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Abstract

We prove new, sharp, wavenumber-explicit bounds on the norms of the Helmholtz single-
and double-layer boundary-integral operators as mappings from L?(9Q) — H'(99) (where
99 is the boundary of the obstacle). The new bounds are obtained using estimates on the
restriction to the boundary of quasimodes of the Laplacian, building on recent work by the
first author and collaborators.

Our main motivation for considering these operators is that they appear in the standard
second-kind boundary-integral formulations, posed in L?(89), of the exterior Dirichlet problem
for the Helmholtz equation. Our new wavenumber-explicit L?(9Q) — H'(0Q) bounds can
then be used in a wavenumber-explicit version of the classic compact-perturbation analysis of
Galerkin discretisations of these second-kind equations; this is done in the companion paper
[Galkowski, Miiller, Spence, arXiv 1608.01035].
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1 Introduction

1.1 Statement of the main results
Let ®(z,y) be the fundamental solution of the Helmholtz equation (Au + k*u = 0) given by

Bloy) = HOEe—y). d=2 By = a=3 (L)
€T = = €r — = X = = .

T, Y 4 0 Yyl), ) T, Y 47_‘_"1 — y| ) )

where d is the spatial dimension. Let © be a bounded Lipschitz open set such that the open
complement €2, := R?\ Q is connected (so that the scattering problem with obstacle Q is well-
defined). Recall that, for almost every = € 99, there exists a unique outward-pointing unit normal
vector, which we denote by n(z). For ¢ € L*(0Q) and z € 052, the single- and double-layer
potential operators are defined by

_ — [ 9%(z.y)
S = [ @@)om)ds). D)= [ TEELm)ae),  02)
and the adjoint-double-layer operator is defined by
/ L aq)k(xay)
Dhotw) = [ LB o) dsy) (13)

(recall that Dj, is the adjoint of Dy, with respect to the real-valued L?(02) inner product; see, e.g.,
[7, Page 120]).
Before stating our main results, we need to make the following definitions.
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Definition 1.1 (Smooth hypersurface) We say that I' C R? is a smooth hypersurface if there
exists T a compact embedded smooth d — 1 dimensional submanifold of R?, possibly with boundary,
such that T' is an open subset ofF with T strictly away from 0T, and the boundary of T' can be

written as a disjoint union
n
ar = <U n) us,

(=1

where each Yy is an open, relatively compact, smooth embedded manifold of dimension d — 2 in f,
I lies locally on one side of Yy, and X is closed set with d — 2 measure 0 and ¥ C U?zl Y. We

then refer to the manifold T as an extension of T.

For example, when d = 3, the interior of a 2-d polygon is a smooth hypersurface, with Y; the edges
and 3 the set of corner points.

Definition 1.2 (Curved) We say a smooth hypersurface is curved if there is a choice of normal
so that the second fundamental form of the hypersurface is everywhere positive definite.

Recall that the principal curvatures are the eigenvalues of the matrix of the second fundamental
form in an orthonormal basis of the tangent space, and thus “curved” is equivalent to the principal
curvatures being everywhere strictly positive (or everywhere strictly negative, depending on the
choice of the normal).

Definition 1.3 (Piecewise smooth) We say that a hypersurface T' is piecewise smooth if I' =
UN T where T; are smooth hypersurfaces and T'; NT; = 0.

Definition 1.4 (Piecewise curved) We say that a piecewise smooth hypersurface I' is piecewise
curved if I' is as in Definition 1.3 and each I'; is curved.

The main results of this paper are contained in the following theorem. We use the notation
that a < b if there exists a C' > 0, independent of k, such that a < Cb.

Theorem 1.5 (Bounds on ||Sk||L2(QQ)_>H1(3Q), ||DkHL2(89)—>H1(8§2)3 HD;”LQ(BQL—)Hl(BQ))
Let Q be a bounded Lipschitz open set such that the open complement Q. = R\ Q is connected.
(a) If OY is a piecewise smooth hypersurface (in the sense of Definition 1.3), then, given ko > 1,

”Sk”L?(aQ)HHl(E)Q) S K2 logk, (1.4)

for all k > ko. Moreover, if O is piecewise curved (in the sense of Definition 1.4), then, given
ko > 1, the following stronger estimate holds for all k > kg

||S/€||L2(8Q)—>H1(BQ) S kY logk. (1.5)
(b) If O is a piecewise smooth, C** hypersurface, for some a > 0, then, given ko > 1,

1Dk | 200 11 00 + 1 Dkl 2200y 1 90y S K log k

for all k > ko. Moreover, if 0S) is piecewise curved, then, given kg > 1, the following stronger
estimates hold for all k > ko

HD’C”LQ(BQ)—)Hl(aﬂ) + ||D;c||L2(BQ)—>H1(BQ) S kT log k.
(c) If Q is convex and O is C° and curved (in the sense of Definition 1.2) then, given ko > 0,
15k L2 60y m1 (902) S K 13, (1.6)
1Dkl L2(o0)— m1 (99 T ||Dk||L2(aQ)—>H1(aQ) Sk

for all k > ky.



Note that the requirement in Part (b) of Theorem 1.5 that 90 is C%® arises since this is the
regularity required of 9§ for Dy and D), to map L?(0Q) to H'(9Q); see [38, Theorem 4.2], [15,
Theorem 3.6].

Remark 1.6 (Sharpness of the bounds in Theorem 1.5) In Section 3 we show that, modulo
the factor logk, all of the bounds in Theorem 1.5 are sharp (i.e. the powers of k in the bounds are
optimal). The sharpness (modulo the factor logk) of the L*(92) — L?(0€)) bounds in Theorem
2.10 was proved in [31, §A.2-A.53]. Earlier work in [6, §4] proved the sharpness of some of the
L2(0Q) — L2*(09Q) bounds in 2-d; we highlight that Section 8 and [31, §A.2-A.3] contain the
appropriate generalisations to multidimensions of some of the arguments of [6, §4] (in particular

[6, Theorems 4.2 and 4.4]).

Remark 1.7 (Comparison to previous results) The only previously-ezisting bounds on the
L?(02) — H(0Q)-norms of Sy, Dy, and D), are the following:

ISkl 2 00)— 11 (90) S Fmhr2 (1.7)

when OSY is Lipschitz [29, Theorem 1.6 (i)], and

1Dkl 12(00)— 11 (002) + 1Pkl 22 (00) 11 (992) S FtD/2 (1.8)
when 08 is C%% [29, Theorem 1.6 (ii)].
We see that (1.7) is a factor of logk sharper than the bound (1.4) when d = 2, but otherwise
all the bounds in Theorem 1.5 are sharper than (1.7) and (1.8).

Remark 1.8 (Bounds for general dimension and k € R) We have restricted attention to 2-
and 3-dimensions because these are the most practically-interesting ones. From a semiclassical
point of view, it is natural work in d > 1, and the results of Theorem 1.5 apply for any d > 1
(although when d = 1 it is straightforward to get sharper bounds; see [26, §1]). We have also
restricted attention to the case when k is positive and bounded away from 0. Nevertheless, the
methods used to prove the bounds in Theorem 1.5 show that if one replaces logk by log(k) (where
(Y= (241-1>)'2) and includes an extra factor of log(k~') when d = 2, then the resulting bounds
hold for all k € R

As explained in §1.2 below, the motivation for proving the L?(0Q) — H'(09) bounds of
Theorem 1.5 comes from interest in second-kind Helmholtz boundary integral equations (BIEs)
posed in L2(99)). However, there is also a large interest in both first- and second-kind Helmholtz
BIEs posed in the trace spaces H~'/2(0Q) and HY?(9Q) (see, e.g., [47, §3.9], [51, §7.6]). The
k-explicit theory of Helmholtz BIEs in the trace spaces is much less developed than the theory
in L2(092), so we therefore highlight that the L?(92) — H'(99) bounds in Theorem 1.5 can be
converted to H5~1/2(9Q) — H*+1/2(0Q) bounds for |s| < 1/2.

Corollary 1.9 (Bounds from H*~/2(9Q) — H*t'/2(0Q) for |s| < 1/2) Theorem 1.5 is valid
with all the norms from L*(0Q) — H'(0Q) replaced by norms from H*~1/2(0Q) — H*T1/2(09Q)
for |s] <1/2.

Remark 1.10 (The idea behind Theorem 1.5) The bounds of Theorem 1.5 are proved using
estimates on the restriction of quasimodes of the Laplacian to hypersurfaces from [54], [5], [52],
[32], [14], and [53] (and recapped in §2.3 below). The reason why these restriction estimates can
be used to prove bounds on boundary-integral operators is explained in §2.4.2 below; this idea was
first introduced in [26], [31, Appendiz A] and [24], where L?(9Q)) — L*(9S2) bounds were proved
on Sk, Dk, D;C

1.2 Motivation for proving Theorem 1.5

Our motivation for proving Theorem 1.5 has four parts.

1. The integral operators Sy, Dy, and Dj, appear in the standard second-kind BIE formulations
of the exterior Dirichlet problem for the Helmholtz equation.



2. The standard analysis of the Galerkin method applied to these second-kind BIEs is based on
the fact that, when 0Q is C', the operators Sy, Dy, and D), are all compact, and thus A}m

and Ay, are compact perturbations of %I .

3. To perform a k-explicit analysis of the Galerkin method applied to A;c,n or Ay, via these
compact-perturbation arguments, we need to have k-explicit information about the smooth-
ing properties of Sy, Dy, and Dj,.

4. When 09 is C?2, the operators Sy, Dy, and D}, all map L*(99) to H'(0%2), and k-explicit
bounds on these norms therefore give the required k-explicit smoothing information.

Regarding Point 1: if u is the solution of the exterior Dirichlet problem for the Helmholtz
equation
Au(z) + ku(z) =0, x€Qy,

satisfying the Sommerfeld radiation condition

ou ) 1
2 w) = (o) = o st )
as r := |z| — oo, uniformly in z/r, then Green’s integral representation theorem implies that
0Pk (z,y
uw) == [ e oruase) + [ g asy), ve. 09)
3]y} oo On(z)

where 9,7 u is the (unknown) Neumann trace on 9 and v is the (known) Dirichlet trace. Taking
the Dirichlet and Neumann traces of (1.9), using the jump relations for the single- and double-layer
potentials (see, e.g. [7, Equations 2.41-2.43]), and then taking a linear combination of the resulting
equations, we obtain the so-called “direct” BIE

O = frn (1.10)
where 1
f = 5[ + D}, — inSk, (1.11)

n € R\ {0}, and fy , is given in terms of the known Dirichlet trace; see, e.g., [7, Equation 2.68]
(the exact form of f , is not important for us here). Alternatively, one can pose the ansatz

= 78(1)’6(%31) s(y) —1i T s
uw) = [ 2ot aste) ~in | ulepol) dsio) (112)

for z € Q4, ¢ € L?(0Q), and € R\ {0}. Taking the Dirichlet trace of (1.12), we obtain the
so-called “indirect” BIE

Apnd =7"u, (1.13)
where 1
Ak:,n = 5[4— Dy —inSk. (114)

The motivation for considering these “combined BIEs” (i.e. BIEs involving a linear combination
of Sk, Dy, and Dy},) is that, when n € R\ {0}, the operators A;m and Ay, are bounded, invertible
operators on L?(9Q) for all k > 0 (see, e.g., [7, Theorem 2.27]). In contrast, the integral operators
Sk, (31 + D},), and (31 + Dy,) are not invertible for all k > 0 (see, e.g., [7, §2.5]).

Regarding Point 2: S is compact when 9 is Lipschitz (since Sy, : L?(9Q) — H'(9Q) in this
case [56, Theorem 1.6]), and Dy and D), are compact when 99 is C'! [23, Theorem 1.2(c)].

Regarding Points 3 and 4: [29] performed a k-explicit version of the classic compact-
perturbation argument appearing in, e.g., [3, Chapter 3]. The two k-explicit ingredients were
the L?(09Q) — H'(9S) bounds on Sy, Dy, and D}, discussed in Remark 1.7 (and proved in [29,
Theorem 1.6]) and the sharp L?(99) — L*(99) bound on (4}, ,)~" and A,;i] when € is star-shaped
with respect to a ball from [12, Theorem 4.3]. The paper [25] shows how the results of [29] are
improved by using the new, sharp L?(92) — H'(99Q) bounds on Sy, Dy, and Dj, from Theorem
1.5, along with the sharp L?(9Q) — L?(9€) bounds on (A;WI)*1 and A,j] for nontrapping € from
[4, Theorem 1.13].



1.3 Discussion of the results of Theorem 1.5 in the context of using
semiclassical analysis in the numerical analysis of the Helmholtz
equation.

In the last 10 years, there has been growing interest in using results about the k-explicit analysis
of the Helmholtz equation from semiclassical analysis to design and analyse numerical methods for
the Helmholtz equation'. The activity has occurred in, broadly speaking, four different directions:

1. The use of the results of Melrose and Taylor [41] — on the rigorous k& — oo asymptotics
of the solution of the Helmholtz equation in the exterior of a smooth convex obstacle with
strictly positive curvature — to design and analyse k-dependent approximation spaces for
integral-equation formulations [17], [28], [2], [21], [20], [19].

2. The use of the results of Melrose and Taylor [41], along with the work of Ikawa [37] on scat-
tering from several convex obstacles, to analyse algorithms for multiple scattering problems
22], [1].

3. The use of bounds on the Helmholtz solution operator (also known as resolvent estimates)
due to Vainberg [55] (using the propagation of singularities results of Melrose and Sjostrand
[40]) and Morawetz [45] to prove bounds on both [|(A} )~ [|22(90)—12(a) and the inf-sup
constant of the domain-based variational formulation [12], [48], [4], [13], and also to analyse
preconditioning strategies [27].

4. The use of identities originally due to Morawetz [45] to prove coercivity of Aj , [50] and to

introduce new coercive formulations of Helmholtz problems [49], [44].

s

This paper concerns a fifth direction, namely proving sharp k-explicit bounds on Sy, Dy and Dj,
using estimates on the restriction of quasimodes of the Laplacian to hypersurfaces from [54], [5],
[52], [32], [14], and [53] (and recapped in §2.3 below). This direction was initiated in [26], [31,
Appendix A], and [24], where sharp, k-explicit L?(992) — L?(992) bounds on S, Dy, and D), were
proved using this idea. The present paper extends this method to obtain sharp L?(9§2) — H'(92)
bounds. The companion paper [25] then explores the implications of both the L?(9Q) — L?(92)
and L?(0Q)) — H'(9Q) bounds (used in conjunction with the results in Points 3 and 4 above)
on the k-explicit numerical analysis of the Galerkin method applied to the second-kind equations
(1.10) and (1.13).

1.4 Outline of the paper

In §2 we prove Theorem 1.5 (the L?(9€2) — H'(952) bounds) and Corollary 1.9, and in §3 we show
that the bounds in Theorem 1.5 are sharp in their k-dependence.

2 Proof of Theorem 1.5 and Corollary 1.9

In this section we prove Theorem 1.5 and Corollary 1.9. The vast majority of the work will be in
proving Parts (a) and (b) of Theorem 1.5, with Part (c) of Theorem 1.5 following from the results
in [24, Chapter 4], and Corollary 1.9 following from the results of [29].

The outline of this section is as follows: In §2.1 we discuss some preliminaries from the theory
of semiclassical pseudodifferential operators, with our default references the texts [57] and [18]. In
§2.2 we recap facts about function spaces on piecewise smooth hypersurfaces. In §2.3 we recap
restriction bounds on quasimodes — these results are central to our proof of Theorem 1.5. In §2.4
we prove of Parts (a) and (b) of Theorem 1.5, in §2.5 we prove Part (c) of Theorem 1.5 §2.5, and
in §2.6 we prove Corollary 1.9.

We drop the < notation in this section and state every bound with a constant C' (independent
of k); we do this because later in the proof it will be useful to be able to indicate whether or

LA closely-related activity is the design and analysis of numerical methods for the Helmholtz equation based on
proving mew results about the k& — oo asymptotics of Helmholtz solutions for polygonal obstacles; see [11], [35],
[34], [9], and [33].



not the constant in our estimates depends on the order s of the Sobolev space, or on a particular
hypersurface I' (we do this via the subscript s and I" — see, e.g., (2.20) below).

2.1 Semiclassical Preliminaries
2.1.1 Symbols and quantization

Following [57, §3.3], for k > 0 and u € S(R?), we define the semiclassical Fourier transform Fy(u)
by

Fu(w(©) 1= [ exp (= ik(y. ) ulo) dy (21)

where (z, &) := 2?21 x;€;. We recall the inversion formula

d
) = gy [ exp k(. ) Fulu)©) o

We use the standard notation that D := —id, so that Fy(k~'Dju)(&) =
(&) := (1 + |€]>)Y/? and, following [18, §E.1.2], we say that a(z,&; k) € C®°(R
if for all o, B € N¢ and K € RY, there exists C 5, x > 0 so that

& Fr(u)(€). We let
2%) lies in S™(R2%)

sup (&) N020 (@, )| < Ca k-
reK,£€Re

From here on, we follow the usual convention of suppressing the dependence of a(z,&; k) on k,
writing instead a(z,¢) (see, e.g., [57, Remark on Page 72]), and also writing S™(R?¢) instead of
S™(R2%). We write S™°(R??) = NyerS™(R??). We say that a € SO™P(R*?) if a € §~>°(R*?)
with suppa C K for some compact set K C R?¢ independent of k.

For an element a € S™, we define its quantization to be the operator

d
u s alz, k™' D)u = (2]jr)d /Rd /]Rd exp (1k<z - y,§>) a(z, &) u(y) dydg (2.2)

for u € S(R?). These operators can be defined by duality on u € S’(R%). We say that an operator
A(k) : O2(RY) — D'(RY) is Og -~ (k) if it is smoothing (i.e. its Schwartz kernel K is smooth)
and each seminorm of K on C®°(R% x R%) is O(k~>°). Note that, by introducing an operator
R = Oy (k™) as an error, we can make the operator a(z,k~'D) properly supported (i.e. so
that for any K € R?, the kernel K of a(z, k~'D) + R has the property that both wgl(K) Nsupp K
and WZI(K) Nsupp K are compact where 7g, 77, : R x R* — R are projection onto the right and
left factors respectively).

Now, we say that A(k) is a pseudodifferential operator of order m and write A(k) € U™ (RY) if
A(k) is properly supported and for some a € S™(R3?),

A(k) := a(z,k7'D) + Og - (k=).
We say that A(k) € Weomp(RY) if

A(k) = a(z, k™ D) + Og—o (k=)
for some a € S<°MP(R24).

Suppose that A(k) € U (R?) has A(k) = a(x, k™ 1D) + Oy (k~°). Then we call a the full
symbol of A. The principal symbol of A € U™ (R?), denoted by o(A), is defined by
o(A):=a mod k~'S™ 1 (R*).

Lemma 2.1 [18, Proposition E.16] Let a € S™ (R??) and b € S™2(R??). Then we have

a(z, k' D)o(z, k71 D) = (ab)(x, k™ D) + k™ ri (2, k7 D) + Oy (k™)
[a(z, k™ D), b(z, k"' D)] := a(x, k' D)b(x, k' D) — b(z, k"' D)a(x, k™ D)



1
- %{a, bz, k™ D) + k™ 2ry(2, kD) + Og oo (k™)

where ry € Smitmea—L(R2d) p, ¢ gmatm2=2(R2d) guppr; C suppa Nsuppb, and the Poisson
bracket {a,b} is defined by

d

{a,0} = 3" (9,0)(9:,b) — (9,0)(Ds, a).

=1

2.1.2 Action on semiclassical Sobolev spaces

We define the Semiclassical Sobolev spaces Hj(RY) to be the space H*(R?) equipped with the
norm

ullr; (ray = 1k~ D)*ul 72 (gay-
Note that for s an integer, this norm is equivalent to

HUH?{;(W) = Z [(k~10) ull72 ay-

loof<s

The definition of the semiclassical Sobolev spaces on a smooth compact manifold of dimension
d—1T,ie Hi() for |s| < 1, follows from the definition of H(R?"1) (see, e.g., [39, Page 98]).
Because solutions of the Helmholtz equation (—k~2A — 1)u = 0 oscillate at frequency k, scaling
derivatives by k! makes the k-dependence of these norms uniform in the number of derivatives.

With these definitions in hand, we have the following lemma on boundedness of pseudodiffer-
ential operators.

Lemma 2.2 [18, Proposition E.22] Let A € V™(R?). Then for xi,x2 € CX(RY),
||X2AX1||H£(R‘1)_>H;_""(R(1) <C.
2.1.3 Ellipticity

For A € U™ (R?), we say that (z,£) € R?? is in the elliptic set of A, denoted ell(A), if there exists
U a neighborhood of (x, &) such that for some § > 0,

inf o(4)(z, )| > 8

We then have the following lemma

Lemma 2.3 [18, Proposition E.31] Suppose that A € ™1 (R4), b € S°™P(R2?) with suppb C
ell(A). Then there exists Ry, Ry € W°™P(R?) with

RiA=b(z,k D) + Oy (k~°), ARy = b(x, k™ D) + Og—o (k™).
Moreover, if b € S™2(R??) and there exists M > 0,6 > 0

inf |o(A)[(§)"™ >4,

supp b

then the same conclusions hold with R; € ¥™2~"1(R%),

2.1.4 Pseudodifferential operators on manifolds

Since we only use the notion of a pseudodifferential operator on a manifold in passing (in Lemma
2.15 and §2.5 below), we simply note that it is possible to define pseudodifferential operators on
manifolds (see, e.g., [57, Chapter 14]). The analogues of Lemmas 2.1, 2.2, and 2.3 all hold in
this setting. Moreover, the principal symbol map can still be defined although its definition is
somewhat more involved.



2.2 Function spaces on piecewise smooth hypersurfaces

We now define the spaces H*(I') and H*(I') (with the notation for these spaces taken from [36,
§B.2]).

Definition 2.4 (Extendable Sobolev space H*(I') on a smooth hypersurface) Let I be a
smooth hypersurface of R? (in the sense of Definition 1.1) and let T' be an extension of T'. Given
s € R, we say that w € H3(T') if there exists u € HZ  (T') such that ulr = u.

comp

Let (Uj, ;) ;e be an atlas of T such that U; N OT N T = O for all j € J, and let

Jr={jeJ UnT #0} and Jy:={jeJ, U;NAl +#0}

(observe that if OT' = () then Jy = 0). Let (x;)jes be a partition of unity off subordinated to

(Uj)jes. Gwen x € C°(Int(I")) such that x =1 in a neighborhood of ', we define

lullz=ey = D 106w ow; ey +  inf D I0Gxw) o % s ra-ny. (2:3)
jEIr\Js € Homp (M)l =v e 7,

We make two remarks:

1. The definition of the norm H*(I') depends on T, X, and the choice of charts (U;, ;) and
partition of unity (x;). One can however prove that two different choices of charts (Uj,v;)
and partition of unity (x;) lead to equivalent norms H#(I"). In what follows, (Uj, %5, x;) will

be traces on I' of charts and partition of unity on R?.

2. This definition is the same as, e.g., the definition of H*(T") for I' C R? any non-empty open set
in [39, Page 77]. However, we use the specific notation H*(T') for the following two reasons:
(i) parallelism with the space H*(92) in Definition 2.6 below, and (ii) the fact that, without
using the overline, H*(-) would be defined differently depending on whether the - is a smooth
hypersurface or the boundary of a Lipschitz domain.

Definition 2.5 (Sobolev space H*(I') on a smooth hypersurface) Let T be a smooth hyper-
surface of R® (in the sense of Definition 1.1) and let T’ be an extension of I'. Given s € R, We say
that u € H*(T') if u € Hop (D) and suppu CT. Then,

||UHHS(F) = HuHHs(f)-

Since T' has C? boundary, one can show [10, Theorem 3.3, Lemma 3.15] that the dual of H#(T')
is given by H~%(I') with the dual pairing inherited from that of Heonp () and Ho g (T).

comp
For piecewise smooth 952, it is useful to consider the following “piecewise-H*” spaces.

Definition 2.6 (Sobolev space H®(92)) Let Q be a bounded Lipschitz open set such that its
open complement is connected and 95 is a piecewise smooth hypersurface (in the sense of Definition

1.3); i.e., 0Q = UN.\T; where T'; are smooth hypersurfaces. With |s| < 1, we say that u € H5(09)
if

N N
u= Zui, for u; € H5(Ty), and we let lullz=(a0) = Z ”uiH?Ts(ri)'
i1 i=1

We similarly define the norms H; (T') and H;(T) replacing ||- || 772 (a1 in (2.3) with the weighted-
norm || - ||z (ra-1y (see, e.g., [18, Definition E.21]).
The following lemma implies that, when Sy, Dy, and D map L*(99) to H'(0f), to bound

the H'(9€2) norms of Siy¢, Dy¢, and D} ¢, it is sufficient to bound their H!(9€2) norms.

Lemma 2.7 Let Q be a bounded Lipschitz open set such that its open complement is connected
and OS) is a piecewise smooth hypersurface (in the sense of Definition 1.3). If u € H*(0Q) then

[ullmro0) < llullzm o0 (2.4)



Proof. Recall that H'(9Q) can be defined as the completion of C5,,,(89) := {ulaq : u € C5°(RY)}

with respect to the norm
/ (|Vagu|2 + |u|2)ds (2.5)
o0

[7, Pages 275-276] where Vg is the surface gradient, defined in terms of a parametrisation of the
boundary by, e.g., [7, Equations (A.13) and (A.14)]. By the definition of the H(T';) norm from
Definition 2.4, u restricted to I'; satisfies

w3 :/ Vr,ul? + |ul? dsFi—&-inf/ V= ul? + |u?)ds(T)),
lulry = [ (190l + uf?)ds(ry) o (19 o ) ds(E

ulr=u

i

> [ (19l + Juf )as(ry)
r;

Then,
N N

oy = [ (1Vomuf+lul?)as = 3 [ (19+h)asm) < 3 ol = Il o,
=111 =1

and the proof is complete. [

Observe that Lemma 2.7 also holds when H'(9Q) and H(99) are replaced by H}(9Q) and
H}(0%2) respectively.

2.3 Recap of restriction estimates for quasimodes

Theorem 2.8 Let U C Ri be open and precompact with T a smooth hypersurface (in the sense of
Definition 1.1) satisfying I C U. Given ko > 0, there exists C > 0 (independent of k) so that if
||u||L2(U) =1 with

(—k_QA —Du= OLz(U)(kj_l), (2.6)
(i.e. |k 2Au+ul| L2y = O(k™1)) then, for all k > ko,
Ck1/4
< ’ 2.7
lullzer) < {C’kl/ﬁ, I' curved, 2.7)

and
[0y ullL2(ry < Ck (2.8)

where 0, is a choice of normal derivative to I.

References for the Proof of Theorem 2.8. The bound (2.7) for general I is proved in [52, Theorem
1.7] and [5, Theorem 1] and for curved I" in [32, Theorem 1.3]. The bound (2.8) is proved in [53,
Theorem 0.2] (with the analogous estimate for proper eigenfunctions appearing in [14, Theorem
1.1]).

We highlight that the analogues of the estimates (2.7) and (2.8) in the context of the wave
equation on smooth Riemannian manifolds appear in [54, Theorem 1] (along with their L? gen-
eralizations in [54, Theorem 8]), with [54, Pages 187 and 188] noting that the L? bounds are a
corollary of an estimate in [30]. |

Remark 2.9 (Smoothness of I' required for the quasimode estimates) The k'/*-bound
in (2.7) is valid when T is only CY*, and the k*/-bound is valid when T is C*' and curved.
Therefore, with some extra work it should be possible to prove that the bounds on Sy in Theorem
1.5 hold with the assumption “piecewise smooth” replaced by “piecewise C1'1” and “piecewise %!
and curved” respectively. On the other hand, the bound (2.8) is not known in the literature for
lower regqularity T'.



2.4 Proof of Parts (a) and (b) of Theorem 1.5

When proving these results, it is more convenient to work in semiclassical Sobolev spaces, i.e. to
prove the bounds from L?(9Q) to H} (09Q), where (following §2.1.2),

2 - 2 2
1wl o0y =52 Voawlzza) + 1wl o0 - (2.9)

where Vg is the surface gradient on 9 (defined by, e.g., [7, Equations (A.13) and (A.14)]). We
therefore now restate Theorem 1.5 as Theorem 2.10 below, working in these spaces.

Theorem 2.10 (Restatement of Theorem 1.5 as bounds from L?(9Q) — H} (99))

Let © be a bounded Lipschitz open set such that the open complement Q, := R%\ Q is connected.
(a) If 002 is a piecewise smooth hypersurface (in the sense of Definition 1.3), then, given kg > 1,
there exists C > 0 (independent of k) such that

15kl 22 (00)— 2 (902 < C'k~*/? log k. (2.10)

for all k > ko. Moreover, if O is piecewise curved (in the sense of Definition 1.4), then, given
ko > 1, the following stronger estimate holds for all k > kg

1Skl L2 (00)— m12 (902) < Ck™*/log k. (2.11)

(b) If O is a piecewise smooth, C*® hypersurface, for some a > 0, then, given ko > 1, there erists
C > 0 (independent of k) such that

||Dk||L2(aQ)—>H;(aQ) + ||D§€HL2(39)—>H;(89) < CkY*logk. (2.12)

Moreover, if 0S) is piecewise curved, then, given ko > 1, there exists C > 0 (independent of k) such
that the following stronger estimates hold for all k > kg

\|Dk||L2(aQ)—>H;(39) + ||D§c||L2(aQ)—>H;(aQ) S k0 log k.

(c) If Q is convex and O is C™° and curved (in the sense of Definition 1.2) then, given kg > 1,
there exists C' such that, for k > ko,

15kl 2 90y m12 (900) < Ck™2/3,

\|Dk||L2(aQ)—>H,§(aQ) + ||D;c||L2(89)—>H,1(8Q) <C.

Because Theorem 2.10 works in the weighted space H}(09), the L*(092) — L?(99) bounds
contained in Theorem 2.10 are one power of k stronger than those contained in Theorem 1.5. The
L?(09Q) — L?(99) bounds contained in Theorem 2.10 were originally proved in [26, Theorem 1.2],
[31, Appendix A], and [24, Theorems 4.29, 4.32].

In §2.4.2 below, we give an outline of the proof of Parts (a) and (b). This outline, however,
requires the definitions of Sy, Dy, and Dj, in terms of the free resolvent (a.k.a. the Newtonian, or
volume, potential), given in the next subsection.

2.4.1 Sk, Dy, and D), written in terms of the free resolvent Ry(k)

We now recall the definitions of Sk, Dy, and Dj, in terms of the free resolvent Ry(k), these
expressions are well-known in the theory of BIEs on Lipschitz domains [16], [39, Chapters 6 and
7). We then specialise these to the case when 0f is a piecewise smooth hypersurface (in the sense
of Definition 1.3)

Let Ro(k) be the free (outgoing) resolvent at k; i.e. for ¢ € CZ5,,(R?) we have

(Rok)0) @) = [ @ula)ioto)d.

where @y (z,y) is the (outgoing) fundamental solution defined by (1.1) for d = 2,3. Recall that
Ro(k) : Hpp(RY) — HET2(RY); see, e.g., [39, Equation 6.10].
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With Q a bounded Lipschitz open set with boundary 9Q and 1/2 < s < 3/2, let 4+ :
Hp (Q4) — H*Y2(0Q) and v~ : H*(Q) — H*"1/2(9Q), be the trace maps [16, Lemma 3.6],
[39, Theorem 3.38]. When v u = v~ u we write both as yu (so that v : H (R%) — H*~1/2(9Q)),
and we then let 4* : H—*t1/2(9Q) — Hzo (RT) be the adjoint of v [39, Equation 6.14]. Then Sy
can be written as

Sk = 1Ro(k)y (2.13)

[39, Page 202 and Equation 7.5], [16, Proof of Theorem 1]. With 9} denoting the adjoint of the
normal derivative trace (see, e.g., [39, Equation 6.14]), we have that the double-layer potential,
Dy, is defined by

Dy := Ro(k)0,,

[39, Page 202]. Recalling that the normal vector n points out of Q and into Q, we have that the
traces of Dy from Q4 to I' are given by

vEDy, = %I + Dy,
[39, Equation 7.5 and Theorem 7.3] and thus
Dy = ¢%I +7FRo (k). (2.14)
Similarly, results about the normal-derivative traces of the single-layer potential Sy imply that
0, Sk = HF%I + Dj,

SO
1
= oI+ O Ro(k)y*. (2.15)

When 99 is Lipschitz, Sy : L?(02) — HY(09) by [56, Theorem 1.6] (see also, e.g., [42,
Chapter 15, Theorem 5], [43, Proposition 3.8]), and when 9 is C%% for some o > 0, then
Dy, Dj, : L*(09Q) — H'(99) by [38, Theorem 4.2] (see also [15, Theorem 3.6]).

We now consider the case when 052 is a piecewise smooth hypersurface (in the sense of Definition
1.3) and use the notation that T; are the compact embedded smooth manifolds of R? such that, for
each ¢, I'; is an open subset of fi. Let L; be a vector field whose restriction to fl is equal to 0,,, the
unit normal to I'; that is outward pointing with respect to 0. Let v; : HS (RY) — H*=1/2(Ty)
denote restriction to I';. We note that +; is the inclusion map f +— for, where dr, is d — 1
dimensional Hausdorff measure on I'. Finally, we let ’yii denote restrictions from the interior and
exterior respectively, where “interior” and “exterior” are defined via considering I'; as a subset of
0f). With these notations, we have that

1 * *
Dy, = ¥§I + Z%iRo(k‘)Lﬂj (2.16)
4,7
and 1
b=+ D Lo (k) (2.17)
2,7

the advantage of these last two expressions over (2.14) and (2.15) is that they involve ~; and L;
instead of 0 and 0.

In the rest of this section, we use the formulae (2.13), (2.16), and (2.17) as the definitions of
Sk, Dy, and D). Note that we slightly abuse notation by omitting the sums in (2.16) and (2.17)
and instead writing

1 1
Dy =51+ v:Ro(k)Ly*, D} = Tyl + yELRy(k)y*. (2.18)

11



2.4.2 Outline of the proof of Parts (a) and (b) of Theorem 2.10

The proof of Parts (a) and (b) of Theorem 2.10 will follow in two steps. In Lemma 2.11, we obtain
estimates on frequencies < Mk and in Lemma 2.20 we complete the proof by estimating the high
frequencies (> ME).

To estimate the low frequency components, we spectrally decompose the resolvent using the
Fourier transform. We are then able to reduce the proof of the low-frequency estimates to the
estimates on the restriction of eigenfunctions (or more precisely quasimodes) to 92 that we recalled
in §2.3. To understand this reduction, we proceed formally. From the description of Sj in terms
of the free resolvent, (2.13), the spectral decomposition of Sy via the Fourier transform is formally

S e 1) oy ) dr (2.19)

where u(r) is a generalized eigenfunction of —A with eigenvalue 72, and k +i0 denotes the limit of
k+ic ase — 0T. Observe that the integral in (2.19) is not well-defined (hence why this calculation
is only formal), but (2.19) nevertheless indicates that estimating S, amounts to estimating the
restriction of the generalized eigenfunction u(r) to Of.

At very high frequency, we compare the operators Sy, Dy, and D) with the corresponding
operators when k& = 1 (recall that the mapping properties of boundary integral operators with
k = 1 have been extensively studied on rough domains; see, e.g. [42, Chapter 15], [39], [43]). B
using a description of the resolvent at very high frequency as a pseudodifferential operator, we are
able to see that these differences gain additional regularity and hence obtain estimates on them
easily.

The new ingredients in our proof compared to [26] and [31] are that we have H® norms in
Lemma 2.11 and Lemma 2.20 rather than the L? norms appearing in the previous work.

2.4.3 Proof of Parts (a) and (b) of Theorem 2.10

Low-frequency estimates. Following the outline in §2.4.2, our first task is to estimate frequen-
cies < kM. We start by proving a conditional result that assumes a certain estimate on restriction
of the Fourier transform of surface measures to the sphere of radius r (Lemma 2.11). In Lemma
2.13 we then show that the hypotheses in Lemma 2.11 are a consequence of restriction estimates
for quasimodes. In Lemma 2.17 we show how the low-frequency estimates on Sy, Dy, and Dj,
follow from Lemma 2.11.

In this section we denote the sphere of radius r by S¢~! and we denote the surface measure on
S9=1 by do. We also use - to denote the non-semiclassical Fourier transform, i.e. (¢) is defined
by the right-hand side of (2.1) with k& = 1.

Lemma 2.11 Suppose that for I' C R? any precompact smooth hypersurface, s >0, f € H‘S(F),
and some «, >0,

[ VETRR©0(€) < Crir 1 (220)
[, T P09 < Cole) 1117, (221)

T

Let T, Ty € RY be compact embedded smooth hypersurfaces. Recall that L; is a vector field with
L; =0, onT; for some choice of unit normal v onT'; and p € C(R) with ¢ = 1 in neighborhood
of 0. With the frequency cutoff 1 (k=1D) defined as in (2.2), we then define for f € H’Sl(Fl),
ge H(Ty), s; >0,

Qs(1.9):= [ R0 D)o )abrade . Qo(fg) = [ Rob)(w(k D)Li(for,)gbrada.
Qo (£,9) = [ Rol)(w (kD) for, ) T3{gor,) ds
Rd

Then there exists Cr, r,y so that for k> 1,

|Q5(f7 g)' < CFl,F2,¢<k>2ﬂ_1+SI+SQ 10g<k>||f”H*51(1"1)”g”H*m (T2)? (222)
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Qo (F. )|+ Q0 (£,9)] < Cry s B P 4 52 bog 0 [ FlL oy oy gl fmen iy (2:23)

The key point is that, modulo the frequency cutoff (k=1 D), Qs(f, 9), Qp(f,g), and Qp (£, g)
are given respectively by (Skf, g)r, (Dxf, 9)r, and (D} f, g)r, where f is supported on I'y and g on
I's.

Proof of Lemma 2.11. We follow [26], [31] to prove the lemma. First, observe that due to the
compact support of fdr,, (2.20) and (2.21) imply that for I' € R? precompact,

L Ve BT @] o) < Cr 2 11 . (2.21)
— 2
/Sgl Ve fér(f)\ do(€) < Cr (r)* " || F11 - - (2.25)

Indeed, V§f5\1‘ = ZL'/fE‘ and since I' is compact,
||33fHHfs(r) < CFHfHHfs(F)
Also, VeL*(for) = F(aL*(for)). Thus,
xL*(fér) = L*(zfér) + [x, L*] for
and [z, L*] € C*°. Therefore, using compactness of T,
e fll -y + M, LVl ooy < Crllfllg-sry
Now, gor, € H™n(=5=1/2=)(Rd) [5(gp,) € H™n(=5=1=3/2=)(R?) and since ¢ € CZ(R),
Ro(k) (k™ [DI)L*(fdr,)) € CF(RT),  Ro(k)($(k~"[D])) for,) € C=(RY).

By Plancherel’s theorem,

1 f5F1( )95F2( ) 4 / -1 L f5F1( )95F2(§)
f(sl‘l( ) 295F2(§)
d ,
an QD fa / 1/’ ‘€| |§‘2 (l{?+10)2 Ea
where k + 10 is understood as the limit of k + ie as e — 0.
Therefore, to prove the lemma, we only need to estimate
- F(§)G(¢)
[ el s e (226)

where, by (2.20), (2.21), (2.24), and (2.25),

1l 2 gsa-1) + IVeFll pagsa-1y < Cron)™ | fl o ry),  and (227)

1G st + IV Gl agst—sy < Cralr® gl oo ey (2.28)
Consider first the integral in (2.26) over ||¢| — [k|| > 1. Since ||¢[* — k2| > |[¢|* — [k[?|, by the
Schwartz inequality, (2.20), and (2.21), this piece of the integral is bounded by

ey FE )G(f)
DT | €
A&Ikll>1 €17 —
7
< _— F(r8) G(rf)do(6)dr
/Mk>|r|k||>1 72 — [k[? Jga- (r8) G{r6)do (6)
S1+s -1
< CFI;FZ||f||[—‘[731(Fl)HgHH’52(F2)/ (ryoroatentsz |2 |12 |7 dy
M|k|>[r—|k[|>1
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51460 — —1
< Cry 0l Fll o1 o) 191 ez (0 161202 ”51“2/ r— |||~ dr
MIk||r—[k|>1

< Cry v [R50 52 1og - Loy oy Nl 1oy (2.29)

where the constant M in the intermediate steps depends on the support of . Since k > 1, we

write
1 1 ¢

€2 = (b +10)2  J¢]+ (k+10) €]
where the logarithm is well defined since Im(|¢| — (k +10)) < 0. In particular, we may take the
branch cut of the logarithm that has log(z) € R for € (0,00) and has the branch cut on ¢[0, o).

Let x(r) =1 for |r| <1 and vanish for |r| > 3/2. We then use integration by parts, together with
(2.27) and (2.28)

- Velog ([¢] = (k +10))

1 €
— |k EHE) ————= F(6)G(§) = -Velo — (k+10))d
‘ [ el = 00 l) gy PO G 7 Vo (1] — (k +10) e
< CF11F27'¢' |]€|51+5271+51+$2 Hf”H*Sl(Fl)HgHH*Sz(Fz)'
Now, taking §; = 0o = 8 gives (2.22), and taking §; = o and do = 3 gives (2.23). ]

Remark 2.12 The estimate (2.29) is the only term where the log|k| appears, which leads to the
log k factors in the bounds of Theorem 1.5 (without which these bounds would be sharp).

The proofs of the estimates (2.20) and (2.21) are contained in the following lemma.

Lemma 2.13 Let I' C R? be a precompact smooth hypersurface. Then estimate (2.21) holds with
B =1/4. For L = 0, on T, estimate (2.20) holds with o = 1. Moreover, if T is curved then (2.21)
holds with  =1/6.

To prove this lemma, we need to understand certain properties of the operator T;. defined by
Too(w) = [ 6§ da(€). (2.30)
gd-1

Indeed, with A : H*(R%) — H*~1(R?), to estimate

IR GIREG

we write

W6 = [ [ A @n)a @ Tdzdo(e)
G (2.31)

_ / FAT, ¢ dz = (f, AT,)r,
r

with 7, defined by (2.30).
Before proving Lemma 2.13 we prove two lemmas (Lemma 2.14 and 2.15) collecting properties
of T,.

Lemma 2.14 Let T, be defined by (2.30) and x € C°(R?). Then,
IXT bl aey < Clldlagsery-

Proof of Lemma 2.14. We estimate B := (xT,)*xT, : L?(S%~1) — L?(S2~1). This operator has
kernel

B(&n) = /Rd X2 (y) exp (i(y, € —m)) dy = x2(n — €).
Now, for n € S9!, and any N > 0,
—1/2

— 112
/S - 9)do(e) < /B R [1 - '5'} ae' + 0N < .

r
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Thus, by Schur’s inequality, B is bounded on L?(S9~!) uniformly in r. Therefore,

IXTr SlI72 ey < ClISIT 2 a1

_In the next lemma, we use r (the radius of S2-1) as a semiclassical parameter, with the space
H3(I") defined in exactly the same way as H}(I") is defined in §2.2.

Lemma 2.15 With T, be defined by (2.30), let T' denote an extension of T, x € C=(RY) and
A € UL (RY) with x = 1 in a neighborhood of T. Then for s € R,

IXAT g7z ry < CslIXAT G|l 125 -

Proof of Lemma 2.15. Since f:b is supported on |¢| < 2r, xT,¢ is compactly microlocalized in
the sense that for ¢ € C°(R) with ¢ =1 on [—2, 2] with support in [—3, 3],

Y(r D)) XAT, ¢ = XAT ¢ + Og-oo (r=°)XT1.

(Note that (r~!|D]) can be defined using (2.2) since 1)(t) is constant near ¢t = 0.)
Let 75 denote restriction to I', and ~|r restriction to I'. Let xr € C2°(I') with xp = 1 on T..
Then for ¢); € C°(R) with ¢ =1 on [—4,4],

xr1 (r D' ) xr e X AT ¢ = XFVpX AT ¢ 4+ Og-—o (1™ )y xT ¢

where 1 (r~1|D’|,) is a pseudodifferential operator on I’ with symbol Y1(€']y) and | - |, denotes
the metric induced on T*T" from R (see Remark 2.16 below).
Hence, for r > 1,

e X AT Pllmzry < CsIXATr ¢l L2 1)
]

Remark 2.16 (The definition of |- |; used in the proof of Lemma 2.15) We now briefly
review the definition of | - |4 from Riemannian geometry. Observe that the metric on R? is given

by g = Z‘Zzl(dyi)2 where y* are standard coordinates on R%. To induce a metric on T', at a
point xo we identify V,W € Tzof with V!, W' € T,,R¢ and define g(V,W) = g.(V',W'). That
is, if V.= 3, Vid,,, W =3 Wi, then g(V,W) = >, VIW?'. By doing this at each point
To € f, we obtain a metric on f, Next, choose coordinates x* on T and write the metric g as
9> atd,:, > 070,,) = Zij gij(x)a’t?. Then, for the corresponding dual coordinates & on T*T, we
have |€|g = /3 ;; 99&&; where g" denotes the inverse matriz of gi;. Note that this definition is

independent of all of the choices of coordinates.

We are now in a position to prove Lemma 2.13.

Proof of Lemma 2.13. The key observation for the proof of Lemma 2.13 is that for y € C°(R?),
with x =1 in a neighborhood of I, xT;.¢ is a quasimode of the Laplacian with k = r in the sense
of (2.6) in Theorem 2.8. To see this, observe first that —AT,.¢p = r?T,.¢ by the definition (2.30).
Therefore,
_AXTT(b = TQXTTQS + [_Aa X]Tr¢~

Now, observe that for Y € C%°(R?) with supp ¥ C {x = 1}, X[~A, x] = 0. Therefore, taking such
a x with ¥y =1 in a neighborhood, U of I" shows that x7,¢ is a quasimode.

To prove (2.21), we let A = I. Then, by the bounds (2.7) in Theorem 2.8 together with Lemmas
2.14 and 2.15, for s > 0,

”XTrﬁb”ﬁ(r) < CS<T>S||XTT¢”L2(1;) < CS<T>Z+S||XTT¢”L2(R¢) < CS<T>Z+SH¢”L2(5;?*1)7 (2.32)

and if " is curved then )
IXTrllzsry < Cr) sl 2 ga-1)- (2.33)
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To prove (2.20), we take A = L. Observe that

VexLTr¢ = v LxT¢.

Hence, using the fact that L = 0, on I' together with the bound (2.8) in Theorem 2.8, we can
estimate LT, ¢.

IXET, 6 2y = IEXT @l gty < O XTI s (2.34)

In particular, for s > 0,
||XLTT-¢Hﬁ(F) < Os<7">s+1||¢HL2(sﬁ—1)-

Applying the Cauchy-Schwarz inequality together with (2.31), (2.32), (2.33) and (2.34) completes
the proof of Lemma 2.13, since we have shown that

[(FOr(€), (€)) sy | < Colr) 3N £l ooy Il s
(L (FIR)(€), 6(6)) o sa-1)| < Culr) | Lz 1l 2 s-1,.
and if I is curved,
[(FOr(€), (€)) 15—y | < Colry N £ll ooy Il s
| ]

Lemma 2.17 (Low-frequency estimates) Let so be either 0 or 1. If O is both Lipschitz and
piecewise smooth (in the sense of Definition 1.3), then

7= Ro (k) (k™" D)y* fll == 00) < Coo,p(k)* 152 log (k)| |l 12 (00 (2.35)
v Ro (k)¢ (k™ D) Liy* fll == (002) < Co,y (k)52 log (k)| fll 12 00) (2.36)
75 LaRo (k)Y (k™ D)y fll 122 (00) < Con, (k)T log (k)| f1l 1200 - (2.37)

with B = 1/4. If 9 is piecewise curved and Lipschitz then (2.35)-(2.37) hold with 8 =1/6.

Proof of Lemma 2.17. By the duality property of H*(I') and H ~5(T") (discussed after Definition
2.5), Lemma 2.13 and the estimates (2.22) and (2.23) imply for s, s2 > 0 that there exists C > 0
independent of & > 1 so that

e, Ro (k) (K™ D), fllzmsz(myy < COry,ray (R)2P 71552 log ()| fll -1 1y ) (2.38)
e, Ro (k) (k™ D)LIAE, fllzrsz gy < Cryra (R)TF1F2 Tog ()| 1l -1 1y ) (2.39)
lyrs Lo Ro(k)d (k™ D)t fllzre e,y < Orara,w (B)7 T2 Jog (B) L f || o1 (1, - (2.40)

Since 0f) is piecewise smooth, 9Q) = Zf\il I'; with T; smooth hypersurfaces. Since ¢ (k~1D)
is a smoothing operator on &', by elliptic regularity Ro(k)y(k~1D) is smoothing and hence its
restriction to Q) maps compactly supported distributions into H'(9€). Applying (2.38)-(2.40)
with s; =0, I' = T';, summing over ¢, and using Definition 2.6, we find that, for 0 < s, <1,

IV Ro (k) (k™" D)y f 7 (o) < Con.uw (k)= log(k)I|f | 22 (a0 (2.41)
v Ro (k) (k™ D) Liv" f 777700y < Coni(k)*** log()| 1 2(om) (2.42)
||7iL2RO(k)¢(k71D)7*fHﬁ(aQ) < Caﬂ,¢<k>ﬁ+s2 log(k)[[ 1l 2200 (2.43)

Applying (2.41)-(2.43) with s; = 1 (using the norm bound (2.4)) and s2 = 0, we obtain the
estimates (2.35)-(2.37). |
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High frequency estimates. Next, we obtain an estimate on the high frequency (> kM) com-
ponents of Sy, Dy, and D). We start by analyzing the high frequency components of the free
resolvent, proving two lemmata on the structure of the free resolvent there.

Lemma 2.18 Suppose that z € [—-E, E]. Let ¢ € C°(R) with ¢ = 1 on [-2E? 2E?). Then for
x € C(RY).

XRo(zk)x(1 = (|k7'D])) = Bi, (1= (|k D|))xRo(zk)x = B2
where B; € k=20 ~2(RY) with

I L (R (3)
l =22

Proof of Lemma 2.18. Let xo = x € C(R?) and y, € C(R?) have x,, = 1 on supp xn_1
for n > 1. Let 99 = ¢ € C°(R) have ¢ = 1 on [-2E%,2E?], let ¢, € C*°(R) have ¢, = 1
on [—3E?%/2,3E?%/2] and suppv, C {¢_1 = 1} for n > 1. Finally, let ¢, = (1 — ,) and
¢ =¢o=(1—1). Then,

k*XRo(zk)x(—k A — 2%) = (x* — xk*x1Ro(zk)xa[x, k> A)). (2.44)

Now, by Lemma 2.3 there exists Ag € k=20 ~2(R?) with

Ao =k 2ap(x, kD) 4+ Oy (k~), supp ag C {supp ¢o} (2.45)
such that
k2(—k72A — 22)Ag = o(|k71D]) + Oy (k=) (2.46)
and Ag has ,
k2o(1€)

(Indeed, since we are working on R9,

k™2p(|k'DJ)

K (—k72A = 27) IDp 22

= @(|k~'DJ)

with no remainder.)
Composing (2.44) on the right with Ay, we have

XRoxe([k~' D)) = x* Ao — kK*xxa Roxae1 ([~ D)) [x, kA Ag + Oy (k),
= X*Ao + xx1Rox1p1 (k7' DDA EL + Oy (k7%°),
where E; € U~ (R?) and we have used that ¢; = 1 on supp ¢ and hence
e1([k' D)) [x, k7 A]Ag = [x,k7?AlAg + Og—o (k7).
Now, applying the same arguments, but with A, such that
K2(—k2A = 22) A, = @u(|k ' D)) Ey + Oy (k™)
there exists A,, € k=20 ~27"(R?) such that
XnRoXn@n (K™ D) Ep = X An + XnXn+1RoXnt 1041 (kT DNET Epp1 + Ogoo (k™)
with E, 41 € U7177(R?). Let .

BY = %A, + Z k™I Ay

Jj=1

and assume that

xRoxe(|k™'D|) = By + xxnvRoxnen (k™ D))k VEn + Og-o (k™).
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for some N. Then,

xxnRoxnen (k7' DNE™N Ex = x(XX AN + Xvxn+1Roxn 19841 ([T D)k En g1 + Og-oe (k7))
= xk NV Ax + xxnvr1Roxnr1en 1 (kT D)ET NV En g + Og oo ()

and thus by induction, for all N > 1,
XRoxe([k™' D)) = BN + xxv 1 Roxn v 41 (k™ DNE~ NV Ex g + Og—oo (K7).

Since Ay € U27%(R?), we may let

oo
By~ x*Ag+ > Xk Ay

j=1
to obtain
XRoxp(|k™'D|) = By € k72U *(R?)
i 20— (i)
—2,2(] —
By) = .
7(B1) €17 — 22
The proof of the statement for B is identical. [

Next, we prove an estimate on the difference between the resolvent at high energy and that at
fixed energy.

Lemma 2.19 Suppose that z € [0,E]. Let ¢ € C°(R) with ¢ = 1 on [-2E? 2E?]. Then for
X € C&(RY),
X(Ro(zk) — Ro(1))x(1 — (|~ ' D)) € k¥~ 4(RY).

Proof of Lemma 2.19.  We proceed as in the proof of Lemma 2.18. Let xo = x € C>(RY)
and Y, € C®(R?) have x,, = 1 on supp x,,_1 for n > 1. Let ¢y = ¢ € C°(R) have ¢» = 1 on
[—2E?% 2E?], let 4, € C°(R) have ¢, = 1 on [-3E?%/2,3E?/2] and supp¢,, C {t,_1 = 1} for
n > 1. Finally, let ¢, = (1 — ty,). Then,

k*x(Ro(zk) — Ro(1))x(—k2A = 27)
= xRo(1) (2, — 1) x — xk*x1(Ro(zk) — Ro(1))x1[x. k2A]). (2.48)

Now, by Lemma 2.3 there exists Ay € k=20 ~2(R?) such that (2.45), (2.46), and (2.47) hold.
Composing (2.48) on the right with k=24, we have

X(Ro(zk) — Ro(1))x(|k™" DY)

= k*xRo(1)x(* = k7)Ao — k*xx1(Ro(2k) — Ro(1))x101 (|~ D) [x, k> A] A + Oy (k™).

(2.49)

In particular, iterating using the same argument to write
X1(Ro(zk) — Ro(1))x101(Jk~' D)
=k x1Ro(1)x1(2* = k) A1 — k*xax2(Ro(2k) — Ro(1))x2p2(|k™ D)) [x1, b 2AJ A1 + Oy (k7°),

we see that the right hand side of (2.49) is in k=20 ~4(R%). |

With Lemma 2.18 and 2.19 in hand, we obtain the high-frequency estimates of the boundary-
integral operators by comparing them to those at fixed frequency.

Lemma 2.20 (High-frequency estimates) Let M > 1 and ¢ € C°(R) with ¢ = 1 for |§]| <
M. Suppose that O is both Lipschitz and piecewise smooth (in the sense of Definition 1.3). Then
for k> 1 and x € C(R?)

YRo(k)x(1 = (|k~'D|))y* = 0L2(69)—>H;(69)(k_1(10g k)'/?). (2.50)
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If, in addition, 0Q is C*% for some o > 0, then

1 — * ok

:F§I + Ry (k)x(1 — ¢ (|k™' D)) L*y* = Or2(00) 1} (o0) (log k) (2.51)
1 _ *

i§I +yELRy(k)x(1 — (k™' D|))v* = OL2(00) - m} (00) (log k). (2.52)

Remark 2.21 The factors of logk in the bounds of Lemma 2.20 are likely artifacts of our proof,
but since they do not affect our final results, we do not attempt to remove them here. In fact, if
O is smooth (rather than piecewise smooth), then one can show that the logarithmic factors can
be removed from the bounds in Lemma 2.20 using the analysis in [24, Section 4.4].

Proof of Lemma 2.20. By Lemma 2.19,
Ay = x(Ro(k) — Ro(1))x(1 —¢(k™'D)) € k=204,

Note that for s > 1/2,
Y= OH;(Rd)*)HZ*I/z(BSZ)(kl/Q); (2.53)

this bound follows from repeating the proof of the trace estimate in [39, Lemma 3.35] but working
in semiclassically rescaled spaces.

Let By = vAy*, Cy = yARL*y*, C}, := yLAkv*. Then, using (2.53) and the fact that
L, L* = OHZ*)H;—l(k), we have that By = OLzﬁHé(lfl) and Ck, Cp, = Oz, 51 (1).

Recalling the notation for Sy (2.13), Dy, and Dj, (2.18), and the mapping properties recapped
in §2.4.1, we have

YRy (1)x~y* : L*(09Q) — H'(09)

when 02 is Lipschitz, and
1 + * % 2 1
:t§I+’y Ro(1)xL*~* : L*(092) — H(99Q)
1
Tyl +yELRy(1)xy* : L2(09) — H' (09)

when 9Q is C%<. )
Now, note that for I a precompact smooth hypersurface, and i € C(R),

1 s<—1/2
Hw(“filDD'Y%||L2(f)%Hs(Rd) + ||7f1/}(|k71DD||H—s(]Rd)_>m(f) < O (log k)1/2 s=-1/2
EGH1/2) s> 12,

Thus, since 9 (|k~*D|) : S'(RY) — C*(R%) and in particular, y(|k~1D|) : &'(R?) — HI(T),

1 s < —1/2
||w(|k_1D‘)’y*HLZ(F)%HS(]Rd) + H’yf‘w(‘k_IDD||H—5(Rd)_>H7571/2(p) <C (IOg k)1/2 §= _1/2
EGH1/2) s> —1)2.

(2.54)

Furthermore, notice that by Lemma 2.18, if ¢y € C2°(R) has ¢y = 1 on supp ¢, then
XRo()x¢([k™'D]) = ¢1 (|k "' D)xRo(1)xy (| D) + Oy (k=)

In particular, using this estimate together with (2.54) and that yRo(1)x : H*(RY) — H*+2(R4),

OL2(F)—>F(F) ((IOg k) 1/2)

Or2(ry—r2m)(1),

OLZ(F)aﬁ(F) (k)
Or2(ry—r2(r)(logk),

YERo(L)x(Jk~ D[)y* = {
YERo(D)xp(|k™ D) L*y* = {
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_ * @ 2 HT (k)
YELRo()x(|k~ ' D))y* = § _F 0=
OLQ(F)%LQ(F) (log k),

Hence,
YRo(k)x(1 = ¢ ([k~* D))y = yRo(1)x (1 — ¥ (|k ™" D))y + Bx = Opa_,zr((log k)'/?).
Furthermore, since Ro(k)x(1 — ¥ (|k~'D])) € k=20 ~2(R%), and we have (2.53),
YRo(F)x(1 = ¢(|k™ ' D))v*" = Oy 2 (k7). (2.55)

Next, observe that

F5 7 Bo(k)x(1— (kD)L = F5 +7* Ro(x(1 — (k" D))L*" + O

_ JOpe g (h) (2.56)
Or2p2 (log k)a

ﬂ% + 7 LRo(k)x(1 — (k™' D))" = ﬂ% + 7 LRo()x(1 = (k=" DI)7* + Cy

_ OLQAF(IC)
B {OL2_>L2 (log k). (2:57)

Since 012 is piecewise smooth, 92 = vazl T';. Applying (2.55)-(2.57) with T' = T';, summing over
i, and then using the result (2.4) we obtain (2.50)- (2.52) |

Proof of Parts (a) and (b) of Theorem 2.10.  This follows from combining the low-frequency
estimates (2.35)-(2.37) in Lemma 2.17 with the high-frequency estimates (2.50)-(2.52) in Lemma
2.20, recalling the decompositions (2.13) and (2.18). |
2.5 Proof of Part (c) of Theorem 2.10

Proof of Part (c¢) of Theorem 2.10. Observe that [24, Theorems 4.29, 4.32] imply that for
Y € CX(R) with v =1 on [-2, 2],

V(KT D)Sk = Opa ey (k72°), (k™' D) Dy = Opa g (1).

Then [24, Lemma 4.25] shows that (1 —(|[k=1D’|))S, € k=1 ¥~1(9) and (1 — ¢(|k~1D'|)) Dy, €
k=10 ~1(09Q) and hence

=9k D')Sk = Opayz (k71), (1= (lk™'D'N) Dk = Oy (k7).

An identical analysis shows that
;c = OL2—>H,£(1>'

2.6 Proof of Corollary 1.9

This follows in exactly same way as [29, Proof of Corollary 1.2, page 193]. The two ideas are that
(i) the relationships

/Foéskwds:/Fwsmds, and /Fquk«pds:/er;o:ds,

for ¢, € L?(09) (see, e.g., [7, Equation 2.37]), and the duality of H!(92) and H~1(9Q) (see, e.g.,
[39, Page 98]) allow us to convert bounds on S, Dy, and D}, as mappings from L?(9Q) — H'(99)
into bounds on these operators as mappings from H~(0Q) — L?(95); and

(ii) interpolation then allows us to obtain bounds from H*~/2(9Q) — H*+1/2(9%) for |s| < 1/2.
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Remark 2.22 (Using the triangle inequality on ||D; —inSk| r200)—»H1(00)) As  explained
in §1.2, the motivation for proving the L?(0Q) — H'(0Q) bounds on Sy, Dy, and D), is so that
they can be used to estimate (in a k-explicit way) the smoothing power of D), —inSy, in the analysis
of the Galerkin method via the classic compact-perturbation argument (see [25, Proof of Theorem
1.10]). We now show that we do not lose anything, from the point of view of k-dependence, by using
the triangle inequality || D), — inSk| 12 00)»m100) < |Dkll200)— 1 (00) + [1ll[SkllL2(00)— H1 (90) -
As a consequence, therefore, the bounds on ||D;, — inSk||r200)—m1 (a0) obtained from using the
bounds on || Dkl 12(00)—m1(00) and ||Skl|L200)— 1 (00) in Theorem 1.5 are sharp.

First, recall that Dj, and Sy have wavefront set relation given by the billiard ball relation (see
for example [24, Chapter 4]). Let B*0Q and S*0Q denote respectively the unit coball and cosphere
bundles in 0. That is,

B*OQ = {(2,8) € T"00 : [§lg) <1}, 5700 :={(2,£) € T"0Q: [{|y(a) = 1}-

Denote the relation by Cg C B*0Q x B*0N i.e.

Cp = {(x,&,y,m) : (x,6) = Bly,n)}

where 3 is the billiard ball map (see Figure 1). To see that the optimal bound in terms of powers of
k for ||D}, — Skl L2(a0)—~ w1 (50) is equal to that for | Dllrz(a0)—m1a0) + [0llSkllL2(00)— 11 (69).
observe that the largest norm for Sy corresponds microlocally to points (¢1,q2) € CgN(S*ONx.S*9N)
(i.e. “glancing” to “glancing”). On the other hand, these points are damped (relative to the worst
bounds) for Dj,. In particular, microlocally near such points, one expects that

CkY2, 99 flat
1D Sas i1 0y < Ok ISk el o) 2 {Ck1/3 00 curved
where || fg, || L2(90) = 1 and fq, is microlocalized near qs.
The norm for Dj, is mazimized microlocally near (p1, p2) € CgN(S* 0N x B*0Q) (i.e. “transver-
sal” to “glancing”), but near these points, the norm of Sy is damped relative to its worst bound.
In particular, microlocally near (p1,p2), one expects

CkS/*, 00 flat CEV*, 09 flat
/ b p) ? p)
||Dkfp2||H1(8§2) z {Ck7/6, o0 curved, ||Sk‘fp2”Hl(8Q) < C]Cl/G’ oN cur’ued7

where || fp,ll22(00) = 1 and fp, is microlocalized near py. Therefore, even if |n| is chosen so that
| DLl 22 00)— 1 (09) ~ |11l1Skll L2 (60)— 1 (99> this analysis shows that there cannot be cancellation
since the worst norms occur at different points of phase space.

3 Sharpness of the bounds in Theorem 1.5

We now prove that the powers of & in the ||Sk||22(a0)— m (90) bounds in Theorem 2.10 are optimal.
The analysis in [31, §A.3] proves that the powers of & in the || Dx||12(90)— £2(90) bounds are optimal,
but can be adapted in a similar way to below to prove the sharpness of the || D12 90)—H1 (00)
bounds.

In this section we write z € R? as x = (2/,14) for 2/ € R and 2’ = (z1,2”) (in the case
d = 2, the 2" variable is superfluous).

Lemma 3.1 (Lower bound on [[Sk||12(50)—H1(90) When 00 contains a line segment) If
O contains the set

{(21,0) : |z1] < &}

for some § > 0 and is C? in a neighborhood thereof (i.e. O contains a line segment), then there
exists ko > 0 and C > 0 (independent of k), such that, for all k > ko,

ISkl 200y L2800y = CK 2 and  1Skll 290y i (o) = CkY2.
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d
L@k

Figure 1: A recap of the billiard ball map. Let ¢ = (z,&) € B*9Q (the unit ball in the cotangent
bundle of 0€2). The solid black arrow on the left denotes the covector £ € BX0), with the dashed
arrow denoting the unique inward-pointing unit vector whose tangential component is &. The
dashed arrow on the right is the continuation of the dashed arrow on the left, and the solid black
arrow on the right is £(8(q)) € By _(5(,))0%2- The center of the left circle is = and that of the right is
7(B8(q)). If this process is repeated, then the dashed arrow on the right is reflected in the tangent
plane at 7, (8(q)): the standard “angle of incidence equals angle of reflection” rule.

Lemma 3.1 shows that the bound (1.4), when 92 is piecewise smooth, is sharp up to a factor
of logk.

Lemma 3.2 (General lower bound on ||Sk||12(00)—H100)) If 02 is C? in a neighborhood of
a point then there exists ko > 0 and C > 0 (independent of k), such that, for all k > ko,

ISkl 200y 1200y = CK > and 1Skl 1290 1190y = CkY>.

Lemma 3.2 shows that the bound (1.5), when 9 is piecewise curved, is sharp up to a factor
of log k and that the bound (1.6), when 9 is smooth and curved, is sharp.

Remark 3.3 The lower bound ||Sk| . (r)— gros1 () = Ck'/? whenT is a flat screen (i.e. a bounded

and relatively open subset of {x € R? : x4 = 0}) and s € R is proved in [8, Remark 4.2] (recall that
H*(T) is defined in Definition 2.5).

Proof of Lemma 3.1. By assumption I' C 0f), where
= {(xl,x”ﬁ(x')) 2| < 5}
for some ~y(z') with vy(z1,0) = 0 for |z1]| < J (since the line segment {(z1,0) : |x1| <} C T).
By the definition of the operator norm, it is sufficient to prove that there exists u; € L2(9)
with suppug C T, kg > 0, and C > 0 (independent of k), such that, for all k > ko,
Hskuk||Lz(F) > Cki_l/QHU,”Lz(F) and ||8115kuk||L2(p) > Ck‘l/QH’uHLz(F). (3.1)

We begin by observing that the definition of ®(z,y) (1.1) and the asymptotics of Hankel functions
for large argument and fixed order (see, e.g., [46, §10.17]) imply that

Dy (z,y) = Cgkd—2eiklo—vl ((/m; —y[)"D2 L O (k|2 — y|)<d+1>/2>, (3.2)

(V,0,) 4, = Oyt~ S Gl (1 = ) 4072 1 OGhfe )42 (33)
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Let x € C°(R) with suppy C [—2,2], x(0) =1 on [—1, 1] and define

Xeio (') = x (7R @) x (7R [2"]), (34)
In what follows, we suppress the dependence of w on k for convenience. Let u(z/,v(z')) =
eikxlxe’o’l/z(x’). The definition of x implies that
supp u = {(m’,’y(x’)) | < 26, |27 < 2ek_1/2},
and thus suppu C I for e sufficiently small and & sufficiently large (say € < (2v/2)7'§ and k > 1);
for the rest of the proof we assume that € and k are such that this is the case. Observe also that
[ull 2y ~ Cek™ (4274, (3.5)

Let
U:= {(x',’y(x’)) i Me < xy <2Me, |2"| < k™2, M> 1};

the motivation for this choice comes from the analysis in Remark 2.22 below. Indeed, we know
that Sy is largest microlocally near points that are glancing in both the incoming and outgoing
variables. Since u concentrates microlocally at x = 0, & = (1,0) up to scale k~1/2, the billiard
trajectory emanating from this point is {¢(1,0) : ¢ > 0}. This ray is always glancing since T is flat.
Therefore, we choose U to contain this ray up to scale k—1/2.

Then for x € U, y € suppu,

@',y (@) = (s 7P = (21 = 91)* + 2" =y + (@) =),
Then, observe that by Taylor’s formula
(@) =(y) = y(@1,0) = (Y1, 0)+ury (21, 0) (2" =y )+y" (Dury (w1, 0)=Dury (y1,0))+O (|2 *+1y"[?).
Since y(x1,0) = 0 for |z1] < 4,
(@) =212 = O« —y"[*) + O(ja" | + |y ).
In particular,
(@, 2(@) = (AW D] = (@1 = y2) + O ([l = "2+ 12"+ [y 2o = 3] )
=x1—y1 +O(k "M e), (3.6)
= <1+0(M—1) +(9(1<;—1M—2)>. (3.7)

We have from the Hankel-function asymptotics (3.2) and the definition of u that, for x € U,

Spu(z) = Cgk?=2 /

oiklz—yl+iky: (k(dl)/2|;z: _ yr(dq)/z
r

+0 ((k\m — y|)_(d+1)/2) )Xe,O,l.Q(y/)ds(y)a

and then using the asymptotics (3.6) in the exponent of the integrand and the asymptotics (3.7)
in the rest of the integrand, we have, for z € U,

eik.rl

-1
k(d—l)/zx1|(d—1)/z/F(H‘O(M )

(1 +OM™) + OC,M(k_l)) Xe,0,1/2(y)ds(y).

Spu(x) = Cgk?=2

Therefore, with M large enough, € small enough, and then kg large enough, the contribution from
the integral over I' is determined by the cutoff x. g,1/2, yielding E=(@=2)/2 and thus

1

/ (d—2)/2
|Sru(z’)| > Ck k(d71)/2|xl|(d71)/2’

7 €U, k> k. (3.8)
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In the step of taking e sufficiently small, we can also take € small enough to ensure that U C I' for
all k > 1. Using (3.8), along with the fact that the measure of U ~ k~(¢=2/2 we have that
||Sku||L2(U) > Ok~ d=2)/4, (3.9)

Since we have ensured that U C T, (3.9) and (3.5) imply that the first bound in (3.1) holds. It
easy to see that if we repeat the argument above but with (3.3) instead of (3.2), then we obtain
the second bound in (3.1). |

Proof of Lemma 3.2. Let xy € 9 be a point so that 9 is C? in a neighborhood of zy and let 2’
be coordinates near xg so that

P {@@) s o] <6} cor withy € €2, 4(0) = 4(0) =0.

Similar to the proof of Lemma 3.1, it is sufficient to prove that there exists ux € L?(0Q) with
suppur C I, kg > 0, and C > 0 (independent of k), such that
Skl 2y > Ok~ |lugll 2y and |0, Skull 2y > CkY2|ull 2y (3.10)

for all k£ > kg.

The idea in the curved case is the same as in the flat case: choose u concentrating as close as
possible to a glancing point and measure near the point given by the billiard map. More practically,
this amounts to ensuring that |z — y| looks like £ — y; modulo terms that are much smaller than
k~!. The fact that I" may be curved will force us to choose u differently and cause our estimates
to be worse than in the flat case (leading to the weaker — but still sharp — lower bound).

With Xe,q, 4, defined by (3.4), let u(a’,v(2')) := e*®1x, 1/32/3(2') where, as in the proof of
Lemma 3.1, we have 2’ = (z1,2”) and as in Lemma 3.1, suppu C T for € sufficiently small and &k
sufficiently large, and for the rest of the proof we assume that this is the case. Then

l[ul| g2y < Cek™1/6k=(4=2/3, (3.11)
Define
U= {(a:’,’y(x’)) c Mek Y3 < oy < 2Mek™3, |27 < k723, M > 1}.
Then, for y € suppu and x € U,
(@, 7(2")) = (' (@) = (21 = y1) + O((2"]* + [y *)?|21 = u|71) + O(|2" = y"]Plzr — u[7Y)
=21 —y1 + Ok M3) + O(ek™ " M™1) (3.12)

=11 (1 +O(M™) +O0(k™23M%e*) + O(k—2/3M—2)) : (3.13)
From (3.2) and the definition of u, we have for 2’ € U,

SkU(.’L’) — Cdk,d—Q / eik|:€—y|+iky1 (k:_(d_l)/2|x—y_(d_1)/2+(’) ((k‘\x _ y|)—(d+1)/2) )Xe,1/372/3(y/)d5(y)7
T

and then, using (3.12) in the exponent of the integrand and (3.13) in the rest, we have, for 2’ € U,
eikml

}(@d=D/2[z, (@D

/F (1 +O(M3e3) + O(M*Ie)) (1 +O(M™) + OG,M(WQ/SDXe71/372/3(y')d5(y)-

Spu(x) = Cgk?=2

Thus, fixing M large enough, then € small enough, then k¢ large enough, we have

1

/ (d—2)/3
|Sku(z)| = Ck k(d=1)/2| | (d=1)/2

kY3 2 e U, k> k. (3.14)

In the step of taking e sufficiently small, we can also take ¢ small enough so that when 2’ € U,
|2'| < §, and thus 2’ € T'. Using the lower bound (3.14), and the fact that the measure of U
~ k~1/3k=2(d=2)/3 e have that

[Skullp2ry > ||Skul| g2y > Ck=/371/6-(d=2/3)

and so using (3.11) we obtain the first bound in (3.10). Similar to before, if we repeat this argument
with (3.3) instead of (3.2), we find the second bound in (3.10). ]

24



Acknowledgements. JG thanks the US National Science Foundation for support under the
Mathematical Sciences Postdoctoral Research Fellowship DMS-1502661. EAS thanks the UK En-
gineering and Physical Sciences Research Council for support under Grant EP/R005591/1.

References

[1] A. Anand, Y. Boubendir, F. Ecevit, and F. Reitich. Analysis of multiple scattering iterations for high-frequency
scattering problems. II: The three-dimensional scalar case. Numerische Mathematik, 114(3):373-427, 2010.

[2] A. Asheim and D. Huybrechs. Extraction of uniformly accurate phase functions across smooth shadow bound-
aries in high frequency scattering problems. SIAM Journal on Applied Mathematics, 74(2):454-476, 2014.

[3] K. E. Atkinson. The Numerical Solution of Integral Equations of the Second Kind. Cambridge Monographs
on Applied and Computational Mathematics, 1997.

[4] D. Baskin, E. A. Spence, and J. Wunsch. Sharp high-frequency estimates for the Helmholtz equation and
applications to boundary integral equations. SIAM Journal on Mathematical Analysis, 48(1):229-267, 2016.

[5] N. Burq, P. Gérard, and N. Tzvetkov. Restrictions of the Laplace-Beltrami eigenfunctions to submanifolds.
Duke Math. J., 138(3):445-486, 2007.

[6] S. N. Chandler-Wilde, I. G. Graham, S. Langdon, and M. Lindner. Condition number estimates for combined
potential boundary integral operators in acoustic scattering. Journal of Integral Equations and Applications,
21(2):229-279, 2009.

[7] S. N. Chandler-Wilde, I. G. Graham, S. Langdon, and E. A. Spence. Numerical-asymptotic boundary integral
methods in high-frequency acoustic scattering. Acta Numerica, 21(1):89-305, 2012.

[8] S. N. Chandler-Wilde and D. P. Hewett. Wavenumber-explicit continuity and coercivity estimates in acoustic
scattering by planar screens. Integral Equations and Operator Theory, 82(3):423-449, 2015.

[9] S. N. Chandler-Wilde, D. P. Hewett, S. Langdon, and A. Twigger. A high frequency boundary element method
for scattering by a class of nonconvex obstacles. Numerische Mathematik, 129(4):647-689, 2015.

[10] S. N. Chandler-Wilde, D. P. Hewett, and A. Moiola. Sobolev spaces on non-Lipschitz subsets of R" with
application to boundary integral equations on fractal screens. Integral Equations Operator Theory, 87(2):179—
224, 2017.

[11] S. N. Chandler-Wilde and S. Langdon. A Galerkin boundary element method for high frequency scattering by
convex polygons. SIAM Journal on Numerical Analysis, 45(2):610-640, 2007.

[12] S. N. Chandler-Wilde and P. Monk. Wave-number-explicit bounds in time-harmonic scattering. SIAM Journal
on Mathematical Analysis, 39(5):1428-1455, 2008.

[13] S. N. Chandler-Wilde, E. A. Spence, A. Gibbs, and V. P. Smyshlyaev. High-frequency bounds for the Helmholtz
equation under parabolic trapping and applications in numerical analysis. arXiv preprint arXiv:1708.08415,
2017.

[14] H. Christianson, A. Hassell, and J. A. Toth. Exterior Mass Estimates and L?-Restriction Bounds for Neumann
Data Along Hypersurfaces. International Mathematics Research Notices, 6:1638-1665, 2015.

[15] D. Colton and R. Kress. Inverse Acoustic and Electromagnetic Scattering Theory. Springer, 1998.

[16] M. Costabel. Boundary integral operators on Lipschitz domains: elementary results. SIAM J. Math. Anal.,
19:613-626, 1988.

. Dominguez, I. G. Graham, and V. P. Smyshlyaev. ybrid numerical-asymptotic boundary integral metho

17] V. Domi I. G. Grah dV.P.S hl A hybrid ical ic bound i 1 hod
for high-frequency acoustic scattering. Numerische Mathematik, 106(3):471-510, 2007.

[18] S. Dyatlov and M. Zworski. Mathematical theory of scattering resonances. Book in progress, 2018. http:
//math.mit.edu/~dyatlov/res/.

[19] F. Ecevit. Frequency independent solvability of surface scattering problems. Turkish Journal of Mathematics,
42(2):407-417, 2018.

[20] F. Ecevit and H. H. Eruslu. A Galerkin BEM for high-frequency scattering problems based on frequency-
dependent changes of variables. IMA Journal on Numerical Analysis, to appear, 2018.

[21] F. Ecevit and H. C. Ozen. Frequency-adapted galerkin boundary element methods for convex scattering
problems. Numerische Mathematik, 135(1):27-71, 2017.

[22] F. Ecevit and F. Reitich. Analysis of multiple scattering iterations for high-frequency scattering problems. Part
I: the two-dimensional case. Numerische Mathematik, 114:271-354, 2009.

[23] E. B. Fabes, M. Jodeit, and N. M. Riviere. Potential techniques for boundary value problems on C! domains.
Acta Mathematica, 141(1):165-186, 1978.

[24] J. Galkowski. Distribution of resonances in scattering by thin barriers. arXiv preprint arXiv:1404.3709 (to
appear in Memoirs of the AMS), 2014.

[25] J. Galkowski, E. H. Miller, and E. A. Spence. Wavenumber-explicit analysis for the Helmholtz h-BEM: error
estimates and iteration counts for the Dirichlet problem. arXiv:1608.01035, 2017.

[26] J. Galkowski and H. F. Smith. Restriction bounds for the free resolvent and resonances in lossy scattering.

International Mathematics Research Notices, 16:7473-7509, 2015.

25


http://math.mit.edu/~dyatlov/res/
http://math.mit.edu/~dyatlov/res/

27]

28]
[29]
[30]
[31]
(32
[33]

(34]

[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[43]
[46]
[47]
48]

(49]

[50]
[51]
(52
(53
[54]
(53]
[56]

[57]

M. J. Gander, I. G. Graham, and E. A. Spence. Applying GMRES to the Helmholtz equation with shifted
Laplacian preconditioning: What is the largest shift for which wavenumber-independent convergence is guar-
anteed? Numerische Mathematik, 131(3):567-614, 2015.

M. Ganesh and S. Hawkins. A fully discrete Galerkin method for high frequency exterior acoustic scattering
in three dimensions. Journal of Computational Physics, 230:104—125, 2011.

I. G. Graham, M. Lohndorf, J. M. Melenk, and E. A. Spence. When is the error in the h-BEM for solving the
Helmholtz equation bounded independently of k? BIT Numer. Math., 55(1):171-214, 2015.

A. Greenleaf and A. Seeger. Fourier integral operators with fold singularities. J. Reine Angew. Math., 455:35—
56, 1994.

X. Han and M. Tacy. Sharp norm estimates of layer potentials and operators at high frequency. Journal of
Functional Analysis, 269(9):2890-2926, 2015. with an appendix by J. Galkowski.

A. Hassell and M. Tacy. Semiclassical LP estimates of quasimodes on curved hypersurfaces. J. Geom. Anal.,
22(1):74-89, 2012.

D. P. Hewett. Shadow boundary effects in hybrid numerical-asymptotic methods for high-frequency scattering.
European Journal of Applied Mathematics, 26(05):773-793, 2015.

D. P. Hewett, S. Langdon, and S. N. Chandler-Wilde. A frequency-independent boundary element method for
scattering by two-dimensional screens and apertures. IMA Journal of Numerical Analysis, 35(4):1698-1728,
2014.

D. P. Hewett, S. Langdon, and J. M. Melenk. A high frequency hp boundary element method for scattering
by convex polygons. SIAM Journal on Numerical Analysis, 51(1):629-653, 2013.

L. Hérmander. The analysis of linear partial differential operators III: pseudo-differential operators. Springer,
1985.

M. Ikawa. Decay of solutions of the wave equation in the exterior of several convex bodies. Ann. Inst. Fourier,
38(2):113-146, 1988.

A. Kirsch. Surface gradients and continuity properties for some integral operators in classical scattering theory.
Mathematical Methods in the Applied Sciences, 11(6):789-804, 1989.

W. C. H. McLean. Strongly elliptic systems and boundary integral equations. Cambridge University Press,
2000.

R. B. Melrose and J. Sjostrand. Singularities of boundary value problems. II. Comm. Pure Appl. Math.,
35(2):129-168, 1982.

R. B. Melrose and M. E. Taylor. Near peak scattering and the corrected Kirchhoff approximation for a convex
obstacle. Advances in Mathematics, 55(3):242 — 315, 1985.

Y. Meyer and R. Coifman. Wawvelets: Calderon-Zygmund and multilinear operators. Cambridge University
Press, 2000.

M. Mitrea and M. Taylor. Boundary layer methods for Lipschitz domains in Riemannian manifolds. J. Funct.
Anal., 163(2):181-251, 1999.

A. Moiola and E. A. Spence. Is the Helmholtz equation really sign-indefinite? SIAM Review, 56(2):274-312,
2014.

C. S. Morawetz. Decay for solutions of the exterior problem for the wave equation. Communications on Pure
and Applied Mathematics, 28(2):229-264, 1975.

NIST. Digital Library of Mathematical Functions. http://dlmf.nist.gov/, 2018.

S. A. Sauter and C. Schwab. Boundary Element Methods. Springer-Verlag, Berlin, 2011.

E. A. Spence. Wavenumber-explicit bounds in time-harmonic acoustic scattering. SIAM J. Math. Anal.,
46(4):2987-3024, 2014.

E. A. Spence, S. N. Chandler-Wilde, I. G. Graham, and V. P. Smyshlyaev. A new frequency-uniform coer-
cive boundary integral equation for acoustic scattering. Communications on Pure and Applied Mathematics,
64(10):1384-1415, 2011.

E. A. Spence, I. V Kamotski, and V. P Smyshlyaev. Coercivity of combined boundary integral equations in
high-frequency scattering. Communications on Pure and Applied Mathematics, 68(9):1587-1639, 2015.

O. Steinbach. Numerical Approzimation Methods for Elliptic Boundary Value Problems: Finite and Boundary
Elements. Springer, New York, 2008.

M. Tacy. Semiclassical LP estimates of quasimodes on submanifolds. Comm. Partial Differential Equations,
35(8):1538-1562, 2010.

M Tacy. Semiclassical L? estimates for restrictions of the quantisation of normal velocity to interior hypersur-
faces. arXiv preprint, arziv : 1403.6575, 2014.

D. Tataru. On the regularity of boundary traces for the wave equation. Ann. Scuola Norm. Sup. Pisa Cl. Sci.
(4), 26(1):185-206, 1998.

B. R. Vainberg. On the short wave asymptotic behaviour of solutions of stationary problems and the asymptotic
behaviour as t — oo of solutions of non-stationary problems. Russian Mathematical Surveys, 30(2):1-58, 1975.
G. Verchota. Layer potentials and regularity for the Dirichlet problem for Laplace’s equation in Lipschitz
domains. Journal of Functional Analysis, 59(3):572—-611, 1984.

M. Zworski. Semiclassical analysis, volume 138 of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, 2012.

26


http://dlmf.nist.gov/

	Introduction
	Statement of the main results
	Motivation for proving Theorem 1.5
	Discussion of the results of Theorem 1.5 in the context of using semiclassical analysis in the numerical analysis of the Helmholtz equation.
	Outline of the paper

	Proof of Theorem 1.5 and Corollary 1.9
	Semiclassical Preliminaries
	Symbols and quantization
	Action on semiclassical Sobolev spaces
	Ellipticity
	Pseudodifferential operators on manifolds

	Function spaces on piecewise smooth hypersurfaces
	Recap of restriction estimates for quasimodes 
	Proof of Parts (a) and (b) of Theorem 1.5
	Sk, Dk, and D'k written in terms of the free resolvent R0(k)
	Outline of the proof of Parts (a) and (b) of Theorem 2.10
	Proof of Parts (a) and (b) of Theorem 2.10

	Proof of Part (c) of Theorem 2.10
	Proof of Corollary 1.9

	Sharpness of the bounds in Theorem 1.5

