. It follows that ([} Ur.. )/ is the quotient of two mod-
ules that each span a free module of rank one over Q(A) and hence must be A-torsion.
Consequently, dualising the tautological exact sequence

0—&— ﬂrA UL x — (ﬂj\ ULy)/E—0

gives the exact sequence

0= () Usn)” = € = BA((, Vs /€) 5 EA(, Vo) = 0.
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Then, since the A-module £* is free of rank one, the latter exact sequence can be used to
calculate that FittQ (ker(x)) coincides with the ideal of A given by

[:=im ((ﬂj\ Up ) =& = A) = {f(n%z‘o/KS) | fe (ﬂj\ ULon) }-

The ideal [ is the isomorphic image of the reflexive module (ﬂ; U Loo,x)* and therefore
reflexive as well. In particular, it is uniquely determined by its localisations at primes of
height at most one of A (see, for example, [Sak20, Lem. C.13]). To establish the first part
of claim (ii) it now suffices to prove that I, = im(n%fo /K, g)p for every prime ideal p C A of
height at most one. This follows from the fact that the cokernel of the natural map

/\A Uzoo:X - (/\A UEOO:X) ) = (mA UL°°7X)
identifies with E% (X) for a certain A-module X (see [NSWO08, Prop. (5.4.9) (iii)]) and there-

fore, since A is Gorenstein, vanishes after localising at .

Having proved the first equality in claim (ii), the final assertion will follow if we can show
that E} (N} UL..,x) vanishes after localising at any prime p C A of height at most two.
However, this follows from the general fact that for any finitely generated A-module X, and
any such prime ideal p, one has E}\(X *)o = 0. To see this one only needs to note that the
A-linear dual of any fixed projective presentation

o, L5y — X — 0

of X gives an exact sequence that induces an isomorphism between E} (X*) and E3 (coker f*),
and the latter group vanishes after localisation at g since A is Gorenstein.

This concludes the proof of Theorem 4.2. O

4.3. Reformulation in terms of determinants. In this subsection we explain how one
can deduce new evidence towards the validity of Conjecture 3.21 from Theorem 4.2. We
remark that the idempotent e, associated to a character x: A — QTDX will satisfy Hypothesis
3.13 (i) (b) since p is odd and, if x validates 4.1 (i), then it will also satisfy Hypothesis

3.13 (i) (o).

Theorem 4.4. Assume that the Rubin-Stark Conjecture holds for all finite abelian exten-
stons of K and that the character x validates Hypothesis 4.1. If we set

A= {z € Q(A) |z Fitt] (Cl(Loo)y) C Fitt} (Cl(Loo)y)},
then all of the following claims are valid:
(i) A is a A-order inside Q(A),
(ii) A is contained in A[%] and coincides with A if either G has no p-torsion or the
p-invariant of Cl(Leg)y vanishes,

(iii) the higher-rank equivariant Iwasawa Main Congecture for Gy, (Conjecture 3.21)
holds for the A-order .
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Proof. To prove claim (i), we first recall that Fitt (Cl(Le)y) spans Q(A) over Q(A), see
(17). Tt follows that 2 spans Q(A) and that the ideal Fitt} (Cl(Ls),) must contain a non-
zero divisor y, hence 2 C y~! Fitt} (C1(Lyo)y ) is finitely generated over A.

To prove claim (ii), we note that if = belongs to 2, then there is a non-zero divisor y € A such
that f := yax is an element of A and we claim that f € yA[%}. The latter is an inclusion of
invertible A[%]—modules and can therefore be checked locally at height-one primes p of A[%]
(see [Fla04, Lemma 5.3]). Each such height-one prime p can be identified with a height-one
prime of A that does not contain p. The localisation Ay is then a discrete valuation ring (cf.
[BKS17, §3C1]) and so the ideal Fitt] (Cl(Loo)y)p is principal and generated by a non-zero
divisor a, say. It follows that faA, C yaA,, hence fA, C yA, as claimed. The same proof
also shows the second assertion of claim (ii) since, assuming either of the stated conditions,
the ideal Fitt} (Cl(Leo)y)p is also principal for every height-one prime p of A that contains

p, as required to prove claim (ii).

To prove claim (iii) we fix a A-basis 3 € det;!(Cso,) and set z := 7 (3). Due to the
injectivity of 7o, it suffices to show that, over 2, the elements z and n%i‘o JK.S generate
the same submodule of ("} Ur_ ,. We have already observed in the proof of Theorem 4.2
that n%i‘o /x5 generates a free module of rank one over A. Thus, both z and ng’i‘o /K. Span

NA UL x over Q(A). Consequently, there is € Q(A) such that z = = - n%fo/K,S and we
need to show that z € 20*. Notice that

O ) | FEN PY-2={f(2) | fe N\ P,

hence claim (iii) follows from the observations (12), (13), (15) and (14) made in the proof
of Theorem 4.2. J

5. EVIDENCE FOR THE SOULE-STARK CONJECTURE

In this section we explain the relation of the Soulé-Stark Conjecture (Conjecture 3.18) to
a variety of results and conjectures in the literature. This gives a better understanding of
Conjecture 3.18 and allows us to interpret several important existing results as supporting
evidence for both the Soulé-Stark Conjecture and the finer Congruence Conjecture (Con-
jecture 3.10). In the setting of CM abelian varieties we also find that this approach clarifies
aspects of the work of Biiyiikboduk and Lei in [BL15] and [BL17] and combines with the re-
sults of Theorems 3.22 and 4.4 to give new evidence in support of the equivariant Tamagawa
Number Conjecture.

5.1. Totally real and CM fields. In this section we fix a totally real field K and a finite
abelian CM extension L of K with Galois group G.
We consider the motive (h°(L)(j)/K, e;EQ[G]) from Example 2.2(ii) and take the idempotent

¢ in Hypotheses 3.6 and 3.13 to be a suitable choice of et := 1Tic
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We remark that the conjecture of Solomon [Sol10] that occurs in claim (iv) of the following
result is an explicit reciprocity law for Rubin-Stark elements that extends (conjecturally)
the classical explicit reciprocity laws of Artin-Hasse and Iwasawa [Iwa68].

Proposition 5.1.
(i) When j <0, Conjecture SS(h°(L)(j)/K, e; Q[G]) is valid.
(ii) When j > 1, Conjecture SS(h°(L)(5)/K, e; Q[G]) is equivalent to the p-adic Beilin-
son conjecture of Besser-Buckingham-de Jeu-Roblot [Bes+09, Conj. 3.18(3)].
(iii) When K = Q, Conjecture SS(h°(L)(5)/K, e;rQ[G]) is valid.
(iv) Conjecture CC(h°(L)(1)/K,e~Q[G],L,n) implies Solomon’s Congruence Conjec-
ture [Sol10, CC(L/K,S,p,n —1)].

Proof. Much of this result is essentially known and so, for brevity, we shall omit many
details.

In this way, we simply note that claim (i) follows from Example 3.17 (ii) and the well-known
interpolation property of the Deligne-Ribet p-adic L-function, that claim (ii) follows from
the observation in [BS19a, Rem. 3.10] and that claim (iii) follows from Example 3.17 (i) and
the results of Beilinson-Huber-Wildeshaus (see [HK03, Thm. 5.2.1 and 5.2.2]) for j < 0 and
Kato (see [HK03, Thm. 3.2.6]) for j > 0.

Finally, we note that claim (iv) is proved in the following way. We set r := [K : Q]. Note
that Conjecture CC(h°(L)(1)/K, e~ Q[G], L,n) predicts the equality

(18) twi (5 (€7 Zy,1/x)) = 15(e™  Zp(1) k)

in e*ﬂ%/pn[G]Hl (OL.s,Z/p"), where

twy €+mzp[G}H1(OL’S’Zp(1)) — e_ﬂz/pn[G]

HY(OL5,Z/p")

is induced by the cyclotomic character xcyc: G — Aut(puyn) = (Z/p")*. We set U, =
@n((’) L®z2Zy,)* /p" and let I'1, g be the Galois group of the maximal abelian pro-p extension
of L unramified outside S. Let rec,: Ur, — ' s be the product of local reciprocity maps
at primes above p. It induces a map

T T s
rec;: e_mZp[G]Hl(OL’S’ Zy,) = e_ﬂZP[G} Homeont (I'r,,5, Zp) — e‘ﬂ

Zp[G] HOmZP (ULp’ Zp).

The natural modulo p™ version is also denoted by the same symbol. Note that we have
a canonical isomorphism Homz, (X, Z,) = Homgy, (X, Zy[G]) for any Z,[G]-module X.
Hence by the definition of exterior power biduals we have an identification

e_ﬂZP[G} Homz, (UL, Zp) = Homg, G- (/\ZP[G]ee_ULp, e_ZP[GD _

Solomon’s conjecture predicts an equality of homomorphisms /\%,,[G} € UL, = e Z/p"[G],

so it is an equality in Homgz g).- (/\%p[G]e_e_ULp,e‘Z/p”[G]), One checks that it is
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equivalent to the equality

vecy (6w, (0 (e - Z,, 1x0))) = recy (ni(e™ - Zp(D)1/xc) )

which is obviously implied by (18). O

Remark 5.2. The basic rank is equal to zero in the cases of Proposition 5.1 (i) and (ii)
and equal to one in the case of Proposition 5.1 (iii). In the case of Proposition 5.1(iv), the
basic rank is equal to [K : Q], and so it gives evidence for the Congruence Conjecture in
the higher basic rank case (see, for example, the extensive evidence in support of Solomon’s
Conjecture obtained by Roblot and Solomon in [RS10]).

5.2. CM abelian varieties and Hecke characters. The Soulé-Stark Conjecture for
CM elliptic curves and, more generally, for Hecke characters (as in Example 3.2 (ii)) has
essentially been studied by many authors including Coates-Wiles [CW77], Kato [Kat93],
Kings [Kin01], Tsuji [Tsu04] and Bars [Barll]. In particular, the questions of Tsuji in
[Tsu04, §11] explicitly describe Conjecture SS(M /K, R) in this case.

In this section we shall apply our approach in the general setting of CM abelian varieties
(as outlined in Example 3.2 (iii)), and thereby shed new light on work of Biiyiikboduk and
Lei in [BL15] and [BL17].

In the remainder of this section we will therefore assume that K is a CM field and we set

g = %[K : Q.

5.2.1. The Perrin-Riou-Stark Conjecture. We first make an observation concerning a con-
jecture of Biiytikboduk and Lei.

To state the conjecture we fix a character y: Gxg — @X of the absolute Galois group Gx
of K that has finite prime-to-p order, is not equal to the Teichmiiller character w and is
such that x(p) # 1 for every p-adic place p of K.

We write L for the field cut out by the character x, take Lo, to be the composite of L with
the maximal Z,-power extension of K, and set A := Z,[im x][Gal(Los/L)]. Let S be the
finite set of places Soo(K) U Sram(L/K) U S,(K). As before, we use the notation

ULoox = @(Zp : 0;15))0
F

where F' ranges over all finite extensions in L., /L. We also fix a A-basis b of the module
YK(Zp,Loo/K>X'

Conjecture 5.3 (Biiyiikboduk-Lei). There exists a subset {&X ,}i<i<g of UL,y with the
property that, for every finite extension F of L in Lo, the natural map

g g X g X
/\AULOO’X - /\Zp[im)d[Gal(F/L)}(Zp "Opsh = ﬂzp[imx} [Gal(F/L)](Zp Ok

sends /\2:‘{62‘01 to the x-component ni’;fKS of the relevant Rubin-Stark element.
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Remark 5.4. The above conjecture is first formulated in [BL15, Conj. 4.14], where it is
referred to as the Perrin-Riou-Stark Conjecture, and also plays an important role in the
subsequent articles of Biiytikboduk and Lei [BL17] and of Biiyiikboduk [Biiyl8] (in the
latter of which the conjecture is referred to as the Strong Rubin-Stark Conjecture). The
conjecture also makes an appearance in [Biiy20, §3.4.4].

In connection to the following result, we refer the reader to Remark 5.6 below.

Proposition 5.5. Assuming the hypotheses as stated above, the following claims are valid.

(1) If UL, 15 a free A-module, then the validity of Conjecture 5.3 follows directly from
the validity of the Rubin-Stark Conjecture.
(i1) If CI(L), vanishes, then Ur__ y is a free A-module.
(#11) If CI(L)y does not vanish and Ur_ y is a free A-module, then the height of the
annihilator of Cl(Leo)y in A is at most two.

Proof. At the outset we note x is a faithful character of Gal(L/K) and therefore satisfies
Hypothesis 4.1 (iii) as a consequence of our assumption x(p) # 1 for every p-adic place p of
K. Since moreover x # w, the construction of Theorem 4.2 (i) shows that, for every finite
extension F' of L in L., the natural corestriction map

g g x
ﬂAUL“’X - mzp[imx}[c;al(F/L)}(Zp Ok.s)x

b.x
Loo/K,S
that, if Uz, is a free A-module, in which case the natural map AUz = NAULoy 18

bijective (cf. [BS19b, Lem. A.1]), then n?;;(KS has the form predicted by Conjecture 5.3.
To prove this it is in turn enough to show that Q(A) ®a ULy is a free Q(A)-module of

rank g since then Ur,__, must (if free) be a free A-module of rank g and so every element

sends the element 7 to 77%’71( g- To prove claim (i) it is therefore enough to show

of AQUL..y is of the form /\Zjuz for a suitable subset {u;}1<i<g of Ur_ y-

The key point now is that the A-Euler characteristic of the complex Cr__ , used in the
proof of Theorem 4.2 vanishes (as follows directly from the representative (7)). Indeed,
since Cl(Leo)y is a torsion A-module and Q(A) ®a Yk (Zy, 1. /i)y 1s a free Q(A)-module of
rank g, this observation combines with the explicit descriptions of cohomology given in (8)
and (9) and the fact that Q(A) is a finite product of fields to imply that the Q(A)-module
Q(A) ®A Ur, y is also free of rank g, as required.

To prove (ii) we observe that the natural projection isomorphism Cy,__ , ®%Z,[Gal(L/K)]
ClL induces an isomorphism of Z,[Gal(L/K)]-modules H%(Cr_ ) ®a Zp[Gal(L/K)]
H?(CL,x). Then, since the A-module Y (Z, 1 /i)y is free, the exact sequence (9) implies
that the latter isomorphism restricts to give an isomorphism Cl(Loo )y ®a Zp[Gal(L/K)] =
CI(L)y. Given this isomorphism, Nakayama’s Lemma implies Cl(L), vanishes if CI(L),

1R

vanishes. In this case, therefore, the cokernel of the endomorphism ¢ in (7) is Y (Z, 1. /5 )x
and so, in particular, is A-free. By splitting up the four-term exact sequence associated to
(7) into short exact sequences, we can therefore deduce that ker(6) = Ur__ , is A-projective,
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and hence free, as required.

To prove claim (iii) we assume Ur__ , is a free A-module. Then, since the A-module
Yi(Zyp 1. /Kk)x is also free, the four-term exact sequence associated to (7) can in this case
be adjusted to give a projective resolution of Cl(Ls ), which shows that the projective
dimension of the A-module Cl(Ly), is at most two. If we now assume that CI(L), =
Cl(Loo)y ®A Zp|Gal(L/K)] is non-zero, then also Cl(Ls )y is non-zero. The assertion of
claim (iii) is therefore true because any minimal associated prime q of the non-zero module
Cl(Loo)y belongs to Supp(Cl(Ls)y) and satisfies

height(q) = d + 1 — dim(A/q) < d + 1 — depth(Cl(Leo)y) = pd(Cl(Leo)y) < 2.

Here we write d for the rank of Gal(L./L) so that the first equality is obvious, the first
inequality is true because dim(A/q) > depth(Cl(Leo)y) (cf. [Mat89, Thm. 17.2]) and the
second equality follows directly from the Auslander-Buchsbaum formula. O

Remark 5.6. The result of [BL15, Lem. 4.11] asserts that Uy , is a free A-module.
Unfortunately, however, there is an error in the argument given in loc. cit. (and alluded to
in [Biiy18, Rem. 2.16]) that is yet to be fixed. In this context, the point of Proposition 5.5 (i)
is that whenever Uy , is a free A-module the validity of the Perrin-Riou-Stark Conjecture
follows directly from other standing assumptions that are made in each of the articles [BL15],
[BL17] and [Biiy18]. In general, Proposition 5.5 (iii) shows that, if CI(L), does not vanish,
then the freeness of Uy, , imposes a strong bound on the height of the annihilator over A of
Cl(Loo)y (thereby showing that the latter module cannot be ‘too small’). For comparison,
we note that a result of Sharifi [Sha08, Cor. 4.3] implies the annihilator of the class group
CI(LZ*) over the Iwasawa algebra associated to the maximal Z,-power extension L3 of
L can have arbitrarily large height.

5.2.2. The explicit reciprocity conjecture of Biiyikboduk and Lei. To review this conjecture
we fix a principally polarised abelian variety A over K that has complex multiplication by
K. We assume that K contains the reflex field of A and that the index of End(A) inside the
maximal order O of K is coprime to p. We note that the latter assumption implies that the
Tate module T,A = lim A[p"] of A is free of rank one over the Zj-order Oy := Zp ®z O
(see [ST68, Rem., p. 502]). For each finite Galois extension L of K, and each p-adic prime
p of L, we write

resy: H' (Ok,5, (VpA) i) = H (OL5,V,A) — H (L, V,A),
for the natural localisation map. Furthermore, we write
expl: H' (Ly, VyA) = H}(Ly, VpA) — Fil’ Dag 1, (V, A)

for the associated dual exponential map. We shall use the associated homomorphism of
K,|Gal(L/K)]-modules

N (exp;; oresp) .
exp} ,: H(Ok.s, (VpA) 1K) — % Fil Dy, 1, (VpA),
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where we have set Dar,r,(VpA) = @y, Dar,z,(VpA) and in the direct sum p runs over all
p-adic places of L above p.

We also recall that, if ITII(A/L)[p*] is finite, then Poitou-Tate duality implies that there is
a canonical isomorphism

(19) HA (O, VpA) = ker (Q @7 A(L) 2 @D(Q) @2z, A(Ly)")
plp

where in the direct sum p runs over all p-adic places of L, (—)" denotes p-adic completion
and A denotes the natural diagonal localization map (see, for example, the argument in
[BSS19b, Lem. 6.1 (ii)]).

We now write Koo°/K for the cyclotomic Z,-extension of K. For each natural number n
we write K,;”¢ for the n-th layer of K53/K and set I := Gal(K;”“/K).

Then the explicit reciprocity conjecture of Biiyiikboduk and Lei predicts that for every
n there exists a subset {c,;}t1<i<g of HY(Ok s, (TpA) keve i) with both of the following
properties. Each element ¢, ; is obtained by ‘twisting’ the element /\19S 9 6;‘0¢ predicted
to exist by the Perrin-Riou-Stark Conjecture 5.3 (for a suitable choice of x) by the character
Gk — Op[I';]* induced by the action of Gk on (1,4)*(1) geve/ic- In addition, if one fixes
an embedding @, — C and uses it to identify the groups Hom(Fn,@X) and Hom(T',,, C*),

then for every primitive character : I',, — @X there is an equality in C, of the general

form
(20) det([eq - expyeve (Ci), ’%J’]A,n)lgi,jgg = Ly (4, 071 1) - Qanp.
Here [—,—]a,, denotes a canonical C,-bilinear pairing on Dieudonné modules, the ele-

ments kg ; are obtained from a suitable choice of basis of the relevant Dieudonné mod-
ule, L (4, 61 s) is the p-truncated Hasse-Weil-Artin L-series attached to A and —! and
Q4,n,p is the product of the ratio of the canonical p-adic and complex periods associated
to the pair (A, §) with a fudge factor that compensates for the precise choices of elements
{65 h1<icg and {ro }1<j<g.

Full details concerning the conjecture of Biiyiikboduk and Lei and a precise version of the
conjectural equality (20) can be found in [BL15]. However, the partial details recalled above
are at least sufficient to prove the conjecture is of interest only in the case that the space
eo(Qp ®z A(Ky"®)) vanishes. This fact is shown by the following result, in which we refer
to the Deligne-Gross Conjecture for Hasse-Weil-Artin L-series (for a precise statement of
which see, for example, [Roh90, p. 127]).

Proposition 5.7. Assume that the Perrin-Riou-Stark Conjecture (Conjecture 5.3) is valid
and that the Hasse- Weil-Artin L-series L(A,071, s) validates the Deligne-Gross Conjecture.
Then, if (A/KyY)[p™] is finite and eg(QpR7 A(Ky'®)) is non-zero, the explicit reciprocity
conjecture of Biyiikboduk and Lei [BL15, Conj. 4.18] is valid.
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Proof. We set L := K;'°, Wy = eg(Q, ®z A(L)) and Wy = e5(Q, ®q, ker(\)*) where
the map A is as in (19). We also write ¢ for the homomorphism I',, — Q" obtained by
composing 6 with a fixed choice of embedding Qp — C.

Then the non-vanishing of Wy implies that e, (Q ®z A(L)) does not vanish and this fact
combines with the assumed validity of the Deligne-Gross Conjecture for L(A,%!,s) to
directly imply that L(A,~1, 1), and hence also L (4, ¥~1 1), vanishes.

To prove the second assertion it is therefore enough to show that the stated assumptions
imply the determinant that occurs on the left hand side of the conjectured equality (20)
vanishes.

As a first step, we claim that

(21) dlm@(Wg) > dlm@(Wé)

To verify this we note that the non-degeneracy of the Néron-Tate height pairing implies the
Q,[G]-modules Q,®7A(L) and Q,®zHomz(A(L), Z) are (non-canonically) isomorphic and
hence that dimg-(Wy) = dimg(Wp-1). In addition, if we set Wg = eg-1(Qp ®q, ker(N)),
then one has d1m (Wg) = dlm (We) To justify (21) it is therefore enough to show that
Wg is a proper subspace of W971.

To do this we write é for the primitive idempotent ZW ey of Q[G], where the sum runs
over the set of Gig-conjugates of 1~ 1. Then the assumed non-vanishing of Wj, and hence
also of Wy-1, implies that e, (Q ®z A(L)), as well as the subspace W= é(Q ®z A(L)) of
Q®z A(L), does not vanish. But then, for any non-zero element w of W, the element \(w)
is non-zero and so spans a free Q[G]é-submodule of P, ,(Qp ®z, A(Lp)"). The element
ep-1(A(w)) is therefore non-zero and so ey-1(1 ® w) is an element of Wy-1 that does not
belong to Wg , as required.

We now set Zg := es(Q, ®q, H(Ok,s, (VyA)/Kk)) and write kg for the natural (injective)
Kummer map Wy — Zy. Then one has

dimg - (coker(kg)) = dim@(Zg) - dim@(Wg)
< dimQ—p(Zg) — dimQ—p(Wé)
= dimg(ep(Q 0, Yic(V,A)1/x))
=9
where the first and last equalities are obvious, the inequality follows from (21) and the second
equality follows upon combining the vanishing of H(Of g, (Vo A) k) = HY(Oyp 5,V,A)
with the identification (19) and the general results of Lemma 2.10 (i) and (ii).
In particular, since the image of kg belongs to the kernel of eg (@@QP (expy oresy)) for every

p-adic place p of L, the above inequality implies that the Q,-space ep - (Q, ®q, im(exp*Lm))
has dimension strictly less than g. The elements {eg-exp} ,(ci)}1<i<g are therefore linearly
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dependent and so the bilinearity of the pairing [—, —]4, implies that the determinant on
the left hand side of the conjectured equality (20) vanishes, as required. O

5.2.3. The Soulé-Stark Conjecture and explicit reciprocity. In this section we show that the
Soulé-Stark Conjecture refines (a reformulated version of) the explicit reciprocity conjecture
of Biiyiikboduk and Lei discussed above. We note, in particular, that whilst the formulation
of the latter conjecture assumes the validity of Conjecture 5.3, the approach used here is
independent of this conjecture.

At the outset we fix an abelian extension L of K, set G := Gal(L/K) and consider the
motive M = h'(A/L)(1) for an abelian variety A as introduced in §5.2.2, regarded as
defined over K and with coefficients in K [G]. To avoid confusion, in the sequel we write Ry
instead of K if we consider its complex multiplication action on A and reserve the notation
K for when we mean the field of definition of the motive M. We also set R = Ry[G] and
Ry, = Q, ®q R.

The p-adic étale realisation V' := V(M) of M is then given by the rational Tate module
(VoA (V) k= (Qp ®z7, TpA)*(1)/k of A. In addition, since p is assumed to be coprime
to the index of End(A) inside O, the module (7,,A),/k is free over R, = Op[G] and so we
can choose T = (TpA)* (1)K as a G-stable lattice inside V.

Recall the notation introduced in §3.3. Fix an Rp-basis b = {b1,..., by} of Y (T'). Since K is
totally imaginary, the hypotheses 3.13 (i) (b) and (ii) are automatically satisfied. Moreover,
we write

(22) [—,—Jo: Cp-detg, (Fil’Dar, 1, (VpA)) x Cp-detr, (Dar,z, (V,A)*(1))/Fil°) — CpoqK
for the pairing induced by the composite of the natural pairing

Fil’Dyr, 1, (VpA) % Dar,1,(V,A)*(1))/Fil° — R,
in p-adic Hodge theory and the homomorphism R, — Q, ®q K induced by a character
0:G—Q, .
With this notation in place, we can now give a concrete interpretation of Conjecture
3.18 as an explicit reciprocity conjecture closely related to the conjectural equality (20)
of Biiyiikboduk and Lei.
Taking account of Proposition 5.7, we restrict attention to characters 8: G — Qipx such
that eg(Q, ®z A(L)) vanishes. Furthermore, we write

(VR Gk — 'R;;

for the character afforded by the action of Gk on (T,A)r/k. For all s € C such that
Re (s) > 3, the associated (S-truncated) L-function is then given by

Ls(#,07%,s) = [[A1— (07 o) (v) No™*)"! € €@K,
vgS
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where by 6~ we mean the morphism C, ®q R — C, ®q K induced by 671, and extended
to the whole complex plane by analytic continuation.

Proposition 5.8. Assume HUI(A/L)[p™] is finite and let 0: G — @X be a character for
which both eg(Qp ®z A(L)) vanishes and Lg(v,071,1) # 0. Fiz an Ry-basis {c1,...,cq} of
Dar, 1, (VpA)*(1))/Fil° and set ¢ = Ni<icy Ci-

Then the eg-component of Conjecture SS(M /K, R) is valid if and only if in C, ®q K one

has
(23) [(/\;p exp} ) (B4(T)), c], = Ls(v,07",1) - m.

Here QP(A,0)c. and (A, 0)p,, are the canonical p-adic and complex periods of A and 6,
respectively, normalised with respect to the bases ¢ and w, and b and w, for any choice of
R-basis w of H(A, QA/L) (and are defined precisely in the course of the proof below).

Proof. The assumed vanishing of eg(Q, ®z A(L)) combines with the identification (19)
to imply that the space eg(Q, ®q, H*(Ok,s,(VpA)r/x)) vanishes and hence that ey is a
summand of the idempotent of admissibility defined in [BSS19b, Def. 4.8]. Given this, the
eg-component of the period-regulator isomorphism )‘Mb s in the definition of the Bloch-
Kato element for M as defined in Def. 4.10 of loc. cit. coincides with the composite map

. /\g Fil’Dyg, 1, (V,A))

eo(Cp- \). (Darz, (V,A4)*(1)/Fi°))

Rp

C, - /\;p HY(Ops5,VpA)) 2 e9(C,
(

eo(Cp - N\ HO(A, Q1))
(
(

I

I

12

€ Cp ./\g YK<V) )
= ey C )

where the first isomorphism is induced by A% Ry expy, ,, the second by the duality pairing
(22), the third by the comparison isomorphism of p-adic Hodge theory, the fourth by the
period map, and the last by our fixed choice of basis b for Y (V).

Fix an auxiliary R-basis w,...,w, of H(A, Qi‘/L) and set w := /\;;<,w;. We then define
P (A)cw to be the unique element of R, with the property that the map

A, Dar (VA ()/FI =5 Q- \JHO(A, 2 )

induced by the comparison isomorphism of p-adic Hodge theory sends ¢ to QP(A)c, - w*.
Similarly, we define (A),, as the unique element of C, ®q R such that the map

g *
Cp-/\RpYK( ) —C, /\ H(A, Q1)
sends b to Q(A)p,, - w*.
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Then, with these definitions in place, one has
eq ()\%4},{1),5@((/\9 expy,) (B3 T)))>

:(39([(/\; expL p>(BS( )) C] ézp((‘él);’ )
= ([l Ay, PO e, g3 )

where (A, 0),, and QP(A, 0)., denote the elements of C,; that are defined by the respective
equalities eg - Q(A)p, = A, 0)p, - eg and eg - QP (A)p = QP(A,0)p0 - €5

)

Given the non-degeneracy of the pairing [—, —]y on eg-components, the bijectivity of the map
eo(Qp ®q, /\%p eXp*Lp) and the explicit definition of the element n%(7T), the last displayed
equality implies that the equality eg - B%(T) = eg - n%(T') predicted by the eg-component of
Conjecture SS(M /K, R) is valid if and only if the equality (23) is valid. O

Remark 5.9. If A is an elliptic curve and K an imaginary quadratic field (in this case
necessarily of class number one), then (23) is a consequence of the classical reciprocity law
of Wiles [Wil78] (see, for example, [Fla09, Prop. 4.2]).

5.2.4. The equivariant Tamagawa Number Conjecture for abelian varieties. We shall now
combine Proposition 5.8 with the results of Theorems 3.22 and 4.4 to obtain concrete
evidence in support of an important special case of the equivariant Tamagawa Number
Conjecture.

To do this we fix data L/K,G, A and T as at the beginning of §5.2.2. We note that the
action of the absolute Galois group G of K on (T,A)r /k gives rise to a character

(24) Y: Gg — Ry,

and we write Lo, for the abelian extension of K that corresponds to the subgroup ker(1))
of G K-

We note that this definition of L is consistent with that given in §3.3 since the Weil pairing

implies ¥ coincides with the character yr constructed in Definition 3.4. We further note
that the natural injective homomorphism

Gl = @ Oyimo); a— (6(a)),eq

implies that Gal(Loo/K') = im(3)) is isomorphic to a subgroup of P,z Op[im 6] and hence
has the form Zg x A with d a non-negative integer and A a finite abelian group.

We write A’ for the maximal subgroup of A of order prime-to-p and note that the subset T
of AV comprising characters that satisfy Hypothesis 4.1 is stable under the natural action
of Gal(Q,/Q,) on A’ and hence that the idempotent

5L,1 = E ex

XEY
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belongs to Z,[A'] C Z,[Gal(Lo/K)].
We denote the subset of G comprising all characters 6 for which both es(Q, @z A(L))
vanishes and Lg(1, 071, 1) # 0 by Go 4 and note that the associated idempotent

€L0 = Z €9

96@0,,4

belongs to Q[G] C Q,[G]. Hence, we obtain an idempotent of K,[G] by setting
er ' =vY(er1) €L

Theorem 5.10. Assume the data L/K, A and p are such that all of the following conditions
are satisfied.

(i) A(L) has no element of order p.

(i) T0(A/L)[p>] is finite.
(iii) The explicit reciprocity conjecture (23) is valid for all characters 6 in @07,4.
(v) If (G )[p™] is non-zero, then the Z,-module Cl(Ly,) is finitely generated.

Then, if the Rubin-Stark Conjecture holds for all finite abelian extensions of K, the equi-
variant Tamagawa Number Conjecture is valid for the pair (h'(A/L)(1), Op[Gler).

Proof. The er, g-component M’ := h'(A/L)(1)ero of h'(A/L)(1) has a natural action of
the K-algebra R' := K|[Gler, 0. We define an Op-order R}, := Op[Gler in (K, @k R')Y(er1)
and an (R}, x Gk)-module 7" := R}, ®¢ ¢ T-

Then, with this notation, the basic strategy in this argument is to apply Theorem 3.22 with
the data ¢, Ry, R, T, M and V taken to be er1, R}, R, T, M" and V' := Q, ®z, T’
respectively and with the field Lo, as specified above. We must therefore verify that all of
the necessary hypotheses are satisfied by this choice of data.

For each n the kernel of the homomorphism G — Autg . (T/p") = (R/p")* induced
by 1 is contained in the kernel of the map x7v, from Definition 3.4 and so Remark 3.24
implies that this choice of Ly, is permissible in Theorem 3.22 for the above choice of data.
We also note that no finite place of K can split completely in Lo,. Indeed, the decom-
position group in Gg of any such place v must be contained in ker(y)) and hence acts
trivially on T' = (T, A)/k and this is not possible since A(L,)[p™] is a finitely generated
Z,-module for each place w of L above v. Since this argument also shows that the Z,-rank
of Gal(Loo/K) is at least one, it follows that the conditions in the first sentence of Theorem
3.22 are satisfied in this case.

We claim next that Hypotheses 2.3 and 2.5 are satisfied with R, and 7" taken to be R; and
T’ respectively.

This is true for Hypotheses 2.3 as Y (7”) is isomorphic to R}, ®o, Yk (TpA) as an R,-
module and is true for Hypothesis 2.5 (i) since H°(K, (T")*(1)) is a submodule of the space
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HOK, (V")*(1)) = e (H°(L, (V,4)*(1))) and H°(L, (V,A)*(1)) vanishes. Concerning Hy-
pothesis 2.5 (ii) we note first that the stated condition (i) implies H (O g, T*(1)) is Z,-
torsion-free since its torsion submodule is isomorphic to

H(Ok,s,V*(1)/T*(1)) = H(OLs, V, A/ T, A) = A(L)[p™].

This fact then combines with the results of Lemma 2.10 (iii) (with R, taken to be O,[G])
and Lemma 2.10 (iv) (for the homomorphism O,[G] — R}) to imply that H' (K, (T")*(1))
is isomorphic to the kernel of an endomorphism of a free R;—module and so is torsion-free,
as required.

Finally, we note Hypothesis 3.13 is satisfied with A, e and R, taken to be Z,[Gal(Lo/K)],
er,1 and R}, respectively: the validity of Hypothesis 3.13 (i) (a) in this case follows directly
from the fact that ey, is the identity element of R}, the validity of Hypothesis 3.13 (i) (b) is
clear and the validity of Hypothesis 3.13 (i) (c) follows from the fact that the Teichmiiller
character does not belong to the set T of characters that is used to define e, ;.

Now, since the validity of the Integrality Conjecture for all extensions L,,/ K follows directly
from Remark 2.9 and the assumption that the Rubin-Stark Conjecture is valid for all finite
abelian extensions of K, the above observations imply that the result of Theorem 3.22 im-
plies the equivariant Tamagawa Number Conjecture is valid for the pair (M’, R;) provided
that all of the conditions (a), (b) and (c) that occur in the latter result are satisfied in this
case.

In addition, the condition in Theorem 3.22 (a) is satisfied since the stated condition (iv) and
the assumed validity of the Rubin-Stark Conjecture combine with Theorem 4.4 to imply
Conjecture 3.21 is valid for (L /K, S) with respect to the order 2 = Z,[Gal(Loo/K)]er 0.
It is thus enough to note the conditions in Theorem 3.22 (b) and (c) are also satisfied since
the definition of the idempotent 7,1 combines with the stated condition (ii) and the argu-
ment of Proposition 5.8 to imply both that H*(Og s, (V/)*(1)) 2 e, - H*(OL.s, (V,A)*(1))
vanishes and that the equality in Conjecture 3.18 is valid for the pair (M’, R').

This completes the proof of Theorem 5.10. O
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