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Abstract

We give an alternative proof of the Schoen—Simon—Yau curvature esti-
mates and associated Bernstein-type theorems (1975), and extend the orig-
inal result by including the case of 6-dimensional (stable minimal) immer-
sions. The key step is an e-regularity theorem, that assumes smallness of the
scale-invariant L? norm of the second fundamental form.

Further, we obtain a graph description, in the Lipschitz multi-valued
sense, for any stable minimal immersion of dimension n > 2, that may have
a singular set ¥ of locally finite "~ ?-measure, and that is weakly close to
a hyperplane. (In fact, if the H™ 2-measure of the singular set vanishes,
the conclusion is strengthened to a union of smooth graphs.) This follows
directly from an e-regularity theorem, that assumes smallness of the scale-
invariant L? tilt-excess (verified when the hypersurface is weakly close to a
hyperplane). A further direct consequence is that (for an immersed hyper-
surface of the type considered) any tangent cone supported on a hyperplane
is the unique tangent. Specialising the multi-valued decomposition to the
case of embeddings, we recover the Schoen—Simon theorem (1981).

In both e-regularity theorems the relevant quantity (respectively, length
of the second fundamental form and tilt function) solves a non-linear PDE
on the immersed minimal hypersurface. The proof is carried out intrinsically
(without linearising the PDE) by implementing an iteration method a la De
Giorgi (from the linear De Giorgi-Nash-Moser theory). Stability implies
estimates (intrinsic weak Caccioppoli inequalities) that make the iteration
effective despite the non-linear framework. (In both e-regularity theorems
the method gives explicit constants that quantify the required smallness.)

1 Introduction

Part [T curvature estimates. In the renowned 1975 work, Schoen-Simon-Yau
proved that any properly immersed two-sided stable minimal hypersurface M in
R"*! with n < 5, and with Euclidean mass growth at infinity, is necessarily a
union of affine hyperplanes. We develop an alternative approach to this, which
also covers the case n = 6 that had remained open. More precisely, we prove:



Theorem 1 (Bernstein-type theorem). Let M be a (smooth) properly immersed
two-sided stable minimal hypersurface in R"*1 for n € {2,3,4,5,6}, with Eu-
clidean mass growth at infinity, i.e. there exists A € (0,00) such that H" (M N
Bgﬂ(())) < AR"™ for all R > 0. Then M is a union of affine hyperplanes.

As is well-known, an equivalent formulation of this property is given via a priori
(interior) curvature estimates, as follows:

Theorem 2 (Pointwise curvature estimates). Assume that M is a (smooth) prop-
erly immersed two-sided stable minimal hypersurface in Bfgl((]), with 0 € M and

n n+1
n € (2,3,4,5,6), with 0P ©)

an)" < A € (0,00). There exists B > 0 depending
only on A and n such that

sup  [Auml(z) <
z€BH(0)
2

=l

where Apy is the second fundamental form of M.

Remark 1.1. As usual with interior-type estimates, the choice of % as ratio be-
tween the relevant radii is arbitrary. Any ratio smaller than 1 can be allowed, and
the constant 8 would depend on the chosen ratio.

As recalled above, the Schoen—Simon—Yau theory obtained these theorems for
n < 5, see [14, Theorem 3]. For n = 6, the validity of these properties under an
additional multiplicity-2 condition, more precisely under the restriction A < 3wg,
was obtained by Wickramasekera, see [18, Theorems 9.1 and 9.2| (the notation wy,
stands for the n-volume of the n-dimensional unit ball). If M is assumed to be
properly embedded, rather than immersed, the above results are known to be valid
for n < 6 in view of the fundamental sheeting theorem by Schoen—Simon, see [13]
Theorems 1 and 3|. For n > 7, on the other hand, it has long been known that the
situation is drastically different and the above results do not hold, even assuming
that M is properly embedded, as in the example of the Hardt—Simon foliation [9].

We recall that the case n = 2 can be treated by means of a logarithmic cut-off
argument, and, in fact, it has long been known that the above theorems hold for n =
2 without any mass hypothesis (see do Carmo—Peng [6], Fischer-Colbrie-Schoen
[8], and Pogorelov [I1]). Very recently, the Euclidean mass growth assumption has
been shown to be redundant for n = 3 in the work of Chodosh-Li [3], which resolved
a long-standing conjecture of Schoen (see also subsequent alternative proofs by the
same authors [4] and by Catino—Mastrolia—Roncoroni [2]).

We obtain Theorems [I] and [2] as a consequence of an e-regularity theorem, in
which the relevant (small) quantity is the scale-invariant L?-norm of the second
fundamental form:

Theorem 3 (e-regularity for the second fundamental form). Let n < 6. There
exists € > 0, depending only n (a sufficiently small €y is explicitly given in



below) with the following significance. Let M be a properly immersed two-sided
stable minimal hypersurface in Byg*(0), with 0 € M and with

1 / 9
SRZ [Anm” < €o.
(2R)"2 JanBrt o)

Then for every x € M N Bz;rzl(O) we have |Apy|(x) < §. More precisely, in the

above smallness regime, we have, for a (explicit) dimensional constant c(n),

) 1 2\
sup Ay < —* T/ [Aml™ |
MAB7F1(0) R ((2R) 2 JmnBrio)
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Theorem [3] is established by PDE methods, working intrinsically on the im-
mersed hypersurface. The relevant (non-linear) PDE is the Simons equation for
|Apr]- The proof is obtained by implementing an iteration scheme a la De Giorgi,
in the style of the linear theory in [5] (the widely known De Giorgi-Nash—Moser
theory). The iteration relies on the validity of a weak intrinsic Caccioppoli inequal-
ity, valid for level set truncations of |A,s|. We establish this inequality in Lemma
from the associated PDE, making (essential) use of the stability hypothesis to
control the terms that escape the linear PDE theory framework.

Theorems [I] and [2] then follow employing soft classical geometric measure the-
ory arguments: Allard’s compactness, tangent cone analysis, Federer’s dimension
reduction. Ultimately as a consequence of the well-known Simons classification of
stable cones ([I7]), the analysis only needs to address two scenarios, one in which
M is sufficiently close to a hyperplane with multiplicity and a second in which M
is sufficiently close to a classical ConeE| (Closeness is understood in the sense of
varifolds.) In both scenarios, the smallness condition of Theorem [3|is verified. In
the first one, this is a consequence of the control of the tilt-excess by the height-
excess (recalled in Remark and of Schoen’s inequality ([12], [13], see also
below taken with k£ = 0). In the second scenario, the smallness is a consequence of
the conclusions obtained in the first scenario, applied away from the spine of the
classical cone, and of a higher integrability estimate used close to the spine.

Remark 1.2. For n = 3, the proof of Theorem [3]leads to the conclusion without
using any smallness assumption, thus it establishes directly Theorems (1| and [2| In
fact, it yields the case n = 3 of Theorem [2] with 8 < cA for an explicit constant c.
Combining this with [4], one obtains an absolute explicit constant D (independent
of A) such that supB |A] < £ in the hypotheses of Theorem [2| for n = 3 (see

R
Corollary I 3 and Remark -

LA classical cone is the union of three or more (distinct) closed half-hyperplanes, having for
boundary a common (n — 1)-dimensional subspace of R®*1, and all intersecting at said boundary,
each half-hyperplane endowed with an integer multiplicity. The common (n — 1)-dimensional
subspace is also referred to as the spine, a term which in general denotes the maximal subspace
along which a cone is translation invariant.



Part [T} Towards a compactness theory for branched stable minimal
immersions. In the second part of this work, we consider arbitrary dimensions
and allow stable minimal immersed hypersurfaces to have a singular set. More
precisely, we enlarge the class of two-sided stable minimal immersions by allowing
M to have a singular set with vanishing 2-capacity, in particular, we allow it to
have locally finite " ~2-measure.

The key result here is an e-regularity result for the scale-invariant tilt excess,
Theorem [ below, valid in all dimensions n > 2. The tilt function on M is

9= V1= (n-en1)?

where v); is a choice of unit normal to M and e, is (any fixed unit vector, which
we can without loss of generality assume to be) the last coordinate vector. The
tilt-function thus varies in [0, 1], with values being higher where the tangent to M
tilts more with respect to the reference hyperplane {z,+; = 0}. The smallness
condition is assumed on the scale-invariant L?-norm of g. More precisely, letting
C, denote the cylinder B7(0) x (—r,7), for R > 0 the scale-invariant L? tilt-excess
of M on Cf is the quantity Eps(R) defined by

1

Ey(R)? = —
m(R) R™ Jynep

(1= (var - ent1)?).

We have:

Theorem 4 (e-regularity for the tilt). Let n > 2. Let M be a properly immersed,
two-sided, stable minimal hypersurface in Cop \ X, where ¥ is closed in Cop =
BE(0) x (—2R,2R), and with capy(¥) = 0 (in particular, H" ?(X N K) < oo
for every K CC Cag is permitted). There exists a positive dimensional constant
k(n) (a sufficiently small k(n) is given explicitly in below) with the following
significance. Assume that

Ex(R)? = —- 9* < k(n)
R MNCgr
Then 1
sup g < —.
MﬂC% 2n

In fact, there exists a dimensional constant c(n) such that, if Eyp(R)? < k(n), then
for every x € M N Cg we have

9(x) < c(n) (Ear(R)) ™.

Theorem [ is applicable when M N Cg is sufficiently close to a hyperplane,
which we can assume to be {z,11 = 0} by a suitable rotation. This follows from
the standard control of Er(M) by means of the L? height-excess (as recalled in
Remark this is an easy consequence of the minimality assumption). The bound



on g obtained in Theorem W forces a decomposition of M N C n into a union of
graphs (over B N {z,41 = 0}), where M denotes the closure of M in Cyp. In
2

the general case considered in Theorem [4] these graphs are Lipschitz. However,
with stronger assumptions we obtain stronger conclusions as well. We illustrate
three main instances: the general case of singular immersions, the case of smooth
immersions, the case of singular embeddings, respectively Theorems [5] [6] and [7]
below. All three follow from the e-regularity result, Theorem [d] very directly.

Theorem [4| is (as was the case for Theorem [3)) established by PDE methods,
working intrinsically on the immersed hypersurface M.

The relevant (non-linear) PDE, for the tilt-function g, is a direct consequence
of the Jacobi field equation for (v-e,+1). We prove that a weak intrinsic Cacciop-
poli inequality is valid for level set truncations of g, see Lemma [£.2} this uses the
associated PDE and the stability hypothesis (to control the terms that escape the
linear PDE theory framework, which involve |As|). We then implement an itera-
tion a la De Giorgi. In Remarks [2.4] and [£.4] we discuss similarities and differences
between the two intrinsic weak Caccioppoli inequalities (Lemmas [2.1] and [4.2)), as
well as compare them to those in De Giorgi’s work [5].

Theorem 5 (sheeting theorem for singular immersions). In the hypotheses of

Theorem with the further assumption that sup yrne, . [Tny1] < g, we have

MN Cg = Uj_, graph(u;)

for some ¢ €N, and u; : B% — R are Lipschitz functions, with Lipschitz constant
2
at most 5~ and uj < ujq for every j € {1,...,q — 1}. (We identify B% with
2
BEH0) N {z,y1 = 0} and the target R with the x,41 coordinate axis.) More
2

precisely, the Lipschitz constant of each w; is bounded by c(n)(EM(R))ﬁ, with
c(n) a dimensional constant.

In fact, M N C’g in Theorem [5| is naturally a smooth ¢-valued function on
B} \ w(X), where 7 : R" x R — R™ is the standard projection. In general, we do
2

not have ¢ smooth graphs on B z \ m(2): the size of ¥ permits classical branching,
therefore smoothness only holds for the g-valued function and, in general, there is
no “selection” of ¢ smooth functions on Bz \ m(X). On the other hand, one can

easily write M NC B as the union of graphs of ¢ Lipschitz functions by ordering the
q values increasingly and extending the Lipschitz functions across 7(X), as done
in the statement of Theorem

The multi-valued graph structure obtained in Theorem [ rules out, for example,
that (in a branched stable minimal immersion with singular set of locally finite
(n — 2)-measure) there may be an accumulation of necks (connecting different
sheets) onto a flat branch point.

Remark 1.3. Working with immersions of the same type as in Theorem [5, and
under an additional ‘multiplicity 2’ assumption, Wickramasekera [I§] obtained



that when the L? height-excess fCR |2, 41| is sufficiently small then a sheeting
description is valid by means of a C*® 2-valued function. (The strategy in [I8]
involves a 2-valued Lipschitz approximation of M, followed by a linearisation of
the problem, which in particular prevents a quantitative smallness condition.)

Theorem 5] advances towards a compactness theory for branched stable minimal
immersions. (This was obtained for a “multiplicity 2 class” in [18].) The natural
missing step is the analysis of the situation in which, rather than being close to a
hyperplane with multiplicity, M is close to a classical cone. In view of Theorem
and of the multiplicity-2 case in [18], it seems natural to expect that:

Conjecture: the class of branched two-sided stable minimal n-dimensional immer-
sions with singular set of locally finite (n — 2)-measure is compact under varifold
convergence.

A further natural aim would then be to obtain a finer structure result for said
singular set, in the style of [I8, Theorem 1.5]. It may be possible to use an intrinsic
approach. This lies outside the scope of this work.

Remark 1.4 (Unique tangent hyperplanes). An immediate byproduct of Theorem
for the class of immersions under study, is that: if z € M is such that one tangent
cone (in the sense of varifolds) to M at x is supported on a hyperplane, then that
is the unique tangent cone at x (Corollary. Similarly, assuming that M is entire,
with Euclidean mass growth, if one tangent cone at infinity is a hyperplane with
multiplicity, then it is the unique tangent at infinity (Corollary .

If the singular set ¥ in Theorem []is a priori assumed empty then the graphical
decomposition is stronger and prompts a linear PDE behaviour, with a linear
(interior) control of sup |Axs| by En(R):

Theorem 6 (sheeting theorem for smooth immersions). In the hypotheses of The-
orem with the further assumptions that Supysne,, [Tns1] < % and that $ = 0
(that is, M is a closed immersed hypersurface in Car), we have

MNCyg = Ui, graph(v;),

where vj : B% (0) = BE(0)N{2n41 = 0} — R = span(e,41) are smooth functions
2 2

and g € N. (We note that these graphs are not ordered, they may cross.) Moreover,
SUPjcq1,...q} ||V11j||Cl o (51, 0) < ¢(n)Erp(R), for a dimensional constant ¢(n). In
’ R
2

particular,

sup |An| < e(n)Ep(R).
C%OM

Remark 1.5. Theorem [6] rules out the appearance of a flat branch point when
taking a (varifold) limit of smooth stable minimal immersions.

Remark 1.6 (Sufficiency of H"2(X) = 0). The assumption ¥ = () in Theorem
|§|can be weakened to H"~2(X) = 0. Indeed, under this assumption, Br \w(%)



is simply connected, which implies (using the conclusions of Theorem [5|) that M
can be written as the union of graphs (not ordered ones) of smooth functions on
Br \ 7(X¥). Then a removal of singularity for the minimal surface PDE ([I5])
shows that in fact X = ). In view of this (in analogy with the earlier discussion on
the branched case), a compactness theory for stable minimal immersions with a
codimension-7 singular set could be obtained upon addressing the natural missing
step, in which M is close to a classical cone, rather than to a hyperplane with
multiplicity. (Again, [I8, Theorem 1.3| obtained this for a “multiplicity 2 class”.)

If we instead specialise Theorem [5| to hypersurfaces M that are embedded away
from ¥, then by removal of singularities for the minimal surface PDE, used for each
function u;, we recover (a quantitative version of) the well-known Schoen-Simon
sheeting theorem ([I3, Theorem 1]):

Theorem 7 (sheeting theorem for singular embeddings). Let n > 2. Let M be
a properly embedded, two-sided stable minimal hypersurface in Car \ 3, where ¥
is closed in Cop = BR(0) x (=R, R), with locally finite H"~2-measure, or, more
generally, with capy(X) = 0. Assume that supyne,, |Tns1| < & and

1
Eu(R)? = 7 /M o (1=v-en1)® < k(n),
NCr

where k(n) is the (positive) dimensional constant in and v is a choice of unit
normal to M. Then o
MnCx = Ui_, graph(u;)

with w; : Bg — R smooth, uj < uji1 for every j. In particular, M N Cg
is smoothly embedded (equivalently, M extends smoothly across ¥ in C’g ), and
supe , s [An| < e(n)En(R) for a dimensional constant c(n).

2

We recall that Theorem [7]leads (by fairly standard arguments) to the renowned
compactness and regularity theory [I3] Theorems 2 and 3] for stable minimal em-
bedded hypersurfaces that are allowed to possess a singular set of locally finite
H"~2-measure (a posteriori, the singular set has dimension at most n — 7, and is
discrete in the case n = 7, and empty for n < 6).

We thus obtain an alternative and hopefully more immediate route to (the
main component of) the Schoen—Simon theory. (The approach in [13] involves a
partial ¢g-valued graph decomposition of the embedding, and a linearisation of the
problem, both of which we avoid.)

The impact of Schoen—Simon’s compactness, and of Schoen—Simon—Yau’s cur-
vature estimates, for developments in analysis and geometry over the last half
century, cannot be overstated.



Part 1
Curvature estimates

We will denote by M (and by My, ¢ € N, when considering a sequence) a
smooth two-sided properly immersed stable minimal hypersurface in an open set
U c R**1. Typically, the open set U will be a ball BI’%H(O), or the whole of R"*1,
or a cylinder of the form B%(0) x (—R, R). In other words M = ¢(S), with S an n-
dimensional manifold and ¢ : S — U a proper two-sided stable minimal immersion.
We recall that the stability condition is the non-negativity of the second variation
of the n-area, and that this amounts to the validity of

[ e < [ or

for any ¢ € C1(S), where S is endowed with the pull-back metric from U, V is
the metric gradient on S and |Aj;| the length of the second fundamental form.
We note that whenever ¢ € C}(U), then ¢ o1 € CL(S) (since the immersion is
proper); with a slight abuse of notation, we will write the integrals directly on
M, with [, [Ve|? in place of [¢|V(p o) and the inequality taking the form
fM |AM|29472 < fM |V<p|2.

2 Proof of Theorem [3

In this section we prove Theorem [3] We recall the well-known Simons identity
([I7]), for the second fundamental form A of a minimal hypersurface:

1
FAIAP = [VAP - A% (1)

Clearly, [VA| > |V|A||; in [I4} (1.33)] it is shown that the minimality condition
implies the following improved inequality, with ¢ = 2

VAP > (1+¢)| V|4l (2)
We will also use the following variant of : as $AJA|? = |A|A|A] + |V]A]]?, we
find
AIAJA] = VAP = [V]A]]" - A" (3)
The following lemma contains the relevant weak (intrinsic) Caccioppoli inequal-
ity for the level set truncations of |Al:

Lemma 2.1. Let M be a properly immersed smooth two-sided stable minimal
hypersurface in U C R, For any k > 0 and any n € CH(U) we have

k 2 1
[ ) Iwaf e <3 A= et
{1AI>k} 4] ¢

P ar-woene 2 faa-moee+ & fga-w e

C



Remark 2.1. As mentioned above, the integrals are implicitly understood to be on
S, with no¢ in place of 1. For k = 0 the inequality is [ ‘V|A||2 n? <1 []A]2Vn|?,
which appears as an intermediate step along the proof of [I4, Theorem 1].

Proof. We use the stability inequality with the Lipschitz test function (|A| — k)T,
for k € [0,00) and n € C1(U). We note that (JA| — k)™> € C1(M) N N W22 (M):
indeed, being Lipschitz, its (distributional) gradient is the function V(] A| — )+2 =
2(|A] = k)TV(JA| — k)" = 2(|A| — k)TV|A], which in turn is locally Lipschitz. We

find
/|A| (14] - </|v ((JA] - k)t )2 =

JEECREE: / (141~ B 941~ B Vet [((A] = RV
- / V(A = )P 5 [ 9AL =R [((A] = R =

and integrating by parts the braced term we can continue the equality chain
1
= [ivGa-wre g [ s [ Al
{l4]>} Sy 14|
+ / (1]~ k) P

2
S BN /{ o CITAR A
"’ > >

2
Sy T (AR =TI [ A a1k e
{|A|>k} | | {|A|>k}

The left-most side (of the above chain of inequalities) is expanded as follows:
J1AP(JA] = k)T)n? = f{|A\>k}(|A‘4 — 2k|A|® + k2| A]?)n?. We thus find

k 2
[ (1) OvaR = sl
(1AI>k} A

/ (A = k)l + & AP R / AP 2
{|A|>k} {|A|>k}

and using we conclude

2 9
/{|A>k}<l |A|>IV|AH < (1)

s [ @a=my a2 [ apga-nr



The desired inequality follows upon rewriting the last term on the right-hand-side
of (@), on the set {|A| > k}:

AP (Al =k) = (JA] = k + k)* (|A|=k) = (|A]=k)>+2k(|A| =k)* +k°(|A] = k). (5)
O

Lemma [2.1] provides the weak intrinsic Caccioppoli inequality that will lead,
through an iteration scheme & la De Giorgi, to Theorem

Remark 2.2. Note that both assumption and conclusion in Theorem [3| are scale-
invariant. The scale-invariant quantity (R)% S Br(0) |A|? is uniformly bounded
under the Euclidean mass growth hypothesis that we have. Indeed, stability used

with a test function ¢ € C}(Bzg(0)) with ¢ = 1 on Bg(0) and |[Ve| < £ gives
fBR(O) |A|2 = %<IBZR(0) 1) < 2VFRRTTEA.

Remark 2.3. The standard catenoids for n > 3, for which ﬁ fBR(O)ﬂM |A|? —

0 as R — oo, show that stability is essential for Theorem (On the other hand,
the dimensional restriction may not be essential.) Catenoids also show that, given
M minimal, the relevant “scale-invariant energy” -z [ Br(0)nM |A|? is not an

increasing function of R (unlike in several well-known e-regularity theorems).

Proof of Theorem[3 We will assume n > 3 (see Remark and consider the

sequences ky = d— 2[%1 and Ry = % + 2% for £ € {1,2,...,} (respectively increasing

and decreasing), where d > 0 is for the moment left undetermined, and will be
quantified in terms of (2}1’)% /, Ban |A|%2. Here and below, when writing integrals

on B, = B"*1(0) we implicitly understand that the integration is on :~1(B?*+1(0)).
Using Lemma with k&, in place of k, noting the inclusion {|A| > k;} D

+
{|A| > ke¢41}, and that on the set {|A| > k¢y1} we have (1 - %) >1-— kfil =
d

_d > 1
Fes12? > o7

we have

1 1 k
= / VAP < L / (Al — ko) "2 V2 + 2 / (Al = ko)) 2
2° J{AI>kesn} c c

2k; A—k+22k—g Al — k)T n?
+= (14 e))n+c (|A] = ko)™ 7.

Since

IV((A] = ko) T)1? < 2x 415 k003 IVIANP 07 + 2((JA] = kegr) T)? V)2,

10



and (|A| — ker1)T < (JA] — ko)™, it follows that

2Z+1

[~ keay o < (= 2) [a1- kot
ST [ar -kt + 22 [qa- ke ©)
B2 - ko,

We will use the following Michael-Simon inequality ([I0, Theorem 2.1], see also
[1]), to bound from below the left-hand-side of (6):

(/1040 = ke

_yan+1\ 2
for a dimensional constant C;g explicitly given by Cprs = (%) , where
n—2)wn

2) < Cus / IV((JA] = keyn) )%, (7)

wy, 18 the n-volume of the unit ball in R™.
We define, for each £, the function 7, to be identically 1 on Bpg,, ,, with sptn, =

Bpr, and [Vne| < m = 25%, and with 0 <7, < 1. From and , making
the choice n = 1, we find (using k¢, < d on the right-hand-side of (6]))
n—2
1 1y 20 "
- (14— k)2 ) <
MS Br,,,

ot+1 4t+2 2 d2t+t L3 8
(% +2) () [, v s 22 [ ai-nony ©®
ke T [

c

For the right-hand-side of we use Holder’s inequality three times, first with
1= n=2 + 2
n n’

n—2

2
n

/| <<|A|—ke>+>2<< / ((|A—ke)+)"2"2> ([xrann,)

then with %2 + %2 — 1,

n—2

/ <|A—Ws</ <<|A|—ke>+>f"2> (/X{|A>kf}nBRe> |
BRZ BR

4

and finally (this is possible for n < 6) with exponents % and 2% (with

1= 32;6 + e‘z_—n”), where in the case n = 6 the two exponents are just 1 and oo

11



(hence for n = 6 the second factor on the right—hand-side in the following inequality
is just 1)

3(n—2) 6

LWMA—mﬁfs<LW«M—wﬁﬁ$>ML(/MWMNWW)%-

We will use the notation

&zégMM—mﬂ%a

and aim for a superlinear decay estimate for this quantity as £ — co.

We note that H™ ({|A| > k¢} N Bg,) can be bounded as follows, for £ > 2, using
Markov’s inequality and the fact that on the set {|A| > k¢} we have (|A|—ke—1)" >
ke — ko1 = 27—1

dan

n—

on dnz
ﬂm>kﬁﬂBmC{«MFWuﬂﬂ“22@%ZVJ}H&“j
. (2 2n )2—1 20 ( 2n, )4—1
H(&M>Mﬂ&ms—;@—/'mm—m4>wﬂs—ﬁﬁ—&%
Br,

(9)

The above three instances of Hélder’s inequality, together with @, give

73 )-1
| war-m2 s Ciﬁla4>,

n—22 271 2n
/ @M—M*S&%<( 2 1> ,
Br, dn—2

6—n

a( Zn 2 (2 2n ) 2n
[, =y <s, ( = el> .

With these we bound from above the right-hand-side of and obtain

1 o2 20 +1 AF2N2@29MH N ue ((27E)1 2
ot = (5 ve) ()« 25 ) o7 (B0 ) o

dottl sn-e (2%)6—1 6-n A3+ no (2n+2)é 1 s
+ Sy <6n S0+ c St | == | S

dn—2

3o

n—2

12



for every ¢ > 2. Noting that S, < Sy_; by definition, and that 2 — ﬁ =1- 6‘—3 =

Py
3— o2 = 2(" 4) , the last inequality implies (using n = 2)

1 2(n—4)

Szfl < (16nCus) ct (Ran: +d =2 ) Se—1,

where C' is a dimensional constant that can be explicitly taken (using rough esti-
2

mates for the constants appearmg above) to be C = 9%

Letting d = R we find Se < 32nCys C* mSg,l and hence arrive at the

R n-2
decay relation (¢ > 2)
_n_ ée 1+-25
Ser1 < 32nCyis) "2 —g Set' s
R n-22
where the dimensional constant C = C7-2 can be explicitly taken to be C' =
n(3n—2)
2 (»=22  This relation forces S; — 0, as long as S is sufficiently small, by Lemma
n(n—4)
precisely, if S; < R mfj - (We use the relation above with ¢
(32nC’Ms)§Cf

even; the sequence Sy is decreasing by definition, hence it suffices to prove the
convergence to 0 for the subsequence of odd indices. Setting 25 = ¢ and T; =
7 1
Sa;j—1 for j > 1, we obtain the recursive relation T < %C’%T Tt
R (n— 2)2
and Lemma gives T; — 0 if 71 = S; is as specified above.) The smallness
assumption on S7 can be written as follows, for the associated scale-invariant

quantity (recall that Ry = R and k; = 0 in the definition of S;):

1 1 1
W/ AP < W ~n(n-2) n2(GEn-2) ' (10)
R""»=2 JBpg (32nCMs) 20 2 (32nCMS) 2 Q7 2(n-2) 2(11. 2)

Under the condition (10), the convergence S; — 0 obtained implies that |A| < &
a.e.on MNBx (by our choice d = 1), and thus everywhere (by smoothness of M).

We next check that there exists ¢g > 0 such that is implied the hy-
potheses of Theorem |3] Lemma used with &k = 0, gives [, IV(|Alp)]? <

(2+2) . |A]2|V1|? for ¢ € CL(Bag). Combining this with the Michael-Sobolev

n—2
inequality, which gives (me(lAW))%) < Cus [p,, IV(|A[Y)]?, choosing ¥
to be identically 1 in B and with V4| < %, we obtain (using ¢ = 2)

n (4(n+2 w2
[ <og (B2 [ jap)" (1)
Br R Bagr

that is, the following inequality holds between the two relevant scale-invariant
quantities:

1

2n n 1 ez
A|R7 < (4(n +2) 2" 2Cpyg) 7 (/ A2> .

2n
n-2 JpBp
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We have thus established the first conclusion of Theorem 3] that is, there exists a
dimensional ey > 0 for which |A| < 1 on MNB B Explicitly, this can be quantified

_n_
n—2

from the above by requiring (eo 4(n+2) 2"_QC'M5> < i —Gaay» that
(3277.(7]\45)7 2 2(n—-2)
is, one can take
1
€ = 2 - pyraEL (12)
Cifs 7 d(n+2)27-2(32n) "7 255

To see the second assertion of Theorem [3] we exploit the freedom on d. We
choose d = —L= for m € [1,00), and the conclusion Sy — 0, i.e. |[A] < —L= on Bz,
follows if S7 is suitably small. Indeed, the decay relation becomes (for £ > 2 and
for an explicit dimensional constant C)

n
n—2 ¢ ¢
4 1 C 1+-2; C 1+-2
n—2 n— (h_—2V2 n—2
Sep1 < (mr2 + 2(n—1) 2n(n_4) Se 1 <2 2m(n &) 2n(n—_4) Sefl :
m n-2 R (n-2)2 R (n-22

n(n—4)
n—2)

Hence if 51 < B8 (for an explicit dimensional constant C) then Sy — 0, that
m (n=2) C
is, |A| < =% on M N BR With the same considerations given for the case m =1

above, we have that the smallness requirement on .57 is implied by our hypotheses,
as long as © R)2 J Bon |A|? is sufficiently small. The explicit relations that we have

obtained show, in fact, that, for a (explicit) dimensional constant ¢(n),

R sup (Al <em)( [ 14P)°
MﬁBg Bogr

O
Remark 2.4. De Giorgi [5] exploits the Caccioppoli inequality f{u>k}mBn(p) |Du|? <
P

(: PE f{u>k:}ﬂB”(p) (u— k)*? (for any k, with p < r < R) to prove his theorem, for
a weak solution u : B (p) — R of a linear PDE in divergence form with L strictly
elliptic coefficients. In Lemma [2.I] we have an intrinsic Caccioppoli inequality on
M, when k = 0. The multiplicative factor (1 — ﬁy_ appears on the left-hand-side
for k > 0: as shown, this does not disturb the iterative scheme. Extra terms (that
weaken the inequality further, when comparing to the classical case) appear on the
right-hand-side when k£ > 0. These terms involve LP-norms of the truncations up
to p = 3, with multiplicative factors k*~P, which influence the dependence on d in
the decay relation. The smallness requirement in Theorem |3|is dueﬂ to these extra
terms (which also force the dimensional bound n < 6).

While in [5] the classical Caccioppoli inequality for (u — k)T follows thanks to
the linearity of the PDE, in our case stability provides sufficient control on the

2As observed explicitly in Appendix smallness is only needed for n € {4,5,6}.
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non-linearity of , leading to the weak intrinsic Caccioppoli inequality. (In the
absence of stability Theorem |3 fails, as pointed out in Remark )

Remark 2.5 (n = 2). We proved Theorem [3[for n # 2. The proof adapts to treat

the case n = 2 by using the Michael-Simon inequality to embed L3 into W3 and

the Hélder inequality to bound [ |V ((|A] — k[)+ng)|% by means of the product
2

5

3
(f v ((|4] - k’g)“‘m)P)S”HQ (M N BR[) . We do not carry out the iteration

explicitly, also in view of the fact that (as mentioned in the introduction) curvature
estimates for n = 2 admit a simple treatment.

3 Proof of Theorems [I] and [2]

The proof of Theorem [2]is essentially reduced to the analysis of two scenarios,
in both of which Theorem [3| is applicable. The first scenario handles the case in
which M (properly immersed smooth two-sided and stable) is weakly close (i.e. as
a varifold) to a hyperplane with multiplicity; the second one handles the case in
which M (of the same kind) is weakly close to a classical cone. In both scenarios
the conclusion is that M must be a smooth perturbation (as an immersion) of the
cone in question (which is a hyperplane with multiplicity in the former case, and
has to be a union of hyperplanes with multiplicity in the latter case).

3.1 Closeness to a hyperplane

Let M be a properly immersed two-sided stable minimal hypersurface that
is weakly close to a hyperplane with multiplicity (as varifolds). Upon rotating
coordinates, we assume that the hyperplane is {x,,+; = 0}. We recall the following
standard inequality (implied by minimality, via the first variation formula, with a
suitable choice of test function, see [16, Section 22] and Remark [4.2| below)

1 n 9 2 n+2 9
Va,41]° < C(n) 7 | Zn41]%,
3R BrfinM R BN M
2

and |Va,11| = |projras(ent1)] = v/1 — (v - en41)2. This says that the L? height-
excess controls the L? tilt-excess linearly (both excesses defined in a scale-invariant
fashion). Moreover, Schoen’s inequality ([12], [13, Lemma 1], see also below
taken with k = 0) gives

1 1\"
- AP <2 (—) / Vanl?,
(2R)" 2 /B;”glmM 4 < 2n 3R/ Jprtam [Vansl

where the scale-invariant tilt excess appears on the right-hand-side. Here and
below, domains of the type D N M for D open, are implicitly understood to be
the inverse image of D via the immersion that gives M (we will use this with M
belonging to a sequence of immersed hypersurfaces).
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When M; converge (as varifolds for j — o) in Bi#! to {z,41 = 0} with
multiplicity, by the monotonicity formula we have that sup N nBTE! |Znt1] — 0, sO
7R

2
we conclude that for all sufficiently large j the quantity (21%)% S BN, |A N |2
is at most ¢y and Theorem [3] applies. As immediate consequence, we have:

Lemma 3.1. Let Mj be a sequence of smooth properly immersed two-sided stable
minimal hypersurfaces in Bfférl(O), n < 6, such that Mj converge (as varifolds) to
q[P] as j — oo, where P is a hyperplane and ¢ € N. Then SUP gt 0y, |AMJ-| —
2
0 as j — oo, and M; converge smoothly to P in B'y"(0) (as immersions, with the
2

limit being an immersion with q connected components, each covering P once).

3.2 Closeness to a classical cone

Let C be a classical cone, i.e. a sum of half-hyperplanes all intersecting at a
given (n — 1)-dimensional subspace, C' = Zf;l ¢:[H;] with ¢; € N, H; a half-
hyperplane whose boundary is the given (n — 1)-dimensional subspace. Without
loss of generality we assume that the (n — 1)-dimensional subspace is the span of
{e3,...,ens1}. For 7 >0, let C; denote the cylinder {z% + 23 < 72}.

Lemma 3.2. Let Mj be a sequence of smooth properly immersed two-sided stable

minimal hypersurfaces in Byr. Assume that Mj converge (as varifolds in Byg) to
. . . 2

C as j — oo, where C is a classical cone as above. Then meﬂMj |AMJ_| — 0 as

j— oo.

Proof. By scale-invariance we may take 4R = 2. By Lemma[3.1] for 7 > 0 we have

that Mj converge strongly to C' in Bg \ Cz. In particular, given 7 > 0, we have
.12 i
f(Bl\CT)mMj |Ay,|? = 0 as j — oo. Further,
2
2 2n
/A | A, | §</ |AMJ.|"2) (/ 1)
N;NC,NBy N;NC,NBy N;NC,NB,y
n—2
S (

/ |AMJ_|31L2> H*(M; N Cr N By)*.
Lemma [2.1] taken with k = 0 implies (as argued for (11]), for a dimensional K (n))

[ gl < me ([ jag P
MjﬂBl ’ MjﬁB% ’

I\/I]’ﬂBl
=
Letting n be a fixed function that is equal to 1 in B 3, is supported in By, and with
[Vn| < 4, we find fMij% |AMj|2 < fMijQ |Vn|? < 16A(C), for all sufficiently

large ¢ (we used the stability inequality), where we let A(C) = ||C||(Bz2) + 1.

n—2
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n—2
Therefore, ( I} B, \AMj\%) " is uniformly bounded for all sufficiently large .

Next, observe that C, N By is contained in the union of f,(lf)l balls of radius T,

n—1

where b(n) is a dimensional constant (a rough cover shows that b(n) = n™=
works), and in each such ball the n-area of M; is at most k(n)A(C)r", by the
monotonicity formula for the area ratio, for a dimensional constant k(n). Hence

H™(M; N C, N By)* < (A(C)b(n)k(n)) 12 and

/B AN, i, < (/ L 1A
1NN, (BI\C-)N I

As 7 > 0 can be chosen arbitrarily small, meM. |AMJ_ |2 —0asj— oo O
J J

2

2) + A(C)b(n)k(n)T™.

This shows that, for all sufficiently large j, the quantity |’ Bt 1A, |2 is at
2R J J
most €, so Theorem [3 applies. As immediate consequence, we have:

Lemma 3.3. Let Mj be a sequence of smooth properly immersed two-sided stable

minimal hypersurfaces that converge (as varifolds) in BZ;I(O) to a classical cone

C, as j — oo, with n < 6. Then C is a sum of hyperplanes with multiplicity,

which we describe as a smooth immersion; moreover, SUP grnt1 ), \AMj\ — 0
2

as j — oo, and ]\ij converge smoothly to C in B's"(0) as immersions (with q

connected components, with ¢ = ©(]|C|,0)).

3.3 Tangent cone analysis and conclusion

Lemma 3.4. Let M; be a sequence of smooth properly immersed two-sided stable
minimal hypersurfaces in an open set U C R"F with n < 6, converging (as
varifolds) to a (stationary integral) varifold V. Let x € U be such that (at least) one
tangent cone to V at x is either a hyperplane with multiplicity, or a classical cone.
There exists p > 0 such that V is the varifold associated to a smooth immersion in
Byt (x), and M converge smoothly (as immersions) to V in Bpt(x).

Proof. 1t suffices to find p > 0 such that limsup;_, SUP B2+ () |Ap;| < o0

and 2p < dist(z,0U) (after which, standard compactness under L curvature
bounds gives the result). Arguing by contradiction, we assume that this fails for
every such p, hence there exist a subsequence (not relabeled) M; and associated
points x; € M; with |Apf(x;)] — oo and x; — 2. Upon passing to a further
subsequence (determined by the chosen blow up of V' at ), we find, for each j,
rescalings M of M; around z that converge to the chosen tangent to V at z (either
a hyperplane with multiplicity, or a classical cone) and such that |A v (&) — oo,

where #; € M, is the image of 2 via the dilation associated to j. We apply Lemma
B3] if the tangent is a hyperplane with multiplicity, and Lemma [3.3]if the tangent
is a classical cone, reaching a contradiction in both cases. O
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The argument that we recall next is a classical procedure (see e.g. [I3 Section
6], [18, Section 8]) that involves tangent cone analysis (in the sense of varifolds),
Federer’s dimension reducing principle (see e.g. [16, Appendix A]), and Simons’
classification of stable cones ([I7], see also [I6, Appendix B] and [14] Section 3]),
together with Lemma [3.4] itself, to show that:

Proposition 3.1. Let U, M;, V be as in the hypotheses of Lemma [3.. Then
the only possible tangent cones to V' are hyperplanes with multiplicity and classical
cones. In particular, the conclusion of Lemma applies at every x € spt||V]||.

It turns out that it is natural to prove the stronger result that any iterated
tangent to V' is a hyperplane with multiplicity or classical cone. We first recall the
relevant notions and facts.

If M, =V and C, is a tangent cone to V' at x, there exist ; — 0 and a sub-

sequence £(j) such that Mg(j) = )\(x i)Z\lg(j) converge (as varifolds) to C,, where
A (z N ) is the dilation of factor % centred at z, combined with the translation that
sends z to 0, that is )\(I L )(z) =

Z—T
T

The spine S(C) of a cone C is the maximal subspace of translation invariance
(and coincides with the set of points of maximal density). We further recall the
notion of iterated tangents (to V' at ), by which we mean the collection of cones
C for which there exist cones Ci,...,Cy, with Cy = C and N € N, N > 1,
and points p; € Cy \ S(C1),...py € Cn \ S(Cy) such that C,, is a tangent
cone to Cy,—1 at p;u—q for m > 2 and C; = C, is a tangent cone to V at z.
For every C in the space of iterated tangents to V at z, we can find r; — 0
a subsequence £(j) and points z;) — = (not necessarily lying on Mj(;y) such
that Mg(j) = /\( L )Mg(j) converge (as varifolds) to C, where /\( L) is the

2Ty 20Ty
dilation of factor % centred at zy(;), combined with the translation that sends zy(;)
to 0, that is )\(Z L )(z) = X0 (In the case N =1 one can take zj) = , as
Gy i

seen above.)

Proof of Proposition[3.1 We first show that for any iterated tangent C' the smoothly
immersed part of C is stable. Indeed, in a sufficiently small ambient ball B;‘:‘l(y),
centred at any given y € C around which C' is smoothly immersed, the (dilated)
hypersurfaces Mg(j converge smoothly (as immersions) to C. This is a conse-
quence of Lemma as the (unique, in this case) tangent to C at y is either a
hyperplane with multiplicity, or a classical cone. The arbitrariness of y leads to
smooth convergence of Mg(j) to C' on the smoothly immersed part of C, and thus
the stability condition is inherited by the smoothly immersed part of C.

By Simons’ classification, there exists no cone C of dimension n € {2,...,6},
smoothly immersed away from an isolated singularity at the tip, which is stable
on the smoothly immersed part. This implies that there cannot exist a cone C, in
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the above collection of iterated tangents, that has spine of dimension < n — 2 and
is smoothly immersed away from the spine — in other words, the only (iterated
tangent) cones that are smoothly immersed away from the spine are hyperplanes
with multiplicity and classical cones (corresponding respectively to the cases of
spine dimension n and n — 1). To see this, assume that C' \ S(C) is smoothly
immersed and stable, with dimS(C') < n—2. Slice C with affine planes of dimension
complementary to the spine S(C), and orthogonal to it. Any such slice is a cone,
of dimension at least 2, since dimS(C) < (n — 2), and at most n, since it is a slice
of the n-dimensional cone C. This slice is a smoothly immersed cone except for an
isolated singularity at the tip; moreover, its regular part inherits stability. Since
n < 6, this is not possible by Simons’ result.

A key fact, underlying Federer’s dimension reducing principle, is that the spine
dimension strictly increases when we take iterated tangents, dimS(Cy) < ... <
dimS(Cx) with the above notation. (This is due to the fact that, choosing a point
y away from the spine S(C), the linear subspace spanned by y and S(C) becomes
translation invariant for the tangent to C' at y.) This is used in the following way,
to prove that any iterated tangent must be smoothly immersed away from its spine.

Assume that a given cone C in the collection of iterated tangents is not smoothly
immersed away from its spine S(C), whose dimension we denote by s. As C' is
neither a hyperplane with multiplicity nor a classical cone, we must have s €
{0,...,n — 2}. We consider a tangent cone to C at a non-immersed point in
C'\ S(C), and iterate this step until we find a cone C' that is smoothly immersed
away from its spine. This is achieved after at most n — s — 1 iterations (thanks to
the strict increase in spine dimension, after n — s — 1 iterations we must have a
classical cone or a hyperplane with multiplicity). We let C be the iterated tangent
cone for which C' is a tangent cone at a non-immersed point y € C \ S(C).

As shown above, C is cither a hyperplane with multiplicity or a classical cone.
Lemma applies to the sequence MZ(J—) that converges to Cina suitably small
ball, contradicting that y is a non-immersed point. This concludes the proof of

Proposition O

Theorem [2] follows by a contradiction argument. Using standard compactness
arguments (which require the given mass bounds), we assume the existence of
a sequence M, of hypersurfaces in By 1(0) (that satisfy the same assumptions
as M in the theorem) and, arguing by contradiction, assume that there exists
x¢ € My N By with limsup,_, . [An, (z¢)] = co. Allard’s compactness gives a
(subsequential) stationary limit V' for M, (without relabelling the subsequence),
in the sense of varifolds. By extracting a further subsequence (without relabelling)
we also assume z; — = € spt||V]|. Proposition (and Lemma applied at «

contradicts limsup,_, . |An, (z¢)| = .

Theorem [1| follows by considering M N B! (p) for any chosen p € M, and
translating (sending p to 0). As R — oo, the estimate in Theorem [2| remains valid
with the same 3. This forces Ap(p) = 0. Hence A = 0 on M and the result
follows.
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Part II
Towards a compactness theory for
branched stable minimal immersions

We are interested, in this second part, in a wider class immersed hypersurfaces
M: we allow a singular set Sing,, with locally finite H"~2-measure, or, more
generally, vanishing 2-capacity. Explicitly, for U ¢ R**! open, and ¥ C U closed
(in U) with capy(X) = 0 (in particulaif’] we allow ¥ to have locally finite "2
measure, that is, H" 2(XNK) < oo for every K CC U), welet 1 : S — U\ ¥ be a
(smooth) proper immersion, that we assume to be two-sided minimal and stable,
with continuous unit normal v. Denoting by M the closure of M in U, we say
that x € Sing,, if, for every r > 0, B»*1(x) N M is not the image of a smooth
immersion. (In other words, a point in ¥ is genuinely singular if M cannot be
smoothly extended across it, as an immersion.)

As proved in [13] (1.18) and Section 5|, the stationarity condition (with respect
to the area functional) is valid for ambient deformations in U, that is, the integral
varifold |¢4S] is stationary in U (not only in U\ ¥). This follows from a suitable ex-
tension of the monotonicity formula, obtained at points in ¥, giving Euclidean area
growth around all points in M N U, combined with a standard capacity argument.
(In fact, |I3] shows that H"~1(X) = 0 would be sufficient for this.)

4 Proof of Theorem

The tilt function and the relevant PDE. For a given fixed unit vector, that we
assume without loss of generality to be the last coordinate vector e, 1, consider the

function g = (1 —(v- 6n+1)2)1/2, well-defined on S. Clearly, 0 < g < 1. Letting

V denote the metric gradient on S, it is immediate that |Vg| < /1 — ¢g2?|A|. This
follows by direct computation, since

V- ens)] = (DV)(E)] < [Allenss — (- ensa)v] = [Alg,
where el 11 denotes the tangential part of e, 1 and Dv is the shape operator, and

Vg — _(l/ . €n+1)v(l/ . en—i-l)7 that iS, g2|Vg|2 — (1 _ g2)|V(V . en+1)|2- (13)

1—(v-eny1)?

We recall the standard Jacobi field equation A(v - e,y1) = —|A|?(v - ens1), or,
equivalently,

—AW-en1)? = =2V (v en1)]? + 2/ AP (v - ens1)?,

3We refer to [7] for details on capacity. In our context, the implication H*~2(3) < oo =
capy(X) = 0 is implicitly proved in [I3] when H"~2(X) = 0 and refined in [I8] for the case
2
H"2(%) < oo using a Federer-Ziemer argument.
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where A is the Laplace-Beltrami operator on S. This implies a PDE for g on S
(using the relation (13)):

(1-9*) (2989 +2|Vg]*) = (1 — ¢°)(Ag®) = —2¢%|Vgl* + 2|AP (1 — ¢*)%,

and therefore (in view of |Vg|? < (1 — ¢?)|AJ? the following is well-defined)

\V4 2
989 =~ AP - ). (14)

We recall that the following improved inequality (see [13, (2.7)]) is implied by
the minimality condition:

IV(v-ensi1)]? 1 R 1
ey < (- )ure a1 ) 9

Remark 4.1. The quantity Ey(R)? = 3= fCR g* (appearing in Theorem [ is
the square of the scale-invariant tilt-excess of |M| in Cr = B}L(0) x (—R, R), with
respect to the hyperplane R™ x {0} (orthogonal to e,11). As in Part[I} with slight
notational abuse we will write domains D, or M N D, to mean :~!(D), where
t:S — Csp is the immersion with image M.

Remark 4.2 (height and tilt excess). We recall that the (scale-invariant) L2
height-excess Ep(r), defined by Ej(r)? = g meCT |41/, bounds (linearly)
En(%)?. Indeed, stationarity implies, using the first variation formula with a vec-
tor field z,41¢%en11, for o € CL(Cag) taken to be identically 1 in Cr and with
|Ve| < £, the validity of the inequality (see e.g. [I6} Section 22|)

[ Vel < rnial

— V,41|” < / Tnt1|",

R Jyncn " CR)"™? Jyncen
and [V 1] = [projrs(ens1)| = vI= @ ensn)? = g

The proof of Theorem [4] will be carried out by means of an iteration a la
De Giorgi, for which the fundamental lemma is an intrinsic weak Caccioppoli
inequality, for level set truncations of g (Lemmas and below).

Lemma 4.1. Let M be as above. Then for any k € [0,5-] and ¢ € C(S) we
have

1 2 _ﬁ 2 2 2
Vgl (1 g)¢ g/(g k)P VoL,

2n Jig>ky

g—k wheng>k

A ; _ )t —
where (g — k)T denotes the function (g — k) { 0 when g <k

Proof. We use the stability condition, whose analytic form is the validity of

/\Al2n2 S/IWI2
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for all n € CL(S). A standard approximation argument implies that n € C%1(S) is
also allowed and we choose 1 = (g—k) ¢, where ¢ € C%1(S) (as in the statement).
We compute (on the right-hand-side of the stability inequality)

/ V(g — K)o =

/|V<g SRR+ 2/<g Rt eV(g— k) V¢+/<g — k)P

3/ V((g=k)+?) V(6?)

We note that the function (g — k)™~ is in C* N W2°(S). Indeed, V((g — k)*?) =
2(g — k)TVg and this function is locally Lipschitz. In particular, we have that
A(g — k)*z) is the L°° function that vanishes in the complement of {g > k}
and is equal to 2(g — k)TA(g — k)T +2|V((g — k)T|? on {g < k}. Hence we can
integrate by parts and the braced term becomes

——/A Y /\v (g—k)" /{M} (g—k)tA(g— k)T 92

The right-hand-side of the stability inequality is therefore

—/ (9 — k)Ag¢* + / (g— k)2 vep WD
{g>k}

B IVl k 2 2y 12 +2 2
l——)—=5¢" - 1— = |41 - —k)TIVel.
/{g>k}< g>192¢ /{M( g>| Pa-gé+ [ (g-071v

(When k = 0 we do not need to multiply the PDE (14]) by g k—q— ) We now
use the improved inequality (15| . for the first mtegrand in the last expressmn) and
find, from the stability inequality,

1 k
AlP(g — k)29% < 1—=|[1=2=114)%¢?
/{M}' 2(g— k)% _/{g>k}< n)( g>| 26
k 2
_ _ A2 2 2 —k‘+ v 2.
/{g>k}<1 g>| (1-9g%)¢ +/(g )TV

Moving all terms containing |A|? to the left-hand-side we compute

o () o

1 1 —k 1
(g—k)<g—k‘—(1——1+92)> Zg(gz—kg+—92>,
g\ n 9 n
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which gives

I Ry AR
g9

As g € [0,1], if we restrict k € [0, 5] as in the hypotheses we get + — kg > oL,

hence ) L
= A2<1—>¢2§/g—k+2v¢2. 16
o {g>k}\ | P (9—F)"" IVl (16)
Using |Vg| < |A| we reach
1 k 2
o [ e (1-5) e < - niwe,
v J{g>k} 9

O
Lemma 4.2. Let M be as above. Then for any k € [0, 5] and ¢ € CO'(U) we

have ) L
Vgl (1 - ) p? < / (9— k)7 IVel?,
g M

2n Mn{g>k}

g—k wheng>k

AT ; _ )t —
where (g — k)T denotes the function (g — k)t = { 0 when g < k

Proof. The statement is just Lemmawhen p € COYU\X). (We are implicitly
choosing ¢ = po; the immersion is proper so por € C}(S).) Taking this as starting
point, the extension of the inequality to ¢ € C%1(U) relies on the Euclidean area
growth of n-area (valid at all points in M, as recalled above) and on the assumption
that capy(¥) = 0. The (now standard) 2-capacity argument is carried out in [13]
for the case H"~2(X) = 0 and in [I8] for the case H"2(X) < cc. O

Remark 4.3. In the case k = 0, is the well-known Schoen inequality, [12],
[13, Lemma 1]. The instance k = 0 of the lemma gives the intrinsic Caccioppoli

inequality 5~ [|Vg|?¢? < [ ¢%|Ve]?

We will employ Lemma [£:2] with suitable choices of ¢. We will obtain a su-
perlinear rate of decay for the L?>-norm of (g — k)* in C, as k € R grows from 0
to in, and 7 decreases from the initial scale R to %. Via the elementary Lemma
such a decay forces (g — %)“‘ to vanish in C'r, as long as the L2-norm of g is
S

ufficiently small in Cg. This will establish Theorem M4

proof of Theorem[]] for n > 3. We consider the dyadic sequences (respectively in-
creasing and decreasing) k¢ = - (1 — 57—7) for d € (0,1] (for the moment arbi-
trary), and Ry = £ + & for ¢ € {1,2,...}.

We take the inequality of Lemma[4.2] with k, in place of k, and use the inclusion

{9 > ke} D {g > key1}:

1

ke 2
. Vo (1-2) ¢ < [0k vl
n g

{g>ket1}
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on the relevant domain on the left-hand-side, {g > k¢11}, we have 1 — % = g_T]W >

keyi—ke _  d >

d
g 2Mong 2 3, therefore

4n22¢ 2
et < [k e
g>ket1

Since [V ((g — ker1)T0) 12 < 2x(gshe. 1} V1207 +2(g — kop1) T2 | V|2, and by def-
inition (g — ke1)" < (g — ke) T, we find

/ ‘V((Q—k‘eﬂ)Jr(P)
{g>kes1}

Next (from now we will use n > 3), we will use (for the left-hand-side of (I7)) the
following Michael-Simon inequality on the minimally immersed hypersurface M,
for the function (g — key1)™:

(/ lo(g — kepr)t

with Cjss the dimensional constant given after .

Simultaneously, we choose ¢, as follows. For r > p chosen in (0, R] we will
consider ¢ of the type ¢(x,z,11) = @(x)(xpy1), with ¢ : R — R identically
V2.
~ r=p’
with ¢ € C°(R) identically equal to 1 on [—p, p], vanishing in the complement of
(—r,7), with [¢/] < %. Then, for each £, we choose ¢, and 1, with p = Ry,
r = Ry, sothat r —p = Ry — Ryq = QE%, and ¢y = @u)y. Note that Ve <
ﬁ, w¢=1o0n Cg,,, and ¢, =0 in the complement of C'r,. Combining

and , with the chosen ¢, in place of ¢, we find

2 2(4n22f +1
F 2D [k vt am

n—2

712"2) " SCMS/|V(<P(9—7€£+1)+)|27 (18)

equal to 1 on Bj(0), vanishing in the complement of B} (0) and with [D@| <

n

s -
2n_ " 2n \ n
(/ (g — ko)™ 2) < </ lpe(g — k£+1)+{"z> <
MmCREJrl (19)
2(4n22¢f 4 1)4t+2
< Cus(m 22 IV [ (g
MQCRZ

Holder’s inequality further gives

2
/ (g — ko)™ <
MﬁCRZJrl

(20)

2

</ (gké—i-l)Jrn_z) H"({g>ke+1}ﬂC’RH1>".
MNCr,,,

Noting that on the set {g > key1} we have (g — k¢)T > —4, and using the
inclusion Cg, , C Cg,, the last factor in is bounded above (thanks to the
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standard Markov’s inequality) by

2/n
n 2 d2

2/n
n24l+1 9
<d2/ (9-k)"")
MﬁCR[

From (20)), using for the second factor on the right-hand-side, and using
for the first factor on the right-hand-side, we have

(21)

MOCRZ+1
8(4n22f +1)4+L 4 2\ 1+3

Crstn) D —nraiy = ([ (- k)

d "R MNChr,

Writing Gy = fC (g — k¢)*?, this implies
64n ° n n n 142
Gey1 < Cys(n )d1+ =" nt/m(4- 42 (8- 4G, T (22)
c(n,R,d)

The superlinear decay estimate 7 Gyy1 < c(n, R, d)CZGf_% with C = 2417,
forces Gy — 0 as £ — o0, as long as (G is sufficiently small, in a quantified fashion
determined by ¢(n, R,d) and C. We make it now explicit, using Lemma [B.1}

With the initial choice d = 1, the smallness condition on G is written, for the
scale-invariant tilt-excess (Ry = R so Ey(R)? = 22G1), as

1 1 n/2
EM(R)2 S n/2 = ( n 2 ) )
<R2 (n, R, 1)0"“) / Crs(n)64n2tialtio™s® 450

(23)
where the last term makes explicit the dimensional constant k(n) in Theorem [

+2 — 0, that is, g < 5 ae. on

The convergence Gy — 0 implies [, on (9— =)

M QC% By smoothness of ¢, then g < ﬁ on MQC%
More generally, with d € (0, 1], we find that, if
1 d2t5

‘EJVI(]%)2§ nto n/2 = 2 (n+42)2 n/2’
(R%(n,R,d)CT) (CMS( )64 n2t 4t om0 )

then g < % on M N C% In other words, we have proved that, in the regime

Eyn(R)? < k(n), we have (for an explicit dimensional constant c(n))

sup g < c(n)Ep(R)T.
MNC R
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O

Remark 4.4. For k = 0, the inequality in Lemma[4.2]is an intrinsic Caccioppoli
inequality (we have the intrinsic gradient on M, rather than the gradient D in
R™ as in the case of De Giorgi [5], see also Remark [2.4). For k € (0,5-], on
the other hand, we only have a weak intrinsic Cacciop inequality, due to the

multiplicative factor (1 — %) As seen also for Lemma, , this weaker inequality

is sufficient to implement the iterative scheme. While in [5] it is the linearity of
the PDE that permits to obtain the classical Caccioppoli inequality for (u — k)¥,
in our case the PDE for g escapes the De Giorgi—-Nash—Moser framework: in fact,
the PDE is a consequence of the minimality of M alone, which would permit
e.g. catenoidal necks, with g reaching the value 1 under any smallness assumption
on the L? height- or tilt-excess. The stability condition provides sufficient control
on the non-linearity of the PDE (14) to obtain the weak intrinsic Caccioppoli
inequality. We note explicitly that Lemma [.2] is only valid for truncations at
sufficiently small level sets (hence the smallness requirement in Theorem .

proof of Theorem[]] for n = 2. The case n = 2 requires a modification, as the ex-

ponent % is not well-defined in that case. The choices of ks, Ry, ¢ remain the

same. We start from (only after which we used n > 3), choosing ¢ in to

be ¢, (recall that |V,| < 22% and that sptyy C Cg,). In what follows, o,0’,0”
denote explicitly determinable constants. We have

/ ’V((Q — ker1)Te)

2 4%/ 2
< — 9=kt
‘ dR? cR[nM( 2

We use Holder’s inequality
(/ ’V((g-ké+1)+¢£) ’)2 < (/ ‘V((g—k£+1)+sﬁz)’2)7-[2(]\/[0{9 > ker1}NCR,),
the Michael-Simon inequality
/ ((g— k£+1)+¢)2 < 012\45(/ ‘V((g —kev1) o) D2
and the following consequence of Markov’s inequality (as justified earlier)

0’4
H2(Mﬂ{g>kz+1}ﬂCR() S?/ (g—kg)+2'
Mﬁch

Writing Gy = | MACh, (g — kg)+27 combining these inequalities we find

16¢0”
Gy < WG%-
At this stage, Lcmmagives that, if G; < % then G, — 0 as £ — oo. In other

d

2n°

. . 3
words, given d € (0,1], if E2,(R) = % mecR g® < ﬁ, then suppnc, 9 <
2
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The Conclusmn of Theorem [ is thus proved for n = 2: in the smallness regime
E%/(R) < 15~ we have the control supy;n¢,, g < c¢(n )EM(R)3. O
2

5 Proof of Theorems [5, [6], [7]

Proof of Theorem[6, The pointwise bound g < % obtained in Theorem [4|implies
the decomposition result by elementary arguments. Being an immersion, ¢ is locally
a diffeomorphism with its image, that is, for every X € S there exists a neighbour-
hood Dx such that ¢[;, is an embedded disk. The bound on g implies that that

there exists a choice of continuous unit normal v such that v-e,4y1 > Y—5— (Qn)2 !
Denote by 7 the projection R™ x R — R™. Then (for Dy sufficiently small) the
disk ¢«(Dx) is a smooth graph over its projection. We thus have that L|L,1 (Cr2)
is a local diffeomorphism with By ,(0). Fix a connected component of 17 (Crya),
which we denote Sp. Then ¢[g : So — Bj 5(0) is a local diffeomorphism.

The condition on v - e, guarantees that s, is transverse to any line of the
form {¢} x R and the intersection is always positive. Moreover, the intersection
index of M with such lines is constant (since sup,;~c 5 |Tni1| < &, MNC z has

no boundary in B% (0) x R). Therefore :7!({g} x R) is a subset of So with fixed
cardinality N € N ,Qregardless of g. (The immersion is proper, therefore there can
only be finitely many points of intersection.)

The above observations imply that ¢[g is a N-cover of By ,(0). On the other
hand, the ball BE/Q( ) is its own universal cover (and Sy is connected), so N = 1.
We have proved that each connected component of L’l(CR/Q) is mapped (by ¢)
to a (smooth) graph over B} /2(0), which provides the smooth functions v; in the

conclusion of Theorem |§| (where j ranges over the set of connected components,
which are finitely many because ¢ is proper).

At this stage, one can follow the arguments of De Giorgi [5], or directly in-
voke the De Giorgi—-Nash—Moser theory, to conclude that ¢ is Hdélder continu-
ous on every graph(v;), and that each v; is in Cl""(Bl’%/Q(O)), with the estimate
Vvl co.a(pn n,(0) < C(n)Ey. Higher regularity (and the analogous estimate for

the C**-norms) follow from Schauder theory (using the Schoen inequality to con-
trol the L? norm of A by the tilt excess). O

Proof of Theorem[5 The arguments given for the graph decomposition for Theo-
rem [0] lead to the conclusion that ¢ restricted to any connected component Sy of
S is a local diffeomorphism and an N-cover of B ,(0) \ m(X). This relies on the
observation that B}, /2( )\ 7(X) is open and (path) connected (a consequence of
the fact that ¥ is closed with H"~1(X) = 0, which follows from cap,(3) = 0). This
guarantees the possibility to choose a normal that has positive intersections with
lines {¢} x R and the constancy of the intersection index of M with such lines for

qe€ 32/2(0) \ 7(%).
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At this stage, we have a description of M NCFg/o as graph of a smooth g-valued
function on B, ,(0) \ (X). For any ¢ € By ,(0) \ m(%), by ordering the values

H(M N ({q} x R)) C R increasingly, where II is the projection onto the second

factor of By ,(0) x R, we obtain ¢ Lipschitz functions u; : By ,(0) \ 7(¥) — R,
with Lipschitz constant ﬁ, uj < ujyq for all j € {1,...,Q — 1}, which we can

extend (preserving the Lipschitz constant) to u; : By ,(0) — R. O

Theorem [f] gives a sheeting theorem for immersions, that are allowed to possess
a singular set of locally finite H"~2-measure (or vanishing 2-capacity), and that
are assumed to be “close” to a hyperplane. For such immersions, genuine branch
points may arise, hence the singular set cannot be ruled out in the conclusions.

Proof of Theorem[7 Specialising Theorem [5| to embeddings, that is, if (M) is
properly embedded in Cg\ X, then the Lipschitz functions u; : Bg/z(O) \7(X) - R
must be such that, for every j € {1,...,Q — 1}, u; < u;41. Thanks to the strict
inequality, each u; is a Lipschitz solution of the weak minimal surface PDE on
B 5(0) \ m(X), hence a smooth strong solution. Simon’s well-known singularity

removal [15], which only requires 7(X) closed in B, ,(0) and HH(7(X) =0 (a
consequence of capy(X) = 0), yields a smooth extension u; : B}, /2 (0) — R for each
j, so that sing,, N Cn ={. O

Remark 5.1. As shown in [13], Theorem |z| leads rather quickly to the renowned
Schoen—Simon regularity and compactness theory for stable minimal embedded
hypersurfaces, see [I3} Theorems 2 and 3].

The extra step required for this is a fairly simple slicing argument, see [I3]
pp. 785-787], which proves that “closeness” to a classical cone cannot arise for
embeddings; after that, standard tangent cone analysis and dimension reduction
complete the proof. For contrast, in the immersed case, closeness to classical cones
can arise (and one would naturally aim for a sheeting result, over the several
hyperplanes constituting the classical cone, which for n < 6 and in the absence of
singular set follows from Lemma of Part .

With the multi-valued description of M in Theorem [5 natural questions are a
more precise characterisation of the g-valued function obtained (plausibly, one can
establish C1'® regularity in the sense of g-valued functions), and a finer structure
result for the singular set. While we do not pursue this here, we observe:

Corollary 1 (uniqueness of tangent hyperplanes). Let M be as in the beginning
of Part and let x € M be such that there exists a tangent cone (in the sense of
varifolds) to M at x that is a hyperplane with multiplicity. Then that is the unique
tangent cone at x.

Proof. We take a blow up that gives rise to a hyperplane with multiplicity, which
we assume to be {z,+1 = 0} by rotating coordinates. For the blow up sequence
M, (obtained by dilations of M) we have Ejs, (1) — 0 (this follows from the
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monotonicity formula, using also Remark [4.2]). Denoting by g, the tilt function on
M, using the estimate SUPANC g 9 < ¢(n)Ey,(R)*, a = a(n) € (0,1), obtained

in Theoreml it follows that sup MinCy ge — 0. If any other blow up gave rise to

a different cone, we would have the ex1stence of yp € MynN C’1 with y, — 0 and
limsup,_, o g¢(ye) > 0, contradiction. O

If U = R**! and the mass growth of M at infinity is Euclidean, then tangents
at infinity exist and are cones. The same argument shows:

Corollary 2 (uniqueness of tangent hyperplanes at infinity). Let M be as in the
beginning of Part with U = R"™ | and assume that one tangent cone to M at
infinity (in the sense of varifolds) is a hyperplane with multiplicity. Then that is
the unique tangent cone at infinity.

Remark 5.2. If the multiplicity of the hyperplane is at most 2, then these unique-
ness results follow from [I8].

Acknowledgments. I wish to thank Otis Chodosh and Paul Minter for fruitful
and helpful comments on the manuscript.

A The case n = 3 of Theorem [3l

While not essential for our arguments, we note explicitly that when n = 3 a
stronger conclusion in Theorem [3] can be obtained from the proof given:

Corollary 3 (n = 3). Let M be a properly immersed two-sided stable minimal hy-
persurface in Bag(0), with 0 € M. There exists an (explicit) increasing continuous
Junction y : [0,00) — [0,00) with y(0) = 0, such that for every x € M N Bg/2(0)

we have
y(le fBQR A|2>
|Al(z) < :

R
Remark A.1. The proof gives y(a) ~ a for a large and y(a) ~ y/a for a small.

Proof. Repeating the proof of Theorem [3] with n = 3 until the choice of d, and
2(n—4)

noting that +d 2 = ﬁ + d%, if we let d = % the decay relation

an
becomes
Spp1 < (1 + 1)336(3*553
C —a NG b
+1 > (E4 QC2 —1

with C' = 22! and ¢ = 3% - 28 (using rough estimates, among which C3%,¢ < 428).
A sufficient smallness condition on S; (to have Sy — 0) is then

4 3 1
RS =R [ a0 < (1) e
MNBr 1+ c2C2
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This is in turn implie writing K = 0%6(40 Cus)?, by

2

1 4
K 7/ A2 <.
2R JynBsg 1+ a2

As %4;2 is monotonically (strictly) increasing with value 0 at 0, we let f denote

its inverse function and set y(a ) = f(Ka?). Then by choosing d = %, with

|A|2, we find |A] < U on Bg. O

a= ﬁfBzR

Remark A.2. In other words, for n = 3 curvature estimates of Theorem [2] com-
pletely follow from Corollary 3| (without appealing to tangent cone analysis and
dimension reducing). Indeed, (21%% I} Bon |A|? < w,2"A (by the stability inequal-

ity in Bygr), hence |A|(z) < M for every = € Bx.
More precisely, as we have an explicit y from the above proof, for n = 3 the
above result yields 3 in Theorem [2] as a constant explicitly computable in terms of

\/ Y with 0 = K (8wsA)? and K as above. Combining this
with [4], which gives an absolute explicit upper bound for the mass of M N Bag

under the hypotheses of Theorem one obtains an explicit upper bound (an
absolute constant, independent of A) for supg , R|A| in Theorem [2{ when n = 3.
a4

A, namely =

B An elementary lemma

Lemma B.1. Let C,C > 0,a > 0 be given constants, and let Ty be a sequence of
positive real numbers that satisfies the following recursive relation for all £ € N\{0}:

Lol < CVC«E x1+a

ifC >1, 1 <

Assume that ©1 < if C < 1. Then zy — 0 as

QI
Y=

1
cottaya
{— o0.

Proof. Assume that C' > 1. We show that there exists a € (0,1) such that

C Otz < afor all £ € N, from which x4y1 < az, follows (hence the conclusion).
For ¢ =1 we have

.. CC 1
CCni=GeniTer
and we set a = C% Now we check inductively, for arbitrary (£ + 1) > 2, that
Ccé-i-l L < Ccf—&-l(c CZ 1+a) _ C(C«céx?)l—&-a < Cal—i—a — Cia — a.

If C < 1 then the recursive relation 1mphes oy < CxHa (C’ x§)xe, in
which case the smallness assumption 1 < = L implies the conclusion. O

IWe use B3 [ [A® < (40 Cars) (35 [, s |AI2)°, obtained in (TT).
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