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ABSTRACT. Let M be a smooth, compact manifold of dimension d without boundary. We in-
troduce the concept of predominance for Riemannian metrics on M, a notion analogous to full
Lebesgue measure which, in particular, implies density. We show that there is 2 > 1 such that,
for a predominant C¥ metric, the number, ¢(T, g), of closed geodesics of length < T satisfies
log¢(T,g) = O(TQ).

In addition, for g a Riemannian metric on M, let 0 = A}(g) < M(g9) < M3(g)... be the

eigenvalues of —A,. The Weyl law states that there is ¢4 > 0 such that
#{7: Nj(g) <A} = cavoly (M)A + E(), g)
with E(\, g) = O(Adil) as A = oo. We show that for v > 0 large enough there is Q > 1 such
that for a predominant C¥ metric
E(X,g) =0\ /(log )"/

After an application of recent results of the authors in the case of the Weyl law [CG20],
these estimates follow from a study of the non-degeneracy properties of nearly closed orbits for
predominant sets of metrics.

1. INTRODUCTION

We study properties of the geodesic flow and remainders in the Weyl law for ‘typical’ metrics on
a compact manifold without boundary. Since the space of Riemannian metrics, ¢, on a manifold
cannot be endowed with a non-trivial, translation invariant Borel measure, we introduce an analog
of full Lebesgue measure in infinite dimensions called predominance. We then study properties of
the geodesic flow and remainders in the Weyl law for predominant sets of metrics.

The notion of predominance has three important properties: 1) any predominant set is dense, 2)
a finite intersection of predominant sets is predominant, and 3) in finite dimensions, a predominant
set has full Lebesgue measure. Heuristically, a set G C ¥ is predominant if there is a family of
submanifolds endowed with finite Borel measures {(I'y, 114) }gew such that g € I'y, p, assigns a
positive measure to any neighborhood of g, the map g — I'y is C!,and G NIy has full uy measure
for every g € 4. For the careful definition of this concept, see Definition and Remark

Remainders in the Weyl law. Let v > 0 and M be a compact C¥ manifold without boundary,

of dimension d. Let ¥ denote the space of C¥ Riemannian metrics on M with the topology

induced from the C¥ norm on symmetric tensors. For g € ¢, let —A, denote the (positive)

Laplace-Beltrami operator with eigenvalues 0 = A (g) < A3(g) < M(g) < .... Then, for A > 0
1
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define the eigenvalue counting function

N(A,g) =#{j : Aj(g) < A}
Our first theorem shows that the Weyl law has a logarithmic improvement for a predominant set

of metrics. In what follows, B; denotes the ball of radius 1 in R?, vol , (B1) denotes its volume,
and voly (M) denotes the volume of M as measured by the metric g.

Theorem 1.1. Let d > 2. There is vy > 0 and for all v > 0 there is , > 0 such that the
following holds. If v > vg, M is a compact C¥-manifold of dimension d without boundary, and
Q> Q,, then there is a predominant set G, C 4" (see Deﬁm’tion such that for every g € G|,

N(Xg) = (2m) @ voly(M) vol_, (B)A? + Oy (A*"1 /(log \)®), A — 0.

In particular, G, is dense in G".

The constant €, in Theorem [1.1] is explicit, and we can take
Q, :=1+1ogy(2(d — 1)(2d + 1)(max(v,6) + 3d — 1)) — logy(2d — 1). (1.1)

Remark 1.1. The authors wish to stress that, although our original motivation was to study
typical properties of remainders in the Weyl law, the analysis in this article is dynamical in nature
and studies predominant properties of the geodesic flow. Once these dynamical properties are
established in Theorem below, a direct application of the authors’ work [CG20), Theorem 2]
produces the Weyl remainder estimate of Theorem as a corollary (See Section .

Defining E(), g) := N()\,g) — (27) "¢ voly (M) vol_, (B1)\Y, the Weyl law states that, for suffi-
ciently smooth metrics, E(), g) = O,(A?"1). This estimate is sharp on the round sphere and has
a long history dating back to the work of Weyl [Wey12], who proved (in a slightly different con-
text) that E(), g) = o(A?). The estimate E(}, g) = O4(A\4"!) was proved by Levitan [Lev52] and
Avakumovié¢ [Avab6] after which Hormander [Hor68] provided a general framework for studying
such remainders, reproving this estimate and making far reaching generalizations.

Using this framework, Bérard [Bér77] showed that E(), g) = Oy(A%~!/log A) on both surfaces
without conjugate points and non-positively curved manifolds of any dimension. Duistermaat—
Guillemin [DG75] showed that E(\, g) = o(A%"!) provided that the measure of the set of closed
geodesics in S*M is 0. Fifteen years later, Volovoy [Vol90a] provided estimates under dynamical
conditions guaranteeing that E(), g) = O4(A\4"!/log\) and verified these conditions for certain
specific examples in [Vol90b]. The recent work of Bonthenneau [Bonl7] improved a geometric
estimate in Bérard’s work, thus generalizing his result to manifolds without conjugate points of
any dimension. Finally, in [CG20], the authors provided estimates on E(), g) under assumptions
on the volume of nearly closed geodesics which improve the results of [DG75, [Bér77, [Vol90a).
For manifolds with boundary, the analog of [DG75] was proved by Ivrii [Ivr80]. (For a more
comprehensive history of the Weyl law, see [Ivrl6].)

Manifolds where there are known polynomial improvements of the form E(}, g) = Ogy(A4~17%)
are very rare. For instance, such estimates hold on the torus [Hux03, BW17], products of
spheres [IW21], and other special integrable systems [Vol90b|. Nevertheless, it has long been ex-
pected that, for a ‘typical’ metric g, there exists ¢ > 0 such that E(), g) = Oy(A4"17¢). However,
until now, the best available result is that E()\, g) = o(A?~!) for a Baire-generic set of g. This can
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be recovered from the work of Sogge—Zelditch [SZ02] or can be seen by combining the remainder
estimates in [DGT75] with the bumpy metric theorem of Anosov and Abraham [Ano82l [Abr70].

Theorem improves on these bounds in two important ways. First, Baire genericity is
replaced by the concept of predominance which is an analog of full Lebesgue measure in infinite
dimensions. Just as in finite dimensions a full Lebesgue measure set is much more ‘typical’ than a
Baire generic one (indeed, a Baire generic set may have measure 0), a predominant set in infinite
dimensions is much more ‘typical’ than a Baire generic set. Second, although the change from
o(A41) to O(A41/(log \)'/%}) may seem small, this improvement requires the development of new
ideas and requires subtle dynamical estimates. In addition, it is the only quantitative remainder
estimate available for typical metrics.

Remark 1.2. We have not attempted to make the value of 1y from in Theorem explicit.
However, it is likely that, following the arguments in [CG20] carefully, vy can be taken to be
vy = Cd for some C' > 0.

Remark 1.3. Although we have kept careful track of the constant €2, in , we do not expect
it to be optimal. Indeed, we conjecture that €2, could be replaced by 1 + ¢ for any ¢ > 0. This
would also allow us to obtain the same estimate for predominant sets in ¢°°. At the moment,
when working in ¥°°, we obtain weaker remainder estimates for predominant sets of metrics (see

Remark .

Growth of the number of periodic geodesics. We next discuss the growth of the number
of periodic geodesics of a given length. We say that a geodesic v C M is a primitive periodic
geodesic with length 7' > 0, if there is a diffeomorphism h : R/T7Z — =, such that |h[y ) = 1,

(h(0), 2(0)) = (R(T), A(T)),  (h(0),h(0)) # (h(t), A(t)) for t € (0,T).
That is, v is a periodic geodesic and 7' is its minimal period. For T' > 0 and ¢ a Riemannian
metric on M let

¢(T,g) := #{v : v is a primitive periodic geodesic for g with length < T}.
We obtain the following theorem on the growth of ¢(7) g).

Theorem 1.2. Let v > 5, M be a C¥- compact manifold of dimension d without boundary, and
Q, asin (L.1). Then, for each 2 > Q,, there is a predominant set G, C 4" such that for g € G,
there exists C' > 0 such that for all T > 0

¢(T,g) <exp (C’TQ).

In particular, G, is dense in G".

Bounds on ¢(7), g) have a long history in the literature. For Baire generic metrics, a complete
picture of the non-quantitative behavior of ¢(T, g) is available. The bumpy metric theorem [Ano82,
Abr70] can be used to show that for Baire generic smooth metrics, g, and all 7' > 0, ¢(T,g) < o0
(see also [KT72]). Furthermore, Hingston [Hin84] showed that limr_,~ ¢(7', g) = oo for a Baire-
generic set of metrics. Petkov and Stojanov have studied similar properties of closed billiards in
generic domains in R [Sto87, [PS87al, [PS87h).
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As with remainders in the Weyl law, quantitative estimates on ¢(7', g) are much more subtle.
Only recently, Contreras [Conl0] showed that for g in an open dense subset of ¥ there is ¢ > 0
such that

loge(T,g) > T —c. (1.2)

One can check that this lower bound is optimal for any dense set of metrics (so certainly for any
reasonable notion of a typical metric, including predominance). Indeed, in the case of manifolds
with negative curvature, the works of Margulis [Mar69] and Bowen [Bow72] show that, for such
a metric g, there is o > 0 such that

1
lim —1 T,9)=a.
Jim - loge(T' g) = a
In particular, this shows that there are open sets of metrics such that ¢(7',g) grows exactly
exponentially and hence that [Conl0] gives a complete picture for lower bounds on ¢(7T,g) for
typical C? metrics. (See also [Kni98] for the case of compact rank 1 manifolds.)

On the other hand, as far as the authors are aware, Theorem [1.2] is the first quantitative
upper bound on ¢(7,g) for ‘typical’ metrics. One reason that lower bounds on ¢(7),g) are well
understood, but upper bounds are not is that one can find a structure, called a hyperbolic basic
set (see [Conl0]), which is stable under perturbation and guarantees the lower bound .
Moreover, the existence of such a set can be guaranteed by studying the Poincaré maps associated
to genuinely periodic orbits.

Unfortunately, no such structure for upper bounds exists and one must understand not only
Poincaré maps of periodic orbits but also those of near periodic orbits. Indeed, although there is
no rigorous proof at present, there is strong evidence that there is no quantitative upper bound
on ¢(7, g) which is Baire generic. For instance, in the case of diffeomorphims, Kaloshin [Kal00]
showed that there is no growth rate for the number of periodic points that is Baire generic. (See
Section [2| for an additional heuristic discussion for lack of Baire genericity.)

Non-degeneracy of nearly periodic orbits. Our main theorem, which implies both Theo-
rems and controls how close two periodic orbits may be for a predominant set of metrics
and can be used, for instance, to control the volume of nearly periodic orbits (see Section .
The result will be stated in terms of how close dy{ may be to the identity for this set of metrics,
where ¢f is the geodesic flow for the metric g at time ¢ acting on S*M.

To understand how this is connected to the distance between periodic orbits, let H, Kl denote
|£\g) : S*M — S*M. Observe
that if p is a t periodic point (i.e. ¢f(p) = p for some t > 0), and v € TpS*M/Rng
the kernel of I — dy{, then any perturbation of the initial point p in the direction of v will not be

periodic with period near ¢. (See Figure [2| for a schematic of such an orbit.) In particular, if the
map

the Hamiltonian vector field associated to |¢|y, and ¢f := exp(tH

(p) is not in

I —dy?: TPS*M/RH‘% (p) — TPS*M/RHMQ (p)

is invertible, then there are no vectors in this kernel and hence every small perturbation of p other
than those along H, €y (p) will produce a point which is not periodic with period near ¢.
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Motivated by this, we say that a ¢ periodic point, p, is non-degenerate if

I —dg{ : T,S"M/RH,, (p) — T,S"M/RH,, (p)

is invertible. The famous bumpy metric theorem [Abr70l [Ano82] states that, for a Baire generic
set of smooth metrics, every periodic trajectory is non-degenerate. In particular, this implies the
finiteness of the set of closed geodesics of any bounded length.

Since we are interested in a quantitative version of non-degeneracy for both periodic geodesics
and nearly periodic geodesics, we need to introduce a few concepts to make precise statements
about non-degeneracy.

Definition 1.4 (returning points). Let g € 4” and § > 0. For t € R and p € S*M we write
peZ(t,B,g) it dgl(p),p) <B.

In this case, we say that p is B-returning for g at time t.

We also recall that the geodesic flow is a contact flow on S*M and thus there is a natural smooth
decomposition of TIS*M preserved by the geodesic flow (see e.g. [Pat99]). In particular, {dx|pg« s
is a contact form for S*M with the geodesic flow as its Reeb flow. Thus, for all p € S*M,

T,8"M = 7 (p) ®RH  (p),
where J(p) := ker(§dz|r,5+0) and @ denotes the direct sum, and we have
dpi (A (p)) = H (¢{(p))-

Since we work with nearly periodic orbits, we need to identify the tangent spaces at p and ¢f(p)
when they are close. Let g € 9” and U C S*M x S*M. We say that WY = {W,, ,, : (p2,p1) € U}
is a family of transition maps for g on U if for each (p2, p1) € U the map W,, ,, is an invertible
linear transformation,

Wospr : Tpy S™M — T,,8™M, (p2,p1) = W, is Lipschitz
Woipo =1, Wp2,p1H|§\ (p1) = ng (p2), sz,plﬁ(pl) = I (p2).

Here, by asking that (p2, p1) — W,, ,, be Lipschitz, we mean that for any choice of coordinates
Wi« Wy — Vi € R?*41 pear p; the map

Wi x Wa 3 (:Cl7x2)r—>d7jlg| 1

(1.3)

oW

5 2y (1) © AT (@) =ey € GL(2d 1)

(z2)
is a Lipschitz family of matrices.

We say that a collection W = {WVi}N  is a family of transition maps for g if U; C S*M x S*M

is open,
N

{(p.p) : pesM} C Ui,
i=1
and, for each i, WYi is a family of transition maps for ¢ on U;. We say W is a fBo-family of
transitions maps if for each pair (p2, p1) with d(p2, p1) < Bo, there is i such that (p2, p1) € Us.

Remark 1.5. It will be convenient throughout the text to have a fixed reference metric on M.
For this, we choose some g, € 4" and whenever we refer to a norm | -], on T*M or T'M, it is the

one induced by g,. We will, in particular, use this metric to define C” " norms for v/ < v.
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We are now in a position to define non-degeneracy of a nearly periodic orbit.

Definition 1.6 (non-degenerate points). Let g € ¢¥, By > 0 and W = {WVil¥| be a S-
family of transition maps for g. Let 0 < 5 < By, t € R, p € Z(t,05,9), and a > 0. We write
p € Nt,a, (g, W)) if for every i € {1,... N} such that (¢f(p),p) € Ui,

\wa(p) (ngojé(p),p —dof)v| > a|llv|, veT,S*M.

Here, II, : T,S*M — T,S*M/RH ,(p) denotes the natural projection map and, by an abuse of
notation, |-| denotes the norm induced by the metric g ; fixed above in Remark In this case we
say p is a non-degenerate for (g, W) at time t. (See Figure [2| for an example of a non-degenerate
orbit.)

Remark 1.7. Although Deﬁnition depends on the choice of the metric g7, note that the norm
induced by any other g} is comparable to that induce by g;.

The main theorem of this article shows that there is a predominant set of metrics such that every
sufficiently returning geodesic is non-degenerate with the degree of non-degeneracy depending
explicitly on the length of the trajectory. As far as the authors are aware, this theorem is the first
quantitative estimate on non-degeneracy of orbits for typical metrics.

Theorem 1.3. Let v > 5, M be a compact C¥ manifold of dimension d without boundary, and
Q, as in (1.1). Then for every Q > Q,, there is a predominant set G, C 4" such that for all
g€ G, and every family of transition maps W for g there are C,c > 0 such that

Z(t,B(t),9) € A(t,B(1), (9 W))  fort>c
where B(t) := C~CE"=1 gng
(i (p).p) Z clt]  for [t| <c.

In particular, G, is dense in G".

Remark 1.8. The reason for the growth of Q, as v — oo in Theorems and comes
from the fact that we make perturbations to the metric at increasingly small scales as the length of
trajectories goes to infinity. Because of this, the size of these perturbations in C¥ grows as v — oo
and this in turn results in weaker non-degeneracy statements. Moreover, with f(¢) : [0,00) —
[0,00) growing faster than any polynomial in ¢, if one replaces B(t) by Ce®/® in Theorem
then one can work in C*°. That is, we obtain predominance in the ¢°° topology.

Remark 1.9. The notion of predominance (see Section [2)) involves using certain families of
perturbations to probe the space of metrics. In this article, the predominance in Theorem
involves probing with the families of perturbations described in Section [0] However, one may
wonder whether one can probe with other families of perturbations (e.g. conformal perturbations)
and still obtain Theorem for that family of probes. In fact, in Sections [7] and [§] we prove
Proposition 8.9 which gives a result analogous to Theorem [I.3]under the assumption that a family
of perturbations of metrics satisfies some abstract assumptions (see Definitions and . The
type of perturbations used to probe the space of metrics is then tied to the family of perturbations
satisfying our abstract assumptions. It is only in Section [J] that we construct such a family of
metric perturbations and it is likely that many other families of perturbations suffice. However,
we do not pursue this here.
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Outline of the paper. In Section [2| we define predominance and discuss the reasons for in-
troducing this notion: predominance is in some sense more ‘typical’ than Baire generic and our
results are unlikely to hold for a Baire generic set of metrics. Then, in Section [3] we use The-
orem to prove Theorems and Before starting the proof of Theorem we give a
detailed description of the ideas used in Section

To begin the proof of Theorem we study volumes of relevant sets of symplectic matrices
in Section [f] In Section [6] we review some basic estimates for returning points and introduce the
notion of a chain of symplectomorphisms associated to a flow, as well as that of a well-separated
set. The notion of a well-separated set replaces that of a Poincaré section when a global section
for the flow is not available. Although this requires some technical work, it does not substantially
change the proof of the main result and the reader may wish to first assume that there is a global
section and replace chains of symplectomorphisms by the standard Poincaré map for that section.

Section [7] defines sufficient assumptions on a family of metric perturbations to guarantee Theo-
rem Under these assumptions, we study the volume of perturbations that produce degenerate
periodic points of a given length. Section [8|then proves an analog of Theorem by implementing
a delicate induction argument.

Finally, in Sections [9 and we construct a family of metric perturbations which satisfies our
technical assumptions and we prove Theorem in Section

Appendix [A] contains some elementary control estimates from ODE theory used to construct
the perturbations of metrics in Section [9]

Index of Notation.

‘@(t767g) Def. u WP2:P1 " JV(t,Od(g,W)) Def
probing map Def. 2.2 | predominant (B, q) non-degenerate ([4.1))
M, (V,s) Def. 5.4 | %, (n,4,9) S (n,a,g) Def.
well-separated Def. 6.5 Pé”) lg] . TI(”) lg](p) Def. 6.9
N (n,B,9) Def. 6.14) | A7, (n,5,9) Def. [6.15/ | £ (7.1))
Good perturbationDef. 7.2 | Admissible pairs Def. [7.3 F?is’ég (8.8)
FRe% (B9 b BI®) | (8-19)
Bij B21) | aj, a0, Bije Bierse B22) | @ p.1)

9o @D AO’? AO‘ @D \Ilgg (0’), =i (07 gO) gO) @D
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2. PREDOMINANCE IN BANACH SPACES

The main goals of this article are to give upper bounds on the number of closed geodesics of
length T and upper bounds for remainders in the Weyl law for a predominant set of metrics on a
compact manifold M. Before proceeding to define our notion of predominance on Banach spaces
in Section we discuss several other available notions and motivate our choice of definition in
Section 2.1} Finally, in Section we explain why the notion of Baire genericity is not well-suited
for our purposes.

2.1. Existing notions of ‘full measure’. The main difficulty in defining a concept analogous
full measure in an infinite dimensional space, like the space of Riemannian metrics over a given
manifold, is that there are no non-trivial, translation invariant, Borel measures. Several possible
fixes for this problem have been introduced in the literature. We mention here the concepts of
prevalence [HSY92] which uses an underlying linear structure and metric prevalence [Kal97] which
does not require such a structure. These two notions have three important properties

(1) A prevalent set is dense.

(2) The intersection of prevalent sets is prevalent. (2.1)

(3) If G C R" is prevalent, then G has full Lebesgue measure.

Although quite flexible, as far as we are aware, the notion of metric prevalence has not proved
useful in studying quantitative statements such as the growth of the number of periodic orbits of
length T'. Because of this, we focus on the notion of prevalence from [HSY92] which has appeared
before in this type of application. In fact, for v > 1, [KHO07| proves that there is a prevalent set
G C CY(I; 1) of diffeomorphisms on the interval I = [0, 1], such that for all e > 0 and f € G there
is C' > 0 such that

#{rel: ' (z)=2}< Cefn'

Given a Banach space ¢, a Borel set G C ¢ is said to be prevalent if there is a Borel measure
1 and a compact set K C ¢ such that

0 < pu(K) < o0, G + g has full p measure for all g € 4.

Usually, when one shows that a set G is prevalent, it is convenient to construct a probe ¥ C 4
which carries the measure p. In other words, if G is prevalent, there are > C ¢4, a smooth map

F:9x¥%—9, F(g,0)=g+0c (2.2)
and a Borel measure, p,,, on ¥ such that for all g € ¥
ps(oc€3: F(g,0) € G°) =0. (2.3)

Because we will be working in an open subset of a Banach space (the space metrics inside the
space of symmetric 2-tensors) we would like a notion which does not rely on the fact that the space
is linear. To do this, we generalize the type of functions allowed in and slightly weaken .
We now define the notion of predominance on an open subset of a Banach space ¥.
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2.2. Predominant sets. In this section we introduce the notion of predominance. Let ¢ and
%' be open subsets of the Banach spaces (%, || ||,) and (%', ||| ,,) respectively,

9 C B, 9 Cc A, (2.4)

and such that 4 C ¢’ and 8 C %’ via a continuous embedding, with % dense in %’ and ¢ dense
in%9’'. Let v : 9 — %' be the natural inclusion map.

Remark 2.1. When & C £ is open, we will say that a subset K C & is bounded if it is bounded
as a subset of # and d, (K,00) > 0, where d, is the distance induced by || - || .

The space ¢ will be probed by perturbations indexed by a parameter o € X, for X, as
follows. Given £ € N and {N:}.~0 C NU {oo} let

Ne
%, =[] Brs(0,1). (2.5)
j=1
We endow this space with the sup-norm || - ||ge.

Definition 2.2 (probing maps). We say that a collection .# = {(F., N¢)}., with ¢ € (0,1), is
a family of 4'-probing maps for 4 if N. < dim 4, there is a collection of closed bounded sets
Y. CY with U9 =¥, 9., C ¥, for e; < ez, and such that F.:9. x X, — ¢ is a continuous
map with

Fe(9.0)=9, g€%, (2.6)
and the following hold. For all K C ¢ bounded,

lim sup sup |[|F(g,0) —gllz =0, (2.7)
e0t geK oeny

F.(g9,01) — Fz(g,02)| ..,
lim sup  sup IF=(g.01) — Felg. o2)ll gy _

e0" geK 01,0265, o1 — o2lle= (2.8)
o17£02

In addition, the map F. := 10 F. : 4. x . & %' is Lipschitz, and satisfies that for all g € ¥
the Frechet derivative, DgI:}, of F. in g exists and for all K C % bounded

=0, (2.9)

lim sup HDQFE|(970) — 1

B! — B!
e=0" geK,oex, -

Remark 2.3. We typically imagine that N. is non-decreasing as ¢ — 0T so that probing maps
become more dispersed as € — 0. In fact, in our applications, N. will often be identically equal
to co. However, when ¢ is finite dimensional it is reasonable to assume that N. < dim ¥ since,
otherwise, one would be putting a very diffuse measure on a finite dimensional space.

In addition, the spaces 4. allow us to define probes only in bounded subsets of ¢ provided
that, as ¢ — 07, these subsets exhaust ¥.

In our treatment, & and ¢’ will be the spaces of C¥ and C¥~! Riemannian metrics on a given
manifold, while % and %’ will be the spaces of C¥ and C*~! symmetric two-tensors. We need to
refer to ¢’ because our probing maps will typically not be Frechet differentiable as a map from
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FE(QO» EE)
Fs(glaEE) = FE(Q%EE)

FIGURE 1. An example of a probing family F. at a fixed ¢ and a thin set L. One
way to think of a probing map is that, to each point ¢ € ¢, we attach a probe
F.(g, E;fe ). These probes are asymptotically translates of one another in the limit
¢ — 0 and, moreover, are contained in a small ball around g. A set L is thin if its
intersection with each of these probes has vanishing measure in the limit ¢ — 0.

CY to C and instead, the Frechet derivative of the map will make sense as a map from C” to C¥~!
and will extend as in (2.9) to a map from C*~! to C¥~1.

We next discuss briefly the roles of each piece of the definition of a family of probing maps.
The assumption (2.6) is crucial to know that F. probes all of 4. and does not avoid any open
sets. To understa and , recall [Mil97] that one can construct an example of a foliation
of the unit square by analytic leaves {Wg}ge[[)’l], such that the map g — W is continuous (but
not differentiable), and there is a set E C [0,1]? with full measure such that #{W, N E} <
1. Thus, assumptions and , which imply that the map F. has reasonable regularity
properties (both as a function of g and ¢), are crucial in proving that item (3) in list holds
for predominant sets.

In what follows we work with the measure Mg ON 3. defined to be the product measure
m_.|B(o,1)
N I R >
m = ®5E,m, mi=—— 2"
E ' m,o(B(0,1))

where m_, denotes the Lebesgue measure on R®. Note that my_(2e) = 1.

Definition 2.4 (predominant sets). Let ¢ be an open subset of a Banach space #, and % :=
{(F., N¢)}e>0 be a family of ¢’ probing maps for ¢4. We say a set L C ¢ is Z-thin if for all
K C ¢ bounded there is a Borel subset Ly C ¢ such that L C Ly and for every g € K, and ¢ > 0,
there exists an my_-measurable set S, .C 3 such that

{oc €3, : F.(g9,0) € Lo} C Sy, lim sup my,  (Sgc)=0. (2.10)

e e—0+ geK Ne

We say G C ¢4 is F-predominant if 9\G is Z-thin. We say G C ¥ is respectively predominant
or thin if there exists ¢’ as above and a family of ¢’ probing maps for ¢ such that G is .Z-

predominant or .%#-thin respectively. Figure[l] shows a schematic of a family of probing maps and
a thin set.



PREDOMINANT WEYL IMPROVEMENTS AND BOUNDS ON CLOSED GEODESICS 11

Remark 2.5. We note that if a set G C ¢ is predominant the family of submanifolds endowed
with Borel measures, {(I'c g, fte,g) }gew, With I'c g := F.(g9, 3 ) and pe 4 := (F.(g,))«my_ satisfies

1>

that g € T 4 (by (2.6])), e 4 assigns a positive measure to any neighborhood of g (by (2.7)), the
map g — .4 is a C! family of Lipschitz submanifolds (by [2.8), [2.9)), and p.4(G°NT.y) < e
for every g € ¢ (by (2.10)). Indeed, by (2.9), we have that locally I'; ; is almost a translate of

FE?QO *

The direct analogy to (2.3|) would replace the condition (2.10) with

sup my_ (Sg,c)=0.
geK €

We are, however, not able to show this in our applications and, instead, relax the condition
to ([2.10]).

2.2.1. Verification of properties (2.1) for predominance. We now check that the notion of .%-
predominance satisfies the properties listed in (2.1). We first prove that predominant sets are
dense.

Lemma 2.6. Suppose .F is a family of &' probing maps for 4 and that G C 94 is F -predominant.
Then, G is dense in 9.

Proof. Let G be .#-predominant. Fix gy € ¢ and § > 0. We will prove that B, (go,d) N G # 0.
Let F := {(F:, Ne)}eso with FL 9. x X, =9, U.% =9, and 4., C 9., for e; < ea. By (2.7),
there is g9 > 0 such that for 0 < € < g, go € ¥ and

sup [|Fz(g0,0) — goll# < 0. (2.11)

UEENS

Let G¢ C Lo with Lo Borel and satisfying (2.10)). Then, since my_(X.) = 1, there is e1 > 0
such that {o € X : F.(go,0) € Lo} # 3¢ for 0 < & < min(ep,e1). In particular, there is o € 3¢
such that F.(go,0) € 4\ Lo C G. By (2.11]), this implies that B, (go,d) NG # 0. O

Next, we check that finite intersections of predominant sets are predominant.

Lemma 2.7. Suppose .F is a family of %' probing maps for 4 and that G; C ¥, j=1,2,...,J
are & -predominant. Then, ﬂ}']:1 Gj is F -predominant.

Proof. Let K C ¢ bounded, let {l@g}‘fz1 C 9 be a collection of Borel sets with G; C Ljp, and
fore >0and g € K let Sj,.C X, be my_-measurable sets satisfying (2.10]). Let Lo := szl Lo
and for each e > 0 and g € K set Sy := U}]:l Sjg.e- Then, for all g€ K and € > 0

J
{oeX, : F.g,0) € Lo} = U {oeX, : F(g,0) € Ljo} C Sye.
j=1

Finally, lim,_,o+ supge g Mg, (Sgya) < ijl lim, o+ Supge g M (Sj,gﬁ) = 0, as claimed. O
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We end this section by checking that in finite dimensions predominant sets have full measure.

Since we are working in finite dimensions, we assume that N. < oo and ¢ C R"™ for some
n < oo. We also take 4 = R™. Now, the topology induced on R" from %’ for any Banach space
%' is identical. Therefore, we may assume, without loss of generality, that %' = 2 = R".

Lemma 2.8. Let n < oo, Ny < oo, and suppose F= {(F.,N:)}e>0 is a family of R™ probing
maps for 4 = R"™ with sup,~oN: < No. If G C ¥ is ¥ -predominant, then G has full Lebesgue
measure.

Proof. We will show that if L is .#-thin, then L has zero Lebesgue measure. Let Ky C 4 = R"
be closed and bounded. Next, observe that by (2.7)), for £ > 0 small enough,
T, (Fo Y (Ko) C{g€%9 : d(g,Ko) <1} = K.

Since K C ¢ is bounded, we let Ly C ¢4 be a Borel set with L C Ly and Ly satisfying (2.10)) and
we take ¢ small enough such that K C %.. Note that F.!(Lo N Kp) is measurable for all € > 0.
Fubini’s theorem yields

/ 1F;1(L00K0)d(mmnxm>: ) = / my ({o: F.(g,0) € Lo N Ko})dm,.(g). (2.12)
gXENE K €

Ne

Next, by (2.9), DFe|(g,0) : T(g,0)(R™ x X)) — T,R™ is surjective for ¢ > 0 small enough, g € K,
and o € X.. Therefore, by the coarea formula,

1
/%er 1FE_1(LomKo)d(mRn><mzNE) = /Ko 1L00F5(§4><ZN5)</FEl(g) @dﬂg,a)dmkn (9), (2.13)

where H,. denotes the dim(3,_)-Hausdorff measure on F. !(g) and |JF.| := \/det DF.(DF.)*.
Next, we will prove that there is g > 0 such that for all 0 < ¢ < g9 and gg € Ky

T (FZ(g0)) = By (2.14)

Ne

Once we have ([2.14)), observe that
7‘[975(F5_1(g)) > ,Hg,s(WENS (Fa_l(g)) >c>0.

Hence, since |JF;| < C' < oo, we have for all g

1
——dHg . > 0. 2.15
/F;l(g) |JFE| %97 c> ( )

To see (2.14)), fix (go,0) € Ko x 3_, and define ¥, : R" — R" by

Vo(g1) i= g1 — (DgFel,, ,,) " (Fe(91 + 90,0) — g0).

We claim that there is €9 > 0 such that ¥ : B(0,1) — B(0,1) is a contraction for 0 < e < & ,
where 5(0, 1) is the closed unit ball. To prove the claim note that by (2.7)), (2.8) and (2.9) there
is €9 > 0 small enough such that for 0 < & < g¢, go € Ko, and g1 € B(0,1),

I(DgFl(gy.0)) " (Fel90,0) = 90)l < 35 I(DgFel iy o) (DgFel 10009 = PoFeliy o)l < 3-
(2.16)
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Now, for g1, g2 € B(0,1),

(Dl o) [Felg + 91,0) = Fulgo + 92,0) = DyFel ., (91— 92|

1
| PPy ) (PuFel s o = Dol )1 = a2)t]| < $lor =gl 217
Therefore, using and letting go = 0 in , we have that for g; € B(0,1)
19e(g0)]l = I(DgFel,, o))" (Dng\(go,a>91 = Fo(90 + g1,0) + Fx(go,0) — Fe(go, o) + go) | <1,
and so U_ : B(0,1) — B(0,1) for € < 9. Next, again by (2.16) and (2.17)), for g1, g2 € B(0,1)

1We(g1) — We(g2)ll = ||(D9F8|(g0,a))_1 (DgFE‘(gO,,) (91 — 92) — Fe(g1 + 9o, o) + Fe(g92 + 9o, 0')) I
< 3llgr = g2-

Hence, V. : B(0,1) — B(0,1) is a contraction. For each (go, o) € R" x 3 let g1 = g1(go, o) be
the fixed point of W.. Then, for each (go, o) € R" x X there is g1 with F.(g1 + go, ) = go as

claimed in ([2.14)).

Finally, by (2.8) there is C' > 0 with sup..osupy o)exxs. [/F:(9,0)] < C, (2.12), (2.13),
[E-10), 215) yield
1

0= lim 1. d(m,, xmg) >4 [ 1 dm,, = tm,,(LyN Kp).
o ngNs Fo Y (LonKo) ( R 2) = C/Ko LoﬁFE(%XENE) R c My ( 0 O)
Hence, m, (Lo N Ky) = 0 and, since Ky is an arbitrary closed bounded set, m,(Ly) = 0.

In particular, by the completeness of the Lebesgue measure, L is Lebesgue measurable with
My, (L) = 0 as claimed. O

2.3. Heuristic explanation for lack of Baire-genericity. A set is Baire generic if it contains
the intersection of countably many open dense sets. In order to explain why we do not pursue
this notion of genericity, we discuss one of the key features we require at periodic points for the
geodesic flow. Let I' C S*M be a Poincaré section through the point p and & : I' — T’ the
corresponding Poincaré map. For simplicity, we will assume that Z(p) = p. Theorem has
consequences for the eigenvalues of dZ?|, : T,I' = T,,I'. Indeed, we have that there is C' > 0 such
that for all n
n -1y _ n -1 Cnovteql
1(d2],)" =)~ || = I(d(Z")], = 1)~ < (Cn) :

2d—2

Therefore, the eigenvalues, {\;}7%," of d2?|, must satisfy

inf (14 X])" 1A — 57| > inf AP —1] > (Cn)~ O L >
2P J

Since dZ7 is a symplectic transformation, eigenvalues may be confined to the unit circle (see
Section [5.1)) and this becomes analogous to understanding the structure of the set real numbers
which are poorly approximable by rational numbers.

To discuss the issues of genericity in a simpler setting, we forget now about Poincaré maps
and instead discuss them in the context of approximation of real numbers. As explained above,
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letting hy(q) = (£g)~%" ! we want to investigate the set

D= U Dy, Dp:={s€0,1] : |s— §| > hy(q), for all p,q € N}. (2.18)
>0

To study ® we consider

0o 00 q—1
8= ﬂ U g, Uy = U (g — hy(q), § + hq(q))-
q0=19=qo p=0

Observe that 4l is Baire generic. However, 4N, = ) for all £ > 0 which implies that D NY =0
and hence that ® is not Baire generic. Since even the property we want for the eigenvalues of
dZ is non-generic, it is unlikely that the set of metrics which produce such & is generic.

For further evidence of lack of Baire genericity, we consider the space Diff”(I") of C¥ diffeomor-
phisms on a smooth manifold I" for » > 2. Kaloshin [Kal00] showed that for any {a,}5°; C [1, 00),
the set

{f e Dift"(T") : limsuppni(f) < oo}
n an
is not Baire generic, where P,(f) := #{p € I isolated : f"(p) = p}. Indeed, when I' is a
3-manifold, this set is not Baire generic even in the space of volume preserving maps [KS06].

While ® in is not Baire generic, one can see that, since lim,_, [[0,1] \ ®,| = 0, © has
full Lebesgue measure and hence is, in a much stronger sense, typical. Indeed, for many purposes,
the notion of full Lebesgue measure is a better version of ‘typical’ than Baire genericity. For
example, a randomly chosen element of [0, 1] is almost surely in © but may not be in a given
Baire generic set. Also, a full Lebesgue measure set in R has Hausdorff dimension 1, while a
Baire generic set in R may have 0-Hausdorff dimension. Motivated by this discussion, the notion
of ’typicality’ that we use, i.e. that of predominance (see Definition , is an analog of a full
Lebesgue measure set of metrics g € 4.

3. COUNTING CLOSED GEODESICS AND IMPROVEMENTS FOR WEYL LAWS:
PrROOF OF THEOREMS [[L1] AND

In this Section, we use Theorem [1.3]to prove Theorems|[I.1]and Both of these theorems rely
on volume estimates on the set of nearly closed geodesics. We obtain these estimates in Section

and prove Theorems [[.1] and [I.2] in Sections [3.2] and [3.3] respectively.

We start by letting M be a C¥ manifold, g € 4%, 5y > 0, and W be a [Gyp-family of transition
maps for g. Let 8 : [0,400) — (0,400) be a continuous, decreasing function. Throughout the
section we will suppose that

Z(t,B(t),9) C AL,B(1), (9, W), fort>c,  d(ef(p)p) Zclt], forft|<c. — (3.1)

In Theorem we show that there is a predominant set of metrics G C ¢* such that (3.1]) holds
for g € G with B(t) = C~C+D?~1 and some C > 0.
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3.1. Volume of nearly closed geodesics. We start by following [DZ16l Appendix A], replacing
their assumption of hyper‘bolicity~ of the flow with (3.1) to estimate the volume of nearly closed
geodesics. Recall that there are C', L > 0 such that for all f € C?(S*M) and t € R

1f o f lez(seary < CeM) fllcz(senr)- (3.2)

In particular, d(¢f(p), ©{(p')) < Celltd(p, o) for all p, o' € S*M and t € R.

The following lemma shows that two nearby orbits that return to their starting point after
similar times are almost iterates of one another.

Lemma 3.1. Let M, g, 5o, W and B be such that (3.1) and (1.3|) hold. Given to > 0 there are
C, 6 > 0 such that the following holds. Let t > to, t > to with [t —t'| <&, and for 0 < e < B(t)
let p,p’ € S*M be such that

dip,oi(p)) <e,  dlp, () <e.  dlp.p) < B(t)e .

Then, |t —t'| < Ce and there exists s € [—1,1] such that B(t)d(p, ¢2(p')) < Ce.

Proof. First, observe that for any g > 0, we may increase C' enough so that the statement becomes
trivial for € > gg. Therefore, we need only work with € < gp< min(% Bo, %) small enough and we
do so from now on. Next, observe that we may shrink & so that d(¢{(p), ¢ (p')) < 18, whenever
d(p,p’) < de ' t > ty. We may also assume that all of the relevant points are contained in a
single coordinate chart and hence we may work in a small ball in R4,

We also assume that § is small enough such that whenever d(p, p’) < ¢ there exists |s| < 1 with
p—©2(p) € #(p) and such that d(p, p(p')) < 2d(p,p’). Set po := ¢2(p') and note

p—po € (Hp(p))",  dlp,po) <258(t)e” ™, d(&(po), po) < Cere. (3.3)
By Taylor expanding in p and using (3.2)), we have

lf (po) — #f(p) — def (p)(po — p)|| < Ce™d(p, po)* < 2C3B(t)d(p, po).

Next, Taylor expanding in ¢ and using that there is C' > 0 such that [|02¢]|| < C,
o7 (po) — @1 (po) — Hy(# (po))(t' = )| < Ct' =t < CoJt' —t].
Thus, we have that there is C' > 0 with
¢4 (p0) = ¢4(p) = dief (p) o0 — p) — Hyl (po)) (' = D)| < C3(BB)d(po, p) + [t — ).
Next, since d(¢¢(p), p) < €, by there is C' > 0 such that
12 - et ()] (o — p) — (@l o)) (¢ = D) < C3(BE)d(p0. )+ It ¥ + C.

Now, by (L.3) there is C' > 0 such that [[W¢(
C > 0 such that

| W01, = 422(0)) (00 = ) = Hpl () = )]l < CO(B(1)d(po, p) + [t = ¥]) + Ce.  (3.4)

op — LI < Cd(p{(p),p) < Ce. Therefore, there is
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Now, since pg — p € H(p), we have by ({3.1]), Definition and the fact that that e < 3(t), that
there is C' > 0 such that

B1)d(po; ) < [Ty () [Wpgt () = 4t (0)] (00 = )|
< Cl W) = do? ()] (po = p) = Hy] (p)) (¢ = 1)]I. (3.5)

On the other hand, since W,g(,) ,(Hy(0)) = Hy(@3(9), Wiy (#(p)) = H((p)), and #(p)
is transverse to Hy(p) (uniformly in p), we have

[t =] < CI[W, 0000 — Al (p)] (po — p) = Hy(@f (p)(& = D). (3.6)
Combining (3.4)), (3.5)), (3.6]), and choosing § < 1 and g9 < %, we have B(t)d(p, po)+|t—t'| < Ce
as claimed. 0

We proceed to bound the volume of nearly closed trajectories in S*M.

Lemma 3.2. Let M, g, B0, W, and B be such that (3.1) holds. Let ty > 0, then there is C > 0
such that for T >ty and 0 < ¢ < B(T), we have

vol,,,, <{p 2 3t € [to, T| such that d(¢i(p),p) < 5}) < C2d72eCT g()~(4d=3)
Proof. Let tg > 0 and T" > tp. Then, let ¢ as in Lemma and fix 0 < ¢ < B(T'). Next divide

[to, T] into intervals, {I }5\71 with right endpoints at {7; }l | satisfying [[;| < é. Next, for each
i=1,...,N, let {p; }j 1 C S*M be a maximal 5 ~LTi 3(T;) separated set. Note that

{p : 3t € [to, T such that d(y )<e}lc U U s (Pip;)
=1 7=1 (37)

P, = {(0.t) : L€ L, d(&{(p).p) <&, dlp,pj) < 3 ET BT, )}

To estimate volg,,, (7., (Pip,)), fix (p',t") € P;,, and let (p,t) € Py, with (p,t) # (p',t'). By
Lemma [3.1]
t—t)<ce d(p, | elle)) < CeBm) !

[s|<1
Then, volg.,, (g, (Pi,,)) < Ce7263(T;)~(472) and
Kr,
V0L, (T (U Tomns (Pi))) ) < Ky, 202 B(T) 7 (2072) < (e 2el2-DET, () ~(4d-3),
j=1
(3.8)
since there is Cs > 0 such that K, < Csle ~LT:3(T;))~ (4=, The claim follows from combining
(3.8) with , and using that 3 is decreasing and N, < CT. ]

Remark 3.3. We note that if one is only interested in obtaining a volume estimate of the form

volgpy ({p : 3t € [to, T such that d(p](p),p) < 5}) < O3k CT g()~(d=3=k)
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for some k > 1, then it is possible to use a weaker notion of non-degeneracy. Indeed, one can
replace the definition of A%, p, (g,)) by saying that p € A%(t, p, (g,V)) if there is a 2d -2 —k
dimensional subspace of v € T,,S*M such that |ng(p) (Wp oI def)v] > a|ll,v|. If implemented

t Tt
throughout the article, this would in turn lead to a smaller value of «,, in Theorem but would
not be sufficient for counting closed geodesics.

3.2. Proof of Theorem Let @ > Q,. By Theorem [1.3|there is a predominant set G, C 4"
such that for all ¢ € G and W a family of transition maps for g there is C' > 0 such that
holds with B(t) = C~CC+D=1,

Let g € G, and 0 < tp < injg(M ) so that there are no closed geodesics with length < .
Let 6 be as in Lemma First, we claim that ¢(7,g) < oo for each T" > 0. Indeed, suppose
that {p;}32, C S*M and {t;};2, C [to,T] are sequences satisfying ¢f (p;) = p; and such that
pj & {od(pi) : |s| <4} for all i # j. Then, we may assume that there are p € S*M and ¢ € [to, T
such that p; — p and t; — t. By continuity, we conclude ¢J(p) = p. Next, let iy > 0 be such
that d(p;, p) < 08(T)e LT and |t; —t| < & for i > ip. Then, by Lemma we obtain that for
i > ip there is s; € [—1,1] such that %, (p;) = p and t; = t. In particular, for 7,5 > i, we have
pj = gpgi_sj (ps) which is a contradiction since |s; — s;{< 3.

Since ¢(T, g) < oo, we let {%};(::Flg ) be the finite collection of primitive closed geodesics of length
< T. Then, there is o = do(7") > 0 such that if 7;(6) C S*M denotes the ¢ neighborhood of ~;,

W) N6 =0, i) 0<6<d (3.9)
Letting T; be the length of ~;, we have by (3.2) that sup,c., s d(p, gp% (p)) < CéelTi. Therefore,
using Lemma with CéelT in place of ¢, there is C' > 0 such that,
Z vol.., (7i(9)) = vol,,, ( U %(5)) < O§22CT+RA-2LT g()=(4d=3) (3 10)
1<i<c(T.9) 1<i<e(T,9)

In addition, since there is ¢ > 0 such that volg.,, (i(6)) > 62ty for all 1 < i < ¢(T,g), we
obtain, using (3.9) and (3.10|) that there is C > 0 such that

(T, g)to < CeCTHRA=DLT g()=(4d=3)
Together with the fact that ¢(7', g) = 0 for 0 < T' < tg, this implies Theorem 0

3.3. Proof of Theorem Let g be a C¥-Riemannian metric on a manifold M of dimension
d. For R > 0 let PE(to, T) C S*M be the set of directions that yield trajectories that are R close
to being periodic at some time with ¢g < |[t| < T'. That is,

Pt T) = {pe M s U ABanp BN Beplp R £0). (311

to<[t|<T

In [CG20, Theorem 2] it is proved that if v > 1y and T(R) is a sub-logarithmic resolution function
and there exist C' > 0 and tg such that

(B(P%(to, T(R)),R))T(R) < C, (3.12)

lim sup volg,,, , <

R—0t+
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then, as A — oo,

VOlpa d VO d—1
405 Mlg) < A} = o= (Z;)d 1*"(MWW(TAW))- (3.13)

Remark 3.4. The application of [CG20, Theorem 2| deserves a brief comment. Note that, as
stated, the theorem is valid for C>° metrics. However, it is clear that all of the proofs rely only
on the C¥ norm of the metric for some sufficiently large v. Therefore, provided that we work with
sufficiently smooth metrics, we may apply [CG20, Theorem 2].

The proof of Theorem [I.1] given in subsection [3.4] is then reduced to proving that for any
Q > Q, and some Cy > 0

T(R) = f~'(R"), (3.14)
with
2d — 2 B(t) ot
= t) = 0
is a sub-logarithmic resolution function and that (3.12)) holds. Indeed, Theorem follows since

Q*l

B(t) == O—C(t+1)

Collog \)@ > T(A™) = f1(A7) > Ci(log N, A A (3.15)
0

for some Cy > 0 and Ag > 0 large enough.

Before we proceed to the proof of Theorem [I.1] we recall the notion of a sub-logarithmic
resolution function from [CG20l Definition 1.1]. We say that T : (0,1) — (0,00) is a resolution
function if it is continuous and decreasing. We say that T is sub-logarithmic if it is differentiable
and .

/
(logT(R))" = Rlog B
Next, we introduce a convenient class of sub-logarithmic rate functions.

0<R<1 (3.16)

Lemma 3.5. Suppose that A(t) : R — R is twice differentiable and satisfies A(0) =0, A’(t) > 0,
A"(t) >0 fort > 0. Then, with f(t) = e 4", we have that T(R) := f~ (R") is a sub-logarithmic
rate function for v > 0.

Proof. First, observe that T(R) is decreasing and differentiable. Moreover,
s gl

CRP(FIR)FNR) - RAFR)) (R

(log T)'(R)
Next, note that
At = /t A’ (s)s + Al(s)ds > /t Al(s)ds = A(t).
Therefore, A'(f 1R f~1(R") > (j4(f*1(R7)) = vlog R*?, and hence holds as claimed. [J

Remark 3.6. By Lemma the function T(R) as defined in (3.14)) is a sub-logarithmic resolu-
tion function. Indeed, f(t) = e=A4®) with A(t) = Cot + C((t + 1) — 1). Note that A(0) = 0, and,
since ) > 1, it is easy to check that A’(¢t) > 0, and A”(t) > 0 for ¢ > 0 as claimed.
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3.4. Proof of Theorem Let Q > . By Theorem [1.3]there is a predominant set G, C ¢
such that for all g € Gq and W a family of transition maps for g there is C' > 0 such that
(3-1) holds with B(t) = C~C+D*~1 Without loss of generality we assume C > 1. In Lemma
gwe proved that T as defined in ([3.14)) is a sub-logarithmic resolution function. Therefore, as
explained above, the proof of Theorem |1.1| would follow from combining and once
we prove (3.12]).

Let 0 < tp < T. In order to prove (3.12)), we first claim that there is C' > 0 such that

B(PE(ty,T),R) C {q € S*™M : 3t € (to,T) U (=T, —to) s.t. d(e(q),q) < ceCTR}. (3.17)

Indeed, for ¢ € B(PE(ty,T), R), there is p € PE(tg,T) such that d(p,q) < R. Then, there
are t € (to, T)U(=T,—tg) and p; € S*M such that d(p,p1) < R and d(¢i(p1),p) < R. Since
ot((2,8)) = p—i(x, =€), we may assume without loss of generality that ¢ > 0. Therefore, by
there is C' > 0 such that

d(ei(q), q) < d(ei(q), er(p1)) + d(e(p1), p) + d(p, q) < Ce*d(q,p1) + R+ R < Ce“'R,

proving the claim in (3.17)).
By (3.17) and Lemma for R < B(T)(Ce“T)~!, we have
(B(PR(t(), T), R))T S CT(CeCTR)Qd—QeCTIB(T)—(4d—3) S CeClTRQd_Qﬁ(T)_(4d_3) )

VOIS*]M

Therefore, we may choose Cy = 4dc—_13 and use the definition of T(R) to obtain that R <

B(T(R))(Ce“TH)~1 for R small enough and volg,,, (B(P%(to, T(R)), R))T(R) < C as claimed.
(|

4. OUTLINE OF THE PROOF OF THEOREM [L.3]

To simplify the exposition in this outline, we will first imagine that it is only necessary to
understand exactly periodic points rather than returning points. We also assume that one can
construct a global Poincaré section (see Section. In addition, rather than providing the details
to prove the result for a predominant set of metrics, we will outline a proof of the theorem for a
dense set of metrics. See the end of the section for remarks on how to drop these assumptions
and prove predominance.

4.1. The perturbation. The first key point to understand when proving Theorem [1.3] is how
to perturb away the degeneracy of a single periodic orbit with quantitative control on how large
a perturbation is needed to produce non-degeneracy. When doing this, it is important to use a
perturbation of the metric which interacts with the periodic geodesic exactly once. That is, the
perturbation must be supported in a ball, B C M, over which the geodesic passes exactly once.
Because of this, we will only be able to directly perturb away degeneracy for primitive closed
geodesics. The construction of one such the perturbation is done in Section [0

Remark 4.1. Our main inductive argument is actually proved under some general assumptions
on the perturbation (see Definitions and |7.3). Because of this, we postpone this construction
until after our main inductive argument, which appears in Section



20 YAIZA CANZANI AND JEFFREY GALKOWSKI

Restricting our attention to a single geodesic, v,,, for a metric gg, we find a finite dimensional
family of perturbations g, of the metric gop. When ~,, is a primitive periodic geodesic, these
perturbations should produce non-degeneracy of the orbit -y, . The perturbations are a combina-
tion of those considered by Anosov [Ano82] and Klingenberg [KIi78| §3.3] (see also Klingenberg—
Takens [KT72]). In our case, when -y, is primitive, we give careful estimates on how these
perturbations affect the Poincaré map, &2, , associated to 7y, and its derivative, d22,, . In
particular, estimating the size of the inverse of the derivative of the map o — (2, ,dZ,, ).

Once we have a family of perturbations for any given geodesic, we cover S*M by finitely many
small balls, B;, of radius r and center p; and associate to each ball a family of perturbations
modelled on those above; replacing the geodesic vy, by the geodesic, 74, for go through p;.
After an approximation argument, this gives a finite (albeit very large) dimensional family of
perturbations which can be used to perturb away degeneracy for primitive geodesics of a given
length. In particular, for every such geodesic 7,,, we can find a ball, B;, such that, with g; ,
the perturbation of gg associated to 7 ,,, the derivative of the map o (‘@’Ygi,mm’d‘@“fgi,mm)
is invertible at o for all o € Bye(0,1). Once we have this in place, it will be possible to control
the volume of the set of perturbations for which there is a degenerate primitive closed geodesic
of some length, with some quantitative control on how degenerate such an orbit may be. In
particular, once this volume is small enough, there is at least one perturbation of gg for which all
primitive orbits of a certain length are non-degenerate. Since gg is arbitrary, and we make our
perturbations arbitrarily small, we will eventually obtain density after an induction on the length
of the closed geodesics.

Remark 4.2. In order to obtain predominance in our main theorem, we use the control on the
volume of bad perturbations more seriously. In particular, making it smaller than ¢ > 0 for any
chosen €.

4.2. The Induction. The proof of Theorem relies on an induction on the length of an orbit.
In order to do this, we follow a strategy motivated by that of Yomdin [Yom85]. The work in
[Yom8&5] shows that every diffeomorphism fy on M can be perturbed to a diffeomorphism f; in
which every n-periodic point z is 7.-hyperbolic in the sense that the eigenvalues \; of dfl(z)
satisfy ||A;| — 1| > 7. where v, is a power of ¢ depending on n,e and the regularity of fo. The
idea there is to first use a perturbation to make primitive orbits hyperbolic and then to use the
fact that hyperbolicity of an orbit passes to its multiples and, moreover, that every multiple is
more hyperbolic than the previous multiple.

In contrast to what happens when working with diffeomorphisms on M, one of the main
difficulties to overcome in the case of geodesic flows (or indeed symplectic maps) is that, in
general, it is not possible to perturb a closed orbit to turn it into a hyperbolic closed orbit.
Indeed, eigenvalues of the Poincaré map may be ‘trapped’ on the unit circle (see Section and
hence there are so-called stable closed orbits which cannot be perturbed away. Because of this
structure, one must find a different property which guarantees non-degeneracy and can be passed
from a primitive closed orbit to its multiples.

Given a metric gg, our objective is to find a metric g, that is arbitrarily close to gg, with the
property that for each ¢ every periodic trajectory of length < 2¢ is 5, non-degenerate in the sense
of Definition Here, {f¢}¢ is a decreasing sequence of numbers.
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We build g by induction on the parameter ¢ which represents (the logarithm of) the maximum
length of the orbits up to which non-degeneracy is controlled. Note that we start with the most
naive possible version of the induction and gradually add the details necessary to handle our
situation.

A. Hypothesis. Assume gy is a metric such that for k < ¢, all closed trajectories of length
n € (2871, 2¥] are B, non-degenerate in the sense of Definition

B. Perturbation: Find a perturbation, gsy1 of g, which satisfies

e primitive closed trajectories of length n € (2¢,21] are ¢4, non-degenerate,
e closed trajectories of length n € (271, 2] with k < ¢ remain $3; non-degenerate.

C. Deal with non-primitive closed trajectories: A non-primitive closed trajectory -y for g¢+!
of lengthn € (2£, 2“1] is a multiple of a primitive closed trajectory 7 of length m € (2¥1, 2"3]
with k < /. By the inductive hypothesis 7 is 8 non-degenerate. Use this to show that the
Br non-degeneracy of 4 implies [¢41 non-degeneracy of +.

Why it fails: The [ non-degeneracy of the orbit ¥ does not imply £, non-degeneracy of its
multiple . Indeed, the Poincaré map associated to v may have a root of unity as an eigenvalue.
That is, Step C cannot be completed.

Solution: We define the notion of (8, ¢)-nondegeneracy. For X > 0 and (3,q > 0 we say a matrix
A € M(R), the set of X x N matrices, is (£, ¢) non-degenerate if

(T — A < (328 )N + AN (4.1)

The key observation here is that, if the derivative, A = d27,, of the Poincaré map associated to a
closed orbit 7 is (3, ¢)-nondegenerate, then the ¢ iterate of the orbit is (%q2 B~1)~™ non-degenerate
(see Figure [2[ for a schematic of a (3, 2) non-degenerate orbit). Therefore, our goal will be to make
perturbations of the metric, gy, so that primitive orbits become (3(q), ¢)-non-degenerate for all g
and some sequence {(q)};2;. This will be possible provided that 5(q) = O(q7%7%) as ¢ — oo.
The main difficulty with the notion of (5(g),¢) non-degeneracy is that, although for each fixed
(B(q), q) the property of (5(q), q¢) non-degeneracy is stable under small perturbations, the property
of being (5(q), q¢) non-degenerate for all g is not. Therefore, we only look for non-degeneracy for
q<Q.

We next present the modified induction argument. The induction is done on the parameter /.
One can find sequences of numbers {By }x, {Br.e k.o, and {Qg ¢}k so that the induction below can
be completed.

A. Hypothesis. Assume gy is a metric such that for k < ¢

— closed trajectories of length n € (2¥=1, 2¥] are 8 non-degenerate,
— primitive closed trajectories of length n € (2k_1, 2’“} are (ﬂqu_?’, q) non-degenerate for
all0 < g < Qk’g.

B. Perturbation: Find a perturbation, gsy1, of g, which satisfies

— primitive closed trajectories of length n € (25, 2“1] for ge41 are [By4+1 non-degenerate
— closed trajectories of length n € (2’“*1,2’“] for gs41 remain [ non-degenerate for all
k </
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FIGURE 2. In the figure, we show a primitive periodic orbit of length 7" such that
the derivative d? of the Poincaré map is (f,2) non-degenerate. The primitive
orbit is shown in the blue dotted line. Note that d&? satisfies (d2)* = dg,.
Thus, the property of (53, 2) non-degeneracy implies that ||dp§v — v|| ~ 8.

— primitive closed trajectories of length n € (21 2¥] for g, are (Br.e+19 3, q) non-
degenerate for 0 < ¢ < Q41 and k <041,

C. Deal with non-primitive closed trajectories: Let v be a closed trajectory for gs11 of length
n € (2¢,21] that is non-primitive. Then + is a multiple of a primitive closed trajectory 7
of length m € (281, 2] with k < £. Note that then 7 satisfies the hypothesis in Step A. In
particular, to show that + is 8,41 non-degenerate, we would like to use that ¥ is (8.q 2, q)
non degenerate with ¢ = n/m, and for that we need n/m < Qpy. We then show that
itk < Qr¢ and that by the inductive hypothesis this implies 5,41 non-degeneracy of ~.

After the steps A-C above (modulo the fact that we have only consider exactly closed orbits),
the inductive argument yields a metric g, which is arbitrarily close to gg and has the desired
non-degeneracy property that, for each ¢, every closed trajectory for go of length < 2¢is 3,
non-degenerate. This yields a discretized version of the statement in Theorem

It is important to note that one cannot do a simplified version of this induction in which a
sequence {Q}x is used in place of {Qg ¢}k and {By} is used in place of {Bk ¢}x¢. The problem
would be that, when applying the inductive hypothesis to carry out Step C, one would need
n/m < Qr so that the non-degeneracy of 4 may pass to that of 4. However, this may not be
possible to arrange. For example, for a closed trajectory of length n that is a multiple of a
primitive trajectory of length m = 1. One might wonder, at this point, why we do not simply

take Qi = Qv = 26+2 We will see below, in sections and that this is indeed not possible.
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4.3. How to deal with almost closed trajectories. Next, we explain how to modify the
argument to deal with trajectories that are not necessarily closed and primitive but are very
close to being such. First of all, instead of working with closed trajectories, one works with (n, «)
returning trajectories. In this discussion a point p is said to be (n, ) returning if d(p, 2" (p)) < «,
where we are still pretending that we can work with a globally defined Poincaré section & (see

Section .

There is one serious difficulty which is hidden by imagining that we only deal with exactly closed
trajectories. This difficulty arises from the fact that the notion of primitiveness for non-closed
trajectories is not a well-defined condition. One should instead think of a degree of simplicity.
We will say that a point p is (n,«) simple if d(p, 2%(p)) > a for 0 < k < n. Instead of working
with primitive closed trajectories of length n one works with trajectories that are (n,«) simple
for some «.

It is in fact only possible to make an (n, ) simple point be (3¢, ¢) non-degenerate whenever
B is small depending on a. Therefore, there are sequences {5 ¢}r ¢ and {oy ¢ }x¢ such that in the
(-th step of the induction argument, orbits of length n € (2¥=!, 2¥) which are S, returning can
only be made to be (8k,q 3, q) non-degenerate for 0 < ¢ < Q. provided they are (n, aj ¢)-simple
and Sy is small in terms of ay .

The induction argument is the same as the one outlined before but with each instance of the
word ‘closed’ replaced by (n, ) returning for some parameter 5 depending on (k,¢) and each
instance of the word ‘primitive’ replaced by (n,a) simple for some parameter o depending on
(k. 0).

A. Hypothesis. Assume gy is a metric such that for & < ¢

— Pk, returning trajectories of length n € (2’“*1, 2’“] are [, non-degenerate,
— Pk, returning trajectories that are oy, simple and have length n € (251 2F] are
(Br.eq~3, q) non-degenerate for all 0 < ¢ < Q-

B. Perturbation: Find a perturbation, gsy1, of g, which satisfies

— Be+1,41 returning trajectories that are ayyq 41 simple and have length n € (24, 2”1]
are [y411 non-degenerate

— PBk,e+1 returning trajectories of length n € (2F=1, 2%] will remain $3; non-degenerate for
all k < /.

— Br.es1 returning trajectories that are ay g1 simple and have length n € (251, 2¥] will
be (Bre+1q9~3, q) non-degenerate for 0 < ¢ < Qg 41 and k < £+ 1.

C. Deal with non-simple trajectories: This step becomes substantially more complicated as
a result of needing to handle non-closed trajectories. One consequence of the new difficulties,
is that, instead of using 2-adic intervals, we must use a-adic intervals for some 1 < a < 2.
We include a sketch of how to handle Step C below in Section [£:4] in order to present a
more or less complete picture of the induction. However, the reader may wish to skip the
next section on first reading.

4.4. Detailed sketch of Step C. Suppose that p yields a trajectory of length n € (2¢,21] that
is (n, Be41,041) returning but not (n, cyyq¢41) simple.
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It is in general not possible to find an m < n/2 such that p is (m, i1 41) returning and
(m, opq1,041) simple. Instead, one only obtains (mi, &) returning with & ~ C"oyyq 041 and
my < 27'n. Therefore, in Step C of the induction, if m; € (2¥71,2%), we would need &; < B 0
and that the trajectory be at least ay, ¢ simple to apply the inductive hypothesis and obtain the
(Bkhgq_B, q) non-degeneracy of the orbit for ¢ < Q, . In fact, the first condition that we impose
on o141 is that aq < B, .

Then, we need to ask whether the trajectory is (m,ay, () simple. If it is, we can apply the
inductive hypothesis to obtain non-degeneracy. However, if it is not, we need to repeat this process,
obtaining that p is (mg, &) returning, with & < C™ oy,  and me < mq /2 with mg € (2F2 gkat1],
As in the case of treating p as (mp,a;) returning, we compare & and Sy, o1 and ask whether
p is (ma, ok, ¢—1) simple. The requirement that &y < B, 1 puts an additional upper bound on
ag, ¢. If the trajectory is not simple enough, we repeat once again finding (m;, k;, &;) until p is
(my, o, o—iy1) simple. Note that this will happen, since every 1 returning trajectory is simple
and hence, if m; = 1, then, provided we have chosen the oy, ¢ correctly, p is fo,0 returning and
ap,0 simple and hence we may apply the inductive hypothesis.

Since m; < m;_1/2, we have m; < 27 < 26+1=1 T some circumstances, we may be working
with n = 21 and the iteration may not terminate until m; = 1. If this is the case, then we
want to use the inductive hypothesis on (1, 511) returning points to obtain non-degeneracy of ~.
However, this requires that every (1, 8y ) returning point be (60702_3(“1), 2+1) non-degenerate.
This will eventually fail, since Q1,1 < oo and /¢ is unbounded above. This can be remedied by
putting 1 < a < 2 and replacing 2-adic intervals by a-adic intervals. By doing this, we guarantee
that 1 < m; < 27 %a’ and hence, the above iteration terminates in i < ¢/ steps for some ¢ < 1.

4.5. Comments on the lack of a global Poincaré section. In the outline above, we have
worked as though one can find a single compact symplectic manifold without boundary, I' C S*M,
to serve as a Poincaré section. In general, this may not be the case and one may need to work
with Poincaré sections with boundaries. This leads to a number of technical complications in
the argument which are handled by introducing the notion of chains of symplectomporphisms
and well-separated sets (see Section . However, these technical complications do not lead to
any fundamental change in the proof and the reader may wish to imagine that there is a global
Poincaré section; in particular, the reader can then safely ignore the discussion about chains
of symplectomorphisms and well-separated sets, instead thinking of the Poincaré map and its
iterates.

4.6. Comments on proving predominance. In order to prove predominance instead of den-
sity, at each step of the induction, rather than finding a single metric, g,, we produce a family gy
foro € [T;2, B, . (0,1) in a set with almost full measure. This is possible since we actually showed
that, at each step, all but a small measure of our perturbations have the required properties.

5. VOLUME OF THE SET OF ([3,q)-DEGENERATE SYMPLECTIC MATRICES

In this section, we do some preliminary work on volumes and covering numbers (see Definition
5.4) in the space of symplectic matrices with real coefficients in 2R dimensions, Sp(2X). As
explained in Section {4} it is necessary to work with (8, ¢)-non-degenerate matrices (see (4.1]) for
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the definition). The goal of this section is to understand the covering number of the complement
of these matrices in Sp(2R).

5.1. Properties of eigenvalues of symplectic matrices. We recall here a few properties of
the spectrum of a symplectic matrix A € Sp(2X). A 2X x 2N matrix A with real coefficients is in
Sp(2R) provided
0 I
ATJA=J, J= (_1 g), (5.1)

N
where I, € M(R) is the identity matrix. Symplectic matrices are invertible with ||A|| = [|A7].

They also have det A = 1.
We note that if X is in the spectrum of A and has multiplicity m, then A™', X and A~! are

also in the spectrum and have multiplicity m. However, A, A~!, A and A~! may not be distinct.
First, if A ¢ R and |\| # 1, then all four are distinct. Thus, each non-real eigenvalue off the unit
circle comes in a quadruplet {\, A=, \, A71}. Next, if A ¢ R with |\ = 1, then A~} = X and such
eigenvalues come in pairs of the form {\, A\~'}. Third, if A € R with |A| # 1, then A = )\ and the
eigenvalues again come in pairs of the form {\, A"'}. Finally, if A = £1, then A\ = A = A~! = A7,
and it is known that +1 always occurs with even multiplicity.

We say that an invertible matrix is hyperbolic if none of its eigenvalues lie on the unit circle.
Note that if A is hyperbolic then the same is true for A9 for all q. Moreover, the distance from
the eigenvalues to the unit circle is increasing with q.

One important consequence of the facts we recalled about eigenvalues of symplectic matrices is
that every small enough perturbation of a symplectic matrix with an eigenvalue A\g € {\: |\| =
1, A # £1} having odd multiplicity must have an eigenvalue on the unit circle since eigenvalues off
the unit circle come in quadruplets. In other words, certain eigenvalues are ‘trapped’ on the unit
circle. Thus, unlike general matrices, symplectic matrices cannot be perturbed to be hyperbolic.
This makes perturbing a matrix to one which is (8(q), ¢)-non-degenerate for all ¢ much more
delicate in the symplectic category than in the category of matrices and requires the delicate
induction argument carried out in Section

5.2. (,q)-non-degeneracy and the location of eigenvalues. We start by discussing the
relationship between (3, ¢)-non-degeneracy and the location of the eigenvalues {);(A) zil of a
matrix A.

Lemma 5.1. For all A € M(2XN), ¢ € N, s € (0,1),
. : 27 <2 1Y) 2N
if 1%%%& N (A) — ™9 > s, then |det(I — AY)| > (min(Zgs, 1)) -
0<p<g—1
Proof. First, note that A\;(/ — A?) =1— X;(A)4. Therefore, |det(/ — A?)| = H?il ’(1 - )\j(A)q)’.

The lemma will follow once we prove that for all ¢ € N, s € (0, 1),
min [A\;(A) — /4 > s, = min|l— X\;(A)? > min(Zgs, 1). (5.2)
J

J.p .

Fix 1 < j < 2R, and set \j(A) = re? for some r > 0 and 6 € [0,27). First, notice that if
[r—1] > 1, then |1 — X\;(A)?| > 1 for all ¢ € N, and hence (5.2) holds in this case. Therefore, we
assume that |r — 1| < % from now on.
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Next, fix ¢ € N, s € (0,1), and for p € N let a;, = 6 — 277%. We claim that
either |a,| > 3s for all p, or Ir—1| > %s. (5.3)
To prove the claim suppose there exists p such that \oap] < % First, note that by the assumption
in (5:2)
52 §|T‘6i0 - ezmp/q]2 = |1 —re*®r|? = (r — cos ozp)2 + (Sinozp)Q.
3s2

Therefore, 2~ < (r — cosay)

|1 — cos ap| = 2| sin?(%)] < =

since |sinoy| < |op| < S§/2. 1n particular, since |1 — < 5 an
2 & ina,| < |a, 2. 1 ticular, si 1| < § and

2

(1 —cosay)’ < (P -1+

and hence |r — 1| > %s > 1s as claimed in (5.3).

With (5.3) in place, we first consider the case |r — 1| > 5 and divide it into two sub-cases.
Case 1: Suppose that r > 1+ 5. Then, |1 — X\;j(A)9] > 79 — 1> ¢35 as claimed in (5.2).
Case 2: Suppose r < 1— 5. Then, 77 > 14 ¢5(1 — §)7! since s € (0,1). Thus, r? <
1 . In particular, as claimed in (5.2]),

—gt—1
1215413

1—X(A)>1—-71>¢qs(2+ (¢ — 1)5)_1 > min(gs

).

Finally, suppose that |r — 1| < 5. Then, |a,| > § for all p by (5.3)) and hence

Y

(SN
(S

volx

[1=X; (A9 = [1-7%"°2 > inf (1 — acos(¢f))* + a? sin®(¢h) =

a>0

sin?(¢f)  infrez |qf — 27k| <
1 else.

In particular, since 5 < miny, [ap| < 7, we have |1 — A;(A)?] = |sin (¢3)| = min(2gs, ).
O

In what follows, it will be necessary to avoid symplectic matrices which have eigenvalues close
to a given number. To this end, for 8 € R and s > 0 let

D(6,s) :== {A € Sp(2X) : Be(e?, s) Nspec(A)#£D}. (5.4)

We now record a corollary of Lemma [5.I] which we use in the next section. It controls the size
of the inverse of I — A? in terms of the distance between the spectrum of A and the roots of unity

{e*™P/ T o<peq.

Lemma 5.2. Let g €N, 0 < s < 5, and A € M(2X). If A ¢ UIZ; D(*2, 5), then,

(T— AN < (3 (g3) 281+ A1)

Proof. Note that by assumption min;, |\;(A) — ™/ > s and hence | det(I — A%)| > (%qs)QN

by Lemma together with s < 2—1(1. In particular, the corollary follows from the fact that

IB71| < [det(B)|7Y|B|?X"! for all B € M(2X). Indeed, let 07 < 03 < --- < 02, be the
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eigenvalues of B*B. Then, det(B*B) = |det(B)|? = H?Nl o5, IB71? = 01 , and ||BJ|? = U2N
Therefore, as claimed,

2R
— — 2N 1 — —
B2 =072 < >(H 2) 7 = BN det(B)]

An immediate consequence of the previous lemma is the following.

Corollary 5.3. Let ¢ € N and 8 > 0 with 28 < ¢*. If A is not (8,q) non-degenerate, then
—1 T —
Ae UZ:O (2 2, Bq7?).

Corollary will be used to estimate the volume of the set of matrices which are not (5, q)
non-degenerate using covering numbers.

5.3. Covering numbers and (3, q) non-degeneracy. Throughout the article, the notion of
the covering number of a set will play an important role. Let (Y, d) be a metric space.
Definition 5.4. The covering number of a set V CY and radius s is defined by
N
M, (V,s) = inf {N €N: 3{y}¥, C Y such that V C U By, s)}
i=1

5.3.1. Covering numbers in M(2X) and Sp(2X). In this subsection, we will relate covering numbers
in M(2X) to those in Sp(2R). The goal is to compare covering numbers of a given set as measured
by balls in Sp(2X) and in M(2R). The following lemma controls how Sp(2X) sits inside M(2R).

Lemma 5.5. There exists g > 0 such that for all A € Sp(2R) and 0 < r < eg||A||,
B, o (A, W) NSp(2X) C B A r).

sp(am (

Proof. Let A € Sp(2R) and set V := A~}(B
hood of T in Sp(2X) and B

sp(a) (A5 7))C Sp(2R). We have that V is a neighbor-
L||A|~1r) C V. Let g9 = £0(R) be such that for 0 < 7 < g

Sp(QN)( 7’
spany (I 47) C B
JNSp(2R) C V for 7 < go||A||. Hence,

B M(2R) (I 1 ) N Sp(QN) C Bs (28) (I> ’F)

Therefore, B I

M(2N)( 2 |7;A||
(BM(ZN) (A, QHAHﬁA—1”>ﬂ Sp(QN)) - A<BM(2&)(L 2”7;”)“ Sp(QN)) CAY = Bsp(zrz)(A’T)‘

Since A € Sp(2R), we have ||A|| = ||A~!|| and the result follows. O

With Lemma in place, we are ready to study the relationship between the covering numbers
of a given set as measured by balls in Sp(2X) and in M(2R). To ease notation, for » > 0 we also
introduce the ball

B (r) == {A € M(2X) : |[A — Aol <7}.
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Lemma 5.6. There exists €9 > 0 such that the following holds. If Z C By(r) N Sp(2R) for some
r >0, Ag € Sp(2N), 0 < s < egr, and ro > 0, then

M ZN B, (ro),s) <M (2N B, (ro), isr_2).

Sp(2R) ( M(2R)

Proof. Fix 19 > 0. Let § > 0 and {A;}Y, € M be such that Z N B, (r0) C Ufil B, (5).
Without loss of generality, we may assume that B, (5) N Z # (. Let {Z;}¥., C Z be such that
thB%O(TO) c Uy, B, ) (Zi,25). Then, since Z C By(r) NSp(2R), by Lemmathere iseg >0
such that

N N
Z 0 B, (r0) C | Byyon (Zi 4311 Zs)|*) € | By, o, (Zi, 451%),
i=1 =1
provided 45r < go. In particular, Mg . (2N BAO(T’Q),4§T2) < M0 (2 N By (10),8). The
Lemma follows by putting s = 4512, O

5.3.2. Covering numbers for matrices that are not (3, q) non-degenerate. We now study the cov-
ering numbers of the set of matrices in Sp(2X) with a given eigenvalue of unit length: for § € R
let

D() := {A € Sp(2X) : € € spec(A)}. (5.5)

In particular, D() = N,D(0,s) with D(h,s) as in (5.4). We start by bounding the covering
number of D(#) in M(2R).

Lemma 5.7. There is C' > 0 such that for all Ag € M(2X), 0 € R, 79 > 0, and 0 < s < 1,

M D(0) N By, (ro), s) < Clro/s)* 21, £ =R(2X+3).

M(2N)(
Proof. Note that Sp(2R) C M(2R) is defined by R(2X — 1) algebraically independent polynomial
equations. Now, having eigenvalue € is equivalent to asking both %det(A‘— ewI) = 0 and
Sdet(A — €T) = 0. In particular, D(0) C R(#) := {A € Sp(2R) : Rdet(A — €T) = 0}.

We claim that dimR(#) = dim M(2X) — (R(2R — 1) + 1) = £ — 2R — 1. Once we prove this,
we would have that D(6) is an algebraic set with dimD(f) < £ — 2R — 1. Then, the bound on
the covering number for D(0) N B, (ro) will follow from the estimates on covering numbers for
algebraic sets given in [YC04, Corollary 5.7].

To prove that dimR(f) = £ — 28 — 1, it suffices to show that Rdet(A — ¢®I) does not just
take the value 0 in Sp(2X). Indeed, one may find matrices A in Sp(2X) such that R det(A — 1)
takes all values in an open set in R. To see this, let A be the diagonal matrix with entries
(A1, A2y ey A, )\1_1, . )\gl) with A; € R\ {0} and adjust A; as needed. (In fact, it is enough to
take A3,...,Ax = 1 except when 6 = 0 in which case one can take A3, ..., Ax = —1.) O

Our next goal is to bound the covering number of D(f, s). To do this, in Lemma below, we
first control how D(#) sits inside D(0, s). The proof of Lemma [5.9| hinges on the following result.

Lemma 5.8. The set {A € Sp(2X) : A has simple eigenvalues} is dense in Sp(2X).
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Proof. Given A € Sp(2R) with eigenvalues {\;}2, define the polynomial p(A) = [Tiz; (N = A5)
and notice that A has simple eigenvalues if and only if p(A) # 0. Next, recall that any symmetric
polynomial in the eigenvalues of a matrix can be expressed as a polynomial in the coefficients of
that matrix [OCV1I, Proposition 7.1.10]. In particular, since [, .;(Ai — A;) is symmetric, there
is ¢ : Sp(2X) — C such that g(A) is a polynomial in the (2R)? coefficients of the matrix with
q(A) # 0 if and only if A has simple eigenvalues (see also [dICS21], Example ii]).

Let A € Sp(2R). Then A can be written as A = eXe¥ for two elements X,Y € sp(2R). (To see
this, we combine [Hall5, Corollary 11.10], which states that the exponential map is surjective on
compact, connected Lie groups, with the polar decomposition A € Sp(2X) = BeY with Y € sp(2R)
and B € SO(2n)NSp(2n) [HN12, Proposition 4.3.3], noting that SO(2n)NSp(2n) is a compact Lie
group.) Furthermore, it is easy to see that any diagonal matrix D = diag(Aq, ..., Ay, )\fl, . )\gl),
with A; € (0,00)\{1}, X\; # Aj, for i # j has simple eigenvalues and lies in Sp(2R). Fix one such
D and for t € R let

F(t) = D't etY € Sp(2w).
We claim that there is {t,}72; C R such that F(t,) — F(1) = A, and F(t,) has simple
eigenvalues. This would prove the density statement. To prove the claim note that g¢(F(t))
extends to an analytic function of ¢ € C and ¢(F(0)) = ¢(D) # 0. In particular, ¢(F(t)) has

a discrete set of zeros and hence, there is t,, € R such that ¢, — 1 and q(F(t,)) # 0. Since
F : R — Sp(2RX) is continuous, F(t,) — A as claimed. O

Lemma 5.9. Let a > 0 and suppose that A € Sp(2X) has an eigenvalue X\ with |A| > a. Then,
for all @ € R there is B € D(0) and

A= B| <3(1+a YA —eY. (5.6)

Proof. Let § € R. Without loss of generality, we may assume that A\ # e’ since otherwise the
claim is trivial. By Lemma n for any ¢ > 0, there is A € Sp(2X) with simple eigenvalues, one
of which we label y, such that

|A— Al <elx—e?, | — Al < emin(|X — €], 1). (5.7)
Without loss of generality we assume that ¢ is small enough that
e+20+e)(1+]a—e™) <31 +a ). (5.8)

Let Eu(fl) denote the eigenspace of p for A. Then we need to consider three cases pé¢ STUR,
pe St and p € R.

Case 1: p ¢ S' UR. In this case, one has that p, !, i, p~! are distinct, and hence we have
E,, Es, E,-1, E;—1 are distinct subspaces of dimension 1. Note that E =FEzand E,,-1 = E;-1.
Consider now the matrix

B=A+ (e = I+ (e = )Tl + (7 — ™Yo + (€ — 7,

where II,, denotes the projector which gives the component of a vector in the E,, direction i.e.

if {u; ?21 are the eigenvalues of [1, then II,, : c™ E,, are the unique operators such that
v=>".1,v for ve C?.




30 YAIZA CANZANI AND JEFFREY GALKOWSKI

Note that, (B — ew)Hu = 0 since AlIl, = pll,. That is, B has eigenvalue . Then, by
1B = Al <€ —p|+ e =~ +|e7 — | + [ — 7"
<21+ TN — el <201+ [ul T (1 +e)|A — ¥
<201 +]a—el™H(1 +e)|r— €Y.
The bound on then follows from and .
To see that B € D(#), it remains to check that B € Sp(2X). First, to see that B has real

coefficients one must check that Bv = Buv for all v real valued vectors. This claim follows from
the facts that

Av=Av, MW,o=T0, Mzo=T0, I,10=10,0, I 10=1, 0.

To see that B is symplectic, note that if ju;u; # 1, then (Jvy,,vy,) = 0 for vy, € E,, since
<JUW? vuj> = <JAUIM7AUMJ'> = Hilty <JUW?UM3‘>' (5'9)
Therefore, since B preserves I, for all + and RN = @?ilEm it suffices to note

(JBuy, Bu,-1) = (J(A+ (€ — p))vu, (A+ (e7 — p ) v-1) = (Jug, v,-1).

Case 2: € S'. Since p € St, then = i~'. We consider

B=A+ (e — ), + (e - ,U,_I)Hu—l.

As before, (B — €)II, = 0, and || A — B|| < (1+¢)(1+|a —¢|~1)|\ — €|. The bound on (5.6)
then follows from ([5.8)) and (5.7)). Therefore, to see that B € D(f) we need to check that B is
real and symplectic. The computation is identical to that in Case 1.

Case 3: p € R. In the case u € R, we let v, € R® with ||v,|| = 1 and (A — p)v, =0, v,-1 € R2X
with |lv,—1] = 1, and (A — p~Y)v,-1 = 0. Observe that R® = E, & E,—1 2% E,,, with
wi & {p,p~1}, and dim E,,, = 1 for i = 3,...,2R. Note that by we have (Jv,,,v,) = 0 and
(Jou;,v,-1) = 0 for v, € By, and i = 3,...,2R. We then set

B = A+ (cosh — 1), 041, + (cos 0 — p

= Ufrlﬂxfl — sin(H)vuvL,lﬂuq + sin(@)vuflvflﬂu.

One can check as before that B € Sp(2X). Then, B € D(6) since (B — ¢*)(v, — iv,-1) = 0.
Finally,

|B - Al < 2\/] cos ) — p|? + sin? 6 + 2\/\ cosf — =2 +sin?0 = |p — €] + |pt — €
<2(1+e)(1+ (a—e) HA =€
The bound on (5.6 then follows from (/5.8) and (5.7)). O

We proceed to study the covering number for D(0, s).

Lemma 5.10. There exists eg > 0 so that ifro >0, r>1,0 < s < gor, 0 € R, and Ag € Sp(2N),
then

Moo (D(G, $) N By(r) N BAO(T'()), s) < My (D(G) N By(r) N BAO(T()), 1—1237"*2).
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Proof. Let 79 > 0,7 >0,s>0,0 € R, Ag € Sp(2X). By Lemma there is g9 > 0 such that
M (D(0,s) N By(r) N B, (r0),s) < M (D(0,s) N By(r) N B, (10), 12)
for 0 < s < ggr. We claim that for all 5 >0, 0 < s'< %
My (D(O, s"YN By(r) N B, (r0), 65" +3) < My (D(6) N By(r) N B, (r0), 5). (5.10)
Let {A;}N, C M(2R) be so that D(0) N By(r) N B, (o) C Ufil B,y (A4, ). Suppose A €

D(0,s") N By(r) N B, (ro). Then, there exists A € spec A with [\ — e| < . In particular, by
Lemma [5.9] d(A,D()) < 65/, so

Sp(2R) M(2R)

N
(D(e, §') N By(r) N BAO(TO)) C By (D(6) 0 By(r) N By (10), 65") C | Byion, (A, 65 + ).
i=1
The result follows from (5.10]) after setting s’ = 36z and § = {75, which yield 5 + 6s’ = Z sr2,
and observing that, since r > 1 and s < gqr, shrinking ¢ if necessary s’ < 35(?’"2 <53 L O

Next, we use the results above to control the covering numbers of (3, ¢)-degenerate matrices.
Recall that by Corollary if A is not (53, ¢) non-degenerate, then A € Ug;é (2”” Bg=3). In
particular, the following result bounds the covering number for such matrices.

Corollary 5.11. There exists ¢g > 0 C' > 0 such that for all Ag € Sp(2R), ¢ € N, rg > 0, r> 1,
0 < s < min(gqr, 12727),

Mapan ( U D( 277;0 By(r) N BAO(TO) ) 8) < Cq(r’ro/s)* "L,

Proof. The Corollary follows from combining Lemmas and O

6. RETURNING POINTS, SIMPLE POINTS, AND THEIR ITERATES

In Section we introduce a version of returning points with discretized time as well as the
notion of a simple point. Next, in Section we introduce the concept of a well separated set
for the geodesic flow and the corresponding chain of symplectomorphisms. These concepts are
replacements for, respectively, a global Poincaré section and the Poincaré map associated to the
global section and, while they require some technical work, do not substantially change the main
idea of the proof. Because of this, the reader may first wish to replace the concepts of chains of
symplectomorphisms and well separated sets by the simpler notions of Poincaré map and section.

In the next sections of this paper, we will be varying the metric g. Because of this, it will be
useful to have a single space on which the geodesic flow for any ¢ is defined. This space will be
canonically isomorphic to S*M for any g and will be defined as follows. Let

S = (T*M\{0})/ ~,  (2,A) ~ (x,€) for all A > 0.
Then, since the geodesic flow (the Hamiltonian flow for p(z,§) = |€|4), is homogeneous of degree

0 in &, the flow (] passes naturally to the quotient S*M. We also endow S*M with the distance
inherited from S;fM for some fixed reference metric g,.
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6.1. Returning points and simple points. In this section, we define the notions of returning
trajectories of length n and simple trajectories of length n, and show that non-simple returning
points can be seen as iterates of shorter returning trajectories. Because we will pass from the
continuous time flow to a discrete time object below, these notions will be defined relative to a
fixed number F such that we can guarantee there are no periodic (or near periodic) trajectories
of length < F. In Section we will also insist that the flow can be effectively reduced to a
discrete time map by cutting in time at intervals of length ~ F. We will be working with metrics
in small balls B C 42 and will show in Section [10| that one can take f to be a small multiple of
the injectivity radius for a fixed metric in B.

The notion of a returning point generalizes that of periodicity.
Definition 6.1. For f >0, g € 4%, n € N, and § > 0, we write

. . g
peZk(ndg) i L (¢ (p), p) < 0.
t>F /4

In this case we say that p is F-(n,d, g) returning.

It will be important to have a notion of a simple returning point of length n, i.e. one which is
not returning for any smaller n.

Definition 6.2. For f >0, g € 4%, n € N, and a > 0, we write

pe S (nag) if inf  d(¢{(p),p) >
Lr<t<(n-1)r

In this case we say that p is F-(n, «, g) simple.

The importance of simple points comes from the fact that the effect of perturbations of g on
simple trajectories can be understood. This is much harder to do when considering non-simple
trajectories because the trajectory will interact with a given perturbation many times.

The following two lemmas are similar to [Yom85, Lemma 3.1] and show that non-simple re-
turning trajectories are multiples of shorter returning trajectories.

Lemma 6.3. Let K C 93(T") be bounded and F > 0. Then there is C > 0 such that the following

holds. Letg € K, a >0, and p € S*M with d(ef(p), p) < a. If d(l(p), p) < o where & < |s| < [t]
and q € Z such that t = qs + r with |r| < |s|, then

d(¢¥(p),p) < Cla
Proof. By (3.2)) there is C' = C(K) > 1 such that, for all m € Z

g ) < CHla(e?

(s (p), £, 1)5(P), Pl _2s(P))-

ns(P =
Using that d(¢(p),p) < @ and [s| > & > 0, we have d(ms(p),p) < mel Clsla < 20mslq,
( T es(p) < Cleslav. Tt follows that
<

d(@3(p), p) < d(pf_4s(p), ©24s(p)) + d(9? 45 (p), p)
|r

where in the last inequality we used that |gs| = |t —r| < |t| +

Similarly, since d(¢{(p), p) < a, we have d(¢]_ qs( ),
301951 o < Oty
| <2t O
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Lemma 6.4. Let K C 43 be bounded and F > 0. Suppose there are ¢ > 0, Cy > 0 such that for
all g € K and p € S*M we have d(](p), p) > c|t| if [t| < C, F. Then there is C' > 0 such that for
allge K, 6 >0,t9>F, a >4, and p € S*M satisfying

(i, (p), p) <9,

one of the following two statements hold:

(1) d(d(p),p) > for all & < s <tg— .
(2) there is sg € [C, F — C'a, Q] such that d(,(p),p) < C™a and there is ¢ € N, g > 1,
such that gso = to. Moreover, if t; = qisg +t < to for g1 € N and 0 < v < sq, then

(&, (p), ¥ (p)) < Car.

Proof. Suppose that statement (1) is false. Then there is s such that g < s < tg— g and
d(ed(p),p) < . Set t; = s and let q1 € Z such that to = qit; + to for |tz] < §. Then, by
Lemma d(¢f (p),p) < C™a. If [ta| < C, F, we put 5 = t.

If |t2] > C, F, we continue the process and suppose we have found {g;}7' C Z, and {t;}/"$?
such that for ¢ =2,...,m,
-2,
ti = Git1tit1 + tiyo, Itival < 3[tital, ti| > C, F, d(¢f.(p), p) < Ccxi=oltily,

Then, letting gm+12 € Z, [tmys| < %\tm+2], such that t,,+1 = ¢m+otmso + tm+s, Lemma yields
m—41 .

d(gpfm+3(p),p) < 0%Xi=o ilg. Then, if [tms3| < C.F, we set 59 = ty,4o. In particular, since

Itj| < $|tj—1| for j =2,..., we have > 720 |t < 3[to]. Therefore, we have found 3¢ such that

d(¢? (), p) < C*la.

Let this process terminate with |t,,13] < C, F. We claim that |t,, 43| < C*%la. Indeed, since
d(pi(p), p) > clt| for |¢t| < C, F and [tymy3] < C, F, by Lemma [6.3| we know

Cltmys| < d(ef, (), p) < C*la. (6.1)

Finally, set sqg = §p + 2:1%. Then, after possibly modifying C, and using the bound on |t,,+3]
from (§6.1]) we conclude

(9%, (p). p) < Clmsld(p? (p), p) + d(¢d,,., (p).p) < 20*0a

dm+2

tm+3 ) _

as claimed, since |gn+2| > 1. Note that, since ¢y, 11 = ¢mi2tm+2 + tm+3 = gmt2(tmt2 + —

Gm+250, we have by construction tg = ¢sg for some ¢ € Z. In addition,

[s0] > |tm2| — |2222| > C, F = CHola,

If sp > 0, we have the claimed properties of sg. If, on the other hand, sg < 0, we have,
modifying C' if necessary,

d(¢?4,(p), p) < Clld(p, @7 (p)) < CAltol .
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Finally, observe that for ¢sg < tg,

5
—_
<
|
—

(P8, (P):p) <D A% (0): 00,110, () < Y CI0ld(d, (p), p) < Cla
Jj=0 J
Therefore, if t1 = gsg +t <tgforsome g e N, 0 <t < s

d(#f, (p), 92 (p)) < Cd(#%, (p), p) < C1laa

Il
=)

0

6.2. Non-degeneracy and chains of symplectomorphisms. In general, it is not possible to
find a global Poincare section for the geodesic flow; i.e. a connected, closed submanifold, I", of
co-dimension 1 in S*M that is everywhere transverse to H el such that every geodesic passes
through I'. Because of this, we need to replace the notion of a global Poincaré section and its
associated Poincaré map with a more complicated submanifold which captures all the dynamical
information for ¢f. To this end, we introduce below, the notion of a well separated set and its
associated chains of symplectomorpshims; replacing, respectively, the global Poincaré section and
its associated Poincaré map. The idea of a well-separated set will be to find, T, a disjoint union
of open 2d — 2 dimensional submanifolds, and a compactly embedded open subset, I' C T, such
that 1) every geodesic passes through I' in a controlled time and 2) no geodesic passes in a very
short time from T to itself. These properties will guarantee that understanding geodesics which
pass from I' to itself allows one to understand the full dynamics for the geodesic flow.

To understand the need for T’ note that since the connected components of I' have boundaries,
there are points p € I' such that small perturbations of p will cause large jumps in the first
impact point Z.(p) of the geodesic through p with I'; i.e there are sequences p, — p such that
d(Z.(pn), Z-(p)) > ¢ > 0. This forces us to include the slightly larger " and introduce the notion
of Poincaré chains below. (See Figure |3| for a schematic of a well-separated set and a Poincaré
chain.)

Let W; C W, i =1,..., N be disjoint, open symplectic submanifolds of dimension 2d—2 = 2R
and V; @ W; open subsets. We write

N
Pe=||v, TI:= |_|WZ-. (6.2)

Definition 6.5. For / > 0, and G C ¢? bounded, we say that {(W;, V;)}}V, are | -well-separated
for G if the W; are unlformly transverse to H, ly for all g € G and there are ¢, C|. > 1 such that

sup sup inf{t >0 : ¢!(p) €T} <C.F, inf inf inf{t >0 : ©¢(p) € T} > c.F,
9€G 5ot 9€G per

f £ inf{t>0 : ASC
glgGmZmpler%/v inf{t >0 : ¢{(p) € W;}>C.F

(6.3)

When it will not lead to confusion, we will say that I' is F -well-separated.

In words, if {(W;, Vi)}Y, is F-well-separated for G, it means that (1) every trajectory hits I'
in time less than C.F; (2) trajectories starting from I' always take at least ¢.f time to return to
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I'; (3) trajectories that start within some W; always take at least C./ to return to W; no matter
the choice of i.

Before we move on to the definition of chains of symplectomorphisms associated to well sepa-
rated sets, we show that Lemma applies when there is an f-well separated set.

Lemma 6.6. Let G C 92 bounded. Suppose that | > 0 and T is | -well separated for G. Then,
for all K C G bounded in 43, there is ¢ > 0 such that for all g € K and |t| < C.F,

d(i(p),p) > clt],  pe SM.

Proof. First, notice that, since K is bounded in ¢3, there are c;,co > 0 such that, d(¢}(p), p) >
colt| for all g € K, p € S*M, and |t| < ¢;. Thus, it remains only to check that there is ¢ > 0 such
that d(pf(p),p)) > cforallge K, pe S*M, and ¢; < |t| < C, F.

Suppose by contradiction there are g, € K, p, € 3?1\7, and t, with |t,| € [c1,C, F ], such that
(@] (pn), pn) — 0.

@2 ——
Then, without loss of generality, we may assume g, 7 g€ G, pp —peSM, and t, — t with
|t| € [e1,C, F]. Now,

d(pf(p), p) < d(f(p), i" (p)+d(@]" (pn), ©1" (p))+d(DL" (pn), 1™ (pn))+d(@]" (pn); pr)+d(pn, p)-

Since g, — ¢ in 4?2, the right hand side of the above inequality tends to 0 as n — oo, and we
have ¢f(p) = p. Let Tp := inf{s > 0 : i(p) € T'} and p,. := ¢7, (p) (note that 0 < Ty < oo by

the first inequality in (6.3)). Then, ¢f(p,.) = ('D?-&-To (p) = gogb (p) = pp, with ¢ < |t| < C,F. This
contradicts the last inequality in (6.3]). O

We next use well-separated sets to reduce the continuous flow ¢ to a discrete time system.
Let v >3, F >0, G C 9" bounded,, and {(W;, V;)}}¥., be F -well-separated for G. Then define

T Wi =R, T7i(p) =inf{t > 0 : ¢](p) € W;}, (6.4)
and, with UJ; := (T7,)7"((0,CpF)) € W, let 59, : UJ; — W; be the function
K5i(P) = @70 () (P)-

Lemma 6.7. For all g € G, j,i, the map Ii?}i :L{jg,i — W, isa CY~2 symplectomorphism onto its
1mage.

Proof. Once we show that /{?ﬂ- is C*~2, the fact that /i?’i
is inherited from the facts that ¢ is a symplectomorphism and that Wj is transverse to H, el

is a symplectomorphism onto its image

We now show that I{?i is C*~2. To do this, note that Wj; is open and transverse to Hl&\g‘

Therefore, since (t, p) — ¢7(p) is C*~2 with v —2 > 1 and gp%g_ ) (p) € Wj, the implicit function
i N

theorem implies that there is a neighborhood V' C W; of p and a C¥~2 function Tﬁi(p’ ): V=R

such that ¢%ﬁi(p,)(pl) € Wj and T7,(p) = T7,(p). Since T}, is continuous and T7,(p) < Cy.F,

shrinking V' if necessary, we may assume Tj‘f{i(p’ ) < C.F . Finally, we need to check that Tﬁi(p, ) =
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T7,(p'). For this, it sufﬁ~ces to show that pJ(p) ¢ W, for 0 < s < j}%(p’). Indeed, suppose
that there is 0 < s < T7,(p') such that ¢d(p) € Wj. Then, cp%]?i(p,)_s(SOg(Pl)) € W;, and

0< Tj’ii(p’) — 5§ < C.F . This contradicts the third part of (6.3). O

Definition 6.8. Let v > 3. Let G C 4" be bounded in 92 and {(W;,V;)}¥; be F-well sep-
arated for G. For T € {1,..., NN, T = (ig,i1,4,...), g € G, and n € N we define the C*~2
symplectomorphism

Pén) lg] : Dén) [g] = Wi, p) lg] := K? o...k) . or?

Inyin—1 T Mgy 1,007
where the Dg”) [g] € W, is the domain of the composition. We also define 77%0) [g] = I and define
P:lgl == (PPg], PVl )

T T
and call it the Poincaré chain associated to T.

Definition 6.9. We define the time sequence T, associated to the chain P,. For each n € N and
g€Glet Tz(n) [g] : D§") lg] = [0,00) be defined by TI(O) [g] = 0 and for all p € Dg") [9]

T (g)(p) = T Vgl(p) + T7 ;. (P Vgl(p)).
for Tf; i, as defined in .

By construction, for p € DE”) [g] we have

Pgl(p) = TN (6.5)

Remark 6.10. If p € T and ¢ (p) € T', then there are n and Z such that p € D{M[g], P [g](p) =
@ty (p) and T [g)(p) = to.

Below, we will be varying the metric and need to control how Poincaré chains vary with the
metric.

Lemma 6.11. Let v > 2,0 < k <v —2, G C 94" bounded, and g : Bgi(0,1), — G a C? map.
Then there are C' > 0, Cy, > 0, such that

deo? : R¥ — TC"=3(S*M; S*M),  d2p¥ : R* x RF — TCY~*(5*M; S*M)
are well defined and satisfy that for allt € R, v,w € R*, f € C*(S*M;R),
o ldselomovlicr-s < CHull|Osglocolicrr,  if v >4
o 226flomo(v, w)llev—s < ol [wl(102glomllco—2 + 1OsglomolZs)s i v 25
o [If o @fllee < Chl™H fllcx.
Moreover, for allm € N,

o |doPP[golvller—s < C"C ol Ooglo—licr-1, v >4
o 2P go] (v, w) s < C ol w105 9lo=0llev—2 + 0o glo=ollgs-1), i v =5

o |[f o P™g]ller < CLCHNCR | £]lcx.



PREDOMINANT WEYL IMPROVEMENTS AND BOUNDS ON CLOSED GEODESICS 37

Proof. The proof of this lemma is a tedious calculation. We sketch here the proof.
Recall that the geodesics flow can be written as the solution (x(¢),£(%)) to

i (t) = mgij(ﬂﬁ(i))&(t% &i(t) = —maxkgij(93(t))€i(t)§j(t)~

Letting g, be a family of metrics with gy = g and differentiating with respect to o, working always

with initial data so that |£0(9s)lg, (xo(g,)) = 1, We obtain equations of the form

Ot = (09€)05x + gOnE + Opg,  O€ = (029)E20pa + 039€05E€ + (92,9)E2.

In particular, provided that 0,9 € C¥~!, this is an equation with C*~2 coefficients (bounded by
the C¥ norm of g and the C¥~! norm of h) and hence results in a C*~3 flow with the claimed
bounds.

Differentiating again in g, we obtain equations of the form
i = (079€)(05) + 9O€ + (9298)(05%)* + 00905205 + 0;,9€06w + Do g€ + D55
03¢ = (029)6° 02w + D2g€056 + (039)6%(052)” + 034,960 + 039€056050
+ 0759800 + 029(056)” + O3rg 9E™.
Now, since 9, (z,¢&) € C*73 if 9,9 € CV~1, we require 92g € C¥~2, and 0,9 € C*~! to obtain a
solution in C¥~%.

The estimates on the derivative in time now follow from estimating the coefficients in these
equations in L™ by the relevant C¥ norms of the metric and its derivatives. g

The following lemma shows that if p € T is a returning point, say d(¢{ (p), p) < 9, then we can
associate to it a Poincaré chain under which P{™[g](p) = ¢} 1 s(p) for some m € N and s small.
Morover, d(P{™[g](p), p) < 6.

Lemma 6.12. Let G C 9 be bounded in 9° and {(W;, Vi) }¥, be F -well separated for G. Then
there are C, > 0 and §, > 0 such that for all g € G, 0 < § < §,, j € {1,...,N}, and
p € % (n,9,9) NV; the following holds. There exist m € N and T such that

p € D), T (g](p) € [(n— 1)F = C6, nF +Cé], (6.6)

A

and d(P{™[g](p), p) < C.,6. Moreover, for any my,ms € N and Iy, T, such that

peDIgl,  TIMgl(p) € [(n=1F = Codg,nk +Cpds],  G=12,  (67)

J

P§m1)[g](p) _ pgw)[g] (p), Tz(im)[g] (p) = Tl(;m)[g] (p)-

1

Proof. Since T is uniformly transverse to H el for g € G, and for all j we have V; € W, there

are C, > 0 and 0, > 0 such that for all g € G, j € {1,...,N}, 0 <6 < 4, and p € S*M with
d(p,Vj) <6, there is |s| < C,d such that

Piyts(p) € W;. (6.8)

G
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Wi

FI1GURE 3. A portion of a well-separated set and the chain of symplectomorphisms
evaluated at a point p € I'. The chain pictured begins Z = {ig, i1, i2,i3}. Notice
that the geodesic encounters the boundary of W;, between W, and W;,. It is
because of geodesics like this that we must define a Poincaré chain. Furthermore,
this geodesic encounters the boundary of V;, and, to make the map Pég) [g] smooth

near p, one must refer to the subset T in addition to I.

Next, let p € %, (n,d,9) NV; with 0 < 6 < 0,. Then, there is (n — 1)F < tg < nF such
that d(p,(p),p) < d. Therefore, there is |s| < C,d such that ¢f  (p) € Wj. In particular, by

Remark there are m and Z such that holds and Pém) [9](p) = @7 s (p).
Note that, increasing C,, if necessary (uniformly for g € G),

d(ph, +5(p), p) < d(@l 1 s(p); ¥2(p)) + d(@d(p), p) < Cg0. (6.9)

Therefore, it only remains to check that if (m,Z;) are such that (6.7 holds, then~ TI(I'“) lgl(p) =
() € T, by (53, the
second equation in (6.3)) yields |TZ(T1)[g] (p) — (to + s)| > ¢, F . In particular, either Tz(lml)[g](p) >

(n—1)F —C,6+c.F, or Tz(fll)[g](p) <nf +C,6 —c.F. Since § < d,, this contradicts (6.7))
provided that 2C,6, < (¢, — 1)F . Shrinking J, if necessary completes the proof.

to+ s. Suppose this is not the case for some (m1,Z;). Then, since Soiw(m)[ "
b gi\p

0
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Recall that the image of Pém) [90] lands in T' and that T' € I'. The following lemma shows that
if the iterates of p land sufficiently close to I', then there is a neighborhood of p that lies in the
domain of the same Poincaré chain.

Lemma 6.13. Let G C 43 bounded and T' be | well-separated for G. There are ¢ > 0, 6y > 0
such that the following holds. Let g9 € G, p € I', n € N, and T be such that
sup d(P™[go](p),T) < do.

m<

Then, B.(p,c") C D(Im) [g] for all m < n provided ||g — gol|cs < ™.

Proof. Let 8y > 0 such that {p € T : d(p,T') < 36} €T, and

sup sup inf{t >0 : p/(p) €T} < C.F — 3.

9€G peS*M
First, note that there is C' > 0 such that d(}(p), p{°(p)) < eC**!, for all gg € G, e > 0, t € R,
and g € 93 with ||g — gollcs < e. In particular, since Tz(m) [90](p) < mCLF by (6.3),

d g , g0 < Cmo / +1.
(SOTI(m)[gO](p) (p) (pTI(m) [90](/)) (,0)) s € T

g (p),I') < 6o and H, is uniformly transverse to I, for g € G, the

7™ 90 ()
implicit function theorem implies that for e small enough such that eC™Crf +3 <« &, there are tj,

j=1,...,msuch that [t; — TYW[go](p)| < eCI +2 < §; and
e (p) €T, dle{(p),¢ (p)) < eCIMTH3 < 26

Thus, since d(¢

g
7 [90)(p)
In particular, since TI(j) [g90](p) —TI(j_l)[gg](p) < CLF —3dp for all 1 < j < m, we have |t;| < C.F,
and [t; —t;—1| < C.F for 1 < j <m. Thus, p € ng) [g] and

T g0](p) = T [g)(p)| < 1,
provided e < C~™Cr! =1 Thus, we have

d(g (p),T) < 8y +C™Cr 1 < 25,

g
7™ [g)(p)
Arguing as above, since there is C' > 0 such that for all g with des(g,G) < ¢,

d(f (), ¢{(p1)) < C'd(p, p1),
we have for d(p, p1) < €,
T [g)(p1) = T [g)(p2)] < 1,
and hence p; € Dém) lg]. O

We now define the notion of a non-degenerate returning point for a Poincaré chain P,. Let
G C 9" be bounded in 43 and {(W;, V;)}, be F -well separated for G. To define non-degeneracy,
we fix a finite atlas of coordinates charts on T’

A= {(i,Ui) : i Ui = i(Uy), i=1,...,N}, (6.10)
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with U; C T and ¢;(U;) € R?X. Let C, and §, be as in Lemma and let §p be as in Lemma
Without loss of generality we assume that d,, is small enough that
d, < min(1, dp),

6.11
for every p € I" there is (¢, U) € A such that B(p,C,d,) C U. (6.11)

Next, observe that by Lemmal6.12] if p € I'NZ%, (n,d, g) for 0 < 6 < J, then thereis (¢,U) € A
such that p € U for every (m,Z) satisfying (6.6]), Pém) [9](p) € U, and we may work in R* by
setting

(P{M gy =9 o P g o™, (6.12)
Abusing notation slightly, we write d((P{™[g])y)(p) := d((P™[g])y) (¥ (p)).

We now define the notion of non-degeneracy of a trajectory for a chain of symplectomorphisms.

Definition 6.14. Let C, and 6, be as in Lemma and (6.11]). Let n € N, and 8 > 0. We
say that p € %, (n,é,,9) is (n, 3, g) non-degenerate, and write p € A/, (n, 3, g), if there exist T
and m such that TI(m) [9](p) € [(n—1)F —C,é,, nF +C,d,] and

sup (1 = d(PEIg)y)(p) || < B~ (6.13)
{(,U)eA: B(p,Cr,6,)CU}

We next strengthen the notion of non-degeneracy of a trajectory to one that can pass from a

trajectory to its iterates by introducing a type of (3, ¢)-non-degeneracy for returning points.

Definition 6.15. Let C,, and 6, be as in Lemmal|6.12|and (6.11]). Let ¢ € N,n € Nand 5 € (0,1).

We say that p € %, (n,0.,9) is (n,,9) g-non-degenerate, and write p € Ay, (n, 3, g), if there
exist Z and m satisfying T\™[g](p) € [(n — 1)F — C6,, nF + C4d,] and

N [ = (P g ) 01|

()2 B(pCabe) U} (1+ [[d((PE™ [g]) ) ()| )N

<§(B,q),  f(B,q) = (5¢*871)". (6.14)

That is, p € A, (n, B, k) provided there are Z and m satisfying (6.7) such that the matrix
A = d(o Pém) [g] o v~ 1) (¥(p)) is (B,q) non-degenerate (as defined in (4.1))) for every chart
(,U) € A with B(p,C,d,) C U.

Remark 6.16. The reason for the choice of f comes from Corollary [5.3]and the fact that we need
to be able to sum measures of bad sets over all ¢ in Lemma We will make perturbations
which guarantee certain properties of the eigenvalues of dP;”) [g] and will use Corollary to

bound the inverse of I — (dPé”) [9])9. In fact, ¢ could be replaced by ¢” for any v > 1.

Remark 6.17. In Definitions and the existence of Z and m satisfying and, respec-

tively (6.13]) or (6.14)) could be replaced by the requirement that for all Z and m satisfying (6.7)),
respectively, the estimates (6.13]) or (6.14) hold. To see this, we observe that by the second part of

Lemma [6.12] all Z and m satisfying (6.7) in fact satisfy (6.6 and result in the same map P{™)[g].
z

The next lemma demonstrates how the notion of (n, 3,g) ¢ non-degeneracy can be passed to
(ng, B, g) non-degeneracy with the trajectory of length ng being a multiple of that of length n.
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Lemma 6.18. Let G C 94(T") bounded and T be F well separated for G. let C,, and 5, be as in
Lemma and (6.11)). There is C > 0 such that the following holds. Let g € G, k >0, 8 > 0,
q € N and 0 < § < min{4,, (2f(8, qo)C*®°)~1}. Let

p € I‘ﬂ%’F(k,&g) mf/qu,,r(ka/Bag)y

and I and m such that T!™[g)(p) € [(k — 1)F — C.d, , kF + Cy6,],

{PE™g)(p)} i, < DIM[g], oBax d((Pﬁ_m) [ge])q(p),p) <4,
péqm) 9](p)) = (sz) [g])q(p’)7 0<q<qo, ¢ in a neighborhood of p.

Then,
pe N, (n,(2f(8,q0)C*°) 7, g)
for alln € N such that T\%™) (p) € [(n — 1)F — Cy,6,,nF + Cyd,].

Proof. For 0 < ¢ < qo, set pg := Péqm) [g](p) and A, := dPém) [9](pq) — dPém) [9](p). Then, since
there is C' > 0 such that ||d?p]|| < C* for all t > 0, by assumption we conclude that there is C' > 0
such that max, [|A,|| < C*§. Therefore,

dPL®)[g)(p) = (dPL™[g)(p) + Agy—1) 0 -+ 0 (AP [g](p) + A1) 0 dPL™ [g](p)

= [@P{I gl + &

z

with [|A/]| < 2%]||dP, 9] (p)||%°C*5. We conclude that there is Cy > 0 depending only on G such
that

1dPLe™ [g](p) — [dPI™ [g](p)) ]| < C5™6. (6.15)

Since p € Ny, (k,,9), there is C' > 0 depending only on G such that for all (¢),U) € A with
B(p,C,é,) C U,

(7 = [dPI)y ()] ™) | < CH5(5, a0).
In particular, provided that C’gk'm&f(ﬁ, %) < 3, yields
111 — d(PL™), (p)] 71| < CFOF(B, qo) (1 — Cg 0 5§(8, q0)) ™! < 2C*05(8, qp).

The claim now follows from the definition of non-degeneracy. ([l

7. PERTURBING AWAY g-DEGENERACY FOR SIMPLE POINTS

In this section, we first introduce general assumptions on a family of perturbations which will
allow us to change the degeneracy properties of a given simple point. We then use a quantitative
analog of Sard’s theorem to show that the collection of perturbation parameters which produce
degeneracy is small.
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7.1. General assumptions. Let 4”7 denote the space of C¥ metrics on M with the topology
induced by the C” topology on symmetric tensors, and ¢,, : C¥ — C”~! be the natural inclusion
map.

Given a function N : (0,1) - N, R > 0, and 6 > 0, we will work with perturbation maps

QfI gV x EN(R) — 4Y where
N(R)
S = | B,e(0,1),  £:=R(2X+3), (7.1)
j=1

Remark 7.1. Recall that 28 = 2d—2 = dim ', where I is a section of S*M. Thus, the dimension
£ = X(2R 4+ 3) appears because we want the parameter o € B, (0,1) to be in correspondence with
points in the space (I', Sp(2X)), and the latter has dimension £. Here Sp(2R) will parametrize the
possible derivatives of a symplectic map at a point in I'.

We write o0 = (aj)év:(f) where each o is a component in B_,(0,1), and we refer to Q™ (g,0)
as the perturbation of g by the parameter . When we construct our family of perturbations in
Section [9] R will control the scale on which our metric perturbations take place and ¢ will control
the size of the perturbation takes place. We ask that the perturbation maps satisfy the following
assumptions.

Definition 7.2 (Good perturbations). Let vy > 0 and N : (0,1) — N. For each R > 0,6 > 0
consider a map
QM g x B

such that for each g € 40, the map o — Q*(g,0) with o € EOO(BR2 (0,1)) is Frechet differen-
tiable, and for all o € 3, ,, themap g = ¢, , (Q®(g,a)) is Frechet differentiable.

— @G¥o

We say that {Qf}p s is a (vo, N)-good family of perturbations if for each K C 9*° bounded
and each 0 < v < 1y there exist ¥, € R, ¥, € R and C > 0 such that the following holds.

For 9 >0, R >0,

¢ Q%(g,0)=9g, ge%™. (7.2)
¢ [Q™(9.0) = Q™(9,6)llc, < CSR™||o —6li=, 0.6 €Ty, geK. (7.3)
o |1DQY —1I|,,_, ., SCORT",  geK o€, ,. (7.4
Furthermore, for all a € N* there is C,, > 0 such that for all g € K, § >0, and R > 0
R,0 —|ald,
e 105,Qlgolly 0. < Calt eldvglel - ge Ko e X, (7.5)

We also need an assumption which guarantees that the perturbation Q™9 explores a sufficiently
large set of possible metrics.

Definition 7.3 (Admissible pairs). Let v > 5,5 > 0and y > 1. Let N : (0,1) — N and {QF}r s
be a (v, N)-good family of perturbations.
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We say that (I', G) is a (F , b, 9)-admissible pair for {QR"S}Rﬁ if G € ¢¥ is bounded, T" is F-well
separated for GG, and for all K C G bounded in ¢ there are ¢ > 0 and gy > 0 such that for all
R>0,0>0,9ge K,a€(0,¢),n €N, and pg € I satisfying

R < a, § < RPc™MH, po € 7 (n, 0, 9) N %, (n, €0, 9),
there exist jo € {1,...,N(R)}, Zy, mg such that B_.(po, R?) C Dg:o)[QR"s(g, o)l forallo € DI
T [g](p) € [(n—1)F = C,é,,nF +C,d,], and for all p € B.(po, R") and o € &

Ty N(R)’
[ \Ifg’l‘_l (mo, o, p)v| > 5", for all v € Ty, B, (0,1), (7.6)
where
Wi (mo, 7, p) i= (PIQ (g, 0)](p) , dy (P [Q7(9,0)]) (p) ) (7.7)

The constants C, and J,, are the ones given in Lemma

To understand why we are interested in the map \Ilf’(s, observe that knowing

(P g (p), d, P [g](p))
is exactly the information need to understand (1) whether p € %, (n,B,9) and (2) if p €
X, (n,B,g), whether p € A7, (n,B,g). Thus, the dimension of B}RS(O7 1) is chosen so that we

are able to use the jy-th factor in Xy to locally explore an open set in the image of the maps

\Ilf,f (whose dimension is £ = R(2X + 3)) by varying o;, € B_.(0,1). See also Remark

7.2. Perturbing away (f3, ¢)-degeneracy for simple points. In order to control the volume of
the parameters in X R) which may produce degeneracy we apply a quantitative version of Sard’s
theorem ([Yom85, Theorem 4.2]). We recall the theorem here for convenience. Below, M_, (Y, s)

denotes the covering number of Y C R* by balls in R¥ of radius s (see Definition .
Proposition 7.4 ([Yom85] Theorem 4.2). Let Q C R and L > 0 such that for all py, ps € Q, there
is a path in § of length smaller than L||p1 — p2|| connecting p1 and pz. Let ¥ : B_, (0,1) xQ — R*
be a continuously differentiable mapping such that there exist c; > 0, co > 0 so that for all p € €,
and 0,6 € B, (0,1)
R
I, ¥l <er, (G, p) = (o, p)] = eallor — 5]l
Then, for any s >0 and any X C Q, Y C R¥,
M (A (X,Y), 5) S M (X, )M, (Y 5)

RrRE

where §:=2(Ley ' (1 + ¢1) + 1)s and

A, (X,)Y):={0 € B, (0,1) : there is p € X such that ¥(o,p) € Y}. (7.8)
Let m_, be the Lebesgue measure on R® normalized so that
m_(B_.(0,1)) =1 (7.9)
and let mg be the product measure on 3 .. We write m,, for the volume measure on I'.

N (R)
Next, we show that there is ¢ > 0 such that if pg € T" is (n,c) returning and (n,«) simple
for some metric g, then there is only a small measure set of o that yield a perturbed metric
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Q™%(g,0) for which there are points p € B(pg, RY) that are (n,3¢~3) returning and are not
(n, B) g-non-degenerate for some ¢ € N. This can be done for o < ¢ and 8 < ¢"R" provided that
we work with metrics that are at least C°.

Remark 7.5. Lemma below is the only place where we require g to have 5 derivatives.

Lemma 7.6. Letb >0, v >5,9>1, and N : (0,1) = N. Let {Q°}r s be a (v, N)-good family
of perturbations and (T',G) be a (I ,b,n)-admissible pair for {Q%°} g 5.
Let K C G bounded in 45 and vy >1v. Let §, be as in Lemmal6.19 and (6.11). There exist
€ (0,1), C > 0 such the following holds. Let n € N, o € (0,¢),
0 < R < min(c"a, 3¢4,,), 0 < 6 < min(RPc" 1, R21§4cn+1,cRﬁ5).

If g € K, pg € T, and BF(pO,R"/) N7 (n,a,9) N % (n,c,g) # 0, then for all 0 < B <
min (16, "R

(8521 (n, 0,8)) < 1 (By (po, RY))(CMRY)* 21675,

nry I
where

85073,5(%0(,5) = {o- ex there are p € BF(pO,R"/) and g € N such that

p €A, (n,Bg~*,Q"(g,0)\ N (n,8,Q7(9,0) }.

N(R) -

Proof. Let g9 as in Definition Using the estimate on (pf)* : C! — C! in Lemma we first
note that there exists ¢ = ¢(K) > 0 such that if g€ K, po eI, 0 <a<1l,neN,and 0 < R <
c"a, then B(pg,R"/) N (n,a,9) V%, (n,c,g) # 0 implies py € .7 (n, %a,g) NZ%, (n,€0,9). By
Definition [7.3] this allows us to work with indices jg, mg, and Zy such that the lower bound on
the differential of \Ilg 7, n holds.

The result will follow once we find ¢, C' such that, under the assumptions of the lemma, for all
o€ HN(R) ! 2(0,1) and 0 < B < min(34,,, "R

Lo (8270 (n, 0, 85 jo,6)) < mp(Bp(po, RY))C(CTRY S 167%, (7.10)
where for o € HN(R) 1B 2(07 1)7 we let Uj = (0_2)50 117 0';(_) = (a'i)i\i(jlj)_la and

SR (n, B jo, &) = {a €B_(0,1): (05,0,05) € SPRI(n, a,ﬁ)}.

Jo?

To prove the claim in we restrict the map \I/R,gS to its jth—component in o. For
R) 1 , R,0 + .
o€ H o (0,1) define the restricted map \I/gz oo, p) =V »Io( (05,,0,05), p), with
domain (n,a, p) € Nx B_,(0,1) x B.(po, R .

By assumption ([7.3)), after possibly shrinking ¢ in a way that depends only on K, the set
{Q%9(g,0) : ge K, 0 € ZN(R)} C 9° is bounded provided § < ¢RY. Then, combining (7.5))
with Lemma we obtain that there is C' > 0 depending only on (K,T', F) such that

sup sup 12T (n, 0, p)|| < C"R~29462, (7.11)

A ] ) g I .7 c
P,0,0,] {I;pEDIn [QR,5(970-)]}
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Therefore, since pg € I' N .7 (n, %a, 9) N %, (n,€0,9), assumption (7.6 and (7.11)) yield that for
each o, and 0,6 € B_, (0,1),

. RS R, n+1 _
o S om0 = WS mo )] 2 6 o 3l (712
provided that
R < "a, § < Rbc™, CnR™16% < < L, (7.13)

after possibly shrinking ¢ in a way that only depends on (K, T, F).

Note that if o € SgO’R’é(n, a, 3;7,6), then by Lemma there are p € BL.(po, RY) and g € N
such that

d(p. 7’ QR (g, a))(p)) < CaBa™®  p & Ny (n,B,Q(g,0)). (7.14)

After requiring that R” < C,6, and 8 < 62 , there exists a coordinate chart (U,v) € A (see

(6-11)) with B.(po, RY) C (U) such that (6.14) does not hold with Z = Zy and m = my.
Furthermore, Pég”o)[QR"s(gJ))](p) c (U) for all p € Z, (n, Bq~3,Q%(g,a)) N By(po, R).

Next, consider the map \if’é N X B L X (B (po, RY)) — ¥(U) x Sp(2R)

Vi (n,0,2) i= (P Q% (g,0)]p(@) — 2, du((PL[Q (g, 0)])u(w) ).

and for each n € N consider its restriction

Ty Bo (0,1) X (By(po, BY) = $(U) x Sp(2N),  Tulo,2) i= U (n, (07, 0,05, ).
It follows from (7.14)), our choice of ¢, and the comment following Definition that A :=

dz (Yo (P} mo [QR‘s(g7 )oY (¥(p)) is not (B, ¢) non-degenerate. Therefore, Corollaryapplied
to A comblned with the first statement in (7.14)) yield, that, with s, := Bq~3, D(Q”p Sq) as in
(5.4), and A‘i’n as in ,

S RO(n 0,5 4,6) C Ag (X,U32,Yy), (7.15)

X = P(Bp(po, RY)),  Yg:=B_,(0,C4s,) UD 22 5q)NBay(r0)-

RQN
Here, we let Ag := d, (P(mo)[ ])y(z) and ro := CPRY with Cl chosen so that the image of the

second factor in ¥, lies Wlthln B,, (ro). This is possible to arrange since there is Cy > 0 depending
only on (K, 1, U) such that ||Ag| < Cf. Also, by Lemma with v = 4 and Definition [7.2) with
v = 3, there is C7 > 0 depending only on (K, 1, U) such that

lda (P [Q75(g,0)]) () — Aol < (C16R™)"RY < 1.

Note that the last inequality holds provided § < RY3.

With (7.15)) in place we proceed to check that the hypothesis in Proposition hold.~ Note that
by Lemma/|6.11|there is C' > 0, depending only on (K, ¢, U), with SUP, (B (po,R)) |de ¥y (o, x)|| <
F 9
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C". In addition, by (7.12)), there is ¢ > 0 depending only on (K, 1, U) such that for 0,5 € B, .(0,1)

in U, (0,2) — U, (6, 2)| > 6" o — 5.
s ) = )] = o 5]

It follows that, for each n € N, Proposition applies to ¥, with k := £ = dim(y(U) x
Sp(2R)), £ := 2R, ¢; = O™, ¢y = §c"*!, and some L depending only on (¢, U). Note that we are
abusing notation slightly here to identify Sp(2X) with R¥®**1) in the codomain. Finally, since
m (A (X,Yy) <ceM (Ag (X,Yy), s) s for all s > 0, Propositionand yield that,
with 3, := 2(Lé 1™ 114+ C™) + 1)s,,

m_, (Sgo’é’é(n,a,ﬂ;j, Zm B (X, YY) < CQZM on (X5 8g) Mo (Yg, 8¢) §q£. (7.16)
q=1
To control the right hand side of ([7.16)) first observe that
Mz (X, 59) < Cmy (Br.(po, BY))s, ™ (7.17)

provided 0 < s, < RY, where C' > 0 depends only on (I',4,U). Next, by Corollary with
r = Cf + ro, there are C, g > 0 such that if 0 < s; < min(eo(CF + 70), 12ro(CF + 70)?), then

M. (Yg:8¢) < Cq((Cp + r0)2r05q*1)£*m*1. (7.18)

By possibly adjusting ¢ > 0 one last time, asking 5 < mln( ,c"RY ) makes s, be sufficiently
small, and so combining ([7.16), (7.17) and (|7 18)) yields

m_, (8 (n,a, B; 4, 6)) < ZCm (P, RY))s7 2R Cq((CY + 1) Prosg 1) 28152

< C(Can’)£72Nfl ( pO’ Rl) ﬁﬂz q72'

This proves the claim in (7.10) provided R, «,d,n satisfy (7.13), 5 < mm( "R ), and § <
cRY. ]

Corollary 7.7. Let b >0, v >5,9> 1, and N : (0,1) — N. Let {QR";}R,(; be a (v, N)-good
family of perturbations and (T, G) be a (F ,b,y)-admissible pair for {QT}r 5.

Let K C G bounded in 4° and vy >1v. Let §, be as in Lemmal6.19 and (6.11). There exist
€ (0,1), C > 0 such the following holds. Let n € N, o € (0,¢),

0 < R < min(c"o, 3¢6,,), 0 < 6 < min(RP¢"H, R21§4C”+1, cRY5HL), (7.19)

If g € K, then for all 0 < § < min (6., ¢"RY)

2°G)

(SE(n,a, ) < C(C™eRY S~ M157%,

EN(R)
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where

Sﬁ’é(n,a,ﬂ) = {UEZ : dg €N s.t.

N(R)

me(na a, QR’(S(gaU)) m%,r (na ﬁq QR5 97 )\JV ‘N (n ﬁaQR(s(gv )) 7& (D}

Proof. Let {p;}; C T be an RY maximal separated set in . We claim that
S (n,0,8) € Z1(n, a,8) € | 850 (n, a,8), (7.20)
i€l
where T := {i: B.(p;, R") N.% (n, 3o, 9) N %, (n,c,g) # 0} and

: dg €N s.t.

N(R) *
me(na%aag)mf%p(naﬁq QRégv )\JV,F(TL ﬁaQR6(97 ))#@}
The claim in follows from observing that
S (n,0,Q"™(g,0)) € 7 (n,50.9), A, (0,8 *,Q(g,0)) C 2, (n,c,9).

Indeed, these two inclusions follow from combining the conclusion from Lemma that for all
teR

Zf"s(n,a,ﬁ) = {a’ ex

Ré(g o
de(p), 7 (p) < Mg = Q™4 (g, ) o

with , and the requirement that SR < "o (the latter holds since 95 > 13 and

0 < CR

Finally, combining (7.20)) with Lemma applied to each ball B_ (p;, RY) with i € Z yields the
desired bound. g

8. INDUCTION ON THE LENGTH OF ORBITS

Let b>0. Let v >0, N : (0,1) = N, {QR"S}R,(g be a (v, N)-good family of perturbations, and
let (T, G) be a (f,b,y)-admissible pair for {Q%°} R,s- In this section we will prove that there is a
predominant set, G of metrics such that for all g in G, there is C' > 0 such that

r m‘%/ (nvﬂnag) C ‘/V/ (nvﬁnag)7 /Bn =C Cn (81)

We do this using a family of probing maps generated by the (v, N)-good family of perturbations.
Once this is done (see Proposition , to prove Theorem it will remain to show that there
are (v, N)-good families of perturbations (we do this in Section E[) We continue to work in the
setting of Section [7}

Qy

8.1. Construction of families of probing maps. Let v > 0, a function N : (0,1) — N, and let
{QF}ps be a (v, N)-good family of perturbations. Let {Ks}seo,1) C 9" be a family of nested
closed bounded subsets K;, C K, for s; > sy such that ¥¥ = UsE(OJ)KS' By Definition for
every s € (0,1) bounded there is Cs > 0 such that for all § > 0, R > 0,

1Q™(g,0) — Q™(9,6)|| o < Cs6R™|lo — & ¢, (8.2)
1Q™°(3,0) — Q™ (g,0) ||,y < (1+ Cs6R™")|lg —gll,,_,- (8.3)
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for o, € ZN(R>, g € K. Next, for ¢ > 0 let s(¢) > 0 be an increasing function such that

lim, g+ Cyc)e = 0 and Cy()¢ is increasing. Next, define the closed and bounded sets
gz-:y = {g € Ks(z—:) : d(gvgy\Ks(s)) > 205(5)5}' (84)

Note that 42 C 9" for e1 < ez and 9" = U.»09. .
For € € (0,1) let 8. = {d;(¢)}72, C [0,1) and R = {R;(¢)}52, C (0,1), satisfy

> 0i(E)(Ry(e) ™" <. (8.5)

J=0

We now construct a family of probing maps associated to the perturbation maps Q%(€):9i(),
Given J =0,..., N define the spaces

J 00
2,(R) =[] DN (M) =[] DN (8.6)
j=0 j=0
Also, given a sequence o = (0,,0,,0,,...) € X__(R.) we write 6, := (0,,...,0,) € I ,(NR.).

We are now ready to define the family of probing maps (see Definition . We start by letting
FO%"S 1Y x B — 9" be the map

N(Rg)
m5765 fp— R, 6,6 g
Pt (g,0) = Q2 E) (g, 5) (8.7)
and FJmE"sE 19V x 3, (R:) = YV by

FJZRE’EE (9, a_J) — QRJ(a)y&J(g) (FJgjsl,tse (g, oﬁ‘]il)’ O'J). (8.8)
Finally, we define
F0 gl x5 () - 9, F1e(g.0) = Jim F%(g,6)). (8.9)

Note that, apriori, the limit in may not exist, but we prove in Lemma that it does under
our assumptions on R, and d.. When it will not lead to confusion, we will omit the R, d from
the notation for FJm"s.

When checking the probing maps definition we work with ¢4 := ¢* and ¢’ := ¥V, while #
and %’ will be the spaces of C* and C*~! symmetric two-tensors.
Lemma 8.1. Let v > 0, N : (0,1) — N and {QT}rs be a (v, N)-good family of perturba-
tions. Then for all 6. = {6;()}729 C (0,1) and R. = {R;(e)}32, C (0,1) satisfying, (8.5).
{(Ff:f"sﬁ, 00)Yeso is a GV -family of probing maps for 4.

Moreover, for all K C 4” bounded and K C 9" bounded with d(KC,K) > 0, there is e; > 0

such that for all 0 < € < €1 and d. and R, satisfying (8.5, F?E’éf(K x 3 ,(R.)) € K for all
J € NU{oc}.

Proof. Let 0 < e < 1 and assume ({8.5)) is satisfied. We first show that Fg‘s"sf is well defined.
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Given g € 4 we claim that FJmE’JE (9,0,) € Ky forall J and &, € ,(R.). Indeed, we claim

J
A(FT0(g,6,), 9" \K(0)) = Cute) (26 = 30, (e) R, () 7). (8.10)
=0

Note that when J = 0 this follows from the definition of ¢ since (8.2)) and ([7.2)) yield HF(’)mE"SE (9,0)—

gller < Cye)6, () R, (6)7Y». Next, assume the claim holds for all j < J — 1. Then, again by (8.2)
we obtain

1% (g,6,) = F%% (9,6, ,)ev = ||Q%/ 7 O(FN%(g,6, ,),0,) — F%(g,6, )

< Cy()8, ()R, ()" |0, [leos. (8.11)

By (8.11]) and (8.5)) the claim in (8.10) holds and so FJmf"sf (9,6,) € Ky(). Furthermore, (8.11)
and (8.5) guarantee that F7=% (g, ) is well defined and F?<%(g, o) € 4. Also, since FJmE"sf is

continuous, So is Ffjf"sf

Note that implies the second statement in the Lemma and we need only check that
me’ée is a family of probing maps.

Next, note that (7.2)) implies F~ Rede(g,0) = g for all g € G so . holds. To check that

- ., . hold let K C %" be bounded. Then, there is ¢g > 0 such that K C ¢ for all
0 < & < g9. In particular, 1)) implies that for all 0 < ¢ < gp, g € K, and o € ¥ (R- ),

|E2%(9,0) ~ glles < Cy Zé R |la, e < Cuopellelle

Thus, since lim,_,o+ Cy-)e = 0, (2.7) holds.

We next prove that Ff:a"sf satisfies . To ease notation, from now on we write F'; in place
of FRe% and §, = §,(¢), R, = R,(¢). First, note that implies that for g € Ky and
o,n € X(NR)

1F,(9,60) = Fy (9, £20) oo < CageydoRg " lloo — polle.
Our induction hypothesis is that for some J > 1 and all g € 97, o, p € T (R),

£, (9:6,,) — F,_,(g, /j".171)ch—1

J—2 J—1
_ 9,
<C (E)R Do 16J 1|’0-J—1 - P’J—1”€°° + ZCS(E) H (1 + Cs(s)(sk‘R ﬁy)Rj 15j||0'j - “j||€°°'
Jj=0 k=j+1

Next, note that by (8.2)),

1F;(9.6,) — F,(g,(6,_ 17“J))ch 1> E)Rﬁy Y0,llo, — my e
In addition, by (8.3) and the induction hypothesis
HE](ga l:l’.]) - FJ(gv (&J—l’uj))ch—l < (1 + CS(E)(SJR;ﬂ")HE]_l(g, &J—l) - E]—1 (97ﬂj—1)||cu—1

J-1 J

9\ =D
<] Coo (1 + Cooy 0k B )R ™ S5llos — gl
§=0 k=j+1
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Therefore, for all J =0,1,..., g € 9Y, and o, p € Tx(R),

||E](g’&J) - F:I(gv I}’J)ch—l
< E5(9,0,) = Ey (ki (6, s )l r + 15 (95 By) = E5 (95 (6 m)lus

J— J
< Oy By "0, llo, =, llee + 3 Coey T] (14 Cyoy0u Ry )Ry 85l — pa e
=0 k=j+1

Sending J — oo, we conclude that the inequality in (2.8) holds since lim;_,+ Cy(-)e = 0 and

IE.(9,0) — E.(g @1_23&5I11+@e%3 VR 65y — gl
k=j+1

< Cs(s)gexp (CS(E)E)HU - [,l,”goo.

The fact that 15335’58 =10 FR% . @ x 5 (M) — ¥V~ is Lipschitz in both o and g follows
after checking by induction that for all & € 3__(R)

o0

1F(9,0) = F. (3,0)| .1 < H (1+ Cs0)5; R ") lg = §ll ooy < exp(Coe)8)llg — dillcr—-

We proceed to prove . We clalm that

DgFoo(g7 U) = hHl HJ(ga &J) s Hl(ga &1)Ho(g) &o)v (812)
where we abbreviate H,(g,6,) := D QRJv(Sf( , . (g,0, ,),0,) for J > 1 and set H (g,6,) =
DQQR0’50 (g9,60). Indeed, observe that for J > K

DyF,(9.6,) = DyFie(9.6,) = (H,(9.6,) - Hye (9.6 100) = 1) DyFic(9,6,). (8.13)

Now, fix g9 > 0 and choose K > 0 such that Cy) Z?’;KH 5jRj_19” < €9. Then, using ([7.4)),
||Hj(g7&J) e ‘HK+1(g? &K+1) - IchleCufl

J
S Z HHJ(g7a-J)"'Hj+1(g7&j+1)<Hj<g’&j) _I)ch 1 ,0v—1
j=K+1
J
ST A+ Coe)0eR; ) Coe)3; R < exp(Cyee)eo. (8.14)

J=K+14=j+1

Therefore, by - the sequence {DyF',(g,6,)}s is Cauchy. This implies that the limit in
exists and the convergence is uniform. Slnce F —> F thls implies the equality (8.12] Moreover

setting K = —1 in and combining it W1th we see that

|DyF., — I < Cye) exp(Cye)€) Zaj R7" < Cyo exp(Cyere) = 0,

J=0

cv—1_,cv—1

and hence the estimate in (2.9 holds.
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8.2. Induction on the length of orbits. In this section, we construct the probing family for
which holds for a predominant set of metrics. The idea is to show that for any 1 < a < 2,
given non-degeneracy of returning points at time n for all n < ¢ (together with some additional
conditions on the eigenvalues of Poincaré maps), most perturbations have non-degeneracy of
returning points for times n with n < af. An outline is given in Section 4.2

We start by obtaining non-degeneracy of orbits of length 1. In what follows, given dy(¢) and
Ro(e) we write Fy(g, o) := QFo():%() (g o) as in (8.7).

Lemma 8.2. Let v > 0 and b > 0, a function N : (0,1) — N, and a (v,N)-good family
of perturbations {QR"S}R,(g. For all ¢ > 0, there exist positive constants dg, Ro, B0 such that
50R519” < %6 and the following holds. For every F > 0 and (I',G) that is a (F ,b,v)-admissible
pair for {QR";}R,J; and all K C G bounded in 4", there are C > 0 and 9 > 0 such that for
0<e<egg

sup [ Fo(g,0) — glle < 1Ce,  forallg € K, (8.15)
geX(Ryp)
and
M (1g) (0 € 2(Ro): Folg,0) €L, ,) < ic, forallge K (8.16)
where the set I~/F70 1s defined by
I~/F’O = {g €¥9”: JgeNst. I'NZ, (1,,80,070q73,g)\</1/q7} (1, 80,0,0,9) # @}, (8.17)

with Bo,0,0 = 280,0-
Proof. Let 94,95 be as in Definition and set
Ry = 3e, dp = min (52R6nax(b’w4), 8Rglax(19"’195+1’1)), Boo = %RBH(S(’?.

Next, fix K C G bounded in ¢”. By Definition [7.2]there is Cy > 0 such that ||g— Fy(g, o) cv <
CocSoRaﬂ” < %C’oe for g € K implying (8.15)). Let ¢,C be as in Corollary (with ' = y) and
note that its hypothesis for n = 1 are satisfied with ¢ := §p and R := Ry provided ¢ < ¢. Note

—~—

that since .7/ (1,a,9) = S*M DT for all g € G and o > 0, then
{oe2(Ry): Fo(g.0) €L, } = Sfo’éo(l»aﬂﬂo,o)-
Let a = %c. Finally, since y > 1, if the conclusion follows from Corollary after asking
e = 2Ry < min(c?, cd,,C71).
O
Now that we have obtained non-degeneracy for returning points with orbits of length 1, we

need to induct on the length of the returning orbit. In order to do this, we work with lengths
between a’f and a*t!f for some 1 < a < 2 and induct on ¢. Before stating our lemma, we set

b:=1—logya €(0,1), (8.18)
and for j > 0 and € > 0 set

15(€) 1= 5B/ G (8.19)
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We are now ready to do the induction on the length of the orbits. At step £ in the induction,
we study returning trajectories of length ¢ < f a’*!, in particular, making perturbations so that
the returning trajectories with (a — 1)f < ¢t < a’*'f are non-degenerate and so that the non-
degeneracy of shorter trajectories is maintained. See the outline of the proof in Section [4] for
a more detailed explanation of the argument. In what follows, we continue to use the notation

¥/(R) introduced in (3.6).

Proposition 8.3. Letv >5,9>1,b>0, N:(0,1) - N, and {QR";}R(; be a (v, N)-good family
of perturbations. There exists d > 0 and for all € > 0 there are 6 := {0,}72,, MRe = {Re} 2,
and Boo > 0, such that 63RZ19” < 27 ¢ and the following holds. For every F >0, (I',G) that is
a (F,b,y)-admissible pair for {QR75}375, and K C G bounded in 4", there are C > 0 and g > 0
such that for 0 < e <eg and all £ =0,1,...

sup  ||Fipi(g,0) — Fi(g,60)||ev < C277%,  geK. (8.20)
0'62[+1(m)
In addition, for 0 <1i < j </, there exist constants B;; € (0,1], with Bit1; < Bij,
"
Bj+1,j+1 = 5;,]-6‘1“] ; (8.21)

with ¢ := maX(ZNéiiﬁ) my, 28y) and m,, = max(b, 9,95 + 1,204, 1) such that the following holds.

Let ag = 4 and for 0 < j < ¢ set

a1 =58, ajg = (1—27Day, Bige=1+27)8; 5,
Bierr = seBje, By = AL, . 1ﬁ;;1 (8.22)
with vj as in . Then for allge K, £ >0, and 0 < e < g9
My o (a’ €S(R): 3j < st Fi(g.5;) ¢ Lm) < (1-27Y), (8.23)
and, for all o € ¥y_1(R) such that Fy_1(9,0) € 9"\ L, ,_,
Mg, (ag : Fy(g, (o,0))) € Lw) <27 1e, (8.24)

Here, L, _, =0, F_y =, and for £ > 0 the set L, , is defined as follows: g € 9"\ L, ,

(1) For0<i</{, al <n<d,

Fm%r (na Bi,@?g) - '/Vf(nvléi,fag)~ (825)
(2) Forallb <j<(,0<i<j, al<n<d, andalll<qg<a/t=H
rn '@F (nvﬁi,j,fq_gug) N Z(na O[j,eug) C ‘/V‘LF (n’ 5’i,j,f)g)' (826)

Remark 8.4. There are a large number of parameters in Proposition One should think
of these parameters as follows. Those with a 8 control the degree of g-non-degeneracy that
trajectories have while those with a 3 control simple non-degeneracy of trajectories. Parameters
with an « control the degree of simplicity that a trajectory must have in order to apply the
inductive hypothesis.

The most important constants will turn out to be ¢ and a. While 1 < a < 2 is left free
for the moment, and will be fixed in the proof of Proposition ¢ controls how rapidly the



PREDOMINANT WEYL IMPROVEMENTS AND BOUNDS ON CLOSED GEODESICS 53

non-degeneracy of trajectories decays. This constant is determined in Step 3 of the induction

(Section [8.2.4]).

Notice that the parameter ¢ depends on m,, which depends on the regularity v in which
we work. The reason for definition of m, is as follows: 1) 1, appears because we want our
perturbations to be close in 4" (see Lemma , 2) b, 2194, and J5 + 1 appear because we need
to apply Corollary (see Step 3 of the induction (Section

Given £, the proposmon yields that for all the perturbations F‘se’me( o) that satisfy both

and the set of oy that would yield a new perturbation F e R *(g,0,0¢) not satisfying

elther or is bounded in volume by 2-(*+Ye. This allows us to show in the proof

6E,ms (

of Theorem . that except for on a measure € set of o, the perturbations F5s g,0) satisfy

- for all n.

We next explain the reason why we need to include in the statement (this is also explained
carefully in Section . We prove the proposition by induction in ¢. Suppose we could perturb
F‘ss’ms (g9,0) in such a way that orbits that start in I' and and are (n, B¢¢) returning with n €
(afﬁl, ‘] will also be (n, Bee) non-degenerate. Then, applying to get non-degeneracy of
(n, Bee) returning orbits with n € (0,a’"'] would finish the job. However, this cannot always
be done. The issue is that we can only arrange for most of the perturbations to yield (n, 8¢¢)
non-degenerate orbits when the orbits are (n,ay,) simple with £y, small in terms of ay, (see
Corollary . If all (n, B e) returning orbits were indeed (n, oy ) simple, then applied to
¢ —1 would guarantee that orbits that start at I' and are (n, 3¢,) returning with n € [0, a*] will be
(n, Bee) non-degenerate as desired. In reality, some returning orbits will not be (n,ay ) simple,
and so those we will view as iterates of shorter loops’ of length n/q € (a1, a’~1] with ¢ > 1
that are (n/q,C"ayy) returning (see Lemma [6.4). If the shorter 'loop’ is (n/q, a; ) simple and
C"oyy < Bivg™3, then we can apply to say that such an orbit is (n/q, B;¢) ¢ non-degenerate
and use that to infer that the long orbit is actually (n,8r¢) non-degenerate (see Lemma .
If the shorter loop is not (n/q, o; ) simple, then we view it as an iterate of a shorter loop and
repeat the process until it terminates. The reason for the third index in §; ; , is that we will need
some extra non-degeneracy which is ‘used up’ by making additional small perturbations in future
inductive steps.

We divide the proof of Proposition into steps. In Step 0 we show that the base case £ = 0
holds. In Step 1 we deal with the returning orbits that are not simple enough to get non-degeneracy
by perturbation, instead showing that they inherit the non-degeneracy by decomposing them into
shorter loops as described above. In Step 2 we prove that the non-degeneracy created up to step
¢ is preserved by the perturbation performed in the £ 4+ 1 step. Finally, in Step 3, we prove that
the volume of the set of perturbations that yield orbits whose degeneracy we cannot control is
small.

8.2.1. Step 0: Setting up the induction argument. Let (I',;G) be a (F,b, 1)) admissible pair for
{Q"°}ps, and K C G bounded. Let K C G be bounded and satisfy K C K with d(K K¢ > 0.
By Lemma [8.1] there is £; > 0 such that K C 4 for 0 < £ < e1, where 4" is as in (8-4), and for
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any choice of d. and R, satisfying (8.5]), we have
FRO (K x 2, (R) C K, 0<e<e, JeNU{xo}

Since all the metrics we work with will be of the form F}RE’& (9,67), for some g € K, they will lie
inside K and hence have uniform estimates.

Let &y be the number gy found in Lemma From now on we assume that g9 < min{&p,e;}.
For convenience, in what follows we work with

Co = 2max{1,C,Cy,Cs,C3,Cy, 0", C, b, (8.27)

where C is the constant from Corollary @ (1 is the constant from Lemma C5 > 0 is such
that [[¢? — @9t < Chllg — glles for all g,§ € K and ¢t € R, C3 is as in Lemma and Cy is
the maximum of the constants C in Definition for the choices of v in {3,5,v}, and C,, J,, are
from Lemma and . Note that Cy depends only on v, N,y,b,a,F,I',G, K. During the

induction argument we will ask that £9 be small in terms of powers of Cjy L

We prove the lemma by induction on ¢. We check the cases 0 < ¢ < [log,2] — 1. Since
allega21=1 < 9 this amounts to considering 0 < £ < [log,2] —1,n =1, 0 <4 < £ in (8.2) and
b0 <j<l0<i<j, and1<gq<da//*~t1in (8.26).

By Lemma for all ¢ > 0 there are 3y 0, Ro, and &g such that such that (8.15]) holds and ({8.16)
holds for all g € K and 0 < ¢ < go(T", K). ,Set ds(¢) = 0, Re(e) =1 for 1 < /¢ < [log, 2] — 1. That
is,

Fe%(g,00) = F =% (g, (00,01, ...,00),  1<£<[log,2] —1. (8.28)
Then, (8.15) implies (8.20)) for ¢ < [log, 2] — 1.
Set f;j = B for 0 <i < j < [log, 2] — 1. We note that by ({8.28)), it is enough to show that

MRy (U : Fo(g,0) € U LRZ) < 27 1le.
0<¢<[log,2]—-1

We next claim that for ¢ < [log,2] — 1, and g € K,

{O' . Fg{syés(gja) & U LF,E} C {U . F(?Rcf»lss(g?().) c I:/ ’0}
0<¢<[log, 2]—1
where L, _ is defined in Lemma

Indeed, since 3070 = ﬁg%gQN_l and Bo,0,0 = 260,0 for € > 0 small enough depending on K and
all g € K,

F,0

¢/V(17/BO,07F0(970—)) C '/Vl,/ (1,ﬁ070’0,F0(g,0')).

Therefore, by (8.17)), if F?s’as(g,a) ¢ f}F,O, then (8.25) holds for 0 < ¢ < [log,2] — 1 and g¢
replaced by Fém"sE (g,0).
Next, since 3; ;¢ < Bo,0,0 for i =0, bl < j </, and 0 < ¢ < [log, 2] — 1, we have that

{g SRA r ﬁ%,r(lvﬁo,o,oq_?)’g) N Z(TM O‘j,ﬁ?.g)\‘/l/q,F(LﬁO,O,(MQ) 7& (D} - I:/ ,0
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and hence, if Fg%"sE (g,0) ¢ sz o+ then (8.26)) holds for 0 < £ < [log, 2] — 1 and g replaced by
FgQ -0 (g,0). The claim in (8.23]) then follows from (8.16)). This concludes the proof of the base

case in the induction argument.

Note that with £ in place, the constants 3y, and «y are defined as in (8.21)) and ({8.22) for
all . For € > 0 and ¢ = [log, 2], [log, 2] +1,... we set

Ry(e) := %5“2+1a4, 0¢(g) := min (6aé+1Rznax(b’2ﬂ4) , 62_4R?13X(19”’195+1’1)). (8.29)

We note that d¢(e)Re(e) ™% < 277 1e and so 8. = {6,(€)}32, and R. = {Re()}32, satisfy (8-5).
We also note that with these definitions there is g small enough that the assumptions (7.19) in
Corollary are satisfied with R = Rpy1(€), 6 = 0p41(¢), @ = a1, and n < a®Fl.

We now start the inductive step. Note that the base case 0 < ¢ < [log, 2] — 1 only covers n = 1
since af < n < a’! and a < 2. Since to get to n = 2 we need 2 < a’"!, we may assume that the
inductive hypotheses hold for some ¢ > [log, 2] — 1. We split the proof of the inductive step with
£+ 1 into three steps.

8.2.2. Step 1: Nondegeneracy of returning points that are not simple. The goal of this step is to
study the set of points in I' that under the perturbed metric Fy(g, o) generate orbits that return to
I at some ‘discrete’ time n € (a’, a®*1] but that are not simple enough that the Fy,; perturbations
would make them non-degenerate. As explained before, we decompose these returning orbits into
shorter ‘loops’ and we use the (3, ¢) non-degeneracy of shorter orbits given by to show
that the original orbits were already non-degenerate.

We note that for this step in the proof the exact powers in the definition of 3;; do not play
a role. Instead, we only use that §;; > B4+1,+1 and Bi11,; < B;; for all @ and j. The precise
definition of v; as well as the definition of a1 in terms of v; and 3;; do, however, play a role.

Lemma 8.5. There is g > 0 depending only on v, N,n,b,a,F,I',G, K so that the following
holds. Suppose the conclusions of Proposition[8.3 hold up to the index £. Then, for all 0 < & < &,
al <n <al and (9,0) € K x 3y(NR.) such that go := Fy(g,0) € 9¥\L,., we have

T,

rn %/ (n7 Qypi1, g@) \ Z (na Qypiq, gé) - </1/[ (n7 Qyi1, QZ) (830)

Proof. Let af < n < a*! and (g,0) € K x 3,(MR) such that g, := Fy(g,0) € GY\L, ,. Let
pe'NZ, (n,cus1,90) \ 5 (n, ugt, ge). (8.31)

We divide the proof into fours steps. In Step A, we decompose the non-simple orbit associated
to p into shorter (k0 (¢)) returning orbits that are (ky,, am(€)) simple. The returning times
tm associated to these orbits are such that t,, divides t,,_1, and k,, = [tfm} with kg = n. In
Step B we show that p € A%, (km,Bm (), g¢) With ¢ := to/tm € Z. In Step C we prove that
there are Z and p € Z such that for all ¢ < g, there is a time t,,, sufficiently close to qt,,
with the property that (P2[g:])?(p) = PP[gd](p) = ¢i. . (p)- In particular, one can control the
distance from (P?[g,])(p) to p for ¢ < gy, In Step D we check that the above guarantees that
the hypothesis of Lemma are satisfied and so p is (n, ays1) non-degenerate as claimed.
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Step A. We start the proof by showing that there are 1 < m < | (¢ + 1) log, aj {t:;}"y C R, and
{ki}™y C Z, such that ko =n, (ki — 1)F <t; < k;F, t; divides t;_q for 1 <i <m, t; > F,
pel'n %/ (K, 0m(£), ge) N Z (km» am(£), ge), d(‘Ptm (p);p) < am(¥), (8.32)
and
d(ei*(p), ¥ (p)) < 6i(0), 0<t<ti1, t=qti+r, 0<tr<t. (8.33)

Here, for i > 1
ai(0) = i1, o) = ao(l),  8(€) == Ci ey 1(0),

with Cj as in (8.27)).

Note that p € T'NZ, (ko,00(£), g¢) \ 7 (ko, (), g¢) by (8.31). We next show that, by splitting
the orbit into shorter returning ones, we can find {ti}?;f)l such that t;y; divides ¢; and p €
I'NZ, (ki,0i(0),90) \ 7 (ki i (€), ge) with k; := (%1, and that both (8.32)) and (§8.33).

To do this, suppose we have found {ti}ﬁ_ol such that t;11 divides t;, and, with k; := [%],

pe '%F (kiaéi(f)vgf)v (834)
P ¢ Z(khai(f)vgf)v (835)

and (8.33)) hold for 0 < i < m—1. We prove by induction that there is t,, dividing ¢,,_1 such that
(8.34) holds with i = m and (8.33]) holds for 1 < i < m. Note that the base case i = 0 follows
from ({8.31)) after letting ¢y be such that n = [tfo] since ko = n.

First, note that 0;(¢) < a;(¢) for 1 < ¢ < m — 1. Indeed, since {f;;}; is decreasing it is
straightforward to check that d;(¢) < a;(¢) provided C’éi’lfyg_i_l < yp_i_o. Since a=/b < 1, this
reduces to checking that C’éi’ls(”“)“(hiﬂ)/b(al/b_l) < 1. Since t;_1 < kj_1F < ag+12_(i_1)F, the
claim follows from letting €9 be small.

Next, since and hold with ¢ = m — 1 and §;(¢) < «a;(¢) for 1 < i < m — 1, using
Lemma together with C, > 1 we may apply Lemma with C, = C. > 1, § := §,,,—1({),
a = am-1(¥), to := tm—1, to obtain the existence of t,, € [C.F — C’émflam,l(ﬁ) , %tm,ﬂ dividing
tm—1 such that d(gpffn (p),p) < 0m(£) and for 0 <1 < tp,—q1 with [ = gty +vand 0 <t < ¢,

(¢} (p), ¢¥(p)) = dm (L) (8.36)
Note that, provided € > 0 was chosen small enough small enough (uniformly in K, ¢), and using

that C.. > 1, we have t,,, > F. If p & .7} (km, aum(£), g¢), the inductive step ¢ = m is complete. On
the other hand, if p € .7 (km, am(£), g¢) then we have proved (8.32)) and (8.33).

At this point, we have proved either that there is m < |(£+1) log, a] such that and
hold or there are {t;}Y,, with N > [(¢£+ 1)logya| such that t; divides t;_1, t; > F, and with
ki = [%L (8.-33), (8.34)), (8.35)) hold for all i. We claim that the second alternative is not possible.
Indeed, note that since ¢; divides ¢;_1,

F<t;<27% <2 %,

and this is not possible for i > [(£ 4 1)logya] since then 27%a’*! < 1. Tt follows that the
claims (8.32) and (8.33)) are true with m as stated.
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Step B. Let ¢, = to/tm and B (0) = Bi,, j,, With iy, = [logg km ], jm = £ —m + 1. We claim

p € Ny b, B (£), g¢). (8.37)
The objective is to show that we can apply the induction hypothesis (8 with (n,q,1,7,¢) :=
(K, @m» ims jm, £). To this end, we first observe that by definition am~! < k: < a'm. In addition,
km < 27ma < a7 and $0 iy < jm. Also, since m < [(£ 4 1)(1 — b)], we have b({ 4 1) <
Jm < L. In particular, tfo < ol < a’f". Since tfm > aim~1 this also yields ¢, = f—i < @fm/b=imtl,

We first claim that
8 (0) < B ()¢, -

Indeed, using that Bj,, j,. < Bip.jm (since iy, < j) and g, < a1, this reduces to checking that
03(“1)08’”’1@- +1 < Bjm,jm- Furthermore, since §j,, ;.. < 1, the claim reduces to showing that
a3(”1)0tm 'Y <1, and this is equivalent to

52X < Co—af+12 m“a4N(£fm+2)/b73(f+l)67(2N+1)a(£*m+2)/“_

The claim then follows from the facts that ¢g < Cy ' and (£ —m +2)/b > £+ 1.

Since 8, (€) < Bm(0)gy> and By, jo.0 = (1 +27™) B, (€), we conclude that Z, (km, 6m(£), ge
R, (km, Bz-mjm’gq;f’, ge). Therefore, the claim in follows from combining (8.32) and
with (n,4,5) = (km,%m,Jm). This can be done since §;,, j,.e = Bm(f) and 7 (kpm, am f),gg
I} (kms j,, 0, 9¢) because a,, ¢ = (1 —27™)ay, (€).

N

B2
o
k=]

N

Step C. Recall that k,, = [t”ﬂ and to = gmtm with kg =n. Let C, §, be as in Lemma and

(1. Let

Sme = mCL " a1 (0). (8.38)
We next show there are Z and p with TP)[g/](p) € [(km — 1)F — C0 , kmF + C0,],
(ap) qm (p) ®)[g,1)?
PO lod(0)Yzy € DPlgdd. max d((PP1])"(p).p) < Coin 59
péqp) [9e](0)) = (pép) l9e)) (0, 0<q<qm, ¢’ in a neighborhood of p.

Let 0 < ¢ < g Since {a;(€)}; is decreasing, it follows from Lemma below that

(5, (P)s p) < O (8.40)

Let €9 be small enough that 6,,, < 0, for any choice of m,¢. Then, since p € I', and 6,, 0 < 0,
by and there exists ¢4, with such that

ltgm — qtm| < Cebmu, @l (p) €T, d(ef (p),p) < Cobme- (8.41)
By Remark there are p and Z such that p € Dg’) [g¢],
(p) — I (p) — ()
P lod(p) = @l (0), TPlgd(p) =tim, | max d(PPgel(p),T) < . (8.42)

Let ¢, be the constants given in Lemma Now, by Lemma we have B_(p,c}) C Dg’) [ge].
Note that, since p < Ca’*!, one can choose gy small so that Come < for all m,l and € < g .
Thus, [Pép)]q(p) exists for 0 < g < g,
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Next, we claim that for all 1 < g < ¢,
(PP ge))*(p) = &, () (8.43)

To see this, set tp,, = 0. Since the claim is true for ¢ = 1, we may assume that for some
1<q<gqm, and every 1 < j <g,

i—1
7019 (PP lge))' ™ (0)) = tim = ti-1.m (8.44)
and hence that for 1 < j <g¢q
(PP19d) (p) = ¢ttty 1 (PPlod) ™ (0)) = 62, (0. (8.45)

Now, observe that there exists C' depending only on G such that
IT®) (gl (p) = TP gel (o) < C*" d(p, o).
Hence, using (8.41), (8:42), and (843)
t1m = TPl (PP 19))"(0)) | < C7 Cyine

T

Thus, we have

o o (PPgd) () €T, o™ (PP[gi])(p)) €T,
fattm =t ( z ) Tg>[ge1((7><;>{ge1)"(p>) ( z )
and, choosing ¢ small enough,

‘tqﬂ,m — tom — T [g/] ((7’;’) [ge])q(p))) < (CP" +3)Cbmye < crF

In particular, this implies that
tastm — tam = TPlorl (PP lae])  (0) )

and hence (8.44)) holds with ¢ replaced by g + 1. This shows that (8.43]) holds.

Let 7 := (%0,51, ...). Using again that € > 0 can be chosen small enough, this implies that,
with the chain

iz (ot BTt i),
we have
([atm] = DF = Cgd < TPV (gel(p) < Tatm]F + Cobg, (8.46)
and hence
PEPgi)(p) = ¢i () = (PP [92])(p)-
Moreover, by definition, using that the fact that Dép ) [g¢] and Dép %) [g¢] are open, we have (779’) [9:))7(p) =
Péqp) [g¢](p") for p’ in a neighborhood of p as claimed.

Step D. We now complete the proof of the lemma. It follows from (8.32)) and (8.37) that
pel'NZ, (ks Cgdm. e ge) N N dmor (Km, B (€), ge), (8.47)

with 0., ¢ as in (8.38]). Here, we have used that 6,,(¢) < C 0, ¢ since ty,—1 < F ky < Faltl, The
goal is then to use Lemma with ¢ := C 6,4, and (B, qo, k,m) := (Bm(£), Gm, km,p). Let Cs
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be as in Lemma and note that Cy > C3 by (8.27)). Thus, to apply Lemma we first need
to check that

Co0me < min {3, (2f(Bm(£), gm)CH™ ") 7'} (8.48)

To see this, note that by the definitions (8.38)) and (6.14)

41 —
Codm e 2§(Bm(£), 4m) Ty = 2ComCy ™ TEm 4 (5N g a1 (€) B (€)

In addition, ay—1()Bm(0) ™2 < Yp—m1(€) since Bi,, . > Bim.jm- Therefore, the bound in (8.48)
follows from (8.19) after noting that k¢, < a‘* and (¢ —m+1)/b < ¢+ 1, and choosing ¢ small
enough.

Combining ({8.48] , -, and we may apply Lemma and obtain
pE </VF (TL, (ZT(ﬁm(Z)a qm)cg)_la gﬁ)-
Here, we have used that, by (8.46) and (n — 1)F <ty < nf, we have
(n = DF = Ceg < T Pg)(p) < nF + Cyd.

Finally, using that 8,,(¢) > Bj,. 4. > Bee one can check that C7% > 2+,(5/2)Rg. In
particular, since ¢, < a1, b € [0,1], making gy < C’Jl would imply [2f(Bm, ¢m)CF] ™1 > apr1,
and the proof is complete. O

Lemma 8.6. Let p € I satisfy (8.33)) and (8.36). Then for all0 < j<m—1and0 < q <tj/ty,

m—1

d(eqt,, (p),p) < ZCZ“ i (f). (8.49)

=]

Proof. First, note that for j = m — 1, the statement follows from (8.36)). Let 0 < j < m — 2 and
assume (8.49) holds for 0 < g < tj41/t;,. Next, let ¢ < t;/t,, and write gtm = > 1" git; with
q; < tj—1/tj. Then, by (8.33) with i =j + 1, t = gj41tj41, and t =0

t.
d(songrlthrl (p),p) < Cq’ a;(f).

Next, note that g, = Fy(g,0) € K since g € K. In particular, |¢?||cv—=2 < Cllge|lcv < Cp for all
C It follows that

it e ity St
A g, (P15 e (P) < Gy T a(l) < G Lo (0).
By the induction hypothesis, al(c,ogz‘“’;,;jJr2 gits (p),p) < ZZ”]}FI sz i "o;(f). Thus,
Zm 1, m—1 Zm_lt m—1 Z
Wi 0 (0:0) < G a0+ 37 G Mailt) = 30 G Maa(l)
i=j v i=j+1 i=j

and the claim follows by induction. O
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8.2.3. Step 2: Preserving non-degeneracy under perturbation. In this section, we show that if the
non-degeneracy properties (8.25)) and (8.26) listed in Proposition (8.3 hold for g, := Fy(g, o), then

they also hold for the perturbed metric (gg)g’5 .= Q*(gy,0) for appropriate R, 4.

Lemma 8.7. There iseq > 0 depending only on v, N,y,b,a,F ,I',G, K so that the following holds.
Suppose that the conclusions in Proposition are valid up to the index £ and let 0 < € < &y.
Then, for all (g,0) € K x 3y(MR.) such that g, := Fy(g,0) € G"\L,, the following holds. Let
(gg)g’é = Q" (gy,0), with R = Ry, 1(g) and § = 6441(¢) as defined in (8.29). Then, with Cy as
in (8.27),

1(9e) 3 = geller < Co27" e, (8.50)
and
o for0<i</{, al<n<d,
rn ’%F (na Bi,ﬁ-i-l) (91)5’6) C ‘/VF (nv Bi,ﬂ—f—la (gf)zlf%,d)' (851)
o fora’ <n <aff!
rn ‘%/ (n7 %a@rla (95)576) \ '5,7 (n7 %a@rl? (95)576) - ’/V/ (n7 %O‘Hl’ (95)536)' (852)
o forb(f+1)<j<t 0<i<j, al<n<ad, and1<q<al/’,
DOy (n, Bijurra > (90)5°) N5 (0, 00015 (9)5°) © Ny (0, Bijern, (90)5°). (8.53)
Proof. By Definition and (8.27)), the bound in (8.50) holds since
1(90)5° = geller = 1Q™° (g6, ) — Q™ (g4, 0)[lev < §CodR™ (8.54)
and, by definition,
§ < eRVvo (1), (8.55)

We next address (8.51). Let 0 <i </, a'~! <n < a'. We claim that

‘%F (na Bi,@Jrla (94)575) C ‘@F (TL, Bi,ﬁa 92)7 (8 56)
rn ‘@I (Tl, Bi,fa g[) N r/V/ (na B’i,@a gf) C JV/ (na Bi,f-‘rlu (93)576)7

provided
§<Cy™ TIR%B (1 —sp), 0<i<L (8.57)

Once we prove (8.56), the claim in (8.51)) will follow by applying the inductive assumption (8.25)
to g¢. One can check that (8:57) is valid after asking that g9 < Cj .

To see the first part of (8.56) suppose that p € %, (n, BMH, (94)575). Then, p € %, (n, BM: ge)
since Definition [7.2] (8.57), and (8.27) imply
RS ~ ~ ~
| — soﬁg”" o1 < Ctllge — (gz)g’éHCs < CEYSR™ < Big(1— s0) = Biv — Bigs1,  (8.58)
provided (n — 1)F <t <mnf and (8.57)) holds.

For the second part of (8.56)), note that with J,, as in Lemma and (6.11]), if Bi’g < 6, We
may work in a single coordinate chart (U,v). Suppose p € I' N Z, (n, Bie, g¢) NN (1, Bigs 9e)-
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By Definition and Lemma there exist Z and m such that T(m) [9d(p) € [(n—1)F —
Bzﬁa TLF+C Bzﬂ] and
sup (1 = (P ge)o) (0) || < B (8.59)
{(,U)€A: B(p,Cryd)CU}

In addition, since otherwise we may modify the choice of chain, we may assume without loss of
generality that

d(PVg)(p),T) <65, 0<j<m. (8.60)
Then, by Lemma there is ¢ > 0 depending only on G,I', F such that
pe DI [(90) &),

as long as H(gg) — gollev < ¢™. Here, we use that (8.54) holds with v =3 together with (8.29))
and U5 + 1 — 93 > 0 to justify that sy can be chosen small enough that [|(g¢)5° — gollev < ™.
Next, since T(m) lge](p) € [(n - HF — CG,&[, nF + C’Gﬁl g] we have

T ((90)29)(p) € [(n — DF — CBiy — CZSR™" , nF + CyBip + Cyt T26R™7]. (8.61)
Indeed, by (8.58)), implicit function theorem, and that H elg is uniformly transverse to T,

T (90801 (p) — TS 96l (p)| < C,CH TR
and (8.61)) follows. Now, since for & small enough,
OGC(T)L/ +15R_193 + CgBi,f < CGBi,f-i-l < CG(SGv

we have

T ((9)50)(p) € [(n — DI = Cud, b + Cdy). (8.62)

Let (¢,U) € Abe such that B(p,C,d,) C U. Abusing notation slightly, we work with Pém) lg¢],
and P§m)[(gg) %] for the maps induced in the (1, U) coordinates. Let A = I — dP{™ [g¢)(p) and

A = dPM™gd(p) — dP™[( 90)29)(p), and observe that yields |A|| < Bir(1 — s¢). In

partlcular by m,

—1 ~—1 5
H(A—i-A)i HA ” < Bz,( 1 -1 1

1” = A_]_ A — a—15 ’LESE _/BZ€+1
L= [|AZHI[AL ™ 1= 87 Bie(1 - s0) ’

Combining this with (8:62) we conclude p € A, (n, B;ps1, (90)5°), and hence the second part
of (8.56)). As noted earlier, this shows that (8.51f) holds.

We next prove (8.52). Let a’ < n < a’*!'. We will show that
‘%/ (n7 %af-i-la (94)575) C %/ (na Qypi1, gé)a
%F (na Qpy1, gf) N ‘/VF (n7 [CTER P g@) C JVF (n7 %(Xﬁ+1, (95)576)7

'Z (TL, i1, gé) C ’% (TL, %a€+17 (95)576)7 (864)

(8.63)

provided
§<Cy¥ IR 2ay, . (8.65)
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Note that combining (8.63) and (8.64) with Lemma yields the claim in (8.52)). Also, it is
immediate to check that (8.65) is valid after asking g9 < Cj!.

The claims in (8.63) follow from the same proof that yielded (8.56). To see that (8.64))
holds, observe that if p & .7 (n, a1, (90)%?)), then there is t € (AF.(n — 1)F) such that

R, R,§
(27" (p), p) < Laus1. Thus, by (858) and (B:65), we know [[pf — 0% Vet < Laggs. In
particular, d(apf’z(p),p) < a1, and hence p ¢ .7, (n, ayt1, ke) as needed.

Finally, we address (8.53). Let 0 <i < j, a" ' <n<da’, b(f+1)<j</f and1<q<al/v~
We claim that, provided (8.68) and (8.71]) below hold,

‘@F (na /Bi,j,erlq_g? (gf)fr%,é) C ‘@F (na /Bi,j,fq_ga g@)a ‘yff (n7 Q5 o41, (93)576) C Z (na Qjp, gf) (866)

rn %F (na Bi,j,eq_:;) gf) N </Vq,,r (’I’L, ﬁi,j,f? gﬂ) C </1/qu (TL, ﬁi,j,ﬂ—i—l? (95)576)- (867)

Note that combining (8.66]) and (8.67)) with (8.26|) yields the claim in (8.53]).
For (8.66) we argue as in the proofs of the first part of (8.56) and (8.64)), and use that a4 >
%aﬂ. We can do this provided

. —alr— i /b—i\ — —adlr—
0 < min (Co “TIRY(Bi g0 — Bijur) (@0 Ot IR%%%‘,K)- (8.68)
We note that (8.68) holds for g small enough since {a;}; is decreasing and B¢ < f; ;.
The inclusion in (8.67)) will follow from Lemma below with 8 = f; j¢. Indeed, provided
s < min(Cy"BMRg™ N 6 — B), (8.69)

lge — (90)5°
we have by Lemma [8.8
TR, (1, Bijeq >, 90) NNy (0, Bijie: ge)
CINZ, (1, Bijesg90) VAN gy (0, Bijes ge) (8.70)
C Ny (0, Bige(L = llge = (905 les B 2 CTIq™ )R, (90) 39).

Since,
5 < Rﬂgcl—aﬂ/b—l(aj/b—i)—ém-i-l 1'25.&7((1 _ S%ﬁj)’ (871)
the bound on ||g, — (gg)g’é c3 from (8.54) and (8.71)) imply the first part of (8.69)) and
Bijart < Bige(l = llge — (90) 50 llca B 7y C g™ )/, (8.72)

_ 8 1
Furthermore, for € < C 1 we have Bije < =5+, and [|gp — (gg),}';z"S ¢3 < -§. Therefore, the second

part of (8.69) holds. Combining (8.70) with (8.72) then implies (8.67) as claimed. O

Lemma 8.8. Let K C 93 bounded and Cy > 0 as above. Then for g1,92 € K, 8 € (0, d.)s g €N,
and € > 0 satisfying

||gl - 92HC3 < &€, e < min(C;an2Nq_4N_la 5G - 5)

we have

rn ‘%(n> Bv gl) N ‘/V(LF (na 67 gl) - ‘/VQ,F (nv B(l - EB_QNquq4N+1)1/2N7 92)
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Proof. Let pc I'N%Z(n,,91) NN, (n,B,91) and (¢,U) € A such that B(p,C,6,) C U. Then,
there are Z and m such that Tz(m) [91](p) € [(n—=1)F = C,B, nF + C,B],

sup d(PY™[g1](p), T) < b

m<n

and

I(7 g D) O 5 212
< (5¢°B~H*. (8.73)
(1+||d(( zm)[gl]) )( )|| )QN v
Note that (14 [|d((P{™ [g])y)(p)[|9)21 < CT? for all g € K and o’ € D™ [g].

Now, by Lemma pE Dg”)[ 9]. Therefore, defining

Ay =1 =[PP A= AP a])e) ()] = (AP g2])w) (0)]7,
(8-73) yields A, 1 < ‘;’z: C1B~ g™, Next, note that

Al = | S Pl (P lgn])e) () — (P o) (AP l921)u) ()P |
j=1

< O P g1] =PI ga]er < qC7 Ve,

where we take the C! norm on the intersection of the two domains and the last inequality follows

from (6.11f). In particular

H PO g a1y < 14"l
(m q - — n 1
1+ Hd(( ; )[92]) )(p)[[9)24-1 1 ] A7 " flg=Cy ™
which yields the desired bound since geC} e+l < %?;%C’l_"qﬁwq_‘m < slAZMI~

Finally, we also note that
(n=1F = Cybg <(n=1F = Cy(B +e) < TMgal(p) < nF + Cy(B+e)< nk +Cgbg,
and hence, p € A, (n, B(1 —ef7ROTIgH)/2R g5) as claimed. O

8.2.4. Step 3: Controlling the volume of bad perturbations. This step is dedicated to finishing the
induction argument that yields the proof of Proposition We still assume the conclusions of
Proposition hold up to some ¢ > [log, 2] — 1, and will show they also hold up to ¢+ 1.

In what follows, we work with R := Ryy1, § := dp11, and for 0 < ¢ < £ 41 set

: n—at im
Bior1 = %aif?ﬁw vn(f), vp(f) = 2,Bg+1’€+15( at+1) dim sp(2X) (8.74)

The first step is to show that for (g,0) € K x 3,(R.) such that Fy(g,0) € 9"\L,,,

2—0—1

d
{UE-H € E(Rf-&-l) Ff-l-l(g’( o, £+1)) € LT,e+1} U 8}%(9 g'e)(n7 %aﬁ-l-lavn(g)) (8‘75)
n=0
for Sz%?g,&[) as defined in Corollary
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To prove (8.75)), first note that if o, is such that

ge+1 = Fra(g, (o, Ue+1)) = QR’é(FE(ga o), Ue+1) € LT,Z+1’

by the definition of L., ,, then either (8.25) or (8.26) does not hold with (g,¢) = (g¢41,¢ + 1).
We claim that in this setting, one actually has that (8.26]) does not hold with (g,¢,7) = (ges+1, ¢+
1,£+1). That is, there exist 0 <i < /+1,a" ! <n<a,and 1 < ¢ < alt41)/b=i+1 "guch that

LM%, (0, Bius10410 2 ger1) 0T (ny a1 41, 9er1) € Aay (0 Bisor1.0415 Gor1)- (8.76)

Indeed, suppose (8.25)) does not hold with (g, £) = (g¢y1,£+1). Then, since Fy(g,0) € 9"\L,.,,
by Lemma equation (8.51)), (8:25) can only fail when i = ¢+ 1. Thus, there are a’ < n < a‘+!
and

p €T NR, (0, Brrresn, gyt \Ay (n, Besr e, gerr)-

Since BHMH < pgtp41 = %a£+1, Lemmaequation yields that p € .7 (n, ayy1,041, get1)-
Furthermore, since ,5’44_17“1 < 2ﬁg+1~’g+1 = Be41,641,041, we also have p € TNZ, (1, Br1,64+1,0415 Je+1)-
Using that f(Bet1041,041,1) < 1/Bet1,041, this implies for ¢ = 1 and ¢ = £ 4 1 since
Ny (0, Berrecterts Gerr) C A7 (0, Berort, Gern)-

For any o,,, such that go11 = Fry1(g, (0, 0,,,)) € L, ,,,, we have showed that does not

hold with (g,¢) = (ge+1,¢+ 1). Since Lemma [8.7| equation (8.53) yields that (8.26) holds for all
J < ¢, we conclude the claim in (8.76). In particular, since 3; 41,41 < vn(€) for all i < £41 and

a’~! < n < a?, we conclude there exists n < a‘*! such that o1 € Sg’?g &) s(n, e e1,v0(n)).

This yields the claim in (8.75]).
Next, we apply Corollary |7.7| with R = Ry41(e), § = dpy1(e), o = %Oé,€+1, and S = vy (f).
Note that since n < a‘*! one may choose €y so that the conditions (7.19) on R,6 are satisfied.

dzﬁ_i% dHl=dqi/b . 0+1

Furthermore, since By41,041 = € B6,0 » one can check that there is d large enough

(depending only on a, b, X) such that

CoRS 216723 o Vo, () < c272, (8.77)

n=0
and ¢ > 28(m, £ + v’ (1 — dimsp(2X))). To see this, we use estimate the left hand side of (8.77)
using the definitions of 5y, (8.21), v, (8.74), Ry, and dp (8.29), ap (8.22) and ~, (8.19) to obtain

that there is C' > 0 such that

[e.e]
COR2—2N—15—2 Z CSL(S—QN—l)Un (Z) S CB;:ZZN(dim Sp(QN)—l)ql_muﬂg(d_c)ae/bZCeace/b.

n=0

Choosing d large enough the estimate (8.77) follows provided ¢ > 2X(m, £+v/(1—dim sp(2X))).
One can also check that 8 = v,(f) < CnRZ ., provided ¢ > 2Ry’ and hence, we may apply

Corollary Optimizing in y’ >y we obtain ¢ = max(%ﬁ”ﬁf, 2Ry).

Corollary together with (8.77)) and (8.75)) then yield that (8.24)) holds up to index £+ 1 in
place of £.
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We next show that (8.23)) is a consequence of (8.24). Given o € ¥y1(R), if
3j <l+1 st. Fj(g,65) €L, ;,
then either there exists 1 < j < £+ 1 such that Fj(g,6;) € L, ; and F;_1(g,6;-1) € 9"\L
or Fy(g,60) € L, ,. Therefore, by Fubini’s theorem and the induction hypothesis ([8.24))

l+1
2y (R) (0’ S Zﬂ-‘rl(m) 3] < g-{—l s.t. F (g,O'J ) < 252 Jj— 1 2_(g+2))€'

F.j—1

m

Now, notice that
Mo (0 € De(R) 13 < C+1 st Filg.55) €L, ) =

m <0' €S (M) :3j < st Filg,5,) € Lm.>

Too (R)

and hence (8.23)) holds. This finishes the proof of Proposition

8.3. Predominance of quantitative non-degeneracy. We now turn to the proof that
holds for a predominant set of g. The next proposition is the key technical result of the article. We
will find sequences 8. and fR. such that (8.1) holds for an .Z := {(Fx Re.0e ,00) }¢ predominant set
of metrics (with F5 N=%= as in Section [8.1] built using any famlly perturbations Q9 that are good
in the sense of Definition [7.2). More prec1sely, provided we are able find a collection {(I', G)}geg
of (F,b,y) admissible pairs for {Qf9} s such that Ugeg G = 97, for each ¢ > 0 and K C 9"
bounded we will find a C' > 0 so that we can control the measure of the set of bad parameter
values o € 3 (R) such that Fi(g,0) does not satisfy with that C' and any g € K. This
result will be used in Section [I1] to prove Theorem [I.3]

Proposition 8.9. Letv >5,9>1,b6>0, N:(0,1) = N, and {QR"S}R,(; be a (v, N)-good family
of perturbations. For 0 <e <1, there are §. = {6;(€)}729, M 1= {R;(e)}52, such that

S )Ry () <,
§=0

and, for all (T,G) an (F,b,n)-admissible pair for {QR"S}R,(;, K C G bounded, there is ey > 0 and
C > 0 such that, for all 0 < e < e and g € K there exists Borel set Sg. C X (MRc) such that

(ngs) S 8’

sup m

geK Too (R)

and for all g € K
{o € Z(R.): Fff’éf (9,0) € L(g)} C Sye

where, Fgg’éa is defined in Lemma
L_(e) = {g €9’ : In such that T NZ, (n, Bn(e),9) € N, ( Bn(s),g)}, (8.78)

and
1

Ba(e) i= 0 ¢ Clos=T 0, (8.79)

with v := 1 + logy [max (2N2(§Zj_';3)my,2l‘lt))} and m, = max(b,d,,U5 + 1,204, 1). In addition,
L_ () is Borel.
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Proof. From Proposition for all 1 < a < 2 there are {0;(¢)}32, and {R;(€)}32, such that

(35)), (8:23) and (8.20) hold. Let (I', G) satisfying Definition [7.3] and K C G bounded. Suppose
that ¢ € K, and o € 3 (R). Then, by Lemma F(g,0) € 9" is well defined. We claim
that the statement holds with

Sge =) Sgec(0),  Sge(t) :=={o € Boo(M) : Ij <L st. Fj(g,5;) € L, },
/=1

with L, ; as defined in Proposition Note that by Proposition there exists £g > 0 such that
forall 0 <e <egand g € K, my_ 4, (Sge(0)) < (1 —27%1)e, and so, since Sy (£ + 1) C Sy.-(¢),
forall0 < e <eggand g € K, My o (Sg@) < g, as claimed.

Next, we claim that {0 € Bo(R.) 1 FRe%(g,0) € L_ ()} C Sy.. For o0 € To(M) \ Syc we
will show that Fgf"ss (9,0) ¢ L_(e). Writing g, = Fy(g, 6¢), we have that gy € 9”\L, , for all £.
In particular, for all ¢, 0 < i < ¢, and a*~' < n < a,

F N ‘%r (na Bi,@? gf) C '/Vf (n7 Bi,@a g@)
By definition, Bil = %B“ Therefore, for £, 0 <i < ¢, and a! < n < a’, we have
rn ‘@F (TL, %Bi,hg@) - °/VF (na %Bi,i?gf)'

Now, by (8.20)), we have ||g¢ — gr—1]|cv < C27e. Therefore, gy — Foo(g,0) =: goo € C¥ with
Hgoo - gHC” <e.

Fix a1 < n < a’. We claim that

rn '%F (n, iBi,iagoo) - ‘/VF (n, %Bz‘,hgoo)' (8'80)
To see this, suppose that p € I'N %, (n, iﬁi,i,goo). Then, for ¢ large enough,
pel ﬂ%r (’I’L, %Bm,gg) C ‘/VF (n, %Bi,iagf) C </VF (na Bn(e)’goo)'

In particular, p € A/ (n, iﬁi,i,goo).

Finally, we choose 1 < a < 2 (and hence find {fR.} and {d.}) such that (8.80) implies that for
alln > 1,

LM%, (1, Bu(€), goo) T Ay (1, Br(€); goo) (8.81)
and hence that geo ¢ Loo. To check (8.81), we need only show that for a®~! < n < a, we have
180 > Bule).

logo a

1 .
By definition, £y, = ﬁéloedceilzﬁ;é(cflaby. In addition, lim,_,o- 4% = 2 Tlems — (). There-
fore, we may choose a so that
ca /=1, (8.82)
2R(2R+3)

where ¢ = max( T M s 2Nl)) > 1 and m, = max(b,¥,,95 + 1, 204, 1). Therefore,

5 _2N—1 .28 _ 2R _ONdef1e_28—1
Bee=e"""Bis =Boo € €

2Ne? _2Rdct—1e+2R—1
> /6070 € .

. . _ logy¢ . . logoc _
Moreover, (8.82)) implies logy a = 1 ) OZ'gQ - and, in particular, - g; ;= 1+logge=1.
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Notice that log,n < £ < 14 log, n since a~! < n < af and hence ¢¢ < en? which, using that
Boo(e) > ce¥ for some ¢ > 0 and N > 0, yields, for C > 0 large enough (in the definition of
Bn(€)) depending on ¢, X, and d, yields

- log el
BE,E > [BO’O(E)PNchn*QNd’Y lozgy n7€2Ndn7+2N—1 > 4ﬁn(5)-

9. NICE PERTURBATIONS IN THE SPACE OF METRICS

In this section, we define families of perturbations that satisfy Definition [7.2] and [7.3] The
basic perturbation takes place on a small ball through which a geodesic passes exactly once and is
inspired by those in [Ano82l [KIi78]. We then build a large family of these perturbations in order
to be able to handle any possible geodesic.

9.1. The elementary family of perturbations. Let v > 0. We fix a reference metric, g, €
Gv+2 et po € S*M and e, ... eq € T,
For g, € 4%, consider the geodesic

M(po)M an orthonormal set of vectors for g,.

'758 (t) ==y, (805* (po))-
We choose a basis EY*, ... ,Eg* € TV?S (O)M , orthonormal with respect to g, by applying Gram-

Schmidt process to (¥,,(0),e1,...,€eq) so that, in particular, EJ* = 4,,(0). (Here, we only use
ea if 4,,(0),€1,...,e4-1 are linearly dependent.) Let EY*(¢) € Tvé’a(t)M be the parallel transport
(again with respect to g.) of EJ* along ~7;. For ¢, > 0, define the map

d—1
g g
% Braa(0,6) xR > M, 9% (ut) = expll (2 1: u'BY (t)), (9.1)
P

where expif} ) denotes the exponential map for the metric g, with base point 7,, (t). Then for
0
g, > 0 small enough depending only on g,, and any small enough (depending on g, and g f)
interval I C R, ®%5|;, B(0g,) 1 @ diffeomorphsim onto its image.
The reason for using g, above rather than g, itself is that, in our perturbation argument, g,

will vary, remaining bounded in ¢”, but not necessarily in ¢*" for v/ > v. It will therefore be
important for us to control the C¥ norms of ®%; using only the ¢” norms of g, (See Lemma [9.4)).
This is not possible if one replaces g, by gs.

Remark 9.1. Although ®%; is not a global diffeomorphism, it is locally a diffeomorphism, and we
will often ignore this fact in order to simplify the presentation. When defining our perturbations
below, we will work in a (u,t) neighborhood where the map is a genuine diffeomorphism.

Lemma 9.2. In the (u,t) coordinates g, satisfies
gij(07 t) = 5ija gf(ld(oa t) =1, gid<07 t) =0, 8u]'gfd(07 t) =0.

where, here and below, we write i,j,k, ¢ for indices in {1,...,d — 1}.
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Proof. The first three equalities follow from the fact that {EY*(t) ¢ | is an orthonormal frame
with respect to g,. Since (0,t) is a geodesics for gy, letting x(s) = (0,5) € RZ™! x Ry, we have

1
852136 + 5956(8ag*7uu + ayg*,;wz - 8#9*,041/)88-%0{8533” =0.

Since 2! = dy2' = 922° = 0fori = 1,...,d — 1, 9,2% = 1, and 92x? = 0, we have that for
i=1,....d—1

1 . 1
igi” (adg*,,ud + 8Ulg*,ud - aug*,dd) = _§auig*,dd =0.

Since gy;;(0,t) is the identity, 9,92 = 0. 0

Lemma 9.3. The map F : 9" — C""Y(R% M) given by F(g) := ®%, is Frechet differentiable and,
moreover, for any bounded subset G C 4" there is C > 0 such that for g € G,

HDF’g‘SgHlefl < CH(SQHCV*L

Proof. To prove the lemma, we work locally in a coordinate chart so that we may identify vectors
along a curve with R%.

Define the map & : 9” — (R%) by &(g) == (E{(0),..., E%(0)) with EY defined as above.

Let € : 9% x C"*1([0,1]; RY) x (RY)? — C7([0,1]; (RT)?) be the map (g7, (ex)iy) = (¢f )Ly,
where e/ € C([0,1];R?) is a parallel frame along v (with respect to g) with initial conditions
(e (0L = (el

In addition, define exp?s : R? x R? — R? by exp’s (z,v) := expy! (v) and let W : SM x GV —
CY*1([0,1]; R?) be the map ¥(p,g) := 5 where 77 is the unit speed geodesic for the metric g
with initial conditions given by p. Finally, let Y : C¥T1([0, 1]; R?) x C* ([0, 1]; (R%)4) — C¥([0, 1] x
R RY),

1
)

d—1
9 i
¥ (. ()] () = expyy (S wiEi(r)).
i=1
We are interested in studying their composition
F(g) = Y(\Ij(p()a g) ) g(ga \Ij(p07.g)7 50(9))) = (I)‘ZO

To clarify the exposition, in what follows we write ¥ for the space of symmetric tensors
endowed with the C¥ topology.

Note that g — Dy& is bounded and continuous in the ¥* topology. By writing the ordinary
differential equation satisfied by a parallel vector field and using that 4 € C*~1([0, 1];RY), 0,9 €
=1 one can check that D,& : ¥~ — C*~1([0,1]; (R%)9) and the map (g,7) Dy&|(g,4) is
continuous in the ¢ x C¥ topology with codomain the set of bounded linear maps from .#*~! to
Cv1([0,1] x (RY)%).

Next, again using the parallel transport equation and 4 € C*~', ¢ € 9, the map D E :
7=t cv1([0,1]; (RY)?) is bounded and the map (g, ) D _€&|(4,4) continuous in the ¥ x C¥
topology with codomain the set of bounded linear maps from .#*~! to C*~1([0, 1]; (R%)%).
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Furthermore, it is easy to see that
D Y :C"([0,1];R?) x ¢~ 1([0,1]; (R)?) — ¢~ ([0, 1] x R RY)

is bounded and (v, E) — D Y is continuous in the C”([0, 1];R%) x ¢v~1([0, 1]; (R)?) topol-
ogy with codomain the set of bounded linear maps from C¥([0,1];RY) x C*~1([0, 1]; (R%)?) to
cv=1([0,1] x R-1;RY),

Finally, using the geodesic equation together with g € ¢¥ and that geodesics for a ¢” metric lie
in C"*1, we have D, W : #V~1 — C¥([0,1];R?) is bounded and the map go — D, ¥/, is continuous
as a function of gg in the ¢ topology with with codomain the set of bounded linear maps from
71 to €V ([0, 1]; RY).

With these estimates in place it is now easy to see that DyF : #*~1 — C¥71(]0,1] x R* L R%)

is bounded and gg — DyF|,, is continuous in the ¢ topology with with codomain the set of
bounded linear maps from .#~! to C¥~1([0, 1] x R, R9). O

Lemma 9.4. Let v > 2 and K C 9" be bounded. Then there is C > 0 such that for all g, € K
and pg € S*M,,

125 ller < C.

Proof. First, recall that in any coordinate system x on M with dual coordinates &, if py =
(0,(0,...,0,1)), then ~,,(s) is given by the solution z(s) to

27 Dz, 91"
o = 9 & e S8 (2(0),€(0)) = (0,0, 0,1).
€, €l

Therefore, standard regularity theory for ODEs shows that ,,(t) € C*™!(R; M) and there exists
Cyx > 0 with ||yyllev+r < Ch. In particular, ||9,,|cv < C,. Next, recall that for each i the
equations for parallel transport take the form F;(t) = e®(t)0ze« where e®(t) solves an equation
of the form é*(t) = Te(t)y5 (t) with I representing the Christoffel symbol for g. In particular,
lle“|lcv < C, and hence ||Ej|cv < C.

éa:

Now, since g, € @v+2 is independent of K, the exponential map (p,V) ~ expf,f (V) is in
CY(TM; M) with bounds independent of K. Therefore, ®9; satisfies the desired estimates. [

For s € R and € > 0 small let
Zoi= 0% (B(0.6) x {s)), M= 55 M0 B__ (0% (po). ). 92)

M

Here, we use the metric g, to define the ball in S*M.

Note that Hs is a smooth hypersurface such that py € Hg, and H, is transverse to H,
particular, satisfying,

lelg, » 11

1
|H|§‘g* (p)f| > §]df\, for f defining Hs and all p € H,.

Despite the fact that we define H as a subset of ?]\?, it will be convenient in the rest of this

section to identify S*M with Sy M for each g i.e. the unit sphere bundle with respect to the metric
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g. To do this, we define the canonical isomorphism from S*M — S5 M to by (z,[¢]) = (z, m)
Here, we have used that [{] = [ﬁ] in S*M.

We now define a family of perturbations g, € ¥* of a metric gy € 4* close to g, as follows: Let
Y =R xR Sy :=Sym(d—1) x M(d —1) x Sym(d —1), X :=3; x ¥y
and denote the elements of ¥ by
o :=(01,02) = ((A,B),(C,D,E)) € %. (9.3)
The closeness of gy to g, will be crucial in Lemma [9.12}
Then, for gy € 99, po € S’?J\/L o€, R>0,and t, € R, the family of perturbations
9o = 9o (po, tx, R, go,0)
is defined in the (u,t) coordinates introduced in as follows
0 (u.1) = g, 1)~ (Ao + §(Cu)) st 1),
g5, 1) = g5 (u, ) + 5 (B + (D)) (uyt — 1), (9:4)
99 (u,t) = gi (u, t) + SEI X (u,t = 1),

Xp(u,t) = %X(%t)x(%\u]) and x € C°((—v/2,v/2);[0,1]) even with y = 1 on [—%, i] and [ x = 1.
In order to identify g, with a metric on M, we let K C 43 be bounded and work with g, € K. In
addition, we require that 0 < R < Ry where Ry = Ro(K) is chosen such that for all 0 < R < Ry,
g« € K, and t € R, we have

9 (B]Rd_l(o, V2R) x [t — V2R, t + V2R]) C By, (7% (1),3R) (9.5)

with ®%5 as in (9.1). This is possible since, by Lemma m gij (0,t) = 6Y, for all t € R and
i,7=1,...,d. In addition, will fix Ty > 0 below and require that

((@gg)_l(B(yga (t+),3R)) N Bra-1(0,e5) x [O,T0]> C Bgra-1(0,ef) x [t, — 3R, T\ + 3R).
That is, the geodesic vy passes near v, (t) only once between time 0 and Tp.

Remark 9.5. Observe that xp is chosen so that the integral along (0,¢) is 1.

Define the map ¢ : Bra-1(0,¢;) X Bra-1(0,¢,) X 4* x ¥ — Hy

¢(20, 90, 0) = (uo0,0,w0,70(20, 90,)), 20 := (uo,wo) (9.6)
where 79 > 0 is defined so that |(wo, 70)lg, (ue,0) = 1 and ¢(20, go, o) € Ho. In particular,
Po = C(Oag(h 0) = (070705 ]-) € 7_[0- (97)
Let u,t,w, T be functions defined on R x Bra-1(0,¢,) x Bra-1(0,¢,) x 4* x ¥ such that
SOgJ(C(ZOanU)) = (’U,,t,w77')(S,ZQ,gO,O'). (98)

Note that by the definition of {, for all s and o

|(w7 T)|ga('u,,t) =1
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Also, t(s,0, g«,0) = s. Next, define the matrices

8u U(S,ZO,Q0,0’) 80.1 ’U,(S,Z(),g(b(f)
AO’ ) ) = 0 0 )
(s, 20, 90) <8uow(3,zo,gg,a) Ouwow (s, 20, 90, 0) 9.9)
~ _1 [ Osu '
Ay = A, — [05t]7! <asw> (Buot  Ouot) -

We note that A, € Sp(2(d—1)). Indeed, for each fixed s, observe that A, is the derivative of the
following Poincaré map (a symplectomorphism)
730’ : HO — Ht(s,zo,go,a)a PU(ZO) = (U(S, 20, 90, J)u W(S, 205 90, U))u

where S = S(s, 20, o, 0) is defined such that ¢¥ ({(z0,0)) € Hi(s,20,90,0)- Here, we are identifying
Ho with B(0,e,) x B(0,¢,) via 20 = (uo,wo) + {(20,0). Note also that the symplectic form
induced on H, from T*M is the standard symplectic form in (u,w) coordinates.

Let Ty € R, go € 9%, and 2z € Bga-1(0,¢;) X Bga-1(0,¢;). Define the map TP B -
R4 x R x Sp(2(d — 1)) by

w910 (0) := (21 (20, 90, @), Ea(20, 90, 7)) (9.10)
El (Z(]’ 907 J) = (U(T7 Z07 90, 0)7 UJ(T, ZO, gO) O')), Ez(zo’ go’ 0—) = AUAal(T, ZO, go)’
where T' = T'(zp, go, 0, Tp) is defined by
Spngo;goydyTo) (C(Z()? 90, U)) S HTO .

Note that 7'(0, g«,0,Tp) = Ty, i.e., gogT’g (po) € Hy, -

Remark 9.6. The choice of AUAE 1 as the last entry of ¥ () is motivated by the fact that
we intend to write an ODE (in the s variable) which 85A50\5:0A51(3) solves. Because Aj,(s) €
Sp(2d—1), 05Ass(8)|s=0 € TAO(s) Sp(2d—1), while &;A&,(S)‘g:oAal e T, Sp(2d— 1) =sp(2d—1).
Because this is a linear subspace of M(2(d — 1)) which is independent of s, ODEs posed in this
space are much simpler to work with.

For the purposes of the next calculations, we take gg = gx. In Lemma [9.10] we show how to
handle gy # g«. Note that, with gy = g4, we have (u,t,w, T)|s—0 = (0,,0,1) when 2y = (0,0).
Let

Uy (s) :=u(s,0,gx,0), we(s) = w(s,0, 04, 0), to(s) =t(s,0, 9%, 0). (9.11)
We continue to write o = (A, B,C,D, E) and define
0,198 g )
L, = U € sp(2(d—1)).
(_;azy'ukggd _3ujggk ]J( ( ))

Next, we calculate how derivatives of As, and Z1(20, go, do) with respect to § behave.

Lemma 9.7. Let K C 43 bounded. Then there is Ry > 0 such that for all g, € K the following
holds. Let py € S*M, Ty € R, 0 < R < Ry and t, € [3R, Ty — 3R] be such that the set

{t €10, To] : 9 (t) N B(v5: (t+), 3R)} (9.12)

1s connected.
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Ho,

Ho

/ ¢ (po)

P N

/

FIGURE 4. The figure shows the setup for the definition of the functions ¢t and 7T
Here, we abbreviate ¢ = {(z0,90,0) and T'(z9) = T'(z0,g0,0). The hypersurface
Ho parametrized by zp = (ug,wo) via zo — (20, 0 ), while the corresponding points
in H, are (u,w) = E1(20,90,0).

Let g9 = gy, 0 = (A,B,C,D,E) € X and § > 0. Then, with u, and w, as defined in (9.11]),

for s € [0,To)

35U5a|5=o> (85u60|6:0> 1 <B>

s =L 5 0,8 — ty), 9.13

(86w60|6_0 0\ Oswsolsmo ) T2\ 4 X (0,8 = t) (9.13)

and
1 _ 1 (D] E* —1
05 (05 8s0|5_o A0 ") = 3 C{; "D Xr (0,5 —t.) + [Lo, 0560 | 5_y Ay ']+ Fr(A, B,s), (9.14)
; ;

where Ly is given by (9.18)), F, (A, B,s) € sp(2(d — 1)) and
(A, B, ) < CeCo 1|4, B)|
with C = C(||gxllc3)-

Proof. There is Ry = Ro(K) > 0 such that (9.5) holds and we can work with coordinates (u,t)
on the ball B(v5; (t«), 3Ro). Moreover, by the connectedness of the set in (9.12)

((2%) 7 (BOZ (t).38R0)) 0 Bga(0,27) x [0, T0]) € Bga1(0,27) x [t = 3R, Tu + 3Rol.

Since the support of the perturbation is inside B(vps(tx),3Rp), this allows us to identify the
perturbation g, with a genuine metric perturbation on M and to treat (u,t) as though they were
global coordinates for the purposes of the calculations in this lemma. By , the Hamiltonian
flow, 7, for [€]g, is defined by

! = glw; + g¥, Osw;j = —lé?ujgffwiwg + 0,5 9% Tw + lau]ggd 2 (0.15)
Ost = ggjwj + gcr T, 0sT = **@g wjwy + atgo' Twy + latgdd 2 .

where ¢ = (w, T).
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Combining the Hamilton equatlons 9) together with and Lemma yields .
Here, we are using that 8,gi® 0,t) = ¢ ( 1) = 00,92 = 0,99 = 0, Osuss|s=0 = 0, and
850.:50\ s=0 = 0. The last two equalities follow from the facts that Osus|s=o = Os(us|s=0) and
Us|s—=0 = up, and the analogue for w;.

The same computation yields that at zp = (0,0),
800 = LoNo,  Aolseo = I. (9.16)

Differentiating in (ug,wp), then §, using that As|s—o = I, and that Jsusy|s—0 and Jswss|s=0
depend only on (A, B) and satisfy

(D50 |5=0(5), Oswsos—o(s)| < CeCls=t, (9.17)
we find there is F,(A, B, s) such that at zo = (0,0),
0505850 |5—0 = Lo0sAss|s—0 + 05 Lso|s—0l0 + F, (A, B, s)Ay, 05 Aso|s=0 = 0.

Note that
D] E*
Therefore, at zg = (0,0), by (9.16) we have (85A50|5:0A81)|s=0 = 0 and conclude (9.14]). We
claim that (9.14) implies
F.(A,B,s) €sp(2(d—1)).
Indeed, this follows from the fact that 1) Ag € Sp(2(d — 1)) and 2) 95As4|s=02¢ " € T, Sp(2(d —
1)) = sp(2(d—1)). Claim 1) follows from the fact that ds(w, w)|(ug,w,)=0 = 0 and hence that Ag =

Ay € Sp(2(d—1)). Claim 2) The claim is not obvious since we do not know that A, € Sp(2(d—1))
for all o # 0. However, using that 0,,t|s— 0 = = Ouyotls=0 = 0 and Osu|s—p = Jsw|s5=0 = 0, we have
05 Asols5=0 = 85A50|5 o, and hence, since A, € Sp(2(d—1)), ag(AaTUJA(;U)\(; —o = 0. In particular,
this implies that

(05860 ]5=000 1) T T05 A6 52000 " = (AF) TH(5(AL, T Ass)|s=0) A5 = 0,

and hence that 9sAsq|s—0Ay " € 5p(2(d — 1)).
The estimate on Fr(A, B, s), now follows from (9.17]). O

In what follows we prove that 80\113*\0:0 is bijective and bound its inverse. We write o =

(01,02) as introduced in (9.3). We note that U9 (¢) is defined using the Hamiltonian flow for
9o = go(po, tx, R, go, o), where g, is a perturbation of the metric go done in a neighborhood of the
point s (t+). Indeed, in the (u,t) coordinates, the perturbation is supported where x , (u,t —t,)
is, i.e. for |u| < V2R and [t —t,] < V2R.

Lemma 9.8. Let K C 543ﬂbgunded. Then there ws C' > 0 and Ry > 0 suc that for all g, € K the
following holds. Let pg € S*M, Ty € R, 0 < R < Ry and t, € [3R, Ty — 3R] be such that the set

{t €10, To] : ~v9x(t) N B(v5: (t+), 3R)} (9.19)

is connected. For 0 < R < Ry and j = 1,2, let Z;(0) := Z;(0, g, o) be the maps Z; introduced in
(19.10), which are defined using the perturbations go = go(po, tx, Ry gx, o) introduced in (9.4]).
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Then, the map 05, E1(0)]5, : X1 — R24=2 s bijective with inverse bounded by CeCTo=t| and

95,E1(0)], = 0. Also, for every fized o1 € X1, the map 0p,E2(01,0)[y, : o — sp(2(d — 1))
is bijective with inverse bounded by CeCTo=%! and the map 95,Z2(0)]5;, : X1 — sp(2(d — 1)) s
bounded by CeClTo~tl . In particular,
80\11501*’%]0:0 is bijective with inverse bounded by CeClTo—tsl

Proof. First, note that 05Z1(d0)|s=0 = (Osuss(Tp), nggg(To))‘(;:O since Js(u, w)(To, 20, g, 0) = 0.
Fix v € R?~2, By the connectedness of the set (9.19)), and the fact that ¢, € [3R, Ty — 3R], the
right hand side of the equation ((9.13)) is the same as that in Lemma In particular, taking Ry
small enough, Lemma |A.2| together with (9.13), there are Ry, C; > 0 depending on |[|g||c2 such
that for all R < Ry, there are oy = (A, B) € R?¥~2 satisfying

(055(0,,0y(T0), Osws(o,,0)(T0)) = Vv, oy || < Cre@ITo=t|jv].

Thus, the map o1 — (OsUs(0,,0)(T0): IsWs(oy,0)(T0)), Which equals J5Z1(0)]y,, is bijective with
inverse bounded by CjeC1To—t!,

Checking that 0521 (00)|s5=0 = 0 when o1 = 0 is straightforward. It follows that J,,Z1(0)|x, = 0.
NeXta since EQ((SU) = [A50Aal](T(207 G5 507 T0)7 20, g*)? by

— (05255 — 05| [05t50]~* (gjfjjj ) (Oustar untsc) ])

8552(50)‘ AJI(TO)

s=Tp
6=0

— (05850 15-025") (9.20)

s=Ty '

Where to obtain the final equality, we observe that

Osu
(Oust Dunt) |,gy, =0, and ( 85w>

20=0

=0.

s=Top
20=0

We now write Qg for the solution of
05Qo = [L07 QO} + FR(A7 B, 3)7 QO(O) = 0. (9'21)
Note that since Lo(s), F,(A, B,s) € sp(2(d — 1)) we have Qo(s) € sp(2(d — 1)). Observe that,
working with o = (01, 0), we have 8532(60)‘520 = 0y, Z2(0)o1 and so yields
105, Z2(0)1 || = |Qo(T)|| < Ce“Io~ oy,
where C' = C(||gll¢s), and hence [|05,Z2(0)], || < CeClTo—t as claimed.

Next, we show that 0,,Z2(0)|y, is invertible. Fix L € sp(2(d — 1)). Then, we use Lemma
to find o9 = (C, D, E) such that the solution @; to

1 (D] E*
85@1 = [L07 Ql] + 5 Cjk: _D;g XR(O7 s — t*)? QI(O) =0 (922)
satisfies @Q1(7p) = L and such that
05,52(0)02 = Qu(To) = L, |loz]| < Ce“o | L],
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and hence 0,,22(0) is invertible as claimed.

The application Lemma requires a brief explanation. Observe that, again using the con-
nectedness of (9.19), (9.22)) is a differential equation on sp(2(d — 1)) of the form

0,Q1 = RQ1 + Z aifﬁ*

where R(s) is a linear map on sp(2(d — 1)) with |[|[R||z~ < C||g|lcz= and the a; are a basis for
sp(2(d —1)).
Finally, we show that 8(,\113*7T0|U:0 has the required properties. Notice that, as a map from
R24=1) x sp(2(d — 1)) to itself,
00121 05,2 05\ 2 0
85‘115*’T0|00:< 1=1 2 1) :< 1—1 >

0S5 DS 05,2 05,5

Remark 9.9. Here it is crucial that 9,,Z2 : R2=2 — 5p(2(d — 1)) so that we may think of the
map 9, W9+ 10|,_y acting on R?¥~2 x sp(2(d — 1)). This follows from the fact that F,,(A, B,s) €
sp(2(d —1)).

In particular, we have

[(% \I]‘g* To ’0‘20] =

(80131)71 0
_[802 E2]71601 52(80151)71 [602 32]71 ’

from which the estimates on [0, ¥9+70|,_g] ! easily follow. O

Before we prove that the estimates in Lemma are stable under small changes of the metric
or initial position, we need to control how much these changes affect 8U\Pg*7T0|U:0. This is done
in our next lemma.

Lemma 9.10. Given K C 9* bounded, there is C > 0 such that the following holds.

Let g, € K and Ry be as in Lemma. Let pg € ST’@\//[, To € R, 0 < R < Ry, and t, €
[3R, Ty — 3R] be such that the set {t € [0,T0] : o (t) N B(vos(t+),3R)} is connected. Then, for
all go € 9* with ||go — gillea <1, 20 € Rd_l(O,sf) X Bga-1(0,¢,), and all R > 0,

ldo (2070 — W5 0)|oolco < C(1+ R™2)(llgo — guller + |20]) ™!, (9.23)

where VY is the map introduced in (9.10), defined using the perturbations go = go(po,tx, R, g0, o)
introduced in (9.4]).

Remark 9.11. It is possible to replace R~2 in by R~! through a more careful study of the
terms produced by perturbing g, and zy. In particular, using the fact that the L' norm of the
worst terms produced gains a power of R. This would, in turn, lead to a slightly smaller power
Q, in our main theorems: Theorems and However, the form of the power would still
be the same so we do not pursue this here.

Proof. First, observe that ||H‘£|qO — Hy . lew=1 < llgo — guller- In particular, defining po(t) and
p«(t) such that Opo(t) = ng‘go (po(t)), Owpx(t) = H,., (p«(t)), and pp(0) = p«(0), we obtain for

[€]gx
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allt e R

\po(t)—p*(t)!</0 [H g\, (po(s)) = Hyg (px(s))|ds

[€l gy

t
< /0 (lgollcz + llgslic2)lpo(s) — pu(s)lds + tllgo — gxllcr-
Therefore, using Gronwall’s inequality, there is C' = C(]|g«||¢c2, ||gol|c2) such that
(@ (p), & (p)) < Cllgo — gullere,  for all p € T*M \ {0}.
In addition, recall that for every metric g there is C = C(||g||c2) such that for all py, po € T*M\{0}

d(@tg(/)l)a ‘P?(FO)) < Cd(p1, pQ)GC‘tl.
In particular, there is C = C(||g«||c2) such that for ||gs — gollcz < 1, and pg, px € T*M \ {0}, t € R,

(7 (po), 7" (p+)) < Cllgx — goller + dlpo, pe))e". (9.24)
Next, in analogy with (9.11)), for o € 3 let
’LLO—(S) = ’U,(S,ZO,Q0,0’), wa(s) :UJ(S,ZO,QO,U), ta(s) :t(872079070)'

and differentiate (9.15)) to get

OsUsols=0) _ OsUs0 | 5=0 1 (B _ 7
as (a(SW(;g’J:O - LO 85(»050-‘6:0 + 5 A XR(07 s — t*) + El, 8585t60'|5:0 - E17 (925)

where 3
1B+ 1B < O+ B2)(lgo — geller + lz0)e”) o] (9.26)

Note that (9.25]) reduces to (9.13) when (zg, go) = (0, gx). To obtain (9.25)), we differentiate (9.15)
and use (9.24)) together with Lipschitz bounds on go, g., and X, to estimate the change from (9.13).

The bound on (9.26)) follows from combining (9.24)) together with |Osu|+ |Osw|+ |057| +|0st| <
CeFl|o|| where C = C([lgollcz, llgalles)-

Similarly, differentiating again as to obtain (9.14)),
1 (D] E* 1
as((85A50‘6:0)A0 ) =3 Cj _ Dk XR(O, §— t*) + [Lo, (86A60|5:0)A0 ] + FR(Av B, 5) + Eo,
J
85868(110,0.;0)“5:0 = E~2
where .
1Bl + 12l < Clllgellen) (1 + B2 (g0 = guller + 20)e* )l
By (9.13)) and (9.14)), the bounds on E; and Fy directly imply that for any s > 0,
HdO'((u7 w, AO'Aal)(S7 205,90, U) - (’U;, W, AUAal)(S7 07 Gx; U)) ’JZOH
< Cllgelle) (1 + R72)(llgo — gller + |20])e™.
In addition, computing as in (9.20)), we have
ldo Ao Ay (To, 20, 90, 7) = do Do Ay (T, 20, 905 0)[| < Clllgelles) (1 + R72)(llgo = galler + |20])e“™
and hence, we obtain ({9.23). d
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V’ig WZ

supp(go — 9o)  Hgs |

FiGURE 5. The figures shows the geometric setup used in Lemma to pass
from the special hypersurfaces defined using the coordinates ®%* to a given well
separated set (I',T").

In what follows we use the notion of a well-separated set introduced in Definition [6.5

Lemma 9.12. Let G C 4* bounded, F > 0, and {(W;, V;)}¥, be F -well separated for G. There
erist § > 0, Ry > 0, C > 0, and Cy > 0, such that the following holds. Let g, € G, Ty > 0,
t« € [3Ro,To — 3R], p € Viy, and iy € {1,..., N} such that
@% (P) € Wiy, d((p% (,0)7 VZ1) <9,

and the set

{t €[0,T0] : v~ (t) N By (), 3Ro) # 0} (9.27)
is connected. Then for all

0 < R < Ry, 0 <e < R2 Ml
go € 9* and p € V;, with

19« = gollgs <, ld(p, p)ll <,
the map
Ao (Pslg=p> dgPole=p)lo=0 : 2 = Ty 5y Wie X Tay 4,5 SP(TWio; Tery () Wi )

is bijective with inverse bounded by CeC€!"0l where 2, : By, (p, e~ 1Tl /Cy) € Vi, — Wy, is the
map
Po(0) = PTar (@) T¥(P)=To, Do ()(0) € Wiy,

with T9 (q) smooth in o and q, go = go(p,t«, R, go,0) is the perturbed metric defined in (9.4),
and Sp(T;Wiy; Tpo(;yWiy ) denotes the symplectic linear maps from T;W; to T g5 Wiy -

Proof. Let (uo,to) be such that ®3(ug,t9) = m,,(p). Next, let po := 75" (to). From now on we
work with the system of coordinates (u,t) induced by (u,t) — ®9 (u,t) and with H; as defined
in (9.2)). Note that p € V;, N Ho.

Let p1 := Py (p) = O, ) (p) € W;,, and Ty be such that p; € Wy, N HTO Define the maps
Q0,0 : Wiy — Ho, Qo HT~O — Wiy,
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by
Q.o(q) =¢f (@), Qiola) =% (9),

S1(q)
where Sp(g) is the real number with smallest absolute value such that @9~

So(a)
is the real number with smallest absolute value such that wgflf . (q) € Wi, .

Note that, by construction, the perturbation is supported on (u,t) such that |t — t.| < v/2R.
Hence, since t, > 3Ry and R < Ry, the perturbation is supported away from W;, and W;,.
Therefore, choosing Ry small enough, Qp »(q) = Qo,0(q) for all ¢ with d(q, p) < Ry and Q1 ,(q) =
Q1.0(q) for all ¢ with d(q, p1) < Ro.

In the (u,t) coordinate system, with w dual to u, we write 2y, and 2, for the (u,w) repre-
sentation of Qp, and Qi , respectively. Next, consider the map

(Q) € ,Htov and SI(Q)

\I].Z(())’TO (U) = (EI(Z07 g0, 0)7 EQ(ZO) 40, U))
defined in (9.10) with Ty in place of Tp. Using that the perturbation is supported away from Wi,
and W;,, we have Z; ;(20) = Zj0(z0) for |z0| < Ro.

Now, abbreviating Z; +(20) := Z;(z0, go,0), and putting ég,o(zo) = EQ’O—(ZO)AO(T7 20, 90 ), with

Ap as in and T = T'(z0, go, 0, Tp) as in (9.10) with Tp replaced by Ty, we have (in the (ug, wp)
coordinates),

Py=2150Z150200,  dyPy=dyZ1,052,0d,20,. (9.28)

Thus, since for |zg| < € with C; to be determined later, and ||o|| < 1, we have |Z; 5(Z0,+(20))| < Ro
and |zg| < R, and hence we may replace Z;, by Z; in (9.28)) to obtain

do((P5(20), dp P (20)))]o=0
= (dpzl,o|EL0(ZO’0(ZO))dUEl,U(ZO,O(ZO))|U:O , d?)ZLo\El,o(zo,o(z()))ézodpzo,o

+ dPZLO

El(Zo,o(zo)daéZO(ZO,O(ZO))|a=0deO,0 z0>-
Next, observe that by Lemmas and
ldoZ1,0(20.0(20)) lo=oll < C(1+ R™2)eeCol,
ldoZ1,6(20,0(20)) o=l + [|dos E2,6(Z0,0(20)) ool < Ce“IT0l,
and, provided that C is chosen large enough,
1(dos E1,0(Z0,0(20)|o=0) || + [1(ders 2,6 (Z0,0(20)) lo=0) * || < CeIT1.
Together with the fact that

I3 2x0ll + ldpZroll + (dpZr0) I < C, (| A0] < CeT0l,

this implies the lemma. To see this, observe that, taking C] large enough, the estimates above
imply that d,((Z5(q),dpZ(q)))|o=0 takes the form (4 &), where [BAT'R| < 3| D! O
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9.2. Probing families of metrics. Before defining our family of probing metrics, we need one
more auxiliary lemma which will allow us to control the size of the perturbation, g, — go, in the
CY norm on symmetric tensors. Here, we recall that, to make sense of C¥ norms, we use the fixed
norm as in Remark Note that, in the (u,t) coordinates from , controlling the size of
the perturbation is trivial. However, we need to estimate how the coordinate change, ®3* affects
these norms. This is the purpose of our next lemma.

Lemma 9.13. Let v > 2 and K C 4Y be bounded. Then there are C, > 0 and Ry > 0 such that
forall g. € K, to € R, 0 < R < Ry and v € C*(R™) supported in the ball B((0,ty),2R), we have

I1(@4) ™ T vller < Collvller,

Proof. Once we understand the C¥ norms of (®3°)~!, it will remain to apply the Faa di Bruno
formula. To do this, we first choose Ry < 1 small enough such that for all g, in K, &7 is a
diffeomorphism on B((0,ty),2R) for any ¢ty and R < Ry.

To estimate the C* norms of (®3*)7", it is enough to estimate (d®7*[(p4) " from below and
|®%*||cv from above. To see that estimating the inverse at u = 0 is sufficient, observe that

145 0,0y = dPF || < 197" lle2|ul < Rol| @7 c2,

for (ii,t) € suppv. Therefore, provided [|(d®3[4) 7| < we have d®9" is also

1
2Ro[| 27" (|27
invertible in the support of v.

Observe that there is C' > 0 such that for all g € K and V € TM
-1
C V] < \V!SA,M < C|Vl,. (9.29)
Therefore, since ‘ ‘
AT |(0.0) (B ()8, + E(0)0;) = B (t0)d + B (t0)ds,
we have

CldDY | (0,40) (B (0), + EX0)8:) [ %; = d®97| (0,40 (E*(0)8,: + E*(0)61)

= |(E*(0)6,: + Ed(0)6t|§* > CYEY0)8, + E'(0)d,,:)

2
lg.

2__
S*M*

and hence [|(d®J*|o.4) | < C2.

Next, Lemma implies that there is C, depending only on K, such that ||®7 ||¢cv < C. In
particular, we obtain that there is ¢y > 0 depending on K such that for R < ¢g there is C),
depending on K and v such that [[(®°)7!|cv < C, on ®J*(suppwv). Using this in the Faa di
Bruno formula then completes the proof of the lemma. [l

Let r > 0 and {pi(r)}]-i(f) be a maximal r separated set in S*M so that

2

N(r)
SM c ] Blpi,r). (9.30)
=1

We associate to each p;(r), a family of perturbations defined by iterative application of the
construction (9.4). In particular, let

S(r) = (B, (0,1))""
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We define for 6§, R > 0, o € 3(r), and g, € 4",
N(r)

gz;,];;é =gxt Z (géaj (P, 0, R, s, 605) = g4),
j=1

where g, = g5(pj,0, R, gx, o) is the metric perturbation of g, defined along 7 (¢) in R-neighborhood
of pj =777 (0) (see (9.4)).

In what follows, we write .#” for the space of C¥ symmetric tensors on M.

For R,r,0 > 0 define the map @ : ¥¥ x X(R) — .Y by

QT7R75(97 o.) e gg,};,(g (931)

Lemma 9.14. Let ¢ : 9% — 4"~ be the natural embedding. Then, for all K C 9¥ bounded, there
is €9 > 0 such that if
SR 2 max(r, R)? < &,

then

Q"1 . K x (R) —» 94", (9.32)
Moreover, with Q"0 = , o QmIt9 . @V x 3(R) — 9" is Frechet differentiable, the map g —
D(g,o,)CNQT’P""‘S is continuous, and

DgQT,R,é . yl/—l _>yu—1

is bijective, where we have extended DgQ’”’R"S to .7~ by density. Moreover, for all K C 94V
bounded, there is C > 0 such that for all 6,7, R >0, g € K, and o € 3(R),

Do Q" 10| oo o < COR™Ir =24+ max(r, R)4, (9.33)
|D,Q" (g, 0) — I||cv-1_cv-1 < C16R™r~ 2 max(r, R)?, (9.34)
106,79, @)l (0,1)cv < CORTI, (9.35)
95.Q""(g,0) =0,  |a]>2. (9.36)

Proof. First observe that (9.33)) implies (9.32]), so we only check the estimates (9.33]) through (9.36]).
Let p € {pi}fi(f) and o € B_,(0,1), and set g, := gso(p,0, R, g,0). Observe that (®73)*gsy =
(®9)*g + dhy where h, does not depend on g and

0%he| < CaR7IMoll,  [0"Doho| < CaR7IM, 050y =0, |af > 2
and h, is supported in a ball of radius 2R around (®3)~ 17, (p). Therefore, using Lemma
IDsgssllcr = 10D ((29) ™) holler < CLR™IT"8,  Dggso =0, |af > 2.

This proves (9.35)) and (9.36]).
Next, let g; € 4%, i = 0,1 and note
(90)s0 — 90 — [(91)50 — g1] = [([®X] )" — ([@5]71)*] 6,
Therefore, by Lemmas and
1Dg[(9)s0 — glllcv—1cv-1 < Cudllo|| R, (9.37)
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the map (g,0) = Dylgss — g is continuous in the ¥ x B_,(0,1) topology, and the range of the
derivative is supported in a ball of radius CR around 7,,(p) where C' > 0 depends only on K.

Using these estimates together with the definition of Q"9 the lemma follows after a counting
argument. In particular, it is enough to bound

(i € {1 N} Bl (01),2R) 0 Bl (1), 2R) # 0).

To do this, note that since p; are a maximal r separated set, there is a constant ® depending
only on d and C such that there are {J;}7_,, J» C {1,... N(r)} such that

{]-avN(T)}:U\%) B(pjvcr)mB(phCT):@? Z#],Z,]G%
¢

In particular, for each fixed j,
#ie{l,...,N(r)}: Blmy,(pj),2R) N B(my, (
<#lief{l,....N()} : 7
<#{ie{l,...,N(n)} :
< Cyg® vol (p € 5 Ty (p
< Cg®(max(r, R))dr—2d+1
Combining this bound with (9.35]) implies (9.33), and with (9.37) implies (9.34]). O

i), 2R) # 0}

w (i) € By (my, (pj), 4R)}
Ty (B, (00 21)) C By, (my, (pj), 4R + 2r)}
) €

S*M
By, (my, (py),2r + 4R) ) =2+

10. CONSTRUCTION OF WELL SEPARATED SETS

In this section, we construct a well-separated set for a small neighborhood of a metric g. € @3,
We then show that these well-separated sets are admissible in the sense of Definition for the
perturbation from Section [0

10.1. Construction of the well-separated set. Define for g € ¥3
\I’Q:RXW—)W, WI(t,q) = ¢ (q),
and for T >0,V C §*\]\7, consider the geodesic tube
TIT) :=WI((-T,T) x V).
Lemma 10.1. Let g, € @3, There exist N > 0, 6§ > 0, hypsersurfaces Z; C M, i =1,...,N,
and open subsets V; € W; C SgiM such that HI&\ is transverse to W; and there is a bounded

9
neighborhood G C 93 of g, such that for all g € G,

N
T, (8)NTH (8) =0, i#], and SM c | JTLAT), (10.1)
=1

T, T —
where T, = injgT (M). Moreover, W9 : (==L, <L) x W; — S*M is a C*-diffeomorphism onto its

mage.
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Proof. For each g € SM ,let Z, C M be a hypersurface with ¢ € N*Z; and such that we can work
with Fermi normal coordinates associated to Z,. That is, we assume that there is ¢, > 0 such
that (x1,2’) are well defined coordinates for |(x1, )| < 24 with the property that (0,0) = 7, (q)
and Z, = {(z1,2') : |[2/] <eq, z1 = 0}. Let

Hy' = {(0,2/,61,6) € M : |&1] > 3l 2] < 24},

where we write (£1,&’) for the dual coordinates so that we have ¢ = (0 0,1,0). Shrinking g, if

necessary, we may further assume that &% : (— 2TT, 5 T) X 7—[25" — S*M is a Cl- diffeomorphism
onto its image.

Next, for each g € S*M and z; € (—eq.€q) let Zg(z1) := {(z1,2") : |2’| < 3g4}. Observe that

2e4

there exist 0 < §; < g4 and Cy > 0 such that for z; € (0,9,) and p € Hy “,
. g
To,(p) = inf {t > 0: 7, ()" (p)) € Z4(w1) } < Clanl,

and the map p — @?j (p)(p) is a C!-diffeomorphism from 7—[25" onto its image. In particular,
L3

choosing ¢, small enough, we have for 21 € (0,4,), V C ngq open, we have
9 9 —
WV GT) C Tl (3T, Ve =T, (3T,) N S*Zy(x1), (10.2)

and V[z1] is C!-diffeomorphic to V. Therefore, we can shift slightly the initial position of our
tubes without changing covering properties. Moreover, after possibly shrinking ¢,, we may assume
that
sup diam (V[z1]) < 4diam(V). (10.3)
21€[0,04)

By compactness, there are {¢;}, C S*M such that S*M C UL, T ( +). Fix r > 0. For

eachi=1,...,L, welet {p;; }j:’(lr) be a maximal r/2 separated set on ”qu. % 50 that
Ni(r)
My C U B 20 (PU»T/2)
j=1 T

and there is © > 0, independent of r > 0, and a partition {1,...,N;(r)} = U?lek such that for
any k € 1,...,0 and any j1 # jo2, j1,J2 € Tk

B 2eq, (pij1’4T) nB 2eq, (pij27 4r) = 0.
Hy, T Hy, Tt

qq a4
In particular, since L is independent of 7, there is D>0 independent of r such that the tubes

T (47”, ;TT) - \IJQT(( QTJrv QTT) X B (pij74r))a

can be divided into ® collections of disjoint tubes, and
L Ni(r

)
SHM UT 1) c | U 7GriT). (10.4)

i=1 j=1
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= min, §,,. By (10.3)), for |z1] < do,

max diam (B 2eq, (pij, 4r)) @] < 32r,

2, Hg,

100@ ’

Therefore, we may find |z1(7, )| < do for all ¢, 7 such that for (¢, 7) # (k,£),
Wij N Wiy =0, Wij = (BHQE% (pig» 4r)) [z1 (4, 5)). (10.5)
a;
(This is possible, for instance, using a greedy algorithm where we simply select x4 (i, j) iteratively
for each intersecting tube.)

Thus, by (10.2)) and (10.4)),

L Ni(r)
sieU U Vij = (B o, (pig: 37)) 1 (i ).
=1 j=1 (4

Moreover, by (10.5) there is 6 > 0 such that for (i, 7) # (k, {),

Tl (20) N Tyl (26) =

Finally, since the map 42 > g +— W9 € C! is continuous, ¥t : (— Tf, 3T,) x Hgaq 5 S*M is a

C'-diffeomorphism, which this proves the claim. O

Lemma 10.2. Let g, € 43 and {(W;, Vi)}¥, as in Lemma Let V; = Vi, Vi e W, € W,.

Then, there is a bounded neighborhood G C 93 of g, and F > O such that {Wi, Vi)}X, is a
F -well separated set for G.

Proof. Let G, 4, and T, szs in Lemma Shrinking G if necessary, we may assume that H, el is
uniformly transverse to I' for g € G.

We need to check the conditions (6.3). Let / = 5. Then, by the second condition in (0.1]),
AT
the first condition in ([6.3)) follows with C’F =

Next, by the first condition in , the second condition in ) holds with ¢, = 2. Finally,

T, T
since for all g € G, and i, W9(—-, ?) x Wi = S*M is a Cl- dlffeomorphlsm onto its image, and
W; € Wi,

— 2T, 4T,
plenf 1nf{t>0 (pt()EWZ}ZszFZCFF,
and hence, the last condition in (6.3) holds. ]

10.2. Admissibility of the family of perturbations from Section [0} In order to show that
the well separated-sets constructed above are admissible for the perturbations from Section [9] we
study these perturbations near simple points.

We start by showing that one can find a ball through which the geodesic emanating from a
simple point passes only once.
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Lemma 10.3. Let K C 9° bounded, F < infgeg inj,(M). Then there are ¢cg > 0 and ¢; > 0

such that if 0 < o < ¢cg, n € N, and p € 7 (n,«,g), then for every R > 0 and any mazimal R
J(R)

separated set {x;};" on M, and any g € K

n2F2
n

1

#{j: Iy(zj,R) # 0 and Iy(xj,4R) is disconnected} <

where I(xj, R) = {t € [0, (n — 1)) : m,,(¢{(p)) N B(j, R) # 0}.

Proof. We claim that since p € .7, (n, o, g), there is € > 0,0 < ¢; < 1 such thatif ge K, a <e,
0<t,s<(n—23)F,and |t —s| >} ', then

d(#2(p), ¥i(p)) = cla. (10.6)

To prove the claim in (10.6)), recall that there is C' > 0 such that d(¢f(p1), ¢J(p2)) < Cl1d(p1, po),
for g € K and all p1, ps € S*M. In addition, by Lemma for all g € K and p € S*M we have

d(ei(p),p) 2 1t|/C, [t < F. (10.7)

By contradiction, suppose there are 0 < t < s—c o and s < (n—2%)F such that d(2(p), ¢{(p)) <
cta. First, by (10.7)), if [t — s| < F, we have

C7Ms — t] < d(@i_i(¢1(p)), ] (p)) < clo.

This contradicts t < s — ¢} ' for ¢; chosen small enough. In particular, we have |s —t| > [ .
Next, applying the flow for time —t,

d(¢d_y(p),p) < i Ca < FC™ a.
Since |s —t| > %F , this contradicts the fact that p € .7/ (n, o, g) and hence proves the claim in
(10-6).

We next claim that there is ¢g > 0 such that if g € K, p € .7 (n, v, g), to,s0 € [0, (n — 3)F],
|so — to| > cfa, and

d(my, (1, (), T (95, (P))) < AR,
then for [t —to| < ¢p and |s — so| < co,

d(my, (@1 (p)), mas (92 (p)) > co([t = to| + |s — sol)cfa — 8R. (10.8)

We now prove (10.8). Without loss of generality, we may assume cfa > 8R since other-
wise ([10.8)) is trivial. Since we are working locally near ?,(p), we may work in geodesic normal
coordinates such that ¢f,(p) = (0,e1) where e; := (1,0,...,0) and ¢J (p) = (21,&1). Observe

that by (10.6),
C?Oé < ’($17€1) - (0761)| <4R+ |€1 - 61|‘

Thus, & —e1| > %c?a. Then, define
(;U(tv (.’L‘(), 50))7 f(t, (360’ 50))) = 905(1'07 50)

We first claim that
&(to — s0,(0,€1)) + e1| > 3cfa. (10.9)
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Indeed, suppose not. Then,
[2(to — 50, (0,€1))| + [£(to — 50, (0,€1)) + 1] < 4R+ Scfa < cfa.

In particular, applying the backward flow, we have

d((m(to—so—ta (Oa el))a g(tO_SO_tv (Oa 61))), (l‘(—t, (07 _61))7 f(_t, (07 _61)))) < C’It‘c?lloé' (1010)
Next, observe that
(:U(_ta (07 _61))7 g(_ta (07 _61))) = (ZC(t, (01 61))7 _f(tv (07 61))'
Therefore, putting t = WTSO in ((10.10]), we have
A (@(2520, (0,e1)), €(25%2, (0, €1)), (952, (0, 1)), (152, (0, 1)) ) < C™ cfa
Choosing ¢; small enough (uniformly in K), this is a contradiction since [£(%5, (0,e1))[y = 1.
In particular, ((10.9)) holds.
Now, we prove ([10.8]). Since we work in geodesic normal coordinates at z(sg, (0,e1)), we have
|z(s — s0,(0,e1)) — x(t — to, (x1,1))]
> |z(s — 50, (0, €1)) — a(t — to, (0,&))| — [2(t — to, (0,&1)) — 2(t — to, (1,&1))]
> |(s = so)er — (t —to)&i| — (1 + Ot — to])|1]
> coctal|s — so| + |t — to]) — 8R,

where in the last line we have used that |1]y(;,) = |e1| = 1, min(|§1 — e1], [&1 + e1]) > cocfa, and
that C|t — to| < Ccp < 1. This proves the claim in ((10.8)).

We now use ((10.8]) to control the length of time for which the (projection to the base of the) seg-
ment of the geodesic near t( can be close to that near syg. Let Q := B ( Uls—sol<co Tar (¥(p)), 8R>.

We claim that
CR

cocta’

Ht L |t —to] < co, B(m,, (99(p)), AR) N Q) # @}‘ < (10.11)

where C' depends only on K. To see (|10.11]), note that if ¢ lies in the left hand side, then there is
s such that |s — sg| < ¢p and, by ([10.8]), we have

12R > d(my, (¢e(p)), ™y (@5(p))) = coctalt —to| — 8R.
In particular, (10.11)) holds.

Now, let I i= [fco, (0+2)co), £ = 1,..., L—1, L = [F0=2220 | 1y [ [Leg, F (n— 1], and
= B( | 7 (#1(0), 8R).
tely
Since for [ — k| > 1, infier, ser, |t — s| > 2¢o, using ((10.11)) for each pair ¢, k with [¢ — k| > 1,
CR 22
{t: Ik, lst. k-0 >1,tel, B(m,(¥p), 4R)ﬁQk7$@}’ n 5

Co ClOé &)
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Next, note that there exists ¢ > 0 such that the following holds. Let ¢ € K and j such that
Ij(xzj,R) # 0 and I,(z;,4R) is disconnected there is an interval of length > c¢R inside the set

{t: 3k, lst. [€—k|>1,tel, B(r,(¢l(p),4R) NQy # 0},

and therefore the lemma follows.

Indeed, to see the last claim, shrinking ¢y so that 4cy < infgeg inj, (M) if necessary, we can find
t1 € Iy, ta € Iy, such that (¢ (p)) € B(zj, R) and 7, (¢7,(p)) € B(xj,4R), with [t; —ta| > 4cp
and hence |k; — kp| > 1. Notice that B(z;,4R) C Q, and hence, since 7, (¢{ (p)) € B(z;, R),

we have 7, (07 (p)) € Q, for |t —t1| < cR (here, again ¢ > 0 is a constant depending only on
K). O

Let Q" be the map that defines the perturbation of the metric as introduced in (9.31)). We
now check that for any vy and y > 2, there is b such that (I, G) is a (F,b,y) admissible pair for

{QRU’R"S}R@ (see Definition .
Lemma 10.4. Let vy > 5 and g, € g3, Let F >0, G C 93 be the bounded neighborhood G C 43

of g, and {(W;, Vi)Y, be the F -well separated set for G given by Lemma . LetT := |_|Z]\i1 V.
Then, fory > 2,

(I',G) is a (F ,b,vy) — admissible pair for {QR’J}R,(;,
with b:=7—y+d(2y — 1) and QR .= QF" 19 us defined in (9.31)).

Proof. Let K C G bounded in ¢*°. We will show that there are ¢ > 0, € > 0 such that for all
§>0,g€K,ac(0,c),neN,0<R<c"a, 0<0< R and

Po erﬁ‘%(n7avg)ﬂ‘%,f(n>gvg)a

then there are ig € {1,...,N(R)}, Zo, and mg such that B.(po, R?) C D%”O)[QR"S(Q,U)] for all
TEX 1 TI((’)"O)[g](p) € [(n=1)F —=C,é,, , nF +C4,], and for all p € B_(po, R") and o € DN
the lower bound in holds.
By Lemma for ¢, R, e small enough there are Z and m such that pg € D;m) [, Tz(m) l9](p) €
[(n—1)F — Cue, nF + Cgel, and d(PI™[g](po), po) < Ce holds.
Let &g be as in Lemma Next, since
supsupinf{t >0 : ¢{(p) € '} < C.F,
9€G pel

by removing elements from Z, there is C' > 0 depending only on G such that for any §y > 0, we
find (mg,Zp) such that TI((’)”O)[g](,oo) €[(n—1)F —C,e, nf + C,e| and

sup d(PI™[g](po), T) < max(Ce, ).

m<mg
In particular, for ¢ small enough (depending only on G) and

< RITVH3+I20—1) o1 0< R < (10.12)
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we have by Lemma|6.13|that B(pg, R) C Dg)n) [QF9(g,0)], forallo € & and m < myg. Indeed,

since

N(R)

CrFmg > TI(SnO)[Q} (po) = crFmg > Fmy,

we have n < C.mg + 2 and mo < (n + 1). Thus, R < ¢ < ¢™ and the condition on § yields
Q9 (g, 0) — glles< ™+ < ™0 as needed, after applying Lemma with (R, R, 4, 3) in place
of (r,R,d,v).

We now study the action of the perturbation Q% on \Ilgfo as defined in (|7.7]). To do this, we
will use Lemma with g, = g, and some appropriate choice of p, gg, and Tp.

Note that for any maximal R separated set {x; };]Sf) C M, since F < inj, (M),

#{j : there exists ¢t € [F /5, F /4] satisfying 7,,(¢](po)) € B(z;,R)} > cF R
Therefore, by Lemma if

n2F2

1

<cFR, (10.13)
acl

a < ¢ and

then there is an index jp such that
{te[0,(n—2)F]: 7, (¢](po)) N B(xjy,4R) # 0} is connected (10.14)
and there is ¢ € [F /5, F /4] satisfying 7,,(¢f (po)) € B(zj,, R).
Moreover, there is ¢ = ¢(F ) > 0 such that, with {pi}ﬁ\;(lR) as in (9.30)), if
RY < ¢R, (10.15)
then for some ig = 1,..., N(R) satisfying 7,,(pi,) € B(xj,, R+ R") there are p, € B(po, R) and
te € (1/6F, F /3) such that ¢f (p.) = pi,. In addition, if
R < "R, (10.16)
then implies
{te0,(n—2)F]: 7, (p](ps)) N B(xjy, 5R) # 0} is connected. (10.17)
To obtain the lower bound in , we aim to apply Lemma To do this, let Ty =
TI(;”O)[Q](/)*), since Tz(gn(’)[g](po) € [(n —1)F —Cue,nF + C’Ge},
(n—1)F —Cue —C"R< Ty <nF +C.e+C"R.
Now, we claim that

{t €[0,To) : m,, (] (px)) N B(my, (] (ps)), TR) # 0} is connected. (10.18)

Indeed, if Ty < (n — 3)F, then this is true by (10.17). Suppose instead that Ty > (n — 3)F .
We need to show that there is no ¢ € [(n — 3)F, Tp] such that 7, (¢](p+)) € B(zj, sR). To do
this, recall that p, € W, C L, W C @\]\7 for some hypersurface Z C M, ng is transverse
to W, and F is chosen small enough that there are local coordinates Q 3 (y1,vy’) »ﬂ VcM
with Z = ¢({y1 =0} N Q), 7, (p:(W,)) C V for |t| < F, and Hyg . (¥~ H)*y1 > ¢ > 0 on o;(W))
for |t| < F. Therefore, yi(m,, (¢i(px))) > ct. In particular, since 7, (47, (px)) € B(zj,, R+ RY)
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and t, € (1/6F ,F /3), this implies for R small enough (depending only on G and F ), we have
B(xjoa %R) C {Z/l > 0}'

We claim that go‘%b (p«) € W,. To see this, note that if R~ is small enough, then py € W,.
This implies that P:E’glo)[g] (po) € W, and hence, since B(pg, R) € Dg)”o)[g], Pé;”o)[g] (ps) € W
Therefore, the claim holds. Now, since @7, (p) < W), we have yl(wM(gzz%O_S(p*)) < —cs for
0 < s < F. In particular, since Ty < nf +C,e+C"R < (n+3)F (for € and R chosen small enough
as above), for t € [(n — L)F, To], 7y (91(px)) € {1 < 0}, and hence my, (4¥(p)) & Blxjp, 1R), as
claimed. This proves ((10.18]).

Shrinking dy if necessary and collecting (10.15)), (10.12]),(10.13)),(10.16]), and that, by (9.33),

HQR,&(Q7 O') _g”g4 < 05R75fg(2d71)+d < R25R777d(2071)+l)cn+1 < ol < R26701(n+1)l /Cla

(10.19)
for ¢ chosen small enough, provided § < RPc"*! with b = 7—y+d(2p—1). we conclude that (10.18)

yields that the hypotheses of Lemma hold with p = py, gx = g, € = max(RY, |RY — gol4s),
go = QR’5(97 o), Ry = %R, provided

RY < ¢R < min(", " R?), R < "o, § < RT-vHd@=1) ntl

Next, noticing that, since ¢f*(px) = piy,
QR’J(ga o+ 6Ui0) = Yéoy, (pioa 0, R, g0, (5Uio> = Yéoy, (P*, tv, R, g0, 60”&0)7
with Z; @ By (ps, R?) C Wi, = W, as defined in Lemma with Ty = TI(:”‘O)[g] (p«) we have

WS (mo, &+ 801, p) = (P (9503, )(0) » (P (950, ]) ()
= (P (0): 4y P (0)-
Since ) > 2
R’ < RZR"2 < R2¢"0=2) <« R2e~C1(n+UF /0 (10.20)
for ¢ chosen small enough and C7 as in Lemma Note that we have used y > 2 and d > 2

to obtain the next to last inequality. In particular, (10.20)) and (10.19)) show that Lemma
implies (7.6)): that for all p € B.(p«, R"),

|do, ‘1’5,"};0 (mo, o, p)v| = dc"v], v €Ty, Breoy)-
From Deﬁnition it follows that (T', G) is (F, b, ) admissible for Q%" with b = 7—y+d(2y —
1). O

11. PROOF OF THEOREM

We now use Proposition [8.9] to prove Theorem Let v > 5 and 2 > €.

Let y > 2 to be chosen close to 2 later, and Q™9(g, o) := Q®"™9(g, ¢) with Q as in (9.31)). Let
F = {(F;’?E"SE, ) }e be the ¥~ family of probing maps for ¥ constructed as in Proposition
(see also Lemma [3.1]).

Let K, C 9" bounded such that K,, C K, and |J,, K, = 4”. Then for each g € K, by
Lemmas and there are r4 > 0, F4 > 0, and a symplectic manifold I'y such that (I'y, G)
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is Fg well separated with Gy := B_,(g,2rg) N9". Moreover, (I'y,Gy) is (F 4,b,9) admissible for
Q™ with b=7—1y+d(2y—1).

Since v > 3, K, is compact in 43, there are {g; ,}" such that K, c UM, B (gin,7g,,)- We
relabel {g;}5°, = U, Uﬁi”l {gin}. Next, fix K C 4" bounded and let N, be such that

Nk

K C U BgB (gi7rgi)'
=1
To each i € {1,..., N, } apply Proposition to (I'y;, Gg, N K) in place of (I', K). Let &;, C; be
the constants gg, C' given by the proposition. Let ¢, , = min<i<n, &
Next, let

£, =sup{e >0 : |[FR%(g.0) — g|ly» < min rg, forall g€ K, o € ¥},
) 1<i<Ng

and set £, := min(e, ,,&,,) > 0. By Proposition for each i € {1,...,N } and 0 < e < g,
there exists Sg.(¢g;) C X (M:) an m measurable set such that for all g € K NGy,

Too (R)

{0' € EOO(mE) : Fo?sﬁs(g? 0’) € Loo(gﬁ.gi)} C Sg,s(gi)a Sup - Mg (m) (Sg,e(gi)) <e, (11'1)
geEKNGy,

where L_(g,¢;) = {g € ¢” : dn such that I'y, N %ng (n, Bnle, gi),9) € JVng (n, Bn(s,gi),g)},
with

. _ —_C: -1
Bn(gvgi) — ECZn“/Ci n'Yn Ciloge n“’7

where, as in (8.79)), v = 7, (p) is given by

Y (n) := 1+ logy [max (2N2(§f{3) my (), QNU)], my(n):=1+v+(2d—1)y—d.

Here, we have used m,(y) = 1 + max(v,6) + (2d — 1)y — d = max(b,9,) and that J, =1+ v +
(2d — 1)y — d by (9.33) with r = RY.
Then, let

there exists C' > 0 such that for all n > 0
} (11.2)

Gi= {9 CCo| Dy, (n,(Cn)" g) C A, (n,(Cr)"g)

We claim that G := U, G; is Z-predominant. To see this, fix ¢ > 0. We claim that for all

g € K, there is an mzw(m)—measurable set Sy such that

{0 €Zu(Re): FT%(g,0) € G} C Sger My ) (Sge) <. (11.3)
To obtain ([11.3), fix g € K. Then there is i such that g € KNG _;, (gi, g, ) and FR9 (g, o) € Gy,

for all & € X (MR:) (by our choice of €, ,). Now, since for all i and € > 0 there is C' > 0 such
that (Cn)~¢™" < B,(e, g;) for all n, we have

G°NG, C m L. (s,9:) NGy,.
>0
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Therefore,

{o€B(Me): FT%(g,0) Gy C{o €M) F2%(g,0) € [ Lo(5,9i) NGy, }
s>0

C{o €Bu(M.): FX%(g,0) € L_(,9:) NGy} C Syr(s)-

In particular, (11.3]) follows from (L1.1).

We next show that if Q > Q,,, we may choose 1 > 2 such that if g € G, and W = {WYil; is a
family of transition maps for g, then there is C, > 0 such that for all ¢t > F /2

,(g,W)). (11.4)

To see (I1.4)), let g € G and i such that g € G;. Let Cy > 0 be such that for all n > 0
Lo, N, (1, (Cyn) %" g) C Ay, (n, (Cyn) =% g). (11.5)

t4+1)% -1 t+1)% -1

%(t, o Cal , g) - w(t, c; Cal

Suppose that t > F /2 and p € Z(t, (A(t + 1))~ A0+DT g) for some A > 0. Define

s(p) :=inf{s >0 : pl(p) €Ty}, 3u(p)i=inf{s >0 : p,(p) €Ty}

where f‘gi is defined as in (6.2)). In what follows, C, ¢ are two positive constants that depend only
on K. Note also that sup,cg-y s(p) < Cinjy, (M). Define p; = gpg(p) (p) and observe that there
is a choice of + such that

d(py, pr) < C(A(t 4 1))~ Pri= Py (p9(o)) (21 (0))
15(p) = 32(0 ()] < C(A(E+1)7AEHD 0 or [s(p) + 34(9Y(p))] < C(A(t + 1)) A7,
In particular, by Remark there are Z and m such that

Pl py) = prs [T g](p+) — t| < C(A(t + 1)) 72D,

and so, choosing A > 0 large enough, there is n with i < £ - i <n< A+ %, such that

Fg, Fg;

p+ €Ty, N %rg‘(n, (cAn)=¢A"" g). Furthermore, choosing A large enough, we have cA > C, and
hence, by (TT3),

pr €Ny (0, (Cyn)~ ™ g).
Now, let v € T,(S*M)4. Then, there is w € RH,, (p) such that
d(ps(p)f) S Tp+ng, V= w+ .

Therefore, choosing coordinates on I'y, near p; to identify 7, ,I'y, and T,,I'y,, and writing the
identification of tangent spaces as W, ,, : T, I'g, = T}, Ty,,

1@ 1g) W )i 81l = (Cgn)= o o]
In particular,

||(d90€5(p)d73§m) [g]dwﬂ(p) - d@gs(p)wpt,md@g(,}))ﬁn > C(an)_Cgme)H-
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Now, there is £ with |t — t| < C(A(t 4 1))~**+1” such that
dgpg_s(p)dpz 9] (m)d‘pg(p) = dSOtga
and hence
||(d90tg - d@g_s(p)wpt,m dsﬁi(p))ﬁll > C(an)_c‘qm 9]
Applying dgp 7 on the left, we have
(gt — dig?_d? o Wi )l = e(Cym)=Cam" 3] (11.6)

Now, the map dy! dp? s(p)WPmP +dgog(p) identifies 7,5*"M/RH,, with T o, S*M/RH, and has

uniformly bounded derivatives in t. Suppose W := WUk is a transition map such that (p, ¢{(p)) €
Ui. Then, there is C|,, > 0

Wt ()0 = 49307 ) Wiror 4% | < Cod(2] (p), p) < Oy (At + 1) 74TV (11.7)
Hence, letting A be large enough, there is C|, > 0, depending on g and W, such that
-C Y~
1@ = Weg), )0l 2 (O, (4 1))~ 3. (11.8)
Next, we claim that

1(dgf — Wea(),0)0 + RH || > (C,, (¢ +1))"Wa D7 o + R, | (11.9)

Note that then 9) implies p € A, (ng(t + 1))_Cwyg(t+1)w,g). Thus, increasing A again if
necessary, we Would conclude that there is C,, = C,, (g9,W) > 0 such that, for ¢t > F /2,

W,g

R(t, (Cyyy , (t+ 1))~ W gy € M1, (C,,y, (E+ 1)) Wa T g, (11.10)
To prove ([11.9]) recall the smooth decomposition Tpgﬁ\/f = J€(p)®RHp(p) and the fact that, by
Definition (1.3, W preserves this splitting. Therefore, letting v = v,, +tH,(p) with v, € F(p),
(o] = We9(0),0)0 = (dp] = Wis9(p) 0)0 = (dp] = W90 )V € H (9] (p))-
In particular, since J¢(p) is uniformly transverse to Hp(p), there is ¢ > 0 such that
(e} = Weg(o),p)0 + RHy (& ()| = Inf I(diof = Weps(),0)0 + sHp({ ()] 1111)
> cll(def = W),

Next, since v = v + w, with w € RH,,, we have
o] > ig{f& v+ sHy,|| = |[v+ RHp|. (11.12)
S

Combining (11.8)), (11.11)), and (11.12) implies (11.9)).

Finally, to finish the proof of Theorem we observe that y — v(p) is an increasing function
and Q, = 7,(2). Therefore, for every Q > Q, there is y > 2 such that v(y) < Q. In particular,
there is C, > 0 such that for t > F_ /2,

C DT < (Ot 4 1))
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and hence (I1.10) implies that (T1.4) holds for ¢ € G; and t > F,, /2. Thus, since U; Gy s
predominant, Theorem [I.3] follows after recalling that Lemma [6.6] implies that for all 7 there is
¢ > 0 such that for g € Gj,

d(ef(p),p) = cltl,  JtI<F,.

APPENDIX A. ELEMENTARY CONTROL THEORY FOR ODES

Let Ne N, R>0,t € R, and for 1 <i <N andt € R define
FE () = x(H(t—t)e;, e :=(0,...,0,1,0,...,0)",
H‘,—/

where x € C°((—2,2);(0,1]) with [ x = 1.
Lemma A.1 (Observation). Let L € L®(R;M(R)) and ug € RY and suppose that u solves
u+ L*u=0, u(0) = up.
Then, there are C, Ry > 0 depending on |L||r~ such that for anyty € R, 0 < R < Ry, and T € R
R

[a(T)[|> < CeCUT=DN " (u, 5 ) 12,

=1

Proof. Note that

(u, FR ) — wilto) = (u(to), fR.) — wi(to) // L*(s)u(s) 5. (£)dsdt

// L*(s R (t)dsdt.

Then, since there is C' > 0 depending only on ||L*||ze such that |[u(s)|| < Cllu(to)|| for |[s—to| < 1,
we obtain for R < %,

e

, |{(ua, fﬁ) — ui(t0)| < CR||L*|| e |Ju(to)]| for R < % Therefore,

N

ZRu zt,»)

i=1

2R
dsdt‘ < Cllu(to II/ IL*(s)llds < CRl[a(to)[[[[L"]| oo

> [|u(to) | (* — CR?*|L7|[7).

In particular, taking R < W, we have

Z| ’Lt*

The claim now follows from standard estimates on first order ODE’s. O

1
> 2 gt
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Lemma A.2 (Control). Let L € L>*(R;M(R)). There are C, Ry > 0, depending only on ||L||Lee,
such that for all0 < R < Ry, v € R®, t, > 2R and T > t, + 2R, there is a € RY such that the
solution, w to

N
Ww—Lw=>) affi, w(0)=0 (A.1)
i=1

C|T—t*

satisfies w(T') = v and, moreover, |la|]| < Ce ]

Proof. Define a map K : RY — RX by
K(ug) = Z/(u, f£*>(s)dsei
i

where u solves

u+ L*u =0, u(0) = uyp. (A.2)
Next, fix v € RY and define the linear map £y : K (R®) — R by

tv(K(ug)) = (u(T),v)

where again u is as in (A.2)). Then, by Lemma there are Ry, C > 0 such that for 0 < R < Ry,

la(T)[| < Ce“" 1| K (uo)-

In particular, ¢, is a bounded linear function on the subspace K (RY) with ||fy| < CeCT=tl||v]|.
Thus, by the Hahn-Banach theorem, we can extend £ to a linear functional on R® with the same
norm and there is a € RY with

lall < Ce“T v

such that £(b) = (b, a), for all b € RY. Now, suppose that w solves

w-Lw=)> affi, w(T)=v.
i
Then, integrating by parts, we have for u solving (A.2)),

T T
| =l s = [ ws) i Lup(s)ds + (w(0), u(0) = (7). u(T))

= (w(0),u0) — (v, u(T)).

But, by construction of a, and that 7" > ¢, + 2R > 4R,
<Z/<u, Zﬁ*>(s)dsei,a> = (u(7),v).

In particular, (w(0),up) = 0 for all ug € R® and hence w(0) = 0 and the lemma is proved. [
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