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Abstract

This paper is concerned with solving the Helmholtz exterior Dirichlet and Neumann prob-
lems with large wavenumber k and smooth obstacles using the standard second-kind boundary
integral equations (BIEs) for these problems. We consider Galerkin and collocation methods
— with subspaces consisting of either piecewise polynomials (in 2-d for collocation, in any
dimension for Galerkin) or trigonometric polynomials (in 2-d) — as well as a fully discrete
quadrature (a.k.a., Nystrom) method based on trigonometric polynomials (in 2-d).

For each of these methods, we address the fundamental question: how quickly must N, the
dimension of the approximation space, grow with k& to maintain accuracy as k — oco?

For the methods involving piecewise-polynomials, we give sufficient conditions for k-
uniform quasi-optimality. For the Galerkin method we show that these conditions are, in fact,
necessary and sufficient. In particular we prove that the Galerkin method suffers from the
pollution effect; i.e., N growing like k™! is often not sufficient for k-uniform quasi-optimality.
For the Dirichlet BIEs, pollution occurs when the obstacle is trapping — and we also give nu-
merical experiments illustrating this — but for the Neumann BIEs pollution occurs even when
the obstacle is a ball.

For all the methods involving trigonometric polynomials, we show that, up to potential
factors of k° for any € > 0, there is no pollution (even for trapping obstacles).

These are the first results about k-explicit convergence of collocation or Nystrom methods
applied to the Dirichlet BIEs, the first results about k-explicit convergence of any method
used to solve the standard second-kind Neumann BIEs, and the first results proving that a
boundary integral method applied to the Helmholtz equation suffers from the pollution effect.
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1 Introduction

1.1 Motivation and context
1.1.1 Boundary integral equations for the Helmholtz equation.

Boundary integral equations (BIEs) are a popular way to solve acoustic, electromagnetic, and
elastic scattering problems with constant wave speed and bounded scatterer. In this paper, we
consider solving the Helmholtz equation Awu + k?u = 0 posed in the exterior of a smooth obstacle,
with either Dirichlet or Neumann boundary conditions, using the standard second-kind BIEs.

Let Q~ Cc R?% d > 2 be a bounded open set such that its open complement QF := R? \Qi_ is
connected. Let I' := 92~ and assume that I" is C°°. The second-kind BIE formulations reformulate
solving the scattering problem as: given f € L?(T), find v € L?(T") such that

A’U:f, A= CO(I“I‘L), Co GC\{O}, (11)

where the operator L : L?(T') — L?(I') is compact. Theorem A.2 below recaps the standard result
that the Helmholtz exterior Dirichlet and Neumann problems can be reformulated as integral
equations of the form (1.1) where f is given in terms of the known Dirichlet/Neumann boundary
data and A is one of the boundary integral operators (BIOs)

1 1
A;C = §I+K;€ —inpSkr  and A = §I—|—Kk — inpSk (12)

for the Dirichlet problem and

1 1
By reg == NN (2I — Kk> + SixHr and B;c,reg = inn (2I — K;;) + HiSik (13)

for the Neumann problem. The operators Sk, Ki, K}, and Hy, are the single-, double-, adjoint-
double-layer and hypersingular operators defined by (A.4) and (A.5). Standard mapping properties
of these operators (see, e.g., [26, Theorems 2.17 and 2.18]) imply that A;C,Ak,BkJeg,B,’c’reg are

bounded on L?(I"). Furthermore, if np,nn € R\ {0}, then each of A}, Ay, B reg, B is invertible

!
k,reg



on L?(T'); moreover they are each equal to a multiple of the identity plus a compact operator on
L2(T) (see, e.g., [26, §2.6] for A}, Ay and [45, Theorem 2.2] for By reg, By, 1op)- '

The BIEs involving the operators Aj and Aj were introduced in [15, 78, 95]. The subscript
“reg” on the Neumann boundary-integral operators indicates that these are not the “combined-
field” (or “combined-potential”) Neumann BIEs introduced by [24] (denoted by Bj and By in,
e.g., [26, §2.6]); the BIOs introduced in [24] are given by (1.3) with Sj; removed, and thus are not
bounded on L?(T") because Hj, : L*>(T') — H~Y(T"). The idea of preconditioning Hj with an order
—1 operator goes back to [23] (see, e.g., the discussion in [3]), with the use of Sj; proposed in [18§],
and then advocated for in [14, 109] (for more details, see the discussion in, e.g., [45, §2.1.1]). In
fact, the results of the present paper hold for a wider class of regularising operators, of which Sjj is
the prototypical example; see [45, Assumption 1.1]. For simplicity, however, here we only consider
By, veg and B,’wreg defined by (1.3) involving Si.

Assumption 1.1 There exists C > 0 such that C~! < |ny| < C, O~ < k7 Ynp| < C, where
nn,Mp € R are the parameters in the definition of the operators, Ay, A}, Biyreg and B,’meg.

Remark 1.2 The question of how to choose the parameters np and ny has been the subject of
much research, starting with [74, 69, 2] and then continuing with [7, 27, 25, 10, 8, 45]. The choices
in Assumption 1.1 are the most commonly-used and most rigorously-justified, with our results below
contributing to this — Theorem 2.18 below shows that other choices of np are worse from the point
of view of the pollution effect.

Since the operator A is a compact perturbation of the identity, || A~ z2(r)—r2(r) is bounded
below by a k-independent constant (see Lemma A.3 below). We make the following assumption
on the growth of | A" £2(r)— r2(r)-

Assumption 1.3 (Polynomial boundedness of A~!) There exists Py, > 0 and J C [0,00)
such that, given kg > 0, there exists C' > 0 such that

p(k) = A7 | L2y r2ay < CkP™  for all k > ko with k € R\ J.

When the obstacle ™ is strongly trapping, Assumption 1.3 does not hold for 7 = ). Indeed,
the norm p(k) grows exponentially through an increasing sequence of ks (see [10, Theorem 2.8] for
the Dirichlet BIEs and [45, Theorem 2.6] for the Neumann BIEs). However, this assumption is
satisfied for any Q~ for “most” frequencies by the results of [77]. More precisely, for any smooth (or
even Lipschitz) Q7 given ko,d > 0, there exists J C [ko, 00) with | 7| < § such that Assumption
1.3 holds for k € R\ J with P, independent of §; see [77, Corollary 1.4] for this stated for the
Dirichlet BIEs and [45, Theorem 2.3(iii)] for the Neumann BIEs. Moreover, the results of [77,
Theorem 3.5] given N > 0 there exists Py, J, and C' > 0 such that Assumption 1.3 holds and
|7 N (k,00)| < Ck~N.

1.1.2 Approximation methods

We consider solving the second-kind BIEs (1.1) via projection methods; i.e., given s > 0, a finite
dimensional space V C L?(T") with dim V =: N, and projection Py : H*(I') — V, we approximate
the solution of the problem (1.1) by: given f € H*(T'), find vy € V such that

(I +PyL)uy = cy ' Py f. (1.4)
Specifically we study

e Galerkin methods with subspaces consisting of either piecewise polynomials or, in 2-d,
trigonometric polynomials,

e collocation methods in 2-d with subspaces consisting of either piecewise polynomials or
trigonometric polynomials in 2-d, and

n the real-valued L?(T") inner product, A} and Ay are each other’s adjoints (hence the ’

for By reg, B

notation); similarly

!
k,reg"



e a fully-discrete quadrature (a.k.a., Nystrom) method based on trigonometric polynomials in
2-d.

For the Nystrom method, we further replace (1.4) by: given f € L?(I'), find viy € V such that
(I+PyLy)vy =c;' Py f, (1.5)

where Ly : V — H*(T") is a discrete approximation of L.
We study the question:

Question 1.4 For the BIEs (1.2) and (1.3), how quickly must N increase with k to maintain
accuracy of the computed solutions as k — oo ?

The theory of projection methods for fixed (i.e. k-independent) compact perturbations of the
identity as N — oo is well established. see, e.g., the books [5, 72, 100]. However, to our knowledge,
the only rigorous answers to Question 1.4 in the literature have been for the Galerkin method with
piecewise-polynomials applied to the Dirichlet BIEs; see [21, 7, 81, 90, 53, 46, 48].

While the present paper focuses on Question 1.4, another important consideration in the im-
plementation of (1.4) and (1.5) for the standard second-kind Helmholtz BIEs is that the kernels of
the integral operators are singular and long-range — thus requiring high-order quadrature methods
for their accurate discretization, and fast algorithms for applying or inverting the resulting dense
linear systems. Over the last four decades, a variety of high order quadrature methods (see, e.g.,
[70, 37, 111, 16, 68, 19, 102, 110, 1, 104, 33]) fast algorithms for applying the discretized matrices
(see, e.g., [97, 54, 20, 96, 79, 86, 67]) and fast direct methods for constructing compressed repre-
sentations of the matrix and/or its inverse (see, e.g., [56, 57, 9, 87, 12, 51, 60, 31, 106, 66]) have
been developed, resulting in accurate, robust, and highly performant linear complexity (up to log
factors) computational tools for solving time harmonic wave scattering problems.

1.1.3 The pollution effect

For a scattering problem, the solution v to the BIE (1.1) oscillates at frequency < k with few ad-
ditional properties. The Weyl law (see e.g. [112, Chapter 14]) or the Nyquist-Shannon-Whittaker
sampling theorem then implies that the dimension of this space is ~ k?~!. Thus, it is certainly not
possible to achieve accuracy for general scattering data with a space of dimension < k4~!. Moti-
vated by this, we say that a numerical BIE method suffers from the pollution effect if N > k%1 is
required to maintain accuracy of the computed solutions as k — co. We make this precise via the
following definition (we work in L2(T") for concreteness, but note that the definition for higher-order
spaces on I' is analogous).

Definition 1.5 (The pollution effect in L?(T')) Let V be a collection of subspaces of L*(T).
For V.e V and k > 0, let A,'(k) : L*(T) — V an approzimation of A~'(k). The pair
(V,{A;' }vey) suffers from the pollution effect in L?(T) if

inf 1i inf < Cyo : LA < i “lp_ = 00.
ptmon g inf | A7S AP < Co i A7 sy =0
dim V>Ak4!

(1.6)

If the right-hand side of (1.6) is finite, then there exists ko, A, and Cgy, such that for all k > ko,
V €V with dimV > Ak?~! and f € L3(T),

AT = AV 2y < Cao min [[ATH —w]] (17)

()’
i.e., k-uniform quasi-optimality is achieved (for all possible data) with a choice of subspace dimen-
sion proportional to k%~ 1.

Finite element methods for the Helmholtz equation famously suffer from the pollution effect—
i.e. > k? degrees of freedom are required to maintain accuracy [64, 65, 6]. However, there is a
common belief in both engineering [82, 84, 83] and numerical analysis [7, 80, 53] that boundary
integral methods do not suffer from the pollution effect. Indeed, it is standard in engineering to



Method Scatterer | Approx. Space d N 2 Cqo S
Galerkin any poly. degree p >2 k(d_l)p% 1+ p(k:/]\fﬁ)p'*'1
Galerkin any trig. poly. 2 k 1
Collocation any poly. degree p 2 k:pﬁ 1+ p(k/N)
Collocation any trig. poly. 2 k 1+ p(k/N)>
Dirichlet Nystrom convex trig. poly. 2 k 1
Dirichlet Nystrém | nontrapping trig. poly. 2 k(log k)*0 1
Dirichlet Nystréom any trig. poly. 2 k110 1
Neumann Nystrom any trig. poly. 2 E1+0 1

Table 2.1: In the table above we summarize the results estimating the quasioptimality constant
Cqo in (1.7) in various settings (for Galerkin methods (1.7) holds in L?(I"), but for collocation and
Nystrém methods our results establish the analogue of (1.7) in Hj(I") for certain s). In the above
expressions +0 represents the fact that for any ¢ > 0 the statement holds with +0 replaced by +e.
Similarly, (-)>° means that co can be replaced by any power M > 0.

ask whether a specific number of points per wavelength (e.g., six [82]) suffices to obtain accurate
solutions.

In earlier work [48], the first and third authors showed that the Galerkin method with piecewise
polynomials applied to Dirichlet BIEs for a nontrapping obstacle does not suffer from the pollution
effect. In this article, we both improve the analysis there — giving less stringent conditions for
k-uniform quasioptimality — and show that i) for trapping obstacles the Galerkin method with
piecewise polynomials applied to Dirichlet BIEs suffers from the pollution effect and, ii) even
for nontrapping obstacles, the Galerkin method with piecewise polynomials applied to Neumann
BIEs suffers from the pollution effect. We also present numerical experiments demonstrating the
pollution effect for the Dirichlet BIEs for two trapping situations.

2 Statement of the main results

We study three methods for solving BIEs numerically: the Galerkin method, the collocation
method, and the Nystrom method. Our results typically depend on several things: the choice
of the approximation space, the growth of the solution operator, and, occasionally, the geometry
of the scatterer. A summary of our results is given in Table 2.1.

2.1 Choices of projections

The most natural choice of projection from the Hilbert space structure of L?(T') — L?(T) is the
Galerkin projection.

Definition 2.1 (Galerkin projection and Galerkin solution) Given a subspace V C L*(T),
the Galerkin projection onto V, P‘(,; : L2(T") — V s the orthogonal projection onto V ; in particular,

(1 - P¢ (2.1)

)’UHL2(F)HL2(F) = glelg v — w||L2(F) :

We call the solution to (1.4) with Py = PG the Galerkin solution of (1.1).

Computing the Galerkin projection involves numerically approximating integrals. It is therefore
usually less computationally expensive to use a projection based on point values.

To define this type of projection, we need to use points that determine the finite dimensional
space V' in an appropriate sense.

Definition 2.2 Let V C C°(T') and {x;}}, C T. We say that {x;}}_, are unisolvent for V if
for any {aj}JN=1 C C, there is a unique vy, € V such that vy (x;) = aj forj=1,...,N.



We can now define the collocation projection.

Definition 2.3 Given a subspace V. C C°(T') and points {x;}}_, C T that are unisolvent for V,
we define the collocation projection for {z;}}*,, PG : CO(T) =V, by

(PGv)(x;) =v(x;), j=1,...,N.

Note that P§ is well defined since {z; }é\le are unisolvent for V.. We call the solution to (1.4) with
Py = PS the collocation solution of (1.1).

2.2 Sufficient conditions for quasi-optimality with piecewise-polynomial approxima-
tion spaces

Our results about piecewise polynomial spaces require some further technical assumptions that,
roughly speaking, guarantee that the piecewise-polynomial spaces are maximally dense in Sobolev
spaces.

Assumption 2.4 (Assumption on piecewise-polynomial V}, for the Galerkin method)
(1) (Th)o<n<he s a sequence of meshes of I' (in the sense of, e.g., [101, Definition 4.1.2]), such
that, for all T € Ty, there exists a reference map X, : T — T where T is a reference element.
(1)

Vi = {v T = C: forall T €Ty, vox, is a polynomial of degree p}.

(#ii) Given p > 0 there exists C' > 0 such that for all 0 < h < hg there exists a operator Iy, such
that, for 0 <t <p+1, Ty : H{(T) — VN with

o~ Tuoll ey < CH o]l (2.2)

(N

To state our results, we use the k-weighted Sobolev space norms; i.e., the standard Sobolev
space H} (") but with each derivative of weighted by k! (see §3.1 below for a precise definition) —
these weighted Sobolev spaces are the natural spaces in which to study functions oscillating with
frequency ~ k=1 (such as Helmholtz solutions). Note that HY(T') = L?(T).

Theorem 2.5 (Galerkin method with piecewise polynomials) Suppose A is given by one
of (1.2) or (1.3), Assumptions 1.1 and 1.3 hold. Let p > 0, Vi, C L*(T") satisfy Assumption 2.4,
and ko > 0. Then there are ¢,C > 0, such that if

(hk)?PT2p < ¢, hk < c, (2.3)

and k > ko, k ¢ J the Galerkin solution, vy, to (1.1) exists, is unique, and satisfies the quasi-
optimal error bound

[v—=onllpemr) < (1 + C(hk)P*tp + Chk + Ck—l) (1 - PG (2.4)

)UHLZ’(F)'

Moreover, if the right-hand side f corresponds to plane-wave scattering (i.e., is given as in Theorem
A.2), then

v — 2
o = onllzeqry < (1 + C(hk)P*'p + Chk + Ck—l)C(hk)p“ (2.5)

||’U||L2(r)

(i.e., the relative error can be made arbitrarily-small by decreasing (hk)**2p).

Remark 2.6 (Preasymptotic ~-BEM and h-FEM error estimates) Theorem 2.5, which is
shown to be sharp by Theorem 2.10 below, is the h-BEM analogue of preasymptotic error esti-
mates for the h-FEM. Indeed, for the h-FEM, if (hk)**% is sufficiently small, then the Galerkin
solution exists, is unique, and satisfies a quasi-optimal error estimate with constant proportional
to 1+ (hk)PZ, where #Z is the L?> — L* norm of the solution operator, and such that # ~ k
for nontrapping problems. Thus, for k-oscillating data, the relative error of the h-FEM is con-
trollably small when (hk)**% is small. This threshold for bounded relative error was famously



identified for 1-d problems in [64, 65], with the associated bound first proved in [34] for constant-
coefficient Helmholtz problems in 2-d and 3-d with an impedance boundary condition, and then
proved for general Helmholtz problems in [49]. Theorem 2.5 is the full analogue of these re-
sults, with (hk)?’ % replaced by (hk)?PT2p. Moreover, (2.4) shows that the in the limit k — oo
with h chosen so that (hk)P*lp — 0, the Galerkin solution is asymptotically optimal; i.e.,

o —vnllL2qy = 1 = PG )vllL2(r)-

For the collocation solution of (1.1) with piecewise polynomial spaces, we specialize to d = 2
(this is for technical reasons related to the failure of the Sobolev embedding H! — L when
d > 3). We also require an analogue of Assumption 2.7.

Assumption 2.7 (Assumption on piecewise-polynomial V}, for the collocation method)
d =2, Parts (i) and (i) of Assumption 2.4 hold and
(iii) Given p > 1 and points {ch}é-v:l C T that are unisolvent for V;, there exists C > 0 such
that for all 0 < h < hg the collocation projection Pg satisfies for 0 < qg<1land1 <t<p+1,
’(I - P\%)’U‘Hq(p) < Cht_q HUHHt(F) . (2'6)
Theorem 2.8 (Collocation method with piecewise polynomials) Suppose A is given by
one of (1.2) or (1.3) and Assumptions 1.1 and 1.8 hold. Let p > 1, Vi, C L*(T) satisfy As-
sumption 2.7, P&; be the collocation projection for {xj};y:hl, and kg > 0. There exist ¢,C > 0 such
that if
(hk)PTtp < e, hk < ¢ (2.7)

and k > ko, k ¢ J then the collocation solution, vy, to (1.1) exists, is unique, and satisfies the
quast-optimal error bound

[v = vnll g2y < (||I - pg 1 () #r2. () + Chkp + Ck‘l) (1 - P%)UHHHF) . (28)

Moreover, if the right-hand side f corresponds to plane-wave scattering (i.e., is given as in Theorem
A.2), then

v —=onll g ()
- <O = PC 2 Chk Ck‘_l hi)P 929
e (I = PG sz rycry + Chkip + Ok ) (k) (2.9)

(i.e., the relative error can be made arbitrarily-small by decreasing (hk)P™1p).

Remark 2.9 (Implementing the operator product for the Neumann BIEs (1.3))
Because of the operator product SixHy in B req, in practice, approzimations to the solution of
By regv = f are computing by applying the projection method, not to By yegv = f, but to the system

inN(%I—K) Sik v _ f ) (2 10)
H, -1 w 0/’

similarly for Bfmeg, For simplicity, when studying By, ree and B;C7reg in this paper we consider the
idealised situation of (1.4) with Py = PG or Py = PG ; i.e., we ignore the issue of discretising the
operator product in Galerkin or collocation methods. We emphasise, however, that we do analyse
discretising the operator product in the Nystrom method.

Comparison with previous results for the Galerkin method. Of the investigations [7, 81,
53, 103, 46, 48] into proving quasioptimality of the Galerkin method with piecewise polynomials
applied to Aj, and Ay, the best results are the following. The result of [48, Lemma 3.1] that if I"
is smooth and p(hk) is sufficiently small, then the Galerkin method is quasioptimal with constant
proportional to p. The result of [81, Theorem 3.17] that if T" is analytic then the Galerkin method
applied to A} is quasioptimal (with constant independent of k) if (hk)PT1k®p is sufficiently small
[81, Equation 3.22]; a similar result holds for A, with k® replaced by k® [81, Equation 3.26].
These quasi-optimality constants are larger than that in (2.4) and the thresholds for existence are
more-restrictive than that in (2.3).



When T is either a circle or sphere, k is sufficiently large, and ny > Ck'/3 with C sufficiently
large, then By, roe and B;weg are coercive on L?(T") with constant independent of k by [14, Theorems
3.6 and 3.9]. Céa’s lemma then implies that the Galerkin method applied to these operators is
quasioptimal, with quasioptimality constant > k'/3. This is in contrast to Theorem 2.5 where the
quasioptimality constant ~ 1, albeit under the thresholds (2.3). Note that the choice gy ~ k/3
is not used in practice, indeed, [14, §5] and [18, Equation 23] recommend using ny ~ 1, stating
that, out of all the possible choices of 7y, this gives a “nearly optimal number” /“‘small number”
of iterations when GMRES is used to solve the Galerkin linear systems.

Spaces satisfying Assumption 2.4 and 2.7. Boundary element spaces satisfying one of As-
sumptions 2.4 and 2.7 are constructed when d = 3 in [101, Chapter 4]. Indeed, discontinuous
boundary element spaces satisfying Assumption 2.4 are constructed in [101, Theorem 4.3.19], and
continuous boundary element spaces satisfying Assumption 2.7 are constructed in [101, Theorem
4.3.22(a)] (a subtlety is that [101] work in 3-d, but the constructions and arguments there establish
(2.6) when d =2 in fact for 0 < ¢ <3/2,¢t>1/2,and‘ ¢ <t <p+1).

2.3 Pollution in the Galerkin method with piecewise polynomials
2.3.1 Quasimodes imply pollution

Recall that quasimodes for the exterior Dirichlet/Neumann Helmholtz problem are functions u in
QO+ such that, informally, (—=k~2A — 1)u is “small” and compactly supported. More precisely,

[(—k72A — Dullz2(+) = O(kil)||u||L2(B(O’R)ﬁQ+), either y"u =0 or 9 u =0 on 9Q",

and u satisfies the Sommerfeld radiation condition (A.1). The factor of k=1 in the bound is natural,
since (—k72A — 1)(xe** %) = O(k~!) for any k-independent x € C° and &, with |£o| = 1; thus
functions u such that (—k~?A — 1)u = O(k™1) can be constructed for any Q~. A quasimode (in
the sense above) exists if and only if the obstacle is trapping [11], [35, Theorem 7.1].

In the BIE context, a quasimode is a function v € L*(T) such that ||Av| r2ry = o(1)||v]|p2(r)-
For the Dirichlet BIEs (with 7p satisfying Assumption 1.1), quasimodes exists if and only if Q7 is
trapping. However, for the Neumann BIEs, quasimodes exist even when 27 is the unit ball, since
A L2 (r)— 22y ~ K/ in this case (see, e.g,. [45, Theorem 2.3]).

Our results showing the existence of pollution are based on the following theorem, which states,
roughly, that the existence of a sufficiently good quasimode for the BIE that oscillates at frequency
~ k guarantees pollution. To state this carefully, we let Ar denote the surface Laplacian on T'.

Theorem 2.10 (Quasimodes imply pollution) Suppose that Assumption 1.1 holds. Let Z¢ >
1,0<e< %0, 0 < e < Zp, and J C (0,00) unbounded such that Assumption 1.3 holds and
Vi, € L2(T) satisfy Assumption 2.4, p > 0. Then there is ko > 0 such that for all x € C°((—(1+
€)2,(1+€)?)) with x = 1 on [~1,1] there is ¢ > 0 such that if there are k, — 00, ko < k, & J,

U, fr € LA(T), Bn,an € (0,1] such that

5n||A71(kn)||L2(r)—>L2(r) <g¢

and
A(kn)un = fn> ||anL2(F) < o, ||un||L2(F) =1, (211)
(1 = X(25 %k, Ar)) fll 2wy < Ball fallL2 ), Ix(e0 2k 2Ar) fullL2(ry < Bullfullz2@y, (2.12)
either p=0 or kfpflanHl(oykg](fAr)(A*)flunHLz(p) <e, (2.13)

then, for any h and n such that and (I + PE L(ky,)) has an inverse,

(hky)~P~ Y

1< (hkn)Q(P“)a;l
(hkn)P ot «

(hk,)2P D) < 1. (2.14)

- 1
(7 + PG, L(kn)) 7T = PE) 22y 2y > 5 + c{

n

We make the following immediate remarks about Theorem 2.10:



e The assumptions (2.11) and (2.12) are the precise versions of, respectively, the statement
that u,, is a sufficiently good quasimode for A, and that f, oscillates at frequency ~ k.

e When p > 1, the assumption (2.13) guarantees that w,, is not close to any solution of Av = f
where f is in the span of finitely many low frequency eigenfunctions of the surface Laplacian.
This finite-dimensional assumption is required for technical reasons when p > 1 and we
expect the theorem to hold without it even in that case. In the concrete examples below (see
Theorems 2.13 and 2.15) the second part of (2.13) imposes an extra restriction on growth of
the solution operator when p > 1. Since the space of obstructions is finite-dimensional, this
extra assumption could also be avoided by constructing sufficiently many good quasimodes.

o If a,, < Cp~',ie. f, achieves the full growth of the solution operator, then Theorem 2.10
implies that

(RR)=(P+D) 1 < (Rk)2(PHD)p

2.15
(hk)PHip,  (hk)2PTDp < . (2.15)

_ 1
||(I+P\§,IL) e P\i)”L?(F)—»m(r) > 5 +C{

In particular, if (2.15) holds, then Theorem 2.5 is optimal since the Galerkin solution, v, to
Av = f satisfies
v—v, =T +PE L)' I-PS)I - PS ).

e By Definition 1.5, (2.14) with o = o(1) implies that the h-BEM suffers from the pollution
effect. In particular, if hk = €, then (2.14) implies that the quasioptimality constant is at
least ce P! and hence that decreasing e actually makes the quasioptimality constant worse
until the point that ea=* < 1.

e The proof of Theorem 2.10 is sketched in §2.6; the key technical ingredient is the lower bound
from [40] on how well piecewise polynomials approximate a function with frequency ~ k.

While it is relatively straightforward to show that a strong quasimode for the Helmholtz equa-
tion implies the existence of a strong quasimode for the BIEs [10], [26, §5.6.2] (for the Dirichlet
BIEs) and [45, Theorem 2.6] (for the Neumann BIEs), it is more challenging to determine the
properties of the BIE quasimode from the properties of the quasimode of the Helmholtz equation;
§13 below does this in the Dirichlet case, resulting in concrete examples of pollution for the Dirich-
let BIEs (Theorems 2.12, 2.13, 2.15). We expect that the results of §13 can be extended to the
Neumann case; we do not pursue this here, but show below that pollution occurs for the Neumann
BIEs even for the unit disk.

2.3.2 Pollution for the Dirichlet BIEs

Throughout this section, V;, C L?(T") satisfies Assumption 2.4 for some p > 0. We start with an
example that shows quantitative pollution for the Dirichlet BIEs.

Definition 2.11 (Four-diamond domain) We say that Q= is a four-diamond domain if there
ezists 0 < € < 7/2 such that Q= = UL ,Q; € R2, where Q; are open, convex, disjoint, and have
smooth boundary so that

O((—m,m) x (=, 7)) \ (Uaper1 B((am,br),€)) CT C R?\ (Ugper1 B((am,br),€/2)),
Q" N(—m,m) x (—m,m) =0.

Figure 2.1 shows an example of a four-diamond domain.

Theorem 2.12 (Pollution for the four-diamond domain when p =0) Let p = 0, Q= be a
four-diamond domain, np satisfy Assumption 1.1, J satisfy Assumption 1.8 with A= Ay or Aj,
and ky, := /2n. Then there is ¢ > 0, such that for all k € R\ J and n such that k;l <6<,
|k — kn| < 67k, and all h > 0 there is f € L?(T') such that the Galerkin solution, vy, to (1.1)
with A given by either Ay, or A}, if it exists, satisfies

o — U||L2(F) > } te (hkn)_la 1< (hkn)25kna
(I — P%)'U”LQ(F) -2 (hkp)Oky, Okn(hky)? < 1.



Theorem 2.13 (Pollution for the four-diamond domain when p > 1) Let Q= be a four-
diamond domain, np satisfy Assumption 1.1, A= Ay, or A}, and ky, := V2n.
If there are C7 > 0, kg > 0 such that

A L Cik*  for all k > ko (2.16)

() L2(r) <

there are ¢,C > 0 such that for all k > ko and n such that Ck,;' <8 <1 and |k — k,| < § 1k, !
and for all h > 0 there is f € L?(T") such that the Galerkin solution, vy, to (1.1) with A given by
either Ay, or Ay, if it exists, satisfies

lon — vz 1, fka) P 1< (k)X
1T = P)ollaay ~ 27\ (k) 0, Sl ()20 < 1.

Remark 2.14 (Discussion of Theorems 2.12 and 2.13)

1. When Q= consists of two aligned squares (or rounded squares) — where the trapping is the
same nature (parabolic) as for a four-diamond domain (albeit on a smaller set in phase
space) — the bound (2.16) is proved in [28, Corollary 1.14]. Furthermore, from both quasimode
considerations and the bounds of [30, 29] in the setting of scattering by metrics of revolution,
[28] congecture that for Q= as in Theorem 2.12,

|A + || (A < Ck. (2.17)

—1 —1
k ||L2(r)—>L2(r) ) HL?(F)—>L2(F)

If the bound (2.17) holds, then Theorems 2.12 and 2.13 show that Theorem 2.5 is optimal in
this case and J = 0.

2. We emphasise that the phenomenon behind Theorems 2.12 and 2.13 is not sparse in fre-
quency. Indeed, both Theorems 2.12 and 2.18 hold with 6 = 1 for a set of k with infi-
nite measure (since Y .., n~' = 00). Furthermore, although we prove Theorem 2.12 with
kn = V/2n, it is easy to generalize our construction in the proof of Theorem 2.12 to take
kn = /m2 4+ 2 for any my, ¢, € Z with ¢ < |”;—:| < C and such that, if my/l, = pn/qn
with p, and g, relatively prime, then |q,| < C.

3. Theorems 2.12 and 2.13 are illustrated by numerical experiments in Figures 2.1 and 2.2,
with Figures 2.3 and 2.4 illustrating pollution for a cavity domain. (The set up for all the
numerical experiments in this section is described in §15.)

Next, we show that in a wide variety of trapping problems, one has pollution at all frequencies.
To avoid technicalities, we informally define the trapped set, K, as set of points x and directions
¢ such that the billiard trajectory through (z,¢) in Q7 remains in a compact set for all time. (We
refer the reader to §13.1 for the careful definitions).

Theorem 2.15 (Qualitative pollution for a large class of trapping domains) Suppose
that Assumptions 1.1 and 1.3 hold, that K # () and that for every point x and direction & such
that (x,&) € K, the line

Ly =7 +RE

is not tangent to I'. Let C1, kg > 0. Suppose that

either  p=0 or p>1 and ||A,; ) < C1 kP for all k> ky. (2.18)

ezryre

Then for all k,, — oo k, & J, and h > 0 there are f, € L*(T) and o, — 0 such that the Galerkin
solution, vp, to (1.1) with A given by Ay, , if it exists, satisfies

[[vn *UHL?(F)
I = P )ollz2r)

The assumptions in Theorem 2.15 are satisfied, for example, by two aligned squares with rounded
corners (since (2.18) holds by the bound (2.16) proved in [28]).

There is an analogous result for A}, but it requires slightly stronger hypotheses that are harder
state in a non-technical way so we postpone it to Theorem 13.34.

Y

1 k)P~ 1 < (hky)? ot
2+c{( ) S (Rky)" 77 e (2.19)

(hkn )Pt azt, oy t(hk,)?@tD) < 1.
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2.3.3 Pollution for the Dirichlet and Neumann BIEs on the unit disk

Theorem 2.16 (Pollution for the Neumann BIEs on the unit disk) Let Q_ = B(0,1) C
R2. For all C > 0, k, — 00, and C~! < ny < C there are f, € L*(T') such that the Galerkin

solution, vp,. to (1.1) with A given by By, reg 0T By, o, Satisfies

||’Uh — ’U||L2(1“) > % Yo {(hkn)Pl

1< (hky )2 Dk
I(I = PE vl r2(ry (k)P kT, 1.

(hkn)z(”“) <

3ol

In particular, Theorem 2.5 is optimal in this case.

Remark 2.17 We expect that the more sophisticated microlocal description of boundary layer
operators in [39] can be used to extend Theorem 2.16 to any domain with smooth boundary in any
dimension.

Next, for the Dirichlet problem, we demonstrate pollution for any k=~ < np = o(k).

Theorem 2.18 (Pollution for the Dirichlet BIEs on the unit disk with non-standard
coupling parameters) Let Q_ = B(0,1) C R?. There is k, — oo, such that for all N > 0,
C >0, k=% <np < Ck there are f, € L*(T') such that the Galerkin solution, vy,. to (1.1) with A
given by Ay, or Aj  satisfies

H'Uh — UHL?(F) S 1 Lo (hkn)*Pfl, 1< (hkn)Q(erl)knn;l’
(I — P\%)UHLQ(F) -2 (hkn)p+1knn;17 knngl(hkn)z(p-i_l) <L

In particular, Theorem 2.5 is optimal in this case.

Remark 2.19 The specific examples in Theorems 2.12, 2.15, 2.16, and 2.18 show that Theo-
rem 2.10 is effective in demonstrating pollution in concrete situations. Moreover, although it is
difficult to prove a general statement for all domains simultaneously, given a trapping domain it is
usually possible to construct quasimodes that, together with Theorem 2.10 demonstrate pollution.

Remark 2.20 When T is the sphere and 1 = k=2/3 [7] conjecture that the Galerkin method
applied to Ay, and A}, with piecewise polynomials does not suffer from the pollution effect. More
precisely, [7, Proposition 3.14] show that if a specific bound on a combination of Bessel and Hankel
functions holds ([7, Equation 3.20]) then the Galerkin solution is k-uniformly quasioptimal when
hk is sufficiently small.

In contrast, Theorem 2.18 proves that when n = k=2/3, the Galerkin method applied to A, and
A}, with piecewise polynomials does suffer from the pollution effect. Thus the analogue of the bound
[7, Equation 3.20] for the disk cannot hold.

Remark 2.21 The recent preprint [52] explores pollution numerically for a variety of Helmholtz
integral operators on the disk.

2.4 Sufficient conditions for quasi-optimality with trigonometric-polynomial approx-
imation spaces

Let d = 2 and assume that Q~ is connected (the results can be extended to multiply-connected
domains in a straightforward way). Without loss of generality, assume that ' is given by x = ~(t)
for v : R/27Z — R? a smooth curve with 0 < |¥(¢)| < cmax- The subspace i is defined in the

t-variable by
I = span{ exp(imt) : [m| < N}; (2.20)

note that the dimension of Z is then 2N 4+ 1. We consider the collocation projection PgN with
evenly-spaced points in the t variable; i.e.,

t; =2mj/(2N +1), j=0,1,...,2N. (2.21)

11



Piecewise constant elements
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Figure 2.1: The plots depict the absolute value of the total field at & = 40v/2 when the plane wave
e @) with w = (cos(57/180), sin(57/180)), is incident on a sound-soft domain consisting of four
nearly square obstacles. The plot shows the Galerkin solutions at 2.4 (top left), 3.6 (top right),
and 6 (bottom left) points per wavelength and piecewise constant elements (i.e., p = 0), with the
reference solution (bottom right) computed with p = 11. These numbers of points per wavelength
correspond to points before, on, and after the peak of the quasioptimality constant in Figure 2.2.
Many of the features of the Galerkin and reference plots are similar. However, in the Galerkin
solutions with low numbers of points per wavelength the trapped rays are much less pronounced.
The plots for piecewise linear elements (i.e., p = 1) look qualitatively similar.
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1.75 1 % p= 0
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— 40v/2
—80v/2
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1.254 1
= 1 —
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= —20v2 2 X
|§ — 402 R =202
iy — 802 .0 — 40v/2
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—160y/2
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1.251 Points per wavelength
14
2 3 a 6 10
Points per wavelength
Figure 2.2: The left plots shows the implied quasioptimality constant for piecewise con-

stant (top) and piecewise linear (bottom) elements when the plane wave e*(“*) with w =
(cos(5m/180),sin(57/180)) is incident on a sound-soft domain consisting of four nearly square
obstacles (see Figure 2.1). The right plot shows the corresponding L? relative error in the density.
The reference and computed scattered solutions at k = 40v/2 are shown in Figure 2.1. The pres-
ence of pollution in this example can be seen from both plots: in the left hand plot, one observes
a peak in the implied quasioptimality constant that shifts up and to the right as k increases. In
the right hand plot, the error increases for a fixed number of points per wavelength as k increases.
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Piecewise constant elements
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Figure 2.3: The plots show the absolute value of the total field for the reference solution (bottom
right) at k& = 37.213 when the plane wave e**(“»*) with w = (cos(—m/2 + 0.2),sin(—7/2 + 0.2)) is
incident on a sound-soft cavity as well as the corresponding Galerkin solutions at various numbers of
points per wavelength with both piecewise constant (top) and piecewise linear (bottom) elements.
These numbers of points per wavelength correspond to points before, on, and after the peak of
the quasioptimality constant in Figure 2.4. At low numbers of points per wavelength the Galerkin

solutions fail almost entirely to resolve the behaviour of the total field.
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Figure 2.4: The left plots shows the implied quasioptimality constant for piecewise constant (top)
and piecewise linear (bottom) elements when the plane wave e with w = (cos(—m/2 +
0.2),sin(—m/2 4+ 0.2)) is incident on a sound-soft cavity domain (see Figure 2.3). The right plot
shows the corresponding L? relative error in the density. As in Figure 2.2, the pollution effect can
be seen in both plots. While the magnitude of the effect can depend very strongly on the frequency
(compare the curves at k = 37.212 and k = 37.213), the qualitative behavior is much less sensitive
to the frequency chosen.
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We assume that there are an odd number of points since the explicit expression for Png is simpler
in this case (see (6.8)), but the results below also hold when there are an even number of points.
In both cases the points are unisolvent by, e.g., [72, §11.3], [5, §3.2.2].

In the case of trigonometric polynomials, we change the L? norm used to define PgN. In
particular, rather than the measure induced from R?, we use in (2.1) the norm

2y = / (w0 ~)(t) dt. (2.22)

Theorem 2.22 (Galerkin method with trigonometric polynomials) Suppose d = 2, A is
given by one of (1.2) or (1.3), and Assumptions 1.1 and 1.8 hold. Let Vi be given by (2.20),
ko > 0, and € > 0. Then there exist C,Co > 0, such that if 2 > 1,

N > (Ecmax + €)k (2.23)

and k > ko, k ¢ J, then the Galerkin solution, vy to (1.1) exists, is unique, and satisfies the
quasi-optimal error bound

[ = onll 2y < (14 CIE™ + Cok™h) ||(I = PG, )v|| (2.24)

L)

Moreover, if the right-hand side f corresponds to plane-wave scattering (i.e., is given as in Theorem
A.2), then
UV — UN
o= ol _ O(k=). (2.25)
||UHL2(F)

Remark 2.23 We use the notation that a = O(k™°°) if a decays faster than any algebraic power
of k; i.e., given ko, N > 0, there exists C(N, ko) such that

la| < C(N, ko) k=N for all k > ko.
As in the case of piecewise polynomials, our estimates are weaker for collocation than Galerkin.

Theorem 2.24 (Collocation method with trigonometric polynomials) Suppose d = 2, A
is given by one of (1.2) or (1.3), and Assumptions 1.1 and 1.3 hold. Let Vy be given by (2.20),
PgN be the collocation projection (with 2N + 1 evenly-spaced points, as described above), s > 1/2,
and ko > 0. Then there exists C > 0 such that if

N = (cmax + €)k (2.26)

and k > ko, k ¢ J, then the collocation solution, vy, of (1.1) exists, is unique, and satisfies the
quasi-optimal error bound

k\s
lo = o lligry < (I = PGyl + C/N) + Ch ™+ Cp(52) ) 12 = PG ]y - (2:27)

Moreover, if the right-hand side f corresponds to plane-wave scattering (i.e., is given as in Theorem
A.2), then

v —vnll g
D ok, (2.28)
||U||H;(r)

Remark 2.25 (The Nyquist sampling rate) When T' has length 27, the number of degrees
of freedom per wavelength for Jn (2.20) equals (2N + 1)/k. The Nyquist-Shannon—Whittaker
sampling theorem then indicates that one requires N > k — 1/2 to recover a function of frequency
< k using this many degrees of freedom. When cmax = 1, (2.23) and (2.26) become N > (1 + €)k;
i.e., the Nyquist sampling rate is asymptotically sufficient to obtain existence of the Galerkin and
collocation solutions.
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2.5 Results for the Nystrom method with Kress quadrature

The quadrature we use for the Nystrom method is based on trigonometric polynomials in 2d and is
described in detail in § 9. This quadrature falls under the class of quadrature methods introduced
by [85, 75] and often referred to as “Kress quadrature” due to its use by Kress in [70, 71].

We first consider the Dirichlet problem with the standard splitting of kSy, K, K}, described
in Lemma 9.3 below. In particular, let A = (I + L) = A, or A}, and for any N > 0, define Ly
according to these splittings and Definition 9.2. The discrete approximation of L is then given by
(1.5) with

Ly=Lg, =Ln (2.29)

where v is the space of trigonometric polynomials (see (2.21)).

Theorem 2.26 (Dirichlet Nystrom) Suppose that d = 2 and Assumption 1.1 holds. Consider
the Nystrom method with Kress quadrature (defined in §9) for the Dirichlet BIE.

(i) Suppose T is convexr with non-vanishing curvature. Then there is C1 > 0 such that for all s > %,
there are C > 0, kg > 0 such that if k > ko,

N > Chk

the solution, vy, to (2.29) exists, is unique, and satisfies the quasi-optimal error bound

I = onllzay < C(10 = PGl ooy + 1PGe L = LIPS ry)-

(ii) Suppose Assumption 1.3 holds with Py, = 0. Then for all € > 0, there is so > 0 and C; > 0
such that for all s > sq, there are Cy > 0, ko > 0 such that if k > ko, k ¢ T,

N > C1k(log k)€

the solution, vy, to (2.29) exists, is unique, and satisfies the quasi-optimal error bound

lv— UN”H?L(F) = CQ(H(I - PgN)U”Hg(F) + ||PgN(LN - L)szvUHH;(F))'

(iii) Suppose Assumption 1.3 holds. Then for all € > 0, there are sg > 0, C1 > 0 such that for all
M >0, s > sq, there are Co > 0, ko > 0 such that if k > ko, k ¢ T,

N > Cik'te

the solution, vy, to (2.29) exists, is unique, and satisfies the quasi-optimal error bound
v —vnllE; @) < 02(”(1 — PG vl 0y + PG (Ln — L) PG vl e ry + kiMH“”Hg(F))-

Moreover, in all three cases, if the right-hand side f corresponds to plane-wave scattering (i.e., is
given as in Theorem A.2), then

[0 —onll e
— O _ o), (2.30)
Toll e o

We next consider the Neumann problem with Kress quadrature of kSy, Ky, K}, described in
Lemma 9.3, that for kS;, Kk, K/, described in Lemma 9.4, and that for k= (Hy — H;) described
in Lemma 9.5. In particular, let A = (i~ — 1)(I+ L) = By, ;e or By, 1o and for any N > 0, define
Ly according to the splittings above and Definition 9.2 with the composition L,L; approximated
by £V PgN ,Qév , where PgN denotes the collocation projection with trigonometric polynomials. The

discrete approximation is then given by

Lgy =Ln. (2.31)
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Theorem 2.27 (Neumann Nystrom) Suppose that d = 2 and Assumptions 1.1 and 1.3 hold.
Consider the Nystrom method with Kress quadrature (defined in §9). For all ¢ > 0, there are
so > 0, C1 > 0 such that for all M > 0, s > sq, there are Co > 0, kg > 0 such that if k > ko,
k¢ J,

N > Cyktte

the solution, vy, to (2.31) exists, is unique, and satisfies the quasi-optimal error bound
||’U - UN”H;(F) <G (H(I - PgN)UHH;(F) + HPL?N (LN - L)PgNUHHz(F) + k_MHv”Hf(F)> (232)

Moreover, if the right-hand side f corresponds to plane-wave scattering (i.e., is given as in Theorem
A.2), then (2.30) holds.
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Figure 2.5: The plots show the relative L? error when the Nystrém method is applied to the plane-
wave sound-soft scattering problem in the exterior of a circle (top left), a star-shaped domain (top
right), and cavity (bottom) at various frequencies and numbers of points per wavelength. As the
number of points per wavelength increases or the frequency increases, the relative error decreases
superalgebraically, which is consistent with Theorem 2.26.

Comparison with previous results involving trigonometric polynomials. The analysis of
Galerkin, collocation, and Nystrom methods with trigonometric polynomials applied to Helmholtz
BIEs on smooth boundaries in the limit N — oo with k fixed has attracted a lot of attention in
the literature; see, e.g., [73] [89] [98] [5, Chapter 7] [100, Chapters 9 and 10] and the references
therein. These results prove superalgebraic convergence for smooth data, and Theorems 2.22, 2.24,
2.26, and 2.27 are their k-explicit analogues. Furthermore, e.g., [98] shows that the convergence
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is exponential if both the data and the boundary are analytic. For real analytic I', it should be
possible to use methods from analytic microlocal analysis to improve Theorems 2.22, 2.24, 2.26,
and 2.27 by replacing the superalgebraic decay by exponential decay, but we do not consider this
here.

2.6 Discussion of the proof techniques

The k-explicit upper bounds on the projection-method errors. The current state-of-the-
art analyses of k-explicit convergence of numerical methods for the Helmholtz rely on frequency
splitting; specifically one splits into high (> k) and low (< k) frequencies and uses fact that
Helmholtz solution operator is “well behaved” on high frequencies.

This idea was first used in the analysis of the hp-FEM for the constant-coefficient Helmholtz
equation in [91, 92], with the frequency splitting carried out via the Fourier transform in R?. This
philosophy was then applied to analyse the hp-BEM in [81, 90], with frequency splitting in R?
combined with trace operators to produce appropriate frequency splittings on T'.

Semiclassical pseudodifferential operators give a natural and intrinsic way to achieve frequency
splittings on general domains. Such operators were used to analyse the hp-FEM for the variable-
coefficient Helmholtz equation in [76, 41, 42].

The first author’s thesis [39] used the fact that the Helmholtz solution operator is “well be-
haved” (more precisely, semiclassically elliptic) on high frequencies to show that the high-frequency
components of Sy, Kj, K}, and H, are semiclassical pseudodifferential operators. This fact was
then used in [48] to show that the Galerkin method with piecewise polynomials applied to the
Dirichlet BIEs does not suffer from the pollution effect when 2~ is nontrapping. Conceptually,
these results are linked to earlier convergence analyses of BIEs that used the integral operators’
structure as homogeneous pseudodifferential operators to obtain results for fixed k as N — oo (see,
e.g., the books [100, 63, 55] and the references therein).

In the present paper, we use the results of [39] again to give sufficient conditions for the Galerkin
solution to exist with an optimal bound on the quasioptimality constant — see Theorem 2.5. As
discussed in Remark 2.6, Theorem 2.5 is analogous to the preasymptotic estimates for the h-FEM
proved in [49], with these h-FEM results using frequency splittings defined by functional calculus
and thus intrinsic to the operators considered, together with an elliptic-projection type argument.
The results in the present paper are obtained by carefully analyzing the data to approximate
solution maps from high to high, high to low, low to high, and low to low frequencies and using a
norm on L? that is tailored to the meshwidth and the frequency splitting — see (4.34) and (4.35)
below. Specifically, we weight the high frequency component of the function by (hk)~‘p~1/? for
some t > 0 tailored to the particular projection method. This weighting allows us to take full
advantage of the better behaviour of the BIEs at high frequency.

Our analyses of methods based on trigonometric polynomials use analogous frequency splittings
together with the fact that trigonometric polynomials naturally respect frequency decomposition
(see Lemma 7.6 below).

The proofs of pollution for the Galerkin method with piecewise polynomials. For the

projection method
v—vn = (I +PyL)"Y(I - Pyx)(I - Py)v

(see (4.27) below). Therefore, to prove pollution, we need to show that (I + PyL)~!(I — Py) is
large. A simple calculation shows that if

vi=I+L)"'I—-Pyn)f (2.33)

then
(I +PyL)w=(I— Py)v=(I—Py)*v

i.e., we need to find v with ||v||f2 = 1 such that (2.33) holds and (I — Py)v is “small”.
Under the assumption that there is a quasimode for the BIE, there is a “small” f and a u
with [|ullp2ry = 1 such that w = (I + L)~'f. Moreover, both f and u are k-oscillating and
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thus for the Galerkin projection with a piecewise polynomial space satisfying Assumption 2.4,
(I — P%)uHLQ(F) < C(hk)P ||ul|p2(ry. If there is f such that f = (I — Py)f, then

|1+ PG L)~ (1 - PG ) = c(hk)™P7h

L2(T)—L2(T

However, this cannot be true for all h since it contradicts the upper bound on the quasioptimality
constant in Theorem 2.5; i.e., we cannot solve f = (I — Py)f.

Motivated by this discussion, our goal is to find f that is as close as possible to satisfying
(I—Pn)f = f. Notice that, since v = (I+L)~}(I - Py)f and (I+L)~! is O(1) on high frequencies
(see Lemma 4.9), low-frequency errors cost more than high-frequency errors. Therefore, we aim to

solve (I — Py)f = f + e, where e has as few low-frequencies as possible.
The lower bounds on Galerkin piecewise-polynomial approximations of k-oscillating functions
from [40] imply that if f has frequencies between epk and Zgk then there exists f such that

I = PEDFll oy < CORT 7 F ] oy (2.34)
and
(I=PE)f = f+x2(I = PE)f +xoe(I = PG)F

(see (12.10) and Corollary 12.8). Here x.¢ is a finite-rank operator (which can be taken to be zero
when p = 0) and

-1
HXXHH—M(F)HHM(F) <Cy and |[(I+1L) nyHLQ(F)HLQ(F) =C
(i.e., x# and X are low- and high-frequency cutoffs, respectively). Thus
v=(I+L) "+ (I +L) eI = PS)f+ T +L) el - PE)S. (2.35)

In the rest of this sketch, we ignore the contribution from x ¢; including this contribution leads
to the finite-dimensional condition (2.13). Using (2.35), (2.34), and the fact that u = (I + L)~ f
(with [Ju|z2(ry = 1), we see that |[v]|p2ry > 1/2 if (hk) P~ fl|L2(r) < 1. Finally, by (2.33),

(I = PG)o=(I- PG )xu(l+L)""(I-P3)f+ (I - PG )xwv
where xg and xi, are high- and low-frequency cutoffs, so that
(1 - P%,,)”HL2(F) < C(hk) P fll 2oy + (hE)PH 0]l L2ry-

In summary,

G -1 G HU”L?(F)
|(1+ P3G, L)~ = PG| oy 52y = 17— PG ol 2y
h
(hk)=P~1, 1fllL2ry < (hk)2PHD),
> c _
(hk)P+1||fHL21(F), (hk)2® T < | £l 2y < (hk)PTE.

Since [[v| .20y /(I — P )vll2(ry > 1, by reducing c if necessary,

(hk) ==, 1< (hR)X D £l 2 s

1
Gr\-1(7 _ pG =
|(1+ Py L)~ (I th)Hm(I‘)aLz(F) 2 3 +C{(hk)p+1||f||221(p), ||f||zz}(F)(hk)2(p+1) <1,

which is (2.14).

2.7 Outline of the rest of the paper

§3 recaps standard results about semiclassical pseudodifferential operators.
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84 gives sufficient conditions for quasioptimality of projection method under fairly-general as-
sumptions about A.

§5 proves the Galerkin and collocation results for piecewise polynomials (Theorems 2.5 and 2.8).
§6 defines the projections for trigonometric polynomials in 2-d.

§7 bounds ||(I — PgN)'UHH,-:(F) when v is the BIE solution corresponding to the plane-wave scat-
tering problem.

§8 proves the Galerkin and collocation results for trigonometric polynomials (Theorems 2.22 and
2.24).

§9 defines the Nystrom method analysed in Theorems 2.26 and 2.27.

§10 gives an abstract result about the convergence of the Nystrom method and §11 uses this to
prove Theorem 2.26 and 2.27.

§12 proves Theorem 2.10 and §13 proves Theorems 2.12 and 2.15 and §14 proves Theorems 2.16
and 2.18.

§15 describes the set up in the numerical experiments in §2.
Appendix A defines the scattering problems and BIEs in (1.2) and (1.3).

Appendix B proves the propagation-of-singularities result of Theorem 13.12.

3 Review of semiclassical pseudodifferential operators

In this section, we review standard results about semiclassical pseudodifferential operators, with
our default references being [112] and [35, Appendix E]. Recall that semiclassical pseudodifferential
operators are pseudodifferential operators with a large/small parameter, where behaviour with
respect to this parameter is explicitly tracked in the associated calculus. In our case, the small
parameter is k7', and we let A := k~'; normally the small parameter is denoted by h, but we use
h to avoid a notational clash with the meshwidth of the h-BEM. The notation 7 is motivated by
the fact that the semiclassical parameter is often related to Planck’s constant, which is written as
27h see, e.g., [112, S1.2], [35, Page 82].

The counterpart of “semiclassical” involving differential /pseudodifferential operators without a
small parameter is usually called “homogeneous”, and the homogeneous analogues of these results
can be found in, e.g., [108, Chapter 7], [100, Chapter 7], [63, Chapters 6].

3.1 Weighted Sobolev spaces

We first define weighted Sobolev spaces on R?, and then use these to define analogous weighted
Sobolev spaces on I'. The semiclassical Fourier transform is defined by

Fra)(©) = [ exp(—ia-¢/h)u(e) do

with inverse

(f{lu)(a:) = (2rh)~¢ /Rd exp (ix . E/h)u(f) dg; (3.1)

see [112, §3.3]; i.e., the semiclassical Fourier transform is just the usual Fourier transform with the
transform variable scaled by h. These definitions imply that, with D := —i0,

(0% (0% 1
Fu((hD)*)u) = € Fpu and  ul| 2 (gay = (@rh)ir2 [Frull L2 gay ;
see, e.g., [112, Theorem 3.8]. Let

Hi(RY) := {u € S'(R?) such that (£)*(Fuu) € Lz(Rd)}, (3.2)
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where (£) := (1 + |£]?)Y/2, S(R?) is the Schwartz space (see, e.g., [88, Page 72]), and S'(R?) its
dual. Define the norm

1 m
Il = Ty L, (€ Pru(e) s (33)
for example, with m =1,
HU”?{,}L(W) = I ||VU||2L2(Rd) + ||UH22(W) =k? HVUHiz(Rd) + Hu||2L2(Rd) . (3.4)

Working in a weighted H' norm with the derivative weighted by k~! is ubiquitous in the literature
on the numerical analysis of the Helmholtz equation, except that usually one works with the
weighted H' norm squared being || Vul|2, 4+ k?||ul| 2. Here we work with (3.4)/(3.3) since weighting
the jth derivative by k™7 is easier to keep track of than weighting it by k77!, especially when
working with higher-order derivatives.

We define the norm for weighted Sobolev spaces on I' as follows

lull gz 0y = (1 = B> Ap)*2u L2 (), (3.5)

where Ar denotes the Laplacian on I and we use the spectral theorem to define powers of (1 —
h2Ar). For example,

2 2
||UH§{;L(F) =’ ||VFU||L2(F) + ||u||L2(F) )

where Vr is the surface gradient operator, defined in terms of a parametrisation of the boundary
by, e.g., [26, Equation A.14]. Note that these same norms can be defined via interpolation from
the integer powers of (1 — h2Ar). The weighted spaces H;(T') can also be defined by charts; see,
e.g., [88, Pages 98 and 99| for the unweighted case and [93, §5.6.4] or [35, Definition E.20] for
the weighted case (but note that [93, §5.6.4] uses a different weighting with & to us); these other
definitions all lead to equivalen norms.

The unweighted H*(T") norms are defined as above with fi = 1. We use below that, given fip > 0
and s > 0, there exists C' > 0 such that, for all 0 < i < Ay,

h ||wHHs(F) <C ||w||H;;(F) : (3.6)

3.2 Phase space, symbols, quantisation, and semiclassical pseudodifferential opera-
tors

For simplicity of exposition, we begin by discussing semiclassical pseudodifferential operators on
R?, and then outline in §3.4 below how to extend the results from R? to T'.

The set of all possible positions # and momenta (i.e. Fourier variables) ¢ is denoted by T*R;
this is known informally as “phase space”. Strictly, T*R? := R% x (R%)*, i.e. the cotangent bundle
to R%, but for our purposes, we can consider T*R? as {(x,&) : z € RY, ¢ € R%}.

A symbol is a function on T*R? that is also allowed to depend on h, and can thus be considered
as an h-dependent family of functions. Such a family @ = (ar)o<n<n,, With ap € C®(T*R?), is a
symbol of order m, written as a € S™(T*R?), if for any multiindices a, 3

1020  an(@,€)] < Cap€)™ 1P forall (z,€) € T*R? and for all 0 < h < hq, (3.7)

(where recall that (¢) := (1+£|2)'/2) and C,, 5 does not depend on h; see [112, p. 207], [35, §E.1.2].
For a € S™, we define the semiclassical quantisation of a, denoted by a(z,hD) : S(R%) —
S(RY), by

a(z, hDYo(x) = (27h)~ /]R d /R oxp (i(z — ) €/R) ale E)oly) dyde (3.8)

where D := —i0; see, e.g., [112, §4.1] [35, Page 543]. We also write a(x, D) = Opj(a). The
integral in (3.8) need not converge, and can be understood either as an oscillatory integral in the
sense of [112, §3.6], [61, §7.8], or as an iterated integral, with the y integration performed first; see
[35, Page 543].

Conversely, if A can be written in the form above, i.e. A = a(x, hD) with a € S™(T*R?), we
say that A is a semiclassical pseudo-differential operator of order m and we write A € \Il%”(Rd).
We use the notation a € BS™ if h~la € S™; similarly A € hl\Il?; if him'A € U, We define
Vo i=n, P, "
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Theorem 3.1 (Composition and mapping properties of semiclassical pseudo-
differential operators [112, Theorem 8.10], [35, Propositions E.17, E.19, and E.24])
If Ae U and B € ¥}, then

(i) AB € wytme,
(it) For any s € R, A is bounded uniformly in I as an operator from H} to Hy ™.

A key fact we use below is that if ¥ € C2°(R) then, given t € R, N > 0 and fig > 0 there exists
C > 0 such that for all & < hq,

[¢(|nD|? <c; (3.9)

)HH;L(RC")HH;#N(]Rd)
this can easily be proved using the semiclassical Fourier transform, since 1 (|hAD|?) is a Fourier
multiplier (i.e., ¥ (|RD|?) is defined by (3.8) with a(z,£) = ¥(|¢|?), which is independent of z).
3.3 The principal symbol map oy,

Let the quotient space S™/hS™~! be defined by identifying elements of S™ that differ only by an
element of AS™~!. For any m, there is a linear, surjective map

oY s g™ /pSmt
called the principal symbol map, such that, for a € S™,
o' (Opy(a)) =a  mod RS™ (3.10)

see [112, Page 213], [35, Proposition E.14] (observe that (3.10) implies that ker(o}?) = AU~ 1).
When applying the map o}* to elements of U}, we denote it by o5 (i.e. we omit the m depen-
dence) and we use 05(A) to denote one of the representatives in S™ (with the results we use then
independent of the choice of representative).

Key properties of the principal symbol that we use below are that

or(AB) = or(A)or(B) and oxr(A") = or(A), (3.11)
see [35, Proposition E.17], and for A € U9
[All 22 < sup|or(A)] + Ch, (3.12)

see [112, Theorem 13.13].

3.4 Extension of the above results from R? to T

While the definitions above are written for operators on R?, semiclassical pseudodifferential opera-
tors and all of their properties above have analogues on compact manifolds (see e.g. [112, §14.2], [35,
§E.1.7]). Roughly speaking, the class of semiclassical pseudodifferential operators of order m on a
compact manifold I', ¥}*(I"), are operators that, in any local coordinate chart, have kernels of the
form (3.8) where the function a € S™ modulo a remainder operator R that has the property that

HR||H5N(F)_>H;IV(F) < CNhN§ (3.13)

we say that an operator R satisfying (3.13) is O(h“)q,;x(r).
Semiclassical pseudodifferential operators on manifolds continue to have a natural principal

symbol map
op U — S™(T*T)/hS™ (T*T) (3.14)

where now S™(T*T) is the class of functions on T*T, the cotangent bundle of T', that satisfy
the estimate (3.7) with z replaced by a local coordinate variable z’ and £ replaced by £ — the
dual variables to a’. The property (3.11) holds as before. Furthermore, there is a noncanonical
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quantisation map Opy, : S™(T*T") — U™(T") (involving choices of cut-off functions and coordinate
charts) that satisfies

o1(Opp(a)) = a.
and for all A € ¥}*(T), there is a € S™(T*T") such that

A = Opp(a) + O(hoo)ql;oo.

Let g be the metric induced on T*T' from the standard metric on R%. Then, in exact analogy
with (3.9), if ¢ € C°(R) then, given t € R, N > 0 and Ay > 0 there exists C' > 0 such that for all
0<h < h07

[ (IrD"[; c, (3.15)

Mgy rreev ey <

where D’ := —i0,.
Finally, we record the following consequence of (3.12) for bounds on H7(I') norms.

Lemma 3.2 Suppose that A € U*(T'). Then, for all s € R there is Cs > 0 such that

HAHHS D)—H~™( < sup ‘0(11)(35/75/)(1 + |f/|§) m/2| + Csh.
ﬁ( ) h ( )
' (z',&")eT*T

Proof. By (3.5),
||AU’HH§*”(F) = H(l - hQAF)(S_nL)/QAu”Lz(F)
= (1 = R2Ap) ™2 A1 — B2 Ar)~/2(1 — K*Ar)*2ul| 12 (r)
< (1= h*Ap) ™2 AL = R2Ar) || L2y L2 el g (ry-

Now, (1 — h*Ar)*/? € ¥3(T) with symbol (1 + [¢|2)*/? and hence, by (3.12),

(1= R*Ap) ™2 A1 = B2 Ar) 2|2 ryr2qry < sup (L4 1€12) ™2 |o(A)|(2',€') + Csh,

(z,£)eT>I

as claimed. -

3.5 Wavefront set and ellipticity
Definition 3.3 (Ellipticity) B € V& (T) is elliptic on a set U C T*T if

liminf inf B)(z', €' )¢ * 1
im in (m,}gr})eU|an( )@, €] >0, (3.16)

where (¢') i= (1+€/12)%.

Definition 3.4 (Wavefront set of a pseudodifferential operator) The wavefront set
WEF(A) of A € W(T') is defined as follows: (x0,&) € (WFx(A))® if there exists B € W, ™(T),
elliptic in a neighbourhood of (xo,&) such that

BA = O(h*)y ).

‘We make three remarks.
(i) Definition 3.4 implies that

WEa(A) =0 = A=O0(")y—qr)- (3.17)

(ii) Strictly speaking, WF(A) is a subset of the fiber-radially compactified cotangent bundle
T'T (see [35, §E.1.3]), but this notion is not important in what follows.

(iii) One can show that Definition 3.4 is equivalent to [35, Definition E.27] by using the com-
position formula [35, E.1.21]. This composition formula also implies that

WFL(AB) € WFj,(A) N WF(B) (3.18)
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and if @ is independent of A then
WEF},(Opp(a)) C supp a. (3.19)
The related adjoint formula [35, E.1.22] implies that
WF(A*) = WF,(A) (3.20)

(compare (3.18) and (3.20) to (3.11)).
We use repeatedly below the corollary of (3.17) and (3.18) that

if WF(A)NWF,(B)=0 then AB= O(hoo)\l,;m(r); (3.21)
i.e., pseudodifferential operators act microlocally (i.e., pseudo locally in phase space).

Theorem 3.5 (Elliptic parametrix) Suppose that A € W7 (T') and that B € V() is elliptic
on WE(A). Then there exist Q, Q' € Wy (T) such that

A=BQ+O0(h?)y-=r) = QB+ O(h>) g r).
Reference for the proof. This is proved in [35, Proposition E.32]. [

Corollary 3.6 (Elliptic estimates) (i) If B € W% (T') is elliptic on T*T then there exists hg >
0 such that, for all 0 < h < hy, B™* : Hi Y(T') — H{(T) exists and is bounded (with norm
independent of k) for all s. Furthermore, if B € 9, then B! € U9 and

op(B™) = (on(B))~".

(ii) Suppose that A € W™(T) and that B € W& (T') is elliptic on WFp(A). Then, given s, M, N €
R, there exists C, hg > 0 such that, for all 0 < h < hg,

| Aw| e py < C( Bull ety + BM [t e o - (3.22)
) ) VD)

Proof. The first statement in Part (i) follows from Part (i) with A = I, B = B, and A = I,
B = B*. In both cases, the O(h™) error term on the right-hand side is absorbed on the left-hand
side, making hg smaller if necessary, so that the bound (3.22) is just the statement of injectivity

of B and its analogue with B = B* the statement of surjectivity of B. For the statement about
B € U9, observe that by Theorem 3.5, there is Q € ¥9(T") such that

I=QB+R  R=0()y =

In particular, since (I —R)™' =1+ R(I-R)™, B'=Q+R(I-R)'Q=Q+ O(hoo)qj;oo(l—\) €
U9(T). Furthermore, the symbol formula (3.11) then implies that o (B~1) = 1/09(B) as claimed.
Part (ii) follows from Theorem 3.5 and the definition (3.13) of O(hoo)wgm(l—w). |

3.6 Recap of the results of [39, 45]

The key ingredient for the proof of the main results is the following result from [45, Theorem 4.3],
adapted from the results in [39, Chapter 4].

Theorem 3.7 (The high-frequency components of Sy, Kj, K;, and H), are semiclassical
pseudodifferential operators) Let x € C°(R) with supp(l — x) N[—1,1] = 0. Then
(I = x(InD'[5)) Sk, Sk (I = x(InD'[3)) € hw, (L),
(1 = x(IRD'13)) Ky, Ki (I = x(IhD'[7)) € by (I)
(I = x(ID'[5)) K, Ki(I = x(|hD'[3)) € n¥;, (L)
(I = x(IhD'2))Hi, Hi(I—x(|hD'2)) € h~"¥5(T).

)

)
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Moreover,
(1= ()

2k Iz =1

on((I = x(1k7'D'12))Sk) = on(Sk(1 — x (k7' D'2)) = (3.23)

and

kg2 1

on((I =x(Ik™'D'[2)) Hy.) = on(Hi (1 = x (k7 'D'[2)) = —(1 - X(|§/|3))+~ (3.24)
Remark 3.8 The statement of Theorem 3.7 in [45, Theorem 4.4] differs from Theorem 3.7 in the
following two ways. First, [45, Theorem 4.4] has x € C°(R) satisfying supp(l — x) N [-2,2] = 0;
however, the result holds under the condition that supp(1 — x) N [—1,1] = @ (with this condition
appearing in the key ingredient for the proof of [45, Theorem 4.4], namely [45, Lemma 4.1]).
Second, [45, Theorem 4.4] is stated with high-frequency cut-offs of the form 1 — x(|hD'|2), whereas
above we have 1 — x(|hD'|2) — either choice is possible, since |¢'|, =1 iff [€']2 = 1.

3.7 Pseudodifferential Properties of functions of —A2Ar

Theorem 3.7 is stated with the high-frequency cutoffs given by (I — x(|hD’[%)) where x € C°(R)
with supp(1 — x) N [~1,1] = 0. The arguments in the rest of the paper also use high-frequency
cutoffs defined in terms of functions of —h?Ar; i.e., (I — x(—h?Ar)) for x as above. The following
results show how one can replace instances of (I —x(—h*Ar)) by (I—X(|hD’|2)), where X is smaller
than x. Note that this replacement was used in [48] to present the results of Theorem 3.7 without
explicitly using pseudodifferential operators; see [45, Remark 4.6].

Lemma 3.9 (Pseudodifferential properties of (I — x(—hA%Ar))) If x € C°(R) with supp(1—
X) N[-E,E] =0, then (I — x(—h?Ar)) € UY(T') with

WE4(I = x(=h*Ar))  {(2/,€) : 1= x(|¢']2) > 0} € {(«',€) : [¢']; > E}.

Proof. First recall from the Helffer-Sjostrand functional calculus (see e.g. [112, Theorem 14.9]) that
x(—h*Ar) € ¥, °°(T') which implies (I — x(—h*Ar)) € ¥9(T). By the definition of the wavefront
set (Definition 3.4), to prove the lemma, we need to show that for any (xf,&)) € T*T such that
X(|§6‘§(w6)) =1, there is A € U9 (T*T) elliptic at (zq,&p) such that

IA( = x(=R*Ar))vll gy < CxEY [[v] v (3.25)

To do this, fix such an (z(, &) and let Y € C2°(R) with supp xNsupp(1—x) = 0 and x(|&; g(m’)) 1.
Then, by [112, Theorem 14.9] again, x(—h*Ar) € ¥, > (T*T") with principal symbol
on(X(=h*Ar)) = X(1¢7).
We now show that (3.25) is satisfied with A = Y(—h?Ar). Indeed, By the definition of ¥,
X(=W*Ar)(I = x(~h*Ar)) =
50 (3.25) certainly holds. Furthermore, since X(|¢)lg(zy)) = 1, A = X(=h*Ar) is elliptic at (x, &).

Since (7, &p) with x(|€plg(y)) = 1 was arbitrary, the proof is complete. [

Corollary 3.10 (Replacing I — x(—h?Ar) by (I — X |hD’ )) Suppose x,x € CP(R) with
both supp(1 — x) N [-Z,Z] = 0 and supp(l — X) N [-Z,Z] = O and supp X Nsupp(l — x) = 0.
Then

I —x(=h*Ar) = (I = X(hD']2)) (I = x(~h*Ar )

—x(=R*Ar) = (I - X(*52AF))(I X(|IRD'2)

Ty =(T)

(3.26)
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Proof of Corollary 3.10. By Lemma 3.9 and the assumption that supp ¥ Nsupp(l — x) = 0,
Wy (I — x(~h?Ar)) N WF4(X(|AD'2)) = 0
Therefore,

(I = X(RD' ) (I = x(=h*Ar)) = (I — x(—h*Ar)) + X(AD'2)(I — x(—h*Ar))
= (I = X(=h*Ar)) + O(h) g (1

and

(I = x(=R*Ar)) (I = X(IhD'[3)) = (I = x(=h*Ar)) + (I = x(=h*Ar))X(I1RD'[7)

(I = x(=F*Ar)) + O(h%) g -~ (1.

4 Convergence of projection methods in an abstract framework

4.1 New abstract result on convergence of the projection method

Assumption 4.1 (Assumptions on A and its high-frequency components)
(i) A:= 1+ L is bounded and invertible on H*(T') for all s € R, with L : H*(T') — H*TY(T).
(it) For any x € CZ(R;[0,1]) with supp(l — x) N [-1,1] = 0, (I — x(|AD'|2))L and L(I —
x(IhD'(2)) are both in o, (1.
(iii) There is Limax > 0 such that for any x € C>(R;[0,1]) with supp(1 — x) N[-1,1] = 0,

sup 1+ o (1 = X(RD'E)L) @€ < Linas

Theorem 4.2 (New abstract result on convergence of the projection method) Suppose
that A satisfies Assumptions 4.1 and 1.3. Let kg > 0, C1 > 0, let Vi be a finite-dimensional
subspace of H(T") and let Py : H(T') — VN be a projection satisfying

AN
I~ Py < €1 () (1)
for all N >k, and (t,q) equal to each of
(tmams)a (5 + 1,8), (57Qmin)a (5 + 1anin)7 (575)7 (42)

with Gmin <s< tmax — 1.
Given € > 0, there are ¢,C > 0 such that the following holds. For allk > ko, k ¢ J, f € Hi(T'),

and N satisfying
k tmax —qmin
(N) p<c (4.3)

exists, is unique, and satisfies the quasi-optimal error estimate

the solution vy € Vy to

v — UN“H;(F)
) k S$—(min L
< (Luwsl = Pl + € () o V) I~ Pudoley o (49

where v € HE(T') is the solution of

Av = (I+ Ly = f. (4.6)
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Moreover, for x € C°(R;[0,1]) with supp(l — x)N[—1,1] =0,
H(I - 1[7175,1+e](_h2AF))(U —on)(v— UN)HH;(F)

k tmax —qmin B
hom+O((5) ek 1+k/N>> I - Pael

S (LmaXI - PN‘ H,fL(F) . (47)

4.2 Results about microlocal properties of A under Assumption 4.1 needed for the
proof of Theorem 4.2

Lemma 4.3 (Wavefront sets of (I — x(|hD’|2))L and L(I — x(|nD'|2))) If A satisfies As-
sumption 4.1, then for any x € C°(R;[0,1]) with supp(1 —x) N[-1,1] =10

WFh((I— X(|hD’|§))L) UWFh( (I —x(InD'2) )) c{@,&):1—x(€]2)>0}. (48

Proof. Let

(z0,60) € ({(+,€) : 1= x(&'2) > 0})°
Let B be elliptic in a neighbourhood of (zg,&p) and such that

WF(B) € ({(«/,€) : 1= x(|€]2) > 0})° (4.9)

(such a B exists since the set on the right is open). By the definition of WF}, (Definition 3.4) it is
sufficient to prove that

B~ x(IhD'2)L = O(h*)y-(y and  BL(I — x(|hD[2)) = O(h) gy, (4.10)

By (3.19),

WF (I — x(|hD'|2)) c {(=' x(|€'2) > 0}. (4.11)

£
Therefore, by (4.9), WE,(B) NWF(I — X(|hD’|g)) (), and thus the first equation in (4.10) holds
by (3.21).
To prove the second equation in (4.10), choose X € C(R%[0,1]) with X = 1 on [-1,1],
supp X Nsupp(l — x) = 0, and

WFA(B) € ({(@,¢): 1-x(€]) > 0]

such a choice is possible because of (4.9) (i.e., because there is space between WFj(B) and where
X Z 1). Observe that this choice of X and the property (4.11) (with x replaced by X) imply that

WEF,(B) N WF (I —X(|hD'[2)) = 0. (4.12)
Then, using that supp X Nsupp(1 — x) = 0, (3.19), (3.21), and Part (ii) of Theorem 3.1,
BL(I = x(IhD'[3)) = BL(I = x([hD'[3)) (I = X(IhD'[3)) + O(h*°) g - (4.13)
By (3.18) and the assumption that L(I — x(|nD'[2)) € ¥, 1(T) (in Part (i) of Assumption 4.1),
WF(BL(I — x(|hD'[?))) € WFx(B).

This inclusion combined with (4.12), (3.21), and (4.13), imply that BL(I — X(|hD'|_3)) =
O(hoo)q,;m(l—x), which proves the second equation in (4.10) and thus completes the proof. ]

Lemma 4.4 (Ellipticity of (I — x(|hD’[%)).A on high frequencies) If A satisfies Assumption
4.1, then for any x € C°(R;[0,1]) with supp(1 —x)N[-1,1] =0
) (1= XD and AU = x(RD'E) € WRLT) are litic on {(2',€): 1= x(€ ) > 0
an
(b) I+ (I —x(|hD'|2))L and I + L(I — x(|hD'|2)) € W)(T') are elliptic on T*T.
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Proof. Part (b) follows immediately from Part (iii) of Assumption 4.1 and the definition of ellipticity
(Definition 3.3). For Part (a), given x as in the statement, let ¥ € C°(R;[0,1]) with supp(l —
X) N [=1,1] = 0 and supp(1 — x) Nsupp X = 0. Then, by Part (a), I + (1 — X(|RD’|2))L is elliptic
on T*T, and thus ~(1 = x(IRD'[2))(I 4 (1 = X(|AD'|2))L) is elliptic on {(z’,&’) : 1 = x(|¢|2) > 0}.
Since (1 —x)(1 —X) = (1 — x), Part (a) follows. |

Corollary 4.5 (Ellipticity of (I — x(|hD'|2))A* on high frequencies) If A satisfies Assump-
tion 4.1, then (I—-x(|hD'|2))A* and A*(I—x(|hD'|2)) € WR(T) are elliptic on {(x, &) : 1—x(|¢']2) >
0}.

Proof. We prove the result for (I — x(|hD'|2))A*, the proof for A*(I — x(|hD'[2)) is analogous.

Since (I —x(|hD'|2))A* = (A(I—x(|RD'|2))*)*, by the second equation in (3.11) and the definition
of ellipticity (Definition 3.3), it is sufficient to prove that

A(I - X(|hD’|3))* is ellipticon ~ {(2/,¢') : 1 — X(\f’@) > 0}. (4.14)

Choose X € C°(R; [0, 1]) with ¥ =1 on [—1, 1] and supp X Nsupp(1 — x) = 0. Then, by (3.20) and
(3.21),

A(I = x(IhD'3))" = A(I = X(IRD'[3)) (I = x(IhD'[3)) " (4.15)
By Lemma 4.4, A(I — X(|hD’|2)) is elliptic on {(x,£) : 1 — X(|¢'|2) > 0}. Since {1 —x > 0} C
{1 =X > 0}, A(I = X(|hD'2)) is elliptic on {(x,¢&’) : 1 — x(|¢'|2) > 0}. Then (4.14) follows by
(4.15), both equations in (3.11), and the definition of ellipticity (Definition 3.3). ]

Recall that, since the operator A is a compact perturbation of the identity, p is bounded below
by a k-independent constant (see Lemma A.3 below).

Lemma 4.6 (Norm of A~! on H;(T') bounded by norm on L*(T") ) Suppose that A satis-
fies Assumption 4.1. Then, given s € R and ko > 0, there exists C > 0 such that, for all
k> ko, A is invertible on Hi(I") with

H‘AAHH;(F)%H;L(F) < Cp. (4.16)

Proof. Because A is invertible on H*(T") for all k£ > 0 by Part (i) of Assumption 4.1, it is sufficient
to prove the result for k > ko with kg sufficiently large. We first prove this result for s > 0. Proving
the bound (4.16) is equivalent to proving that if A¢ = g with ¢,g € HZ(T'), then

||¢||H;(r) <Cp ||9||H;L(r) : (4.17)

Let x, X € C°(R;[0,1]) with both supp(1 — x) N [—1,1] = 0 and supp(l — x) N [-1,1] = @, and
supp x Nsupp(1 — X) = 0. Thus, by (4.11) and Lemma 4.4,

(I - x(|AD'[?)A s ellipticon  WEF(I — X(|ED'[2)). (4.18)
The idea of the proof is to write
¢ = (1=X(IRD'[2)) &+ X(IhD'[5)9,
estimate the high-frequency components of ¢ (i.e., (1 — X(|RD'[2))¢) using ellipticity of (I —
x(InD’[2))A on high frequencies and estimate the low-frequency components (i.e., X(|2D’|2)¢)
by the property (3.15) of frequency cut-offs.

Indeed, by (4.18) and (3.22), given s € R and M > 0, there exists C,C’, iy > 0 such that, for
all 0 < h < o,

10 = RURD NG oy < C (I = XUBD BNl oy + 5 115 )

< ¢ (Mlgllyery + 5 16 argery )- (4.19)
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For the bound on the low-frequencies, by (3.15), given s > 0 and fig > 0, there exists C” > 0 such
that, for all 0 < i < Ry,

|X(|nD2 ¢||H5(F) C" |8l 2 ry < CWP||9||L2(F)
<C" ||9||Hg(r) ) (4.20)

the result (4.17) then follows by combining (4.19) and (4.20) and reducing hy if necessary to absorb
the hM ]l 12y term into the left-hand side.

Since ||.A~ ||Hs (- ms ) = [[(A%)~ 1||H “(r)—s (> the result for s < 0 follows by applying
the above argument to A* using Corollary 4. 5. [ ]

We record the following simple corollary of Lemma 4.6.

Corollary 4.7 Suppose that A satisfies Assumption 4.1. Then, given s € R and ko > 0, there
exists C > 0 such that, for all k > ko,

IL(I+ L) gz < Cp, (4.21)
Proof. Since

LI+L)y'=1—-I+L)"
the result follows from (4.16). |

A result analogous to Lemma 4.6 about A (as opposed to .A™1) also holds. Although we only
use it in §7 below, we state and prove it here because of its similarity with Lemma 4.6.

Lemma 4.8 (Norm of A on H;(T') bounded by norm on L*(T)) Suppose that A satisfies
Assumption 4.1. Then, given s € R, kg > 0, there exists C > 0 such that

1Al iz (0y— b5 () < C<1 + ||A||L2(I‘)—>L2(F)) for all k> ko.

Proof. Let x € C(R;[0,1]) with x = 1 on a neighbourhood of [-1,1]. If v € H*(T') with s > 0,
then by (3.15), the fact that (I — x(|hD’|2))A € U(T) (by, e.g., Part (i) of Lemma 4.4), and Part
(ii) of Theorem 3.1, there exist C,Cy > 0 such that, for all k > ko,

1A gy < [x(IRD'[9) Av]| . sy T [(Z = x(IhD'5 )‘AUHHS(F)’

<Ch HAHL2(F)—>L2(F) ||UHL2(F) + Oy ”'U”H';L(l") ;

the result (with s > 0) then follows since [[v||z2r) < [|v]|m; r)-
Similarly, if v € H*(T") with s < 0, then there exist C7,Cy > 0 such that, for all k > ko,

AV s (ry < < ||Ax(IrD'[2) + || A(I = x(IhD'[3)

Ve ry ()0l

= HAX |hD' |g UHL2(1") + Co H’UHH;(I‘) <G ||A||L2(F)~>L2(I‘) ||U||Hg(r) + O ||UHH,§(F) J
which is the result with s < 0. [ |

Finally, we use the following description of A~! acting on high frequencies.

Lemma 4.9 (The high-frequency components of A~!) Suppose that A satisfies Assump-
tions 4.1 and 1.3. Let kg > 0 and x1,x2 € C° with supp(l — x;) N [-1,1] = 0 and

supp x1 N supp(l — x2) = 0.
Then for all k > ko, k ¢ T, I+ L(I —x1(|hD'[2)) and I+ (I —x1(|hD'|2))L are both in W3(T),

are elliptic on T*T,

(I + L) (I = xa(IhD'3)) = (I+ LI = xa(RD'R)) 7 (I~ xa(AD[2)) + O(h) g (4.22)
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and

(I = x2(RD' ) (I + L)~ = (I = xa(JhD'[2) (I + (I = xa(IhD[2)) L)~ + O(h%)g . (4:23)

Furthermore, given s € R and kg > 0, there is C' > 0 such that for all k > kg

—1 _
’|(I+L(I_ X1(|hD/|§))) ||H;’L(F)%H;;(F) < Lmax + Ck 1’

_ (4.24)
1 —
||(I+ (17X2(|hD/|£27))L) HH%U“)"H%(F) S Lmax+0k 1,

Proof. We prove the result (4.22) with the cutoffs on the right; the proof of (4.23) with the cutoffs
on the left is analogous. By Lemma 4.4, I + L(I — x1(|hD'[2)) € ¥)(T) is elliptic on T*T" and
hence, by Part (i) of Corollary 3.6, is invertible with inverse satisfying

|oh (1 + LI = xa (IRD'[)) )| = 1/loy (I + L(I = xa (IhD'[3)) .

In particular, by Part (iii) of Assumption 4.1, and Lemma 3.2, the first estimate in (4.24) holds.
Then

(I+L)"'—(I+L(I- xl(\hD’\f,)))*l =—(I+ L)' Lxa(|hD'2) (I + L(I - xl(|hD’|§)))*1.
Multiplying by (1 — x2(|hD’|2)), we have that
(I+L)"' (1= x2(hD'3)) — (I + L(I - X1(|hD’|§)))_1(1 — x2(|hD'[?))
= (I + L)L (|hD'12)(I + L(I — xa(|AD'12))) " (1 — xa(IRD'|2)).

By Lemma 4.6 and Assumption 1.3, (I + L)~! : H{(I') — H;(T') is polynomially bounded for all
s € R. Then, the fact that supp x1 Nsupp(l — x2) = 0 and the properties (3.18), (3.21), and (4.11)
imply that the right-hand side of the last displayed equality is O(h"")\pgm7 and the result follows.
]

Combining Lemma 4.9 with Corollary 3.10, we obtain the following result.

Corollary 4.10 Suppose that A satisfies Assumptions 4.1 and 1.8 and x € CX(R;[0,1]) with
supp(l — x) N [=1,1] = 0. Given s € R and ko > 0 there exists C > 0 such that for all k > ko

HL(I + L)_l(l - X(EQAF))HHEHH?I <C

Proof. Let X € C>°(R; [0, 1]) be such that supp(1 — X) N[—1,1] = @ and supp(1 — x) Nsupp x = 0.
Then, by Corollary 3.10 and Assumption 1.3

LI+ L)7'(1 = x(R*Ar)) = LU+ L)7 (1 = X([RD'[7)) (1 = x(h*Ar)) + O(F>) .
On the one hand,
X(IRD' )L + L)~ (1 = X(|aD'[)) (1 = x(h*Ar))
= X(D'[5) (I = (I + L)) (1 = X(|aD';)) (1 = x(h*Ar)),

and the bound
IX(IAD' L)L + L)~ (1 = x(R*Ar)) [

then follows from (4.22), (4.24), and (3.15).
On the other hand,

L SC (4.25)

s
h

(7 = RURD'B) LT + 1)~ (1 = KAD'R)) (1= X(BA0) | e C - (4:26)

I

by Part (i) of Assumption 4.1, (4.22), and (4.24). The result then follows by combining (4.25)
and (4.26). n
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4.3 The idea of the proof of Theorem 4.2

The proof of Theorem 4.2 starts by using the following lemma.

Lemma 4.11 (Quasi-optimality in terms of the norm of the discrete inverse) If Py
H;(I') — Vn is a projection and I + PyL @ HE(I') — HE(I') is invertible, then the solution
vy € Vv to (4.4) emists, is unique, and satisfies

v—vy = (I +PyL) (I — Py)(I — Py)v. (4.27)

Proof. We first consider the equation (4.4) as an equation in Hf(I"). Since I + PyL : H{(T') —
H}(T') is invertible, the solution vy to (4.4) in Hf(T') exists and is unique as an element of Hj(T').
Applying (I — Pn) to (4.4), we see that (I — Py)vy = 0 and thus the solution vy € Vi; i.e., the
equation (4.4) has a unique solution in V. Then, by (4.6) and (4.4),

(I+PyL)(v—wvn)= I+ PyL)v—Pyf=v+ PyLv—Py((I+L)v)=(I—-Py)o.
Therefore, since (I — Py) = (I — Py)?,
(v—wvn)=(I+ PyL)*(I — Py)v=(I+PyL)"*(I — Py)(I — Px)v.

|
To obtain conditions under which I + PyL : Hj(I') — Hy(T') is invertible (and thus under
which we can use Lemma 4.11), we write

(I+PyL)=I+L+ (Py—I)L= (I 4 (Py — D)L(I + L)‘1> (I+1L), (4.28)

and study when I + (Py — I)L(I + L)~ is invertible. We then use that

—1 -1

(H(PNJ)L(HL)*) (I—PN):(I—PN)(IJr(PN—I)L(IJrL)*l) (I — Py)

i.e., we can add a (I — Py) on the left. Indeed, if (I + (Px — I)L(I + L)"')v = (I — Px)f, then
Pyv = 0 so that v = (I — Py)v. Therefore the operator on the right-hand side of (4.27) can be
written as

(I+PyL)"Y(I - Py) = (I+L)"Y(I — Py) (I +(Py — DL(I + L)*l) TU-Py). (429)

The first natural attempt is to show that I + (Py — I)L(I + L)™' is invertible is to show that

1
I(Pv = I)L(I 4+ L) ag—m; < 2 (4.30)
in which case ||(I + (Py — I)L(I + L)) gemn: < 2.

To understand when the condition (4.30) holds, given € > 0, we define low- and high-frequency

projectors,
Mg :=1_1_c14q(—h*Ar) and Iy = (I —1Ily), (4.31)

and decompose Hj into an orthogonal sum Il Hf ® 11~ Hy. That is, we write

Oy (Pv — LI+ L) My Tg(Py—I)L(I+ L) My

(Pn —I)L(I+ L)™' = (4.32)
My (Py —I)L(I + L)ilﬂg My (Py —I)L(I + L)flﬂf
Using the results in §4.2, we show below (see Lemma 4.12) that
k N tmax —Gmin k N 8+1—qmin
[(Px = DDLU+ L) e <C (k/N) p (k/N) , (4.33)
me (k/N)tme=%p (k/N)
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where here and below we use the notation that

ayy Qg ) NoAlly IloAlly
Al g;—m; < Ch , if A= :

Ay Qupnw I, Ally Il All

with

Mg Allg|m; su: < Cragy |pAllg|g:u: < Crany

e Allyp|| g~ mg < Cragsr WAl || ng—n; < Crawsr.

(Once can then easily check that if ||A|| < C147 and ||B|| < C2%, then ||AB|| < C1Co9/ AB.)

The largest matrix entry on the right-hand side of (4.33) is (k/N)'=»~% and demanding that
this be sufficiently small is a more restrictive condition than (4.3).

We instead change the norm on H; using an invertible operator C : Hy — H;. More precisely,
we observe that

I+ Py —DLI+L)t=ct (1 +C(Py — LI + L)flcfl)c.

We now choose C to be a diagonal matrix with entries chosen so that the bottom-left and top-right
entries of C(Py — I)L(I + L)~!C~! are equal; i.e., compared to (Py — I)L(I + L)~! we make the
bottom left entry smaller, at the cost of making the top right entry bigger. The choice of C that
achieves this is

1 0

€= : (4.34)
0 (k/N)S*tmax/Q‘l’l/27q11,i,,/2p71/2[

with then

IC(Px — I)L(I + L) 'C™ Y —m;
1/2
(k/N)tmaqummp ((k/N)tmaqummp) (k/N)1/2 (4.35)

<C 1/2 ;
(Ch/avytme=amin ) (/)12 (k/N)

observe that the largest entry in the matrix on the right-hand side is the top left entry, which is
(k/N)tmax—dmin 5 a5 desired. The condition (4.3) then ensures that

1
|[C(Py —DL(I+ L)' HH;;»H;; <3 (4.36)
and so I + (Py — I)L(I + L)™' is invertible and
—1 —1
(1+ (Py — 1)L(1+L)—1) :C‘1(1+C(PN - 1)L(1+L)—1c—1) c; (4.37)

The result then follows by decomposing (I+ L)™' (I — Py) into high- and low-frequency components
similar to in (4.32) (see Lemma 4.13 below).

4.4 Proof of Theorem 4.2

First observe that with Il and Il defined by (4.31), by the definition of || - |z (3.5),
||H$||H;N~>Hé\7 <C, sothat |Iellmm <C. (4.38)

Lemma 4.12 (Bounds on the decomposition of (Py — I)L(I + L)~!) Let kg > 0, Gmin <

s < twmax — 1, A satisfy Assumptions 4.1 and 1.3, Py : H{(T') — Vi be a projection satisfy-

ing (4.1) with (t,q) the pairs

(tmaxas)a (tmaX7Qmin)7 (8+ 17Qmin) and (5 + 175)7
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Then there is C > 0 such that for all k > ko, k ¢ J, and N > k.

I (I = PN)L(I + L) "'yl m; sy < C(k/N)imax—ming
Ty (I = Pn)L(I + L) "'l gy < C(k/N)
I (I — Py)L(I + L) M| s ms < C(k/N)*H —min,
Ty (I — Pn)L(I + L) Tl g m; < C(k/N).

tmax — s

(4.39)

Proof. For the term involving two low frequency projections, by (4.38), Corollary 4.7 and (4.1)
with (ta CI) = (tma)u Qmin)7

ML (I = Pn)L(I + L) Tl -y

< ”Ha?HHZ""“%H;;
S C(k/N)tmax_Qmin p.

(I - PN) ||H;Lmax *}Hgmin L(I + L)_l ||H;Lmax A)H;Lmax ||H$ ||H§*>H;Lmax

For the low-to-high frequency term, by (4.38), Corollary 4.7 and (4.1) with (¢,¢) = (tmax, $),

Ty (I — Px)L(I + L) " Mo || 15— 11
< Mo || 11— 11 1T = P prtmax s g
S C(k/N)tmax_sp'

L(I + L)_l ||H;LH‘ax*>H;LInaX ||H$ ||Hg*>H;Lmax

For the high-to-low frequency term, let y € C°((—2,2)) with supp(1—x)N[—1,1] = 0 and observe
that, by the definition of I (4.31), (1 — x(—h?Ar))ll = Il,. Using this, along with (4.38),
Corollary 4.7 and (4.1) with (¢,¢) = (s + 1, ¢min ), we obtain that

Mg (I = Pn)L(I + L) o || -y

< Ll pggmin i = Pl gt |2+ L)~ (L= XA gy Lo 1t

< C(k/N)sH1=@min|| L(] + L)~ (1 — X(h2AF))||H2_>HZ+1

S C(k/N)S'i‘l_Qmin.

Finally, for the high-to-high frequency term, by (4.38), Corollary 4.7 and (4.1) with (¢, q) = (s+1, s),

1ML (I~ Py)L(L + L) L 17
< g1 = Bl gy s LT+ L)1 = XA g g [T g1
< C(k/N).

Lemma 4.13 (Bounds on the decomposition of (I + L)~!(I — Py)) Let ko > 0, quin < s <
tmax, A satisfy Assumptions 4.1 and 1.3, Py : Hi(T') = Vi be a projection satisfying (4.1) with
(t,q) the pairs

(tmaX7 5)7 (tmaxa Qmin)y (57 Qmin) and (Sa S)a

Then there is C > 0 such that for all k > ko, k ¢ J, and N > k

[T (I + L)~ (I — Py)
Ty (I + L)~ '(I = Py)
I (I + L)' (I — Px) el s —a:
[T (14 L)~ ( )

H$||Hg—>Hs C(k/N) max —Gmin ;)
W ||ry—my < C(k/N)tm=2,
C(k/N)~min .
(L + CR )T = Pz

(4.40)

I/\ I/\I

I A

"I — Pn)loe ||tz

Proof. For the low-to-low frequency term, by (4.38), Corollary 4.7 and (4.1) with (¢,q) =
(tma)u Qmin)u

ML (I + L)_l(f - PN)H$||H§~>H;;
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< ||H$||Hglnin_>Hg (I + L)fl ||Hgn1in_>HgLrnin
< C(k/N)tmax*qminp.

(I - PN)||H;Lmax_>Hgmin ||H$||H;§L_)H;Lmax

For the low-to-high frequency term, let xy € C2°((—2,2);[0,1]) with supp(1 — x)N[—1,1] = 0 and
observe that
My =T (1 — x(—h*Ar)). (4.41)

By Corollary 3.10, (4.23), (4.24),
1L = X(=R2A) I + L) s3113 < Lona + Ok (4.42)
we record for later that analogous arguments also show that
17+ L)1 = (—R2A0)) 111z < Luna + ChL (4.43)
Therefore, by (4.41), (4.42), (4.38), and (4.1) with (¢,q) = (tmax, S), we obtain that
T (I + L)~ (I = Pn)TLee| g iz

< Moe g (1= x(=R*Ar) T + L) g mg 11 = Pr) | grtmmes s
< Ok Nt

Hg ||H§'*>H:Lmax

For the high-to-low frequency term, by (4.38), Corollary 4.7 and (4.1) with (¢, ¢) = (8, gmin),
M (I + L)~ (I = P )W || 11— 11
< ||H$||Hgmin—>H;||(I - PN)||H,§—>H,‘§miH
< O(k/N)*= i ||(1 + L) gy
< C(k/N)5—Dwinp,

(I+L)! s —mrs 1| 1 —

Finally, for the high-to-high frequency term, by (4.42), and the fact that ||l | g —~m: =1,
||H%(I + L)il(I — PN)H%||H£—>H,§

< IMWoellms— s 11 = x(R*Ap))(I + L) Mg -
< (Lmax + Ch)H(I - PN)||H§~>H§

(I = Pn)ll ;- 1Mol 1z

Proof of Theorem 4.2. By Lemma 4.11, it is enough to study (I + PyL)~'(I — Py) and hence we
use (4.29). Decomposing Hf = Il Hf @Il Hf, letting € be as in (4.34), and using Lemma 4.13,
we obtain (4.35). Therefore, under the condition (4.3), (4.36) holds, and then I+(Py—1)L(I+L)~!
is invertible with (4.37).

We now claim that

—1p,-1\"1
[(1+CPy = DLUI+L)C) 7 e
. o g\ 2 1/2
[ ety () ) -
< e . .
C((k/N)tmax_Qminp) (k/N)1/2 ]. + Ck/N
To see this, let
5 512 (k/N)Y2

S12(k/N)V2 (k/N)

and observe that M? = (6 + k/N)M. Thus

Smr=1+ <Z(5+k/N)")M <I+CM
n=0 n=0
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if both § and k/N are sufficiently small. Applying this last inequality with § = (k/N)tmax=dmin
we obtain (4.44).
Then, by (4.37) and the definition of C (4.34),

1+ O(k/N)tmax—tmin g C(k/N)sT1=Gmin

I+ (Py—DLUI+L)™) Y,. .. <
||( ( N ) ( ) ) ||HﬁHHh C(k/,/N)tmax_sp 1+Ck/N

(4.45)

By (4.1),
(I — PN)”H;L"‘ax—)HZI“i“ < (k)N )tmax—tmin o= PN)||H§~>HE"“" < (kN3
H(I - PN)HH;L"“"%H;L S (k/N)tmax_s’

so that, by (4.38),

C(k/N)tmax_Qmin C(k’/N)s_Qmin

(I = Pn)llag—mg < (4.46)
Y C(k/N)tm==2 I — Px|lmg-n;

Thus, by (4.45), (4.46), and the fact that (k/N)tmax—dmin p < ¢ by (4.3),

17+ Py = DLI+L)7) " (= Pu)| oL

C(k/N)tmax_(Imin C'(k‘/N)S_’Im‘“ (4.47)
C(k/N)max=s  ||I — Pyl ;s m; + C(k/N) + C(k/N)imax—aminp | °

where we have bounded ||/ — Px|| gz m: by a constant (via (4.1)) when it is multiplied by a term
that is small. By Lemma 4.13,

Ol Nt~ C{k/N)>ominp

I+ L) 7N = Pl < -
C(k /N )tmax—s (Limax + CH)||T — Pyl —m;-

(4.48)

Combining (4.29), (4.47), and (4.48), we obtain that
(I + PyL)~ (I = Pn)|la— g
<|N(I+ L)' = Py)llgg—m:llI + (Py = LI+ L)' (I = Px)ll s —m:
C(k /N tmax—dmin C/(k/N)s~dmin
C(k/N)tmax=s (Liax + CR)||I — PN||§,EHH£ + C((k/N) + (k/N)tmex—dmin )

<C

)

where we have bounded (Lyax +CHhH)||I — Py || H;—H; Dy a constant when it is multiplied by a term
that is small. The bounds (4.5) and (4.7) now follow by combining the last displayed bound with
Lemma 4.11.

5 Proofs of the Galerkin and collocation results for piecewise
polynomials

5.1 Checking that the Dirichlet and Neumann BIEs in §1.1.1 satisfy Assumption 4.1
5.1.1 The Dirichlet BIEs.

We let
L:= 2(Kk - 177D5k) or 2([(]/€ - 177DSk)

so that A = 24, or 24j, respectively. The properties of Sy, Kj, and K}, as standard (i.e., not
semiclassical) pseudodifferential operators imply that L : H*(I') — H*TY(T) for all s € R (see,
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e.g., [93, Theorem 4.4.1]); thus A is bounded on H*(I'). Under Assumption 1.1, np € R with
[n| proportional to k, and then A is injective on H*(T'); see, e.g., [26, Proof of Theorem 2.27].
Fredholm theory then implies that A is invertible on H*(T"), and Part (i) of Assumption 4.1 holds.
Part (ii) of Assumption 4.1 then follows from Theorem 3.7.
By Theorem 3.7 and the results about the principal symbol in §3.4,

02((1 - x(lhDIIZ»Kk) = 02((1 — X(\hp’g))f(;) =0,
so that
(= x(€15)

Jiep—1

Since 7p is real with modulus proportional to k (by Assumption 1.1), Part (iii) of Assumption 4.1
follows with Lp.x = 1.

of (1= x(RD'R)L) = ~2inaf (1 = x(AD'[2) ) ) = =i (22)

5.1.2 The Neumann BIEs.

!/

We give the proof for By reg; the proof for By .,

is very similar. Let

~ 1 i 1 -
L= —inyKy + SyHy+ 71 sothat  Bireg = (”ZZN - 4) I+1.

We then let

2 4 2 4
ie., A= (inn/2 — 1/4) "' By reg. The first of the Calderén relations

i 1\ '~ i 1\
L= (nN—> L so that <77N_> Bireg = 1+ L

1 1
SLHy, = _ZI + (Kk)z and HpS, = —ZI + (Kl/c)2 (5.1)

(see, e.g., [26, Equation 2.56]) implies that

L=—-inyK + (Sik — Sk>Hk + (KVIC)Q7 (5.2)

and then L : H5(I') — H*T(T) for all s € R by the properties of K, Hy, and Sy, — S), as standard
pseudodifferential operators (see, e.g., [93, Theorem 4.4.1] and [13, Theorems 2.1 and 2.2]); thus
By reg is bounded on H*(T"). Under Assumption 1.1, ny € R\ {0} is independent of k, and then
B, reg is injective on H*(I'); see [45, Theorem 2.2]. Invertibility of By e on H*(I') then follows
from Fredholm theory, and Part (i) of Assumption 4.1 holds.

We now show that Parts (ii) and (iii) of Assumption 4.1 are satisfied. By Theorem 3.7,

(1= (WD) = on((1 — x(hD' ) sicty) + LX),

Now, by, e.g., [45, Lemma 4.8], Six = RS where S € ng(F) with
~ 1

on(9) = —F——;
2, /|¢2 +1

observe that Sj; is then elliptic on T*T", and hence invertible by Part (i) of Corollary 3.6. Let
X € C*(R%;[0,1]) be such that ¥ = 1 on [~1,1] and supp X Nsupp(l — x) = . Then, by (5.3),
(3.24), (3.11), and (3.21)

(5.3)

_ 12 2 _
(1= XD ) St) = o (1= xR ) i1 =) ) = -2 [
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so that

-1
B ponyy _ L= xR (o JIEE -1 1=x(€) 2
@I = e 1) = ager 0 Uy e )
(5.4)
Since (5.4) is real on {(2/,¢&') : 1 — x(|¢'|2) > 0} and 9y # 0, Part (iii) of Assumption 4.1 holds

with Lpax = 1. The expression (5.4) implies that (1 — X(|hD’|3))E is the sum of an operator in
¥, 2(T) and an operator in AW, '(T'), and thus Part (ii) of Assumption 4.1 holds.

Remark 5.1 (More general regularising operators than Sj;) The properties of Siy that are
used in the above arguments to show that By, yce and B,’f’reg satisfy Assumption 4.1 are that Sy, €

h\Il;Ll(F), is elliptic, and its semiclassical principal symbol is real (with these assumptions equal
to [45, Assumption 1.1]). The results in this paper therefore hold with Sy, replaced by any other
operator satisfying these assumptions (such as the quantisation of the principal symbol of Six, which
is considered in [14]).

Remark 5.2 (Regularisation understood via the Calderén relations) The smoothing
property in Part (ii) of Assumption 4.1 can also be checked by using the expression (5.2) and the
fact that

(1=x(IRD'12))(Sk = Si)  and ~ (Sk — S) (1 — x(|RD'[2)) € bW, *(T).
with real principal symbols, which follows from the results in [45, §3,4].

5.2 Proof of Theorem 2.5 (Galerkin method with piecewise polynomials)

Lemma 5.3 Letp > 0 and V}, be a space of piecewise polynomials on a mesh of width h satisfying
Assumption 2.4. Then the approzimation property (4.1) holds with N = h and P&i defined by
(2.1), for all the pairs (t,q) in (4.2) with s =0, tmax = p+ 1, and ¢min = —p — 1.

Proof. Multiplying (2.2) by k79, then using that k¢ [Vl ey < ”UHH;(F) by (3.6), we find that
[v—Znvllp2ry < C(hk)" ||v||H;(F) for0<t<p+1.

The minimisation property (2.1) (with s = 0) then implies that

G

17 = PG st 0y 2y S C(RE)T for 0<t <p+1. (5.5)

i.e., (4.1) holds for (¢,q) = (p+1,0) and (¢,¢) = (1,0). Now, by (5.5),

(T~ P\%)uvv)m(rﬂ

(I = P ull sy o= sup
|| Vi Hth(F) veH1(T) ||U||H,§(F)
(=P L= PE)Y) |, (Y7
= sup ' h LA §C<N) el g2y >+ (5.6)
B [ h

so that (4.1) holds for (¢,q) = (p+1,—1). Since I—Pg is the L?-orthogonal projection, (I—Pg)*
I — P§; thus (4.1) then holds for (¢,q) = (0,—p — 1) (from from (5.5)) and (¢,q) = (1,—p — 1
(from (5.6)).

~—

With Lemma 5.3 in hand, we apply Theorem 4.2 with s = 0, tnax = p + 1, and qumin =
—p — 1. We see that if ¢ is sufficiently small, then the condition (2.3) ensures that (4.3) holds,
and then the quasi-optimal error estimate (2.4) follows from (4.5), together with the facts that
||I - Pl%lHLz(F)%LQ(F) =1, Lpax = L.

To prove the bound (2.5) on the relative error, observe that the combination of (4.1) with
(t,q) = (p+1,0) and (7.2) imply that
1(1 = PG )0l oy < CEPH [[0]] sty < CCose(REH |[0]] 2y - (5.7)

Inputting (5.7) into the quasi-optimal error estimate (2.4), we find (2.5).

38



5.3 Proof of Theorem 2.8 (collocation method with piecewise polynomials)

Lemma 5.4 Let d = 2, p > 1 and V}, be a space of piecewise polynomials on a mesh of width
h satisfying Assumption 2.7. Then the approximation property (4.1) holds with P‘(;;, given by the
interpolation operator, for the pairs (t,q) equal to (4.2) with % <85<1, tmax =P+ 1, gmin = 0.
Proof. Applying (2.6) with first ¢ = 0 and then ¢ = 1, and using that k= |v| gy < HU”H;(F) by
(3.6), we obtain that
v = Znoll 2 ry < C(RK) ol iz (ry (5.8)

and

Ko = Tvlin ey < CORY ™ ol ) (5.9)

for 1 < ¢ < p+1. Combining (5.9) and (5.8) to obtain a bound on [jv — Zpv| frp (ry, and then

interpolating the result with (5.8), we obtain that

[0 = Znoll o ry < C(hk)'—1 1ol g2 (ry (5.10)
for 0 < ¢ <1 and % <t <p+1. Setting tax = p+1 and qumin, = 0, we see that the approximation
property (4.1) holds for the pairs (¢,q) equal to (4.2) only when % < s <1 (for the first pair in

(4.2) we need s < 1, for the second pair we need 0 < s < 1, and for the third pair we need s > %)
]

With Lemma 5.4 in hand, the rest of the proof is the essentially the same as the proof of Part
(i) of Theorem 2.5 (i.e., using Theorem 4.2), except that now s = 1 instead of s = 0. |

6 Definitions of the projections for trigonometric polynomials in 2-d

6.1 Recap of Fourier series results and the definition of H;(0,27) in terms of Fourier
series.

Given f € L'(0,27), let

N 1 27 )
f(n):= E/o exp(—int) f(t) dt.
Recall that if f € L?(0,27) then
1 o R oo R
== 3 el fin) and  flgen = > F0P @)
Let
(f.9) 91Hz(0,2m) ‘= Z f >
(where recall that (£) := (1 + |¢]?)'/2) and
15 0.0m) = (Fs Dz o= > [F(m)|* (n)>. (6.2)

Given s € R there exist Cy,Cy > 0 such that, for all v € H;(T),
Cillolla oy < v ol 0,20) < Colloll oy (63)

where || - [z (r) is defined by (3.5). Let

exp(imt)

V2 (mh)s’

Then ngSm(n) = Omn(mh) =%, |||¢m|||§{2(072ﬂ) =1, and the Fourier expansion in (6.1) implies that

Gm,(t) == (6.4)

oo

ft) = Z (fs bm,n) 12 (0,270) P 1 (2).-

n—=—oo
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6.2 The Galerkin projection.
For v € L*(0,27), let

N N

PG v(t) = (0, ) L2(0.20) B s () = 5(m)M. (6.5)
7 m:Z_N B)L2(0,27) Pm,h m;N NGT:

Then P‘gN : L?(0,27) — Vy is a projection, where Vy is defined by (2.20). and (6.5) is equivalent
to (2.1) with the the norm (2.22).

Lemma 6.1 (Approximation property of Galerkin projection) For allt > g there is C >
0 such that

C
G
HI o PyNHH;L(F)—)Hg(F) < (N + 1)h>t—q' (6.6)
Proof. By (6.5) and (6.2), for v € HL(0,2m),
a 2 1 Lo (nh)% 1 2 )
I = P5)olgoan = 57 2 B ey < s myapmea 1020
|m|>N+1
the result then follows from the norm equivalence (6.3). ]
6.3 The collocation projection.
With Vi defined by (2.20) and t; defined by (2.21), let
(PS. v)(t;) =v(t;), j=0,1,...,2N, and PG veVy (6.7)

(i.e., (2.3) with z; replaced by t;). The points ¢; are unisolvent for Vi — and hence P%v is a
well-defined projection — by, e.g., [72, §11.3], [5, §3.2.2]. We now recall the explicit expression for
PgN in terms of the Lagrange basis functions (see, e.g., [5, §3.2.2, Page 62]). For j =0,1,...,2N,
let

N .
2 1 , sin(N 4 1/2)t
0i(t) = Dn(t—t; h Dy(t) := = t) = ———17";
]( ) 2N+1 N( J)’ where N( ) 2 +;COS(J ) 2Sin(t/2) ’
the definition of Dy () implies that ¢;(¢m,) = 6jm. Then
2N
PG o(t) = 3 ult)t(0). (63)
§=0
The definition (6.7) implies that
if m=¥¢(2N +1)+ p with |u| <N then (PgN (exp(im-))(t) = exp(iut). (6.9)

Observe that the definition of P7_ (6.7) implies that for v € T, PgNU =w,s0 (I — PgN)PgN =0,
and thus

Lemma 6.2 (Approximation property of collocation projection) Given t > ¢ > 0 with
t > 1/2, then there exists C' > 0 such that if (N +1) > k then

AN
I~ PG lageromgr <€ (57) (6.11)

Proof. The analogous bound when /i = 1 (i.e., the unweighted case) is proved in, e.g., [73, Theorem
2.1], [99, Lemma 4.1], [72, Theorem 11.8], [100, Theorem 8.3.1]. The bound (6.11) follows from
repeating these proofs, now with k& # 1; the requirement that (N + 1)k~ > 1 is used in the
inequality (az) < |a|(z) when |a| > 1. |
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7 Best approximation by trigonometric polynomials in plane-wave
scattering

7.1 Statement of the two main results in this section

The abstract results in §4 give conditions under which the projection-method error, v — vy, is
bounded in terms of the projection error ||(I — P )v||g;. In this section we bound the projection
error ||(I — PgN)UHH;; in terms of ||[v||g; when v is the BIE solution corresponding to the plane-
wave scattering problem (i.e., when the right-hand side f of Av = f is given by Theorem A.2).
These bounds then lead to the bounds on the relative error for plane wave data (2.5), (2.9), (2.25),
and (2.28)).

The two main results of this section are the following two theorems.

Theorem 7.1 (Galerkin and collocation projection error for trigonometric polynomials)
Suppose T is given by (2.20) and that A is one of Ay, A}, By reg, OT B,’c}reg and the right-hand
side f is as described in Theorem A.2.
Then v € H*(T") for all s > 0 and, given € > 0 and ko > 0, if N > (cmax + )k and k > ko,
then
17 = P50l

T = 0(k), (7.1)

B

where PG, is defined by (2.1)/(6.5).
Furthermore, if s > 1/2, then (7.1) holds with PgN replaced by PgN defined by Defini-
tion 2.3/Equation (6.7).

The result in Theorem 7.1 for I — P§ follows immediately from the result for I — P§ by using
the identity (6.10) and the fact that I — P§ is bounded on Hj (by Lemma 6.2).

Theorem 7.2 (Oscillatory behaviour of BIE solution under plane-wave scattering)
Suppose that A is one of Ay, A}, Biyeg, OT B,’meg and the right-hand side f is as described
in Theorem A.2. Then v € HYT) for all t > 0 and given t > s > 0 and kg > O there emwists
Cosc(t, s, ko) > 0 such that

||U||H,§(F) < Cosc ||UHH,§(F) for all k = ko. (7.2)

In §5.2, the bound in Theorem 7.2 is combined with the polynomial-approximation assumptions
Assumptions 2.4 and 2.7 to prove bounds on [|(I — Pn)v|[ss(r) (where Py is either the Galerkin
or collocation projection).

7.2 Bounds on the high-frequency components of f and v

In the next lemma we use the notation that v is the Dirichlet trace on ' from Q% (as used in

§A).

Lemma 7.3 (The high-frequency components of f are superalgebraically small)

Suppose that B € U (T') and x € C°(R;[0,1]) with supp(1 — x) N [—R, R] for some R > 0. Then

for all N,hg > 0 there exists Cy > 0 such that for all a € R? with |a] < R and for all 0 < h < hy,
1 = x(BD2) By +e= | g iy < O,

The idea behind the proof is that if |a| < R then Bytel**® contains frequencies < kR, and
(I — x(|hD’ |£27) is a frequency cut-off to frequencies > kR; we now proof this rigorously using the
quantisation definition (3.8) and integration by parts.

Proof. By a partition of unity, we can work in local coordinates where

I'={(2,F(z)) : 2/ e U CR"'}.
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By the composition formula for symbols [112, Theorem 4.14], [35, Proposition E.§8], (I
X(IRD'[2))B = Opp(b) + O(h™)g-oc(r) for some b € S™ satisfying suppb N {|¢'|, < R} =
For such a b and ¢ € C°(R?~!) supported in U, by (3.8),

Oph(b)i/f( ) +e ikz-a _ 27Tﬁ / / eﬁ( ' —y &Y+ a Y+ F(y )ar )b(zl,fl)i/)(y')dy’df’. (7'3)
Rd JRA
In these coordinates, the metric g on I' is given by
g(@ri,amj) = 5“ + 8I¢F3IJF
and hence, in these coordinates,
1
E (0 F(2"))" (0w F(2)).

112 ! / ! / /
= =7 - —
The phase in the integrand in (7.3) is stationary in y’ when &, = a’ 4+ a10, F(y'), and
€12 = (GG (@ + mdy F(y)), (¢ + a0, F)) ).

By direct computation, we find that |§;|§ < |a]? < R2. Therefore, since |¢'|; > R on the support
of the integrand in (7.3), the phase is non-stationary in 3’ and repeated integration by parts in 3’
(see, e.g., [112, Lemmas 3.10 and 3.14]) shows that

Hopﬁ(b)w(x,)’y+eikrﬂ ||Hé\l (1) S CNhN

Lemma 7.4 (The high-frequency components of v are superalgebraically small)
Suppose that A is one of A, AL, Biyreg, OT B,’C,reg and the right-hand side f is as described in

Theorem A.2. For any X € C°(R% [0, 1]) with supp(l -X)N[—1,1] =0 and any s > 0,

I(1 = X(InDT3) HH 5(I)

= O(h™).

[[v]] H(T)
To prove Lemma 7.4 we need the following result.

Lemma 7.5 (Lower bound on ||v g:(r)) Suppose that A is one of Ay, A, By reg, 0 By, o and
the right-hand side f is as described in Theorem A.2. Given s > 0 there exists M € R such that,
given hg > 0, there exists C > 0 such that

[0l gsry = CAM for all 0 < h < ho.
Proof. Since
[ollazs oy = [1f s 0y (Al s ()= 123 (1)) g

we see that the required bound from below on |[v|[z2(r) follows if we can show that (i) [|f| z;r) is
bounded below algebraically in %, and (ii) [Al| g (r)—#s(r) is bounded above algebraically in ht.

Condition (ii) follows from Lemma 4.8, the bounds on [|A}|/z2(r)—r2r) = | Akllz2(r) in [25],
[47, Theorem 2], [58, Theorem A.1], [39, Theorem 4.5], and the bounds on || B reg||12(r)—r2(r) =
| B regllL2(r)— L2(r) in [45, Theorems 2.1].

Condition (i) follows from explicitly calculating the A dependence of ||f| s (r) for the four
different fs given in Theorem A.2; for the f for By ,eq, we additionally have to use the bound
||(Sik)71HH:L71(F)~)H£(F) < k7! from [45, Corollary 3.7]. [

Proof of Lemma 7.4. By §5.1, A satisfies Assumption 4.1 and thus the conclusions of Lemma 4.4
hold. Given ¥, let x € C°(R; [0, 1]) be such that supp(1—x)N[—1, 1] = §, and supp xNsupp(1—Yx) =
(; this implies that {X # 1} € {x # 1}, and thus, by (4.11) and Lemma 4.4, (4.18) holds. The
elliptic estimate (3.22) then implies that, given s, M, N € R, there exists C, fip > 0 such that, for
all 0 < h < Ry,

[[(1 = X(IhD[9)v ||H5(F)<C<||(1_ (ID"[3) )‘AUHHSF +hM||”HHS*N(r)>

= ([ = xR ) e oy + B Mol ). (74)

The result then follows by choosing N = 0 and using Lemmas 7.3 and 7.5. [
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7.3 Proof of Theorem 7.2

First observe that it is sufficient to prove the bound (7.2) for kq sufficiently large. Let X be as in
Lemma 7.4, and write
v= (1= X(IhD'[3))v + X(|[hD'[3)v.

By (3.15), given ¢t > s and hy > 0, there exists C' > 0 such that, for all 0 < /i < fg,
H%(lhD/E)UHH;(F) <cC ||UHHg(r) .
Combining this with the result of Lemma 7.4, we have
HUHH;L(F) < O(h*) ||U||H;7;(F) +C HU”Hg(F) )

and the result follows.

7.4 Proof of Theorem 7.1

As noted after the statement of the theorem, the result in Theorem 7.1 for I — PgN follows
immediately from the result for I — PgN by using the identity (6.10) and the fact that I — PgN is
bounded on Hj} (by Lemma 6.2).
To prove the result for I — PgN, we first show that the operator I — PgN can be naturally
expressed in terms of functions of 7. Indeed, we claim that
PS, = 1o (= N727), (7.5)

N

where 9; is understood as an operator on functions on I' via dyu = (9;(uo~y~1)) 0.
To see this, recall that for f € L>°(R) and v € L*(T),

F(=0) = Z Fm) (v, ) L2(0,27) Un, s (7.6)

m=1

where {uy, }°°_; is an orthonormal basis for L?([0,27]) of eigenfunctions of —9?; i.e.,

m

(=02 — An)uy, =0 and lux, ll g2y = 1.

m

Thus
_exp(imt) B exp(imy~1(x))

) t ——, le, uy,(v)=——"F7—",
Am (’7( )) \/% A ( ) \/ﬂ
where )\, = m?. Therefore, (7.6) implies that

oo

oo ] (= N7207) = D7 Loo ) (N 72Am) (0:Ur) 120 ) A
m=1
. .exp(int) _, . exp(int)
= Y ORI 5y P,
AN V2T N V2T
which is PgN given by (6.5), so that (7.5) holds, and also
(I-P$,) =100 (—N207) = L mye.o0) (- n*0p). (7.7)

Theorem 7.1 is a consequence of the following result.

Lemma 7.6 Given ©,¢ > 0, let x € C=(R;[0,1]) be such that supp(1 — x) N [-02%,0%] = 0 and
supp X C [—(0 + €/(2emax))?, (O + €/(2cmax)?)]. If N > (Ocmax + €)k, then

(I-PG,) = (I~ P§) (I~ x(ID'12)) +O(h) g py = (1= X(IAD'[2)) (I~ PG) +O(h™) g 1.
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The result (7.1) follows by applying Lemma 7.6 to v with © = 1 and using Lemma 7.4 (noting
that ¥ in Lemma 7.4 can be taken to be y via the choice ©® = 1). It therefore remains to prove
Lemma 7.6.

Proof of Lemma 7.6. Given € > 0, let xo € C°(R;[0,1]) be such that supp xo C (—(Ocmax +
5)27 (ecmax + 5)2) and Supp(l - XO) N [7(®Cmax + 5/2)27 (@Cmax + 5/2)2} = @
If N > (Ocmax + €)k then

(I = PG )xo(~128}) = xo(=1*8})(I — P§,) =0,

since the image of yo(—h20?) contains frequencies < (Ocpax + €)k, and I — PgN restricts to
frequencies > (Ocpax + €)k by (7.7). In particular,

(I-P§)=(I-P§)(I-x0(—h%0})) = (I—xo(—h*3}))(I - PS,).

Now, —87 = —Ar g, Where ggag is the metric on I' given by |¥(¢)|gq..(v(r)) = 1. Therefore, by
Lemma 3.9,

flat —

WFA(I — PS,) C {|g’|2 > (OCmax + 6)2}.

Since the arc length metric equals |5§(t)|?dt?,

€l ) et~ e s
o= > inf |¥(t
1€ | garae (v() o) te[ozﬂ' ®)

|
-

|
—

By the support properties of x and (3.19),

WE x(IhD'[2) € {1612 < (0 + ¢/ Cemax))? } € {I€'12,.. < (Ocmax +¢/2)}

so that
WEy x(|hD'[2) N WFx(I — P§,) = 0;

the result then follows from (3.18). |

8 Proofs of the Galerkin and collocation results for trigonometric
polynomials

Theorems 2.22 and 2.24 (on, respectively, the Galerkin and collocation method with trigonometric
polynomials) are proved using the arguments in the proof of Theorem 4.2 with the additional
structure of the Galerkin projection (in particular, (7.7)), and we prove these last.

8.1 Proof of Theorem 2.22 (Galerkin method with trigonometric polynomials)

First observe that the bound on the relative error (2.25) follows from the combination of (2.24)
and (7.1). Therefore, we only need to prove the quasi-optimality bound (2.24)

Theorem 4.2 was based on the fact that the identity (4.29) holds under the condition (4.36).
In the case of trigonometric polynomials, we instead use the simpler setup that (4.29) holds under
the condition (4.30).

Let > 1, ¢ > 0, and let x be as in Lemma 7.6 with © := Z; i.e. supp(l —x) N[-Z%,Z%] =0
and Supp X C [~ (Z + ¢/ (2emac))? (E + ¢/ (2ema)?)].

Then, if N > (Ecmax + €)k, the combination of (4.29), Lemma 7.6, and Assumption 1.3 implies
that

(I+P§ L)y""(I-PS)
= (14 L7 x(RD ) — PG (14 (PG, — DU~ x(AD'EN)LU +L)7) (1 - PG,)

+ O(h™) = (ry- (8.1)
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Now, by (4.22) and (4.24) from Lemma 4.9 and the fact that L. = 1 (by §5.1),

|(I+L)~"(I — x(|hD'[2) < (1+4Ch) (8.2)

HL2 D)—L2(T) =
(compare to (4.40)).

By the combination of Lemma 4.11, (8.1) and the bounds (8.2) and ||({ — PgN)||Lz_>Lz <1, to
prove (2.24), we only need to show that if N > (ERminCmax + €)k then

|(P5 = DI = x(IhD'[) LU + L)~ <C(E"+h)

1
||L2(F)—>L2(F)
(compare to (4.39)). Similarly, since ||(I — PgN)||L2_>L2 < 1, it is sufficient to show that

(I = x(|AD'|2))L(I + L) <CO(E"'+h). (8.3)

- HL2 )—L2(T) —

To prove (8.3), we choose 9; € C>(R;[0,1]), ¢ = 0,1 with supp(1 — ;) N[—1,1] = @, supp; N
supp(1 — x) = 0, supp ¥o Nsupp(l — 1) = 0 (i.e., ¥g is “smaller than” v); which is “smaller than”
X) — such a choice is possible since = > 1, and thus [-Z2,Z2] > [~1,1]. Then, by Lemma 4.3,
(4.23), (3.21), and Assumption 1.3,

(I —x(|hD")2))L(I + L)~

= (T = x(IRD'[2)) L(I — 1 (D' 2)) (I + L) + O(h™) g = 1)

= (I = X(BD'2) LI = (RD'[2)) (I + (1 = o (IhD[2)L) ™" + O(h*) == 1

= (I = xURD'[D) LI + (1 = o (D 2)L) ™" + O(i*) g

= (I = X(IhD')) (1 = do(hD'2)) LI + (1= o(BD'2) L) " + O(h™) gy (8.4)

By (4.24) from Lemma 4.9 and the fact that L. = 1 (by §5.1),
17+ (= wo(IAD ) L) oy oy < 14O
and thus to prove (8.3) it is sufficient to prove that
(1 = xURD'[2)) (1 = oAD' ) Ll o )y 2y < C(ETH + ). (8.5)

Now, by Part (i) of Assumption 4.1, (1 — 4o (|RD'|2))L € ¥, 1(T) so that, by the definition of
S™ (3.7) and (3.14),

lon((1=wo(|RD'12))L)| < C(¢)~"  for all (a/,&') € T*T.
Then, since 1 — x(|£'|2) = 0 for ||, < E,
lon (I = x(|hD’

The bound (8.5) then holds by Lemma 3.2, and the the proof is complete.

N(L=o(IhD'2))L)| < C(¢)y~t < C'27" forall (o,¢) € T*T.

8.2 Proof of Theorem 2.24 (collocation method with trigonometric polynomials)

First observe that the bound (2.28) on the relative error then follows from combining (2.27) with
Theorem 7.1, (6.10), and Assumption 1.3, since the superalgebraic decay in (7.1) (with PgN re-
placed by PgN) absorbs the p on the right-hand side of (2.27). Therefore, we only need to prove
the quasi-optimality bound (2.27).

As in the proof of Theorem 2.22, we use the identity (4.29) under the condition (4.30). Let
X € C°(R;[0,1]) be such that Lemma 7.6 holds with © = 1. Then, by (6.10) and Lemma 7.6, if
N > (¢max + €)k,

(PG = D)L + L)™' = (PG, — I)(I - P§,)L(I + L)™*
= (PG, = D = PS)(1 = x(IhD'[) LI + L)™' + O(h*) g —=
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= (PG, — D1 = x(|AD'[3))L(I + L)™' + O(h*) g~ (1. (8.6)

We now claim that if N > (¢max + €)k then

k
c 2 -1
1PN = DI = x(BD VLA + L) | 0y gy < Oy (8.7)
Indeed, since
11— PS | <ok
INIH PO = Hy (D) =~ N
for s > 1/2 (by (6.11)),to prove (8.7) it is sufficient to prove that
2 —1
1= XUBD DL + 1) oy ey < C- (55)

Let ¥ € C°(R; [0,1]) be such that supp(1—%) = 0 and supp(1 —x) Nsupp X = @. Then, by Lemma
4.3, (3.18), (3.17), and Assumption 1.3,

(I = x(IRD' )L + L)™' = (I = x(IhD'|) LI = X([RD'[G) (T + L)™' + O(h™) g

Part (i) of Assumption 4.1 and Part (i) of Theorem 3.1 imply that [[(1 —
X(|hD’|§))L||H2(F)_>H;+1(F) < (C, and then the bound (8.8) follows by combining this with
(4.23), and (4.24).

The combination of (8.7) and (8.6) implies that if N > (cpax + €)k then

i k
(I + (PgN ~NL(I+L)™) 1||H;L‘(F)HH;;(F) <1+ CN' (8.9)

Therefore, by (4.29), to prove Theorem 2.24 we only need to bound (I + L)~(I — PgN). Now, by
(4.43) and the fact that Lyax = 1,

H(I + L)_1<I - PgN)HHg(F)%Hg(F)
< T+ D7 = XCERANT = PG i)z oy 1T+ D)X (R2 AT = PG,

<N = PGz mgwy + Cht |1+ L) 7 x(=h*Ag)(I = PG,

) HH;(F)->H;(F)
)HHg(l")—>H§(1") :

Finally, by the approximation property in Lemma 6.2 with ¢ = s and ¢ = 0, the smoothing property
of x(—=h?A,), and Lemma 4.6,

_ k\°
(T + L)~ - P(gN)|‘H£([‘)_>H;(F) < = PG |l ms(ry—z(ry + Ch+C (N) p- (8.10)

The combination of (4.29), (8.9), and (8.10) completes the proof of (2.27), and the proof of Theorem
2.24 is complete.

Before ending this section, we record the following corollary of our proof that we use in our
study of the Nystrom method.

Lemma 8.1 Suppose that A satisfies Assumptions 4.1 and 1.3. Then for all s > 0, kg > 0 there
there is C' > 0 such that for all k > ko, k ¢ J, and N > Ck,

-1
(I+P§. L) =(I+L)" (1 + (PG, — I)L(I + L)*1> . (8.11)
Proof. The combination of (8.6) and (8.7) imply that
(P, — DL + L)~ m;»n; < C'k/N.

The result (8.11) then follows from (4.28). ]
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9 Description of the Nystrom method

Assumption 9.1 (Class of weakly-singular integrals) There exist L;(t,7), j = 1,2, such
that

(Lo)(t) = /O% log <4 sin? (t - 7)) Li(t,7) v(r) dr + /0% Lot ) v(r)dr.  (9.1)

Definition 9.2 (Approximation by quadrature) With L defined by (9.1) and the collocation
projection PgN defined by (6.7) with an odd number of evenly-spaced points (2.21),

(&No)(t) = /0% log (4 sin? (7)) PG (Lt m)v(r)) dr + 0% P (La(t,m)v(r)) dr.
(9.2)

Using the expression (6.8) for PgNﬂ' and the explicit expressions for integrals of trigonometric
polynomials against the log factor (see, e.g., [72, Lemma 8.23]), one can write (£Nv)(¢) defined by
(9.2) in terms of L;(¢,t;)v(t;),7 = 0,...,2N, multiplying trigonometric polynomials in t; see, e.g.,
[72, Equations 12.18-12.20]. The Nystrom method we consider for computing approximations to
(I+Lw= co_lf is then (1.5) with Ly = £¥ and Py = P§.

Our estimates for the Nystrom method are given in terms the following quantities (see Theo-
rem 10.1 below): for j = 1,2, let

~ 1 2
L) =— e T L (t, T)dT, 9.3
mlt) = o= [ j(6.7) 93
and for N >0,0<n<N,seR, 0<e<1,let
F3Y(N,n,L):=k~* > I L1l 7z (0 {0/ )
N—-n<|m|<(2—e)N—n (9 4)
F;’f(N, n, L) = Z (||L1,M||H;§(F) + HLZ,mHHI-:(F)><m/k>S.

Im|>(2—e)N—n
We also write Fg°(N, L) := Fg(N,N,L) and F3 (N, L) := Ff(N,N, L).
We now recall the standard method (a.k.a. “Kress quadrature”) for writing the Dirichlet (1.2)

and Neumann (1.3) BIEs with the perturbation L satisfying Assumption 9.1; this method is based
on the splitting

i 1
iHél)(u) = —-Jo () log yi* + T (u, k), (9.5)

where both Jo(p) and T'(u, k) are analytic in pu.

Lemma 9.3 The operators npSk, Ky, and K}, satisfy Assumption 9.1. In all three cases, there
are functions L; : R2 x Ty x T, and Ny € R such that

Lj(t,7) = Li(k(y(t) = y(1),t,7),  j=1.2,
Ta(ut,7) =k / ) fl £, VA8 (W), |0°F] < i, (9.6)
Sl
supp Fyose (0802 La(-,, 7)) (€) € {I€] < 1}, 0% La(p, t,7)| < Cak™.
Proof. We first write
1
1 (Rl = y))
1 (1) 1
= —5-Jo(klz —yl) log(kle — yl) + 7 Ho " (klz — yl) + 5—Jo(klz — y]) log(klz — yI)

1 (1) 1
= =3~ Jo(klz —yl)log |z —y|* + S Hy’ (klz — yl) + - Jo (klw — y]) log(klz — y|)
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B log k
2

1
=~ Jo(kle — yl) log |z — yI” + S1 (klw — y|, k).

Jo(klz —yl)

By the asymptotics of Hél)(z) as z — 0 (see, e.g., [94, §10.8)]), iHél)(z) + 5= Jo(z) log(z) is analytic
at z =0, and thus S1(u, k) is analytic in p.
Next, observe that, since v : R/27Z — T is smooth, || > ¢ > 0, and 7 is bijectitve,

et,7) = D08 € o (mpzeny), et >e>0

In particular, with f(1,7) := loge(t, ) € C*,

log (|(t) = (7)[?) = log (4sin? (557) ) + S (£, 7), (9.7)
so that
LH (1) — (7))

4
=~ Jo( () — (7)) Tog (4sin® (557) ) = 2o (Kr () = A(r)) 72, 7) + S (k1 (1) — ()], B)-

Thus, for npSy we set

Li(t7) = =32 Jo (kly(H) = 7(7)]),

La(t, ) i= =12 Jo (kI (8) = /(1)) £t ) + 0 S1 (kI () = 77, )-

The required properties for Ly (¢, 7) now follow from a standard integral representation of Jy(|z—y|)
as the Fourier transform of the surface measure on S! (see, e.g., [105, Page 154]). The required
properties for Lo(t, ) follow from the Payley—Wiener theorem (see, e.g., [105, Theorem 4.1]), the
fact that Jo(u) and Si(u, k) are analytic and the asymptotic growth

|Jo(2)] + \Hél)(z)| < Clog|z|e!™=  for all z € C\ (—00,0

see, e.g., [94, §10.8 and §10.17]. The proofs for Kj and K, are nearly identical, using instead the
same analyticity and growth properties for 0,51 (i, k). [ ]

Lemma 9.4 The operators kS, Kix, K|, satisfy Assumption 9.1 and in all three cases, there are
functions Lj : R? x T, x T, such that

Li(t.7) = Li(k(v(t) = ("), t, k), =12, (9.8)
and for all j = 1,2, « € N, N > 0, there is Con > 0 such that
0“La (. t,7)| < Canklogh(u) ™, 10La(u,t,7)| < Cank(m)™". (9.9)

Proof. The main difference here compared to Lemma 9.3 is that Jy(iz) grows exponentially and

Hél)(ix) decays exponentially as x — oo (see, e.g., [94, §10.17]). We therefore use the upper
bounds that for any o € N and € > 0 there is C, > 0 such that

|0%Jo(iz)| < Coeet TNzl z €R,

(9.10)
0°H (iz)] < Cace™ ) 10g |2, = > 0.

As in Lemma 9.3, with f as in (9.7),
Lo I o i
THSY (R (8) = (7)) = =1 Jo ikl (8) = 7(7)]) log (4sin? (457))
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— ok (0) = AD) £ ) + 51 GR(E) — 7)),

with
|0%S1 (11, 1k)| < Cy et 10g K

by (9.10). We let x € S(R) with x = 1 near 0, and
Ix(z)| < Ce™7#l for some 7> 14e, (9.11)

and write
THSGRR(0) = 1)) = == Jo (b (1) — /(D)x (K (6) — ()] log (45 (57) )
(k) — 5D (S 6B (1) = A7) 8) = 1= o K (6) —+(r)) 72, 7))
+ (1= X () = 4(0)1) ) THE Gkl (1) — ()
Therefore, if
Lt 7) 1= — Iy (K (8) = 3(r) )X (k) — 7)),
La(t,7) = k(K (6) = A7) (S1(ikr (1) = 1(r)] 8) — oo (K(0) — (D)) £(5,7))

k(1= x (kR (e) —2(N)) THE (k1 (1) — (),

4
then the result for kSix follows from the bounds (9.10) and (9.11). For Kjx and K7, the estimates
follow similarly after taking appropriate derivatives of H(()l), Jo, and S7. [

Lemma 9.5 The operator k= (Hy — Hiy,) satisfies Assumption 9.1 and there are functions ZH :
R2xT; xT,, j=1,2,i=1,2, and Ny € R such that

Lj (t’ T) = Zj,l (k(ﬁ)/(t) - '7(7—))’ t,, k) + zj,2 (k/’(V(t) - 7(7—))’ T, k)7 j=12

and for j =1,2, alla € N, N > 0, there are C,, and Con > 0 such that

Eralntr) =k [ €0 ot n)iS@), 1001 < Co,
SUpp Fruse (0707 Lo (£,7))(€) {16l <1}, [0 Laa(u,t,7)| < Cak™
(compare to (9.6)) and
0L 2(p,t,7)| < Cankloghlp) ™, [0%Laa(p,t,7)| < Canhilp) ™
(compare to (9.9)).

Proof. Recall (from, e.g, [94, §10.8]) that

is analytic. Bessel’s equation and the fact that Hél)/(u) =— Hl(l)(,u) imply that

HSY () = = B () — B () = H (1) — HED ().

Therefore,

H§Y () + Hg (ip)
=p! ( —iH{Y (ip) + Hfl)(u)) — H{M (1) — HED (ips)
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YA 2 in 2 ,
=7 (= i)+ Salo) + 2 ) tog %+ 2 tow ) — #07) — i)
u1<

i1 (i) — iS5 (ipt) + Sa (1) + %(Jl(zm +iJy (1)) log g) — H{P (1) — H ().

Recall that J; is analytic, vanishes at 0, and for all o € N, there are C' > 0 and N > 0 such that
|1(2)] < Cl)NVelm=land  [Sy(2)| < C(2)Vel™=l for all z € C.

The result then follows by introducing cutoffs on all terms where Bessel functions, Jo,J; are
evaluated at ik|y(t) —(7)| as in Lemma 9.4 to obtain L, 2, and analyzing the remaining terms as
in Lemma 9.3 to obtain L; . ]

10 Abstract result about the convergence of the Nystrom method

For our abstract theorem on the Nystrom method, we assume that A = I + L satisfies Assump-
tion 4.1 with

I J I J
L= Li+Y LjaLjp, Ln:=Y &¥+> &V PG 2N, (10.1)
i=1 j=1 i=1 j=1

and L—, Zj satisfying Assumption 9.1 and Eﬁv and Eg\r defined as in Definition 9.2. We further
assume that for any x € C2° with supp(1—x)N[-1,1] = 0, (1fx(|hD’|3))Ej7b, zj,b(lfx(mD'\g)) €
T H(T).

We define

F SS;(N, 1L) = max (Sllp F sz;’e(N, n, L~i)7 Supl ;6(‘7\& n, Lj,a)a Sup] ;E(Na n, LNj,b)) ;
i J J

.F;’;(N, n) ‘= max (sup P:‘%’E(N7 n,, Li), sup Fji’f(N, n, l/j@), sup F;{;(N, n, l;j,b)),
i J J

IZllsw =Y I Ljallezg )= 130y + I Lgbll arp () — ()

J
B (L) = _|ILjallzzg vy 1) | Lo | 11y (0= 7 1) -
J

We also write Fo (N) := Fg (N, N) and F3 (N) := F (N, N).

Theorem 10.1 (New abstract result about the convergence of the Nystrém method)
Suppose that A satisfies Assumptions 4.1 and 1.3, and L and Ly are as in (10.1). Given ko > 0,
M >0,t">s>t>1/2, there exist ¢,C > 0 such that the following holds.

Given f € HE ('), let v e HE(T') be the solution of

Av:=co(I + L)v = f. (10.2)
Ik > ko, -
(;) p<c, (10.3)
ENs—t] 7 kN e ~ ~
o) | ()7 (1 1L+ 1) < (10.9
(4 () ) |FE (14 Il 1T < e and (105)
{1 + p(;)ﬁl} (%)BS’S(Z) + p(%)“m@fﬁ(i) <e (10.6)
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then the solution vy € Vi to
(I +P§, Ln)oy = PG, f (10.7)

exists, is unique, and satisfies the error estimate

[[v —UN||Hg(r)

< | (1o () M= Pl + (o) NP5 o~ 1P

+ PG B = DG 0] | (10.8)
k s
<0RLH(N))wu—e%wmwm+uﬂ%@N—mmaw@@J
k s+1 cc . ~ . k s+1 o/
+ p([(N) FEN) + FSEMN)] (14 WElloo +1El) + (%) B8 (L)> ||v|H;(F)].

(10.9)

Before proving Theorem 10.1, we need a few technical lemmas; the first is an analogue of
Lemma 4.9 for (I + PG L)™'

Lemma 10.2 Suppose that A satisfies Assumptions 4.1 and 1.3. Given t* > 1/2 and x € C
with supp(1 — x) N [—1,1] = 0, there exist C,c > 0 such that if (k/N)* ~5p < ¢ then

k s+1
C —1 2
12+ PG, L) (1 = x(=R2A0) | gy sy < C(1+ p(ﬁ> ) (10.10)
and
C —1 2
(I +PS, L) x(~h AF)HH(FHH;(F) < Cp. (10.11)

Proof. By Lemma 8.1, if N > Ck then

(I+ PG L) =(I+L)" (I + (PG, — I)L(I + L)—l) . (10.12)

We prove the bounds (10.10) and (10.11) using (4.45). Observe that P§  satisfies (4.1) for 0 <
g<t<ooandt>1/2by (6.11); i.e., tmax in the arguments in §4.4 can be taken to be arbitrarily
large. We therefore apply (4.45) with gmin = 0 and tmax = t*, so that the condition (4.3) under
which (4.45) holds becomes (k/N)t p < c.
Given x as in the statement of the lemma, choose € > 0 in the definitions of IT& and IT 4 (4.31)
so that
1= x(=h*Ar) =Ty (1 = x(=h*Ar)).

Then choose x< € C° with supp(1 — x<) N [—1,1] = 0 such that
X<(—FL2AF) = X<(—h2AF)Hg

(this requires, in particular, that supp x< N supp(1 — x)
supp(1 — x<) N [—1,1] = 0 such that supp x< N supp(l —
Lemma 4.9, and Corollary 3.10,

0). Finally, choose x< € C° with
) = 0. Now, by (10.12), Lemma 4.6,

<
17+ PG, D) (T = x(=12A0) |
= |7+ D) I+ (PG, = DL+ L)) (L= XA | e 1y 12
<[+ L)X (=R A0 (I + (PG, = DL+ L)) (I = X(~F*A0) || o e

(0 + DT = XF R AR (I = xS (RAD) (L + (PG, = DLI+ L)) (1= X(~WAr) | e
< Cp|x= (=R Ar) (I + (PG, = LU+ L)7Y) " (I = x(=FA0)) ||, e

O (1 =X (R2A0) (1 + (PG, = DLU + 1)) 7 (I = X(~1280) s
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< Cp|[ Tz (1 + (PG, = DL+ L)) o[ .

1y -1
F O+ (PG, = DLU+ D7) Mor
Therefore, by (4.45), if (k/N)!" p < ¢ then

(I + PG, L)' (I —x(—h*Ar)) < Cp(k/N)**1 + C(k/N)**! + 1+ Ck/N,

||H§—>H§

which implies (10.10).
For (10.11), we apply again (4.45) (with gmin = 0 and tnax = t*), except this time, given x as
in the statement of the lemma, we choose € > 0 in the definitions of Il and II, (4.31) so that

X(—hZAF) = ng(—hQAp).
Then, by (10.12), (4.45), and Lemma 4.6, if (k/N)* ~*p < ¢ then

(I + PG, L)~ "x(~h*Ar < Cp||(I + (PS, — LI + L)™' x(=h*Ar

)||H§~>H§ )|‘Hh~>Hh

<Cpll(I+ (PG, = DL+ 1)) ey
<cp (10.13)

Finally, let x> € C2° with supp(l — x~) N [—1,1] = @, and suppx Nsupp(l — x~) = . By the
definition of ||-[|zrs(r) (3.5) and the fact that Y has compact support, X~ (=h*Ar) : L3(T') — HE (D)
with bounded norm. The result (10.11) then follows from the bound (10.13), the fact that x = xx~,
and the smoothing property of x~ (—h%Ar). ]

Lemma 10.3 (Error estimate in terms of the discrete inverse) If Py : Hi(I') — Vy is a
projection, Ly : HZ(T') — HE(T'), and I + PyLyPy : H(I') — HE(T') is invertible, then the
solution vy € Vy to (10.7) exists, is unique, and satisfies

v—uvy = (I+PyLyPy)"" ((I — PyL)(I — Px)v+ Py(Ly — L)PNU). (10.14)

Proof. First observe that if vy € HE(T') and (I + PvLy)vny = Pnf, then vy € Vi, and hence
(I + PnLnPn)vy = Pnf. Furthermore, if (I + PyvLyPy) @ Hi(T') — HZ(T') is invertible, then
there is vy € HE(T') such that (I + PyLyPn)uvn = Py f. This vy satisfies (I — Py)vy = 0 so
that vy € Vi and thus (I + PvLy)vy = Py f. Therefore, if (I + PvLyPy) : HE(I') — H(T)
is invertible, then the equation (10.7) has a unique solution in Vx and it, in addition, satisfies
(I + PNLNPN)UN = PNf By this and the fact that (I+ L)’U = f,

(I+PNLNPN)(U —’UN) = (I+PNLNPN)U — PNf = (I— PN)U+PNLNPNU — Py Lv
= - PnvL)(I — Pn)v+ Pn(Ly — L)Pyv

and the result follows. ™

Lemma 10.4 Suppose that L satisfies Assumption 9.1, Ly is defined by Definition 9.2. Then,
gwenr>5>0,0<e<1, there exist C > 0 such that for all0 <n <n’ <N,

I(Z = Ln) PG,

Hy (D)= H (D)
<o (&) EE @) + B ) @+ L+ L)
= N <L y I y 5,8 T

+ ((%)}';E(N) +F5EN) ((%)HH@%N, W)+ F3E(N,n)) + (%)HHBS»T(Z)

+ N E e () + B () PG T — PS s (T — PG )0 PS iy
m]aX N K4 + I IN yn/ H;_>Hh .971/ j,b Tn H;‘,_>Hh

(10.15)
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In particular, if n =n' = N,

H(L - LN)PgN ||Hg(F)HH;;(F)

k

<o () FEW) + FE ) 4 Dl + 1Z]0)

() + P ((5) T F ) + FEn) + (]’;)T‘S“BWE)] . (10.16)

Furthermore, if n' > n + ek, and n = Zk with Z > cpax + €, then for all M > 0 there is Chy > 0
such that

||(L - LN)P% ||Hg(r)—>H§,(F)

<c [((E)HH@W W)+ F5E ) (U [ Ll + 1Z]1)
+ ((%)@E(N) +F3E () ((%)T_s+lfg(1v, W)+ FE(N ) + (Z’;)T_SHBW(E)}
vou((2) ) £ FSE) [ Elook . (10.17)

We postpone the proof of Lemma 10.4 and first prove Theorem 10.1.

Proof of Theorem 10.1. In a similar way to (4.28), we write
I+ P§ LyP§, =1+P3 L+P§ (Ly—L)PS, +PS L(PG, —1)
= (I + PG, L) (I +(I+ PS, L) PG, L(PG, — I)+ (I + PS, L)' PG (Ly — L)P§N>.
(10.18)

By decreasing c if necessary, we see that the condition (10.3) implies that N > Ck for C as in
Lemma 8.1; thus I + PgNL is invertible. Then, by (10.18) and Neumann series, if
C 7y-1pC c
|(I+P%, L)' PG L(PS, — I)HH,WHH;(F) <1/4 (10.19)
and

|(1+PS,L)"'PS (Ly — L ) < 1/4, (10.20)

)PgN ||H;L(F)%H§(F

then I + PycN L NPgN is invertible with

_ -1 s
[+ Py Ly PG) 0l o oy < 2T+ PG L) 0] oy for all v € HE(T). (10.21)
We first prove that (10.19) holds, by establishing that
kst k ks
C 7y—-1pC c
17+ PG L) PG (PG, = Dl ey < C<1 + p(N) )N + Cp(ﬁ> : (10.22)

We then prove the result (10.8) under the assumption that (10.20) holds, and come back and
establish (10.20) at the end; we proceed in this order because we use (10.22) in the proof of (10.8).
Let x € C°(—1 —¢,1 + €) with supp(1 — x) N [=1,1] = 0. Then,

(I + PG, L) 'PG L(1 - x(~h*Ar))(PS, — 1)
=(I+Pg L) (X(*h2A1") +(1- x(fHQAr)))PgNL(l — X(=1*Ar)) (PG, —1I).

Now, by (10.10), (6.11) with ¢ = ¢ = s > 1/2, Part (ii) of Assumption 4.1, Corollary 3.10, and
(6.11) with t = s and ¢ = s — 1,

|7+ PG (1= X(~1*A) PG L (1= X(~H*A) (PG, = D
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k

<c1+ p(N)S+1) IL(1 = X(~12A0) (PG, = Dl . e < C(1+ p(%)SJrl) % (10.23)

Next, by (10.11), (6.11) with ¢t = ¢ = 1, Part (ii) of Assumption 4.1 and Corollary 3.10, and (6.11)
with t =s,¢ =0,

(I + P§, L) 'x(—~h*Ar) PG, L(1 — x(—=h*Ar)) (PG, —
< |1+ PL%L)*lx(—hQAr)IIH;ﬁH;

< Cp(;f])s. (10.24)

Finally, by (10.11) again, Lemma 4.6, the fact that x(—h*Ar) : L? — Hj with bounded norm,
and (6.11) with ¢ = s and ¢ = 0,

I)||H;—>Hg

PG s = X200 s [PG = Dl

17+ PG L) PG Ix(~ B2 ALY (PG, = Dl e

k\s
(7 = (1 + P, D)X (~F2AD) (PG, = Dll ey s < Coll (PG = Dl e < () -
(10.25)

Combining (10.23), (10.24), and (10.25), we obtain (10.22), and thus (10.19) is ensured if (10.3)
holds.

We now prove (10.8) under the assumption that (10.20) holds. By (10.21), the right-hand side
of (10.14) can be bounded as follows:

—1
|(T+ PG L PG) ™! (1= PG = P§ v+ PG, (Ly — L)PS, 0] HHS(F)
h
<2|[(1+PG,L) " [(1 = PG L) = PG, )0+ PG, (Ly = L)PG, 0] |

Hi (1)
= QH I—2(I+ PG, L)' PG L|(I = P )v+ (I + PS L) PG, (Ly L)pgNUHHS(F)
h
C C -1 pC C
<2||(1 - PgN)vHH;(F) +4|(I + P, L)' PS L(I — PS,

)’|H;(r)—>H;(F)H(I o PgN
+2[|(1 + PG, L) 7' PG, (Ly — L)PG v,

)“HH;(F)
o) (10.26)

The second term on the right-hand side of (10.26) can be estimated via (10.22). To bound the
third term on the right-hand side of (10.26), we observe that, by Lemma 10.2,

I(I + P35, L)~ PG, (Ly — L)PF, 0|
< |7 +P5, L)~ (I - X(_h2A9))HH;(F)%H;;(F)HPgN(LN - L)szv“HH;;(r)
+ (I + PgNL)_lX(_hQAg)||L2(FHH5(F)HPgN (Ln — L)P.%VUHLZ(F)
< C(l + p( i

s+1
) ) IPS (L = DG vll ey + Col| PG, (B = DYPG 0] ey (10:27)

Therefore, inserting the bounds (10.22) and (10.27) into (10.26), we obtain that

-1
|1+ PG, 13 PG) " (T = PG, D)(T = PG, )+ PG, (L — L)PS,4|

H;(T)
ks ko s+1
<O(1+p(5) T =PEI0 oy +C(1+0(5) ) IPG (En = DPG V]l
+ CpHPgN(LN - L>P§N’UHL2(F)7
which combined with (10.14) implies the bound (10.8).

To complete the proof of (10.8), we now need to check that (10.20) holds. By (10.11), (10.10),

and the fact that P§ : HF(I') — Hj;(T) is uniformly bounded (for s > 1/2) by (6.11), for
s>t>1/2,

|(I+ PG, L)~ PG, (Ln — L)PgNHHg—>H5
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< || + PG, L) 'x(=P*Ar) PG (Ln — L)PS, || .

s
R HE

+ (T + PG, L)"' (1 = x(~h*Ar))PS, (Ly — L) P, |

wiom, +C(1+0(5) ) lEw - 0P|

Now, by the bound (10.15) from Lemma 10.4, first applied with » = ¢ and then with r = s,

< Cpl|(Ln -~ L)PG, |

s s *
Hy—Hp

(7 + PG L)7 PG (L = LYPG (| e
<on((5) e+ () )]
< (U 1Dl 1Dl + () 20+ F52))
re(ieo(y) ) ()5 @+ ()70 + 700)]
< [ M+ () 720+ F20) )

O(% 4 o( )T ) ELE WL+ e+ s
N

s+1 ce ~ ~
+c(1 wo(t+(3)7) )P0 [ 1Bl + 12
k s+1 k; 55T k s—t+1 o
wo|is p(ﬁ) [)E o) EE)
where in the last line we have used (10.5) and (10.6) to see that

(3) 7+ mzw)| <

Therefore, the conditions (10.4), (10.5), and (10.6) ensure that (10.20) holds, and the proof of
(10.8) is complete.

Finally, to obtain (10.9), we bound ||P§ (Ly — L)P§ v|| . (ry in (10.8) by (10.16). Indeed, by
(10.16),

HPgN(LN - L)szvaﬂ(r)

<o|((5) "R + Be@0) @ + 1 Zhoo + 121
(2R + ) () Frn + 2 + () 8@ Iy
<C{((§)S+1f}6<N)+f§§(N)] (1+HZHO,O+IIEIIS,S)+(%)S B**(L )] 1] 5 -
u

Before proving Lemma 10.4, we record the following two lemmas. In these lemmas and the
proof of Lemma 10.4, we use the notation that

(¢m ©7)(t) = exp(imt) (10.28)
(compare to (6.4)).

Lemma 10.5 (Multiplication by trigonometric polynomials) Given s € R there exists C >
0 such that, for allv € H(T') and all m € R,

lom®l gy < ClmAY® (o] ey - (10.29)
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Proof. This result is well-known (see, e.g., [98, Prop. 3]), but since the proof is very short, we give
it here. By (6.2) and (6.3),

oo

lemvllgrery < Co Y |@woy)(n—m)[*(nh)>

n=—oo

oo o0

= Y |wonm)|(n+mn® <O S [(wor) ()] (nh)* (mh)?,

by Peetre’s inequality. The result (10.29) then follows from using (6.2) and (6.3) again. |

Lemma 10.6 Letn < N. Ifn+|m| < N then

(I = PG,)emPG, =0. (10.30)
Furthermore, if n + |m| < 2N then
PG I = PG ) omPG =0. (10.31)

Proof. For (I — chN)gomchn not to be zero, there must exist ¢ € Z such that
N+1<|| <n+|m| (10.32)

so that if n + |m| < N then (10.30) holds. Then for P%anf\m\ (I - P, )pmPS not to be zero,
we need, in addition to (10.32), that, by (6.9), there exists £ € 0,1,2,... such that

|1€] = €(2N +1)| < 2N —n —|m|. (10.33)

If n4 |m| < N, then (10.32) cannot hold, so we can restrict attention to the case n+ |m| > N. In
this case, (10.33) implies that [|§| — £(2N + 1)| < N, which cannot hold with ¢ = 0 by the lower
bound in (10.32). Finally, (10.33) implies that

€] — (2N +1) > |m|+n—2N sothat || >|m|+n+{+2N(—-1),
which contradicts (10.32) if £ > 1; i.e., we have proved (10.31). |

We adopt the notation of [72, §12.4], [73] and define

(Agw)(t) := /0 e (4 sin’ (t - T)) w(r)dr. (10.34)

Up to a factor of =1, Ay is the Laplace single-layer operator on the unit circle with arc-length
parametrisation (since there |2(t) — x(7)|> = 4sin®((t — 7)/2)). Therefore, Ay : H*(0,27) —
H*%1(0,27) for all s € R (by, e.g., [93, Theorem 4.4.1]).

Lemma 10.7 If L satisfies Assumption 9.1 then for all c,e > 0 there exists C > 0 such that for
N>ck,0<n<N,r>s>1/2 and £V as in (9.2),

k\r—s+1 e k \ min{s,1}
I = £9)PS, [tz vy 1z ) < C [(N) Fif(Non, L)+ (1)

F3;(N,n,L)|. (10.35)
Proof. By the definitions of L in (9.1) and £V in (9.2),
(L—eNP§ =1, + I,

where

(Io)(t) = /O% log (4 sin® (t - T)) (I - PS, ) (La(t,7) PS. v(r)) dr
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and o
(Lv)(t) == /0 (I — PgN,T) (Lg(t, T) Pgnv(T)) dr.

We prove (10.35) by proving that

k\rT—st1 _ —~ -
Il oome <C(5) k7 > |22 () gy (0 8)
N—-n<|m|<(2—e)N—n
Lok et} > Hil,m(t)HHs(F)m/k)s (10.36)
N N
|m|>(2—e)N—n
and Lys
12l iyomo <C(5) 2 IZem @l (m/k) (10.37)

[m|>2N—n

By the definition of Zj,m (t) from (9.3) and (6.1),

I = - ,
L (t,7)= E m;oo Lj,m(t)elmT.
Then -
(ho)(t) = —= 30 L) o= P, om P50 ) (10.38)

where Ay is defined by (10.34) and

> 27
(1)) = = Y Tonl®) [ (1= PG ) (en()PG,0(r))dr

m=—0o0

= > Lowm(t) PEUI - PS)(¢mPG,0).

m=—0o0

(10.39)

We first prove the bound on I in (10.36) (since this is slightly easier than proving the bound on
I). By, e.g., [98, Prop. 2], [100, §5.13], for all v € H(T") and s > 1/2,

’|ZQamUHH§(F)~>H§(F) < C|‘E2vm"Hg(F) ”UHH;;(F) ) (10.40)
By (10.40), (10.31), (10.29), (6.5), (6.11),
||IQUHH§(F) S C Z HE2’m’|H§(F) ||P%(I—PgN)(@mpgn’U)HHg(F)

|m|>2N—n

< Cllvlla; ) Z | Za,m|l g 0y (mk =) (k/N)*?,

|m|>2N—n

< Cllvllagm) Z | La.m |l 125 0y (mk =) (k/N)?,

|m|>2N—n

which is (10.37). We now bound I;. Using in the expression (10.38) the properties (10.40), (10.30),
(10.31), and (5.5), we find that

1ol ey <€ D IZam @l o oy 140 = PG )0 PG, vl sz ry

m=—0o0

=C > NLin®| e 140 = PG em PG, vllaz ey
|m|>N—n

=C > IZam @) gy 1A (T = PG, - )T = PG )om PG, vy
N—-n<|m|<(2—e)N—n
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FC S [ Eam®l gy oy 140 = PG )0 PG ol ey
Im|>(2—e)N—n ’

We now claim that ||A0||H;L*1(r)_>Hg(r) < C. Indeed, for s > 1, since Ag : H*~Y(T') — H*(T),
Aot ey < Cllllzay a0 [[Aotllyey < Clill e
so that
Aol ey < (ol ey + 1ol ) < sy + ¥l ey) < Clllg sy

The result for s < 1 follows by duality and interpolation. Therefore,

HINJHH;Q(F) <C Z ||L1,m(t)HH§(I‘)HAO(I - P{%Ni‘m‘in)(f — PgN)SOmPgnUHH;(F)
N-n<|m|<(2—€e)N—-n '
Y N Em®)] o I = PG @m PGl g
AL (1) Tn ) PmE 7, Ul =1 ()
|m|>(2—€e)N—n
<C Z ||L1,m(t)||H§(F)HAO(I - P{%Nﬂm‘in)(f — PgN)me%LUHHg(F)

N—n<|m|<(2—e)N—n

~ k \ s—max{s—1,0}
" 3 ||L1,m(t)||H;(F)<N>

|m|>(2—€e)N—n

(m/k)*|oll gz ry- (10.41)

where we have used (6.11) and (10.29) in the last step. Now, since Ay is a (non-semiclassical)
pseuoddifferential operator of order —1, for any M

1P Ao = PG v < Car(2N = [m] =)~

\m\z—7
Next, observe that for any s € R, since 2N — |m| —n > eN > cek, then

IT=P§ . Dl <CENI=PG | ullae),

_Im|—-mn _Im|l-n
2 2

”(I - P§2N7|7n|7n)u||Hs(F) < Ch78”(1 - P§2N7|7H|77L)u||H§,(F)7

(1 - P§ Jullga-iry < C@N —|m| =n+ 1) = PE - Yullgsr).

TaN—|m|-n

By (6.6) and the fact that 2N — |m| —n > eN > cek,

Im|=n @)~ mzr) < C.

2

|1 - P§
N
Combining these last five displayed bounds, we obtain that

1401 = PG, . wlm:m)

< H(I - PgN YAo(I — P%N,W,n)wHH;(r) + Cyp(2N — |m| —n)~™ HU’”H;(F) ,

_Im|l=n
2

<OR|(T-PF. VAol = PG Yullp ey + Crr@N ] =)™ ol ey

_lml=n
s G ’ -M

<Ch H(I - P«%Nf\m\fn)wHHS*l(F) + CM(2N - |m| - n) ||w||Hf5L(F)’

SCEN —|m| —n+ )R (I = PG, |y + Cor(2N —fm| =) Jwl| g )

< C@N —|m|—n+1)""|I - P§

TaN—|m|-n

-M

Using this along with (6.11) and (10.29) in the estimate (10.41), we obtain

-~ kN\NT—s
ol <€ Y |2 s Ol ey N =1+ 1= fm) ™ m/ k) () oz

N—-n<|m|<(2—e)N—n
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R k \ s—max{s—1,0}
+ Y HLl,m(t)HH;(P)(N)

|m|>(2—€)N—n

k r—s+1 ~
<Clelmao(5) & > 1Z (8| gy
N—-n<|m|<(2—e)N—n

Lk \ min{s,1} ~
+Cllollmr (37 S i@l gy /),
|m|>(2—€e)N—n

(m/k)* ||U||H;(r)

where we have used (6.11) and the fact that N > ck in the last step. ]
The only thing the remains to do in the proof of Lemma 10.4 is to estimate the difference

(LjaLjs — £, P5, L3 PG,

Lemma 10.8 Let T, and T, Assumptions (9.1). Then, for allT > s> 0 and 0 < ¢ < 1, there is
C > 0 such that for 0 <n <n' <N, and T, TV as in (9.2),

I(TuTy, — TN PG, %)) PG,

k\r—s+1 e e
< O(((N) F (N, Ty) + F3 (N, 1) ) Tall g

HE () —=Hp (T)

kN r—s+1 e e
+ (N) Fg' (N0, Ta) + F3 (N, ”/’Ta)) 1 Tol[ iy — iy
kN se e koyr—s+l »
(N)Fg; (N, Ta) + Fop (N, Ta)) ((ﬁ) Fg (N.n, Ty) + Fyp (N,n,Tb))

o\ s+
Y gy T

(
+(
+(

T L3 FHIFT’S(NT)—&-FS’E(NT) NPG. (I — PG )lar—ur (I = PG )VTyPG || tr—ar
N K4 yLa R4 yta IN ﬂn/ Hﬁ_)Hh .9;1/ b T Hh_>Hh .

In particular, if n =n' = N,
(TuTy — TN PG, T ) PGy b ()= 2 (1)

=¢ <((1@)TSHF§€(N’ Tp) + F3 (N, Tb)) | Tall g —

k\r—stl T,€ S,€
(%) FEOT) + T )Ty oy

N

+ ((%)Fg(f\f T.)+ F3£(N,T.)) ((%)r_SJrng(N, T) + F5£(N,T3))
k\r—s+1

+ (%) |TaH;aHg||TbH;%Hg>.

Suppose, in addition, that for all x € C°(R) with x = 1 near [—1,1], (1 = x(|hD'[2))T;, € U, H(T).
Then, for n' > n+ ek and n = Zk with £ > cpax + €, then for all M > 0 there is Cpy > 0 such
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that

(TTy — T2 PG50 ) PG [l ety (0)— 115 ()

B C<<<]]\§])rs+1F;5(N,n,Tb) + E;f(N,n,Tb)) [
) ((%)r_s+2Fg(N, '\ To) + F3E(N, nQTa)) [ —
+ ((E)FQE(N, 1)+ F L)) () P N T) + 3 (Non, )
() Wl ol

S 1 "€ S,€ -
+ CM(( ) F:?Z (N, Ta) + F{% (N, Ta)) HTb||L2(F)~>L2(F)k M)

Proof. We write
(T.Ty — TV PG TV PG. =T,PS T,P —INPS INPS +T,(I - PS T,PS.
= T.PS, (T, ~ T)P§, + (T, — TP, PG, +Tull — PG, )T, S,
— T(T, — TY)PS, + (Tu — VPG, TyPS, + (T, — TY)PS, (S — T,)PS,
+ Tu(I = PS)TVPS, + (Tu — TV PG, (I - PS )T, P5,
So,
(ToTy — T PG %) )PS  r—ms
< C(||Ta||Hg—>H;(F)||(Tb VPG g my + 1(Ta — T PG, Ny ey
+(Te = T2 ) PGy g |(Z5 — T)
+ | Tall ;115

Tyl ey ry—my

s
o HE

I- P§N my—m: Tyl mr— by

+ (T = TV PG itz o

PG I = P )i I = P§ VTP, sy )

k\T—st1 e S,€
e ((7> Py (N,n,Tb)+Fj’g(N7n,Tb))HTa”H£—>H§

N
k\r—s+1 e , o .
+ ((ﬁ) Fg (N’”’Ta)+Fyf(N,n,Ta))||Tb||H;;—>H£
k\r—s+1 e .
+ ( )Fs (N, Ty) +Fs,e(N,Ta)) ((N) Fo(N,n,Ty) + Fi (N,n,Tb)>
T N ultg g ol s

N
Tt e s, o c G G
(%) F (N, T) + 3 (N, T0)) - PG (I = PG )iy NI = PG )P, ity sy |-

The implication when n = n’ = N follows immediately since PgN (I - PgN) =0.

Now, suppose that (1 — x(|hD’'|2))T; € U, 1(T) for all x € C® with x = 1 near [-1,1],
n' > n+ ek, and n = Zk with 2 > (1 + €)cmax. Then let xo,x1 € CP(R) with xo = 1 near
[~Z2,22], supp xo C {x1 = 1}, and supp x1 C (—(Z + €)2, (2 + €)?) we observe

P =xo(k20})PSG,,  (I-FG,)=(~Fg )1 xi(k~?5))

By Lemma 7.6 (with Z = 1) together with the fact that n’ > (cmax + €)k, there is x € C2° with
X = 1 near [—1,1] such that

(I - Pgn,) = - P{%,)(l - X(|hD/|3)) + O(hoo)\p;“’(r)'
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Therefore,

(I - PG )T,PG,

= (I = P )1 = x(hD'[))TL PG, + O(h= [Tyl L2ry- 12(r) g = (1

= (I = P§ )1 = xa(|k20:*) (1 — x(IRD'[3)) Toxo(k™*07)) PG, + O(h | Tyl 12(r)— 20w (1)
= O Toll 2 ()~ 22 () ) w1y

where the last line follows from the fact that (1—x(|hD’|2))T, € ;" that both (1—x1(|k~10,[?)) €
U9 and xo(|k~10:]?)) € ¥Y(T), and

WEF(xo(k™287)) NWF(1 — x1(k7287)) = 0.

]
The next lemma is used to prove the results for plane-wave data.
Lemma 10.9 Suppose that there is 2 > 0 such that for ally € C°(R) with supp(1—¢)N[-Z, =] =
0 and all M > 0, there is Cpy > 0 such that
(L = ¢ (IRD"[3))oll s ry < Carh™, (10.42)

and for all x € CX(R) with x = 1 near [-Z,Z], (1 — X(|hD’|§))Eb € U, '(T'). Then for all
r>s>0, M >0, and s € R, there are Cy,Cs > 0 such that for all N > C1k

1P, (L = L)PG, vl ry

<cC (((k)” FLN.Cok) + F5£(N.Ck)) (14 [ ls + 1 Z])r)

N
s k\T—st1 e oc k\T—st1 T
(B ron) (3) 7 men e i) « (£) e
rou((5 ) )+ FE)IE -M) ol .
Proof. First observe that, if N > n,
(L - Ly)P§,v=(L—Ly)PSv—(L—Ly)(PS — PS5 v
=(L—LN)P§ v—(L—LyN)PS (I—P5 ). (10.43)
We now claim that there exists C'5 > 0 such that
1= PG, ol = O). (10.44)

Assuming this claim, the result follows from the combination of (10.43), (10.44), and (10.17), by
setting n and n’ as in (10.44) and then setting C; = max{Cs, 1}cmax + 2¢.
To see (10.44), recall that from (6.10) and Lemma 7.6 that there is x3 € C°(R) with x; =1
n [—Cs, C3] such that

([-P§. . )=0-PS  )I-FS. .+
= (1= PG =P )1 —xa(hD'2) + O(®) g (r).  (10.45)

Let C5 > E. Then, for ¢ € C°((—Cs5,C3)) with ¢ =1 near [-E, =],
(1= xa (D R)G(RD'E) = O(h=)g oy (10.46)
Combining (10.45) and (10.46), we see that
I-PG,  =U=PG  1=9(rD")) +O(h®)y- ),

and then (10.44) holds by (10.42). ]
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11 Application of the abstract Nystrom results to the second-kind
Helmholtz BIEs

11.1 Technical bounds on the Kress splittings

The next few lemmas bound F¢ and F (defined by (9.4)) for the splittings discussed in Lem-
mas 9.3 to 9.5 for any curve T

Lemma 11.1 For Li and Lo satisfying (9.6), 0 <e <1, ko >0, s e R, M >0, there is C > 0
such that for all k > ko, N > (1 +€)(1 — €) temaxk

FS(N,L) < Cy/logk,  F35(N,L)<Ck™™M. (11.1)
Furthermore, if N —n > (1 + €)cmaxk, then
max{Fg(N,n, L), F5(N,n,L)} < Ck~. (11.2)

Proof. By (9.3) and (9.6),

—~ k 2m .
DLy = or / ; D! (el’“(W(tH(T)’W*mT/’“) f(w,t,T))dS(w)dT

When m > (1 + €)cmaxk,
| - —m/k| > clm/k|,

and thus we can integrate by parts in 7 to obtain
D!y | < Crrk™M(m/k)y™,  |m| > (14 €)cmaxk. (11.3)

Next, by the Cauchy—Schwarz inequality,

kot > L1l (o) (m/R)* < Cok™ /2 > L1l e (11.4)

|m|<(14-€)cmaxk [m|<(14-€)cmaxk

where we have used that

> (m/k)2s < C.kY/2,

[m|<(14€)cmaxk

Let L7 be the operator with kernel L;(t, 7). By (9.3), it is enough to estimate for any £ > 0

> ey Tumlleey = D0 D) Late )]y
‘mlg(l"re)cmaxk \m|§(1+e)cmaxk
D ST (- A s
[m|<(14€)emaxk
< C||(k™'Dy) L[ (11.5)

where || - |ms denotes the Hilbert—Schmidt norm (see, e.g., [72, Page 32]).
Now, the kernel of (k=1 D;)¢L; is given by

K(r,s):= k/ eik(”(t)_V(T)’w))fg(w,t,T)dS(w),
Sl

for some smooth f, with all derivatives bounded uniformly in k. Therefore, since the Hilbert—
Schmidt norm is equal to the L? norm of the kernel (see, e.g., [5, Equation 1.2.33]),

Ik~ De) "L [Ifis

2m 2 ~
2 / / / / (R~ @) = (O Fy (w0, . 7, )dS (w)dS(C)dtdr
0 0 st Jst
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21 2 D=~ (r Y ()= (T
:kﬁ/ / / / et ®O= I ((H3=Er) ~(FBEEO) F (w4, 7, O)dS (w)dS (¢ dtdr
0 0 st Jst

27 t)—v (T y(t) = (T ~
< Ck+k / / / / =N ((F3Z5r ) (RGO F(w, £, 7, 0)dS (w)dS (C)dtdr.
0 t—r|>Ck-1 Jst Jst

We now apply stationary phase in ¢ and w. Let
@ = (y(t) = (1), @) = (v(t) = (1), ).
When w € S, o' = wt and (wt)’ = —w so that
0% = (y(t) = 7(r),w") and 9@ = —(y(t) = 7(r),¢)
so that there are stationary points when both ¢ and w equal +(y(t) — v(7)). Since

() =(7), w) 0

02, =
0 (y(@t) =~(1),¢)

and |t — 7| > k™1, these stationary phase are nondegenerate, and the principle of stationary phase
(see, e.g., [112, Theorem 3.16], [61, Theorem 7.7.5]) implies that

21
|k~ D)’ L [lss < Ch + Ck / / () — 4(r)|~Adtdr < Chlogk.

[t—7|>Ck—1

Combining this with (11.4) and (11.5), we obtain

YT I amllagwy(m/k)* < Coi/logh.

|7n‘§(1+€)cmax
The first estimate in (11.1) then follows from this last inequality combined the definition of
F7°(N,L) (9.4), the choice N > (1 +€)(1 — €)' cmaxk, and (11.3).
For the second estimate in (11.1), by (9.3) and (9.6) (including, in particular, the support
property of the Fourier transform of L)

- 1 27 ) ~
DTy = —— / / RO -mr T (¢ 1 ) dedr
VCZ N )

As before, we integrate by parts in 7 when |m| > (1 4 €)cmaxk to obtain that
ID!Lo | < Crrk™M(m/k)™,  |m| > (14 €)cmaxk, (11.6)

which, together with (11.3) immediately implies the second estimate in (11.1).
Finally, the result (11.2) follows from (11.3) and (11.6). |

Lemma 11.2 Let Ly and Lo satisfy (9.9). Then, for all M >0, s € R, and 0 < € < 1, there is
C > 0 such that
Fgf(N,L) < C, F3(N,L) < C(N/k)"MEklogk. (11.7)
Proof. By the definitions of Flg and Fr (9.4), it is sufficient to prove that
HELmHH;(F) < C,s(m/k)y™™, ||Z2,m||H,j(F) < Chrslogk(m/k)y=™

By (9.8) and (9.9),

szl,m(t) = \/j BiiTme (El (k(V(t) = (7)), 1, T))dT'
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By integration by parts in 7 and the property (9.9) of El,

LT o —itm ) (1+k mD) —(r ’ -
|D; le \/*/ t (m /k‘>2N (Ll(k( (t) — (7)), t, ))d
< [ R /RN k2 (2) = (7)) P
0

< kKm/k)™N
The proof of the estimate on Egml is identical. [ ]

Lemma 11.3 Let Ly and Lo satisfy (9.6). If T is convex with non-vanishing curvature and unit
parametrized, then for all kg > 0 and s € R there is C > 0 such that for all k > ko, 0 < e <1 and
N e R,

Ff(N,L)<C. (11.8)

Proof. We decompose L; into two pieces. Let x € C°(R) with supp(1 — x) N [—1,1] = 0 and set
Xe(z) := x(e71z). Then

(k™'D¢) Ly (t,7) = (k™' D¢) Ly (t, )X (t—7)+ (k" D) L1 (t, 7) (1= xe(t — 7)) =t [ (¢, ) + L2 (¢, 7).

(11.9)
Let 1;,,(t) be the Fourier transform in 7 of I;(t,7) (compare to (9.3)), so that, by the definition
of F ( 4), it is sufficient to prove that

2 I Tmlle @y m/k) + 5670 1Tl 2y (m/ k) < C. (11.10)
m m
Now, by (9.6),

Lm(t) = k//g AOAODTI) fo, 1,7 (8~ 7)AS(W)dr

For general m, we may perform stationary phase in w alone to find
Fin(®) = [ 32 SO iy 0) — (1)) ot )l - ),
+

where
|fxe(t,T)| < C.

Integrating in 7 and using that |¥| > ¢ > 0 and 7 : R/27Z — R? is a bijection, we then obtain for

any m that R
[Ty ()] < Cok/2. (11.11)

Recalling the goal (11.10), we see it is therefore enough to obtain estimates when |m — k| > M’k/?
and |m + k| > M'k'/2  i.e., when Mk~1/2 < |1 — (m/k)?|. We consider the three cases

(m/k)2—=1< -6, —6<(m/k)?—=1<—-MkE™Y? and (m/k)>—1>Mk*? (11.12)

separately. Let
® = (y(r) = y(t),w) —Tm/k

be the phase function. Then,
0, P = (v'(1),w) —m/k, D0 ® = (y(1) — y(t),wh). (11.13)

Since w is a variable on the unit circle and |7/(¢)] = 1 for all ¢, at a critical point, (7¢,w.), where
0.0 =0,0 =0,

V(t) = y(7e) = £ () = (Te)lwe,  A(7e) = (m/k)we £ V1~ (m/k)?w;, (11.14)
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and

g2 o | (e we) (' (7e), wi) [ ) we) £v/1 = (m/k)?
~ (Y (re)ywz) = (v(7e) = (1), we) V1= (m/k)? —(y(7e) = (1), we)
(11.15)

When 1—(m/k)? > §, the Hessian is non-degenerate, and there exists (7., w.) such that ®(7.,w.) =
0; we then apply the principle of stationary phase in (7,w). In this case, for € > 0 chosen small
enough depending on § > 0, the only critical point occurs when 7. = ¢ and so

('(1e),we)  FV1 = (m/k)?

92,® =
/1= (m/k)? 0

Thus |det 92,®| > ¢ > 0 and the principle of stationary phase (see, e.g., [112, Theorem 3.16])
implies that

Iim(t)] < Cps  forall 1 — (m/k)?> 6. (11.16)
We next consider 1—(m/k)? < —Mk~1/2. In this case, we integrate by parts with %,
using that
|0- @] + [0, ®| = [m/k| =1+ 1 —[(7/(7),w)] + | — t],
to obtain
~ ’ —2N’
Tm(t)] < CRN / (Im/kl =14 1=/ (7)) + elr = t2) " dS(w)dr (11.17)
, 2T pm _oN’
< kN / / (|m/k| —141—sinf+clt— T|2) dodr. (11.18)
o Jo
Now
w/2+€ _oN’ € _oN’ , AY/2%¢ _oN’
/ (A+1—sinf) " df < / (A+Ce?) 7" dp= AN / (14Cs*) ™" do
—m/2—¢€ —€ —Al/2¢
< CAL/2-2N
and
/ (A+1—sin0) " do<ca?V,
[0—7/2|>€
so that

1/2—2 1—aN’

. , 27 N’ ,
Tom(t)] < CRIY / (\m/k| 1t T|2) dr < CEN (jm/k| — 1) 7Y (11.19)
0

Finally, we consider M/k'/? < 1 — (m/k)? < 6. For this, we again perform stationary phase in
(w, 7). Recall that v (7.) = —n(7.)k(7c), where n is the outward-pointing unit normal vector to
Q7 and & is the (signed) curvature. Since n is perpendicular to 7', by both equations in (11.14),

— (7" (1e),we) (7(7e) = Y (#), we) = [ (Te)[V/ 1 = (m/k)? |y (t) — (7).
Therefore, by (11.15),
det 92,@ = /1= (m/R)? (Is(r)[7(t) = 7(7)| = VT = (m/R)?). (11.20)
We now seek to show that | det 92,®| > 0 when |k(7)| > ¢ for all 7; i.e., when T is convex with non-
vanishing curvature. By the first equation in (11.14), with coordinates chosen so that w. = (1,0),

for r = %1,

£ (Ilv(®) = (7)1, 0)
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=7(t) = (%)
=7 (1)t = 72) + 57" ()t = 72) + O(t 7))
= (m/k‘, ra/1 — (m/k)Q)(t D E= %K(TC)( —ry/1—=(m/k)3?, m/k) (t—71)% + O((t - TC)S).

The two components of this last equation imply that
(t —72) (r 1— (m/k)2 + %K(TC)(m/k‘)(t — 1)+ O((t - 76)2)) —0, and
9(8) = ()] = |m/k = ) (~r /T = RN E = 72) + O((t — 7o) [t~ 2]

Therefore, either ¢t = 7., in which case |det 92 ,®| = —/1 — (m/k)? by (11.15), or

%H(Tc)(t = 7o) = Fr(k/m)v/1— (m/k)? + O((t — 72)*).
In this latter case, since x(7.) > 0,
|t = 7e| = O(V1 = (m/k)?)

and

W — [m/k|+O(1 — (m/k)?).

Thus,
(T (8) = 7(7e)] = [8(7e)|[t = el (Im/k] + O(1 — (m/k)?)))
= |(2k/m~\/1 = (m/k)? + O((1 — (m/k)2))|(\m/k| +0((1 - (m/k)?))
= 2/T— (/R + 01— (m/k)?).
Thus, by (11.20), at either critical point
|det 92, @] > c(1 — (m/k)?).
Performing stationary phase, (using [61, Theorem 7.7.5] with k = 1) we then obtain
Ty (t)] < Co(1 — (m/k)?) "2 for M/EY? <1 — (m/k)? < 6. (11.21)

We now combine (11.11), (11.16), (11.19), and (11.21), to see that the bound on fl’m in (11.10)
holds (i.e., the contribution to Fig from I; is uniformly bounded). Indeed, splitting the sum into
the four regions (three as in (11.12) and the fourth equal to Mk~'/2 < |1 — (m/k)?|) and inputting
(11.11), (11.16), (11.19), and (11.21), we obtain that

S Tl oy (m/R)* < C > (m/ky K20 Y (mfk)
m MkEk=1/2<|1—(m/k)?| (m/k)2—1<—6

+C 3 (m /By N (jmyk) — 1) N

(m/k)2—1>Mk—1/2

+C 3 (m/k)* (1= (m/k)*)~?
MkEk=1/2<1—(m/k)2<$
< Ck+ c/ (1= (m/k)?) " *dm
MkEk=1/2<1—(m/k)2<8
< Ck;+Ck/ (1-22) " da,
MEk=1/2<1—22<§

so that the bound on E,m in (11.10) holds.
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Next, we consider I5. For this, we use a partition of unity, {¢;}/
£. To write

7_1, with sup; diam(supp ;) <

= i (O, 7)Y (7)-
gk
Since x. =1 on [—¢, €], we can assume that suppv; N supp ¢y, = 0.
Since I' is convex with non-vanishing curvature,

V() = (1)
[y(&) = (7)|

i.e., the ray from (1) to y(¢) is not tangent to I at y(¢). We now write

/ B3O I (t, 7Y 0r(7) B (D T (E, ) n (s) e

_ g2 / / / ik ((1(r) = (£) ) (5) = (2),0))
st Jst

T () (1)1 (8) (1 = xe(t = 8))(1 = xe(t = 7)) felw, t,7) fo(C , 8)dS (w)dS (C)dt
Denote the phase function by

U= (y(7) = (1), w) = (v(s) = (1), ().

First, by integrating by parts in ¢, we may assume that

[(7(8) = (), ¢H)| < 1,

at the cost of an O(k~°°) error term. Next, we perform stationary phase in (¢,w);

0V = <’V/(t)7c - OJ>, 0,V = <’y(t) - 7(7—)7WL>a

# +4/(t) for t € suppy;, T € supp ¥; (11.22)

and
P NSRS
(®),0h) () = (), w)

By our assumption on supp ¢; and supp ¢y, we have w. = ¢ and y(t.) —v(7) = £|y(tc) — v(7)|w.
Thus, by (11.22), [(¢/(t.),¢*)| > ¢ > 0. In particular, |det 3>¥| > ¢ > 0 and we can perform
stationary phase to obtain

/%‘(t)fz(t»T)l/fk(T)?/}j(t)Iz(t, s)¢r(s)dt = klm/ MO fo (¢, 5,7)Xe(s = 7)dS(Q),

St

for some Y € C°(R) with ¥ = 1 in a small neighborhood of 0. In particular, this has exactly the
same form as I; and hence

Tamllzz = || (W Iotbke=m7, s Ibeimm)| ZV” (1 Fatog) s Latbge =m0 | 2.

J.k J.k

In particular, by (11.11), (11.16), (11.19), and (11.21),
2D T2 < CE.

[

Although, at the moment, we are only able to prove Lemma 11.3 in the case of I' convex with

non-vanishing curvature, and in other cases lose a v/logk as in Lemma 11.1; we conjecture that
this loss is technical.

Conjecture 11.4 Let T' be smooth and parametrized by v where 0 < |y'| < ¢max- Then for all
ko > 0 and s € R there is C > 0 such that for all N >0, k > ko, 0 < e <1,

FJ5(N,L) < C.

If this corollary holds, then the conclusion of Point (ii) of Theorem 2.26 holds with N > C1k;
i.e., we need not consider the case of convex obstacles separately in Theorem 2.26.
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11.2 Application of Theorem 10.1 to Dirichlet and Neumann BIEs

Proof of Theorem 2.26 Parts (i)-(iii) of Theorem 2.26 follow from Theorem 10.1 combined
with

e the fact B7%(L) = 0 = || L||s., for all s,r (since the sums over j in (10.1) are empty),
e for Part (i), Lemmas 9.3 and 11.3 (applied to npSi K, and K7}.),
e for Parts (ii) and (iii), Lemmas 9.3 and 11.1.

For the result about plane wave data (2.30), we use, in addition, Lemma 10.9 — together with
Lemmas 7.4 and Lemma 7.5 — and the bounds (11.2).

Proof of Theorem 2.27 Theorem 2.27 follow from Theorem 10.1 after using Lemmas 9.3 and
11.1 on K} and Kj,, Lemmas 9.4 and 11.2 on S;;, and the combination of Lemmas 9.5, 11.1, and
11.2 on kil(Hk — sz)

As in the Dirichlet case, the result about plane wave data (2.30) uses, in addition, Lemma 10.9
together with Lemmas 7.4 and Lemma 7.5.

12  From quasimodes to pollution for projection methods

In this section, we first prove a version of Theorem 2.10 for an abstract projection method under
an appropriate assumption on the approximation space (see Lemma 12.6). We then specialize to
the case of piecewise polynomial spaces, proving Theorem 2.10.

12.1 Abstract assumptions on the projection

We start by stating some abstract assumptions on the approximation space and projection.
Throughout, we let {Vi}nso C L?(I') be a family of finite dimensional approximation spaces
with Pgh : L?(T') — V}, orthogonal projection.

Assumption 12.1 Let tyax > 0. For any kg > 0, there is C > 0 such that for all 0 < h < 1, and

ko < k,

1 = P, || rtmas () £2(r) < Ch'me>.

It will also be convenient to assume that V}, contains the constants.
Assumption 12.2 The subspace Vi, contains the constants.

To state our next assumption, let —A, denote the Laplace-Beltrami operator on I" and {¢x; };";1
be an orthonormal basis satisfying

(=Ag = AD)on, =0,
and define the set of functions oscillating with frequency between ka and kb as
Erla,b) :=span {py, : ak < \; < bk}. (12.1)

We say that a function v = u(k) is k-oscillating if there are 0 < a < b and k¢ > 0 such that u(k)
is oscillating with frequency between ka and kb for all k > kq.
We denote by
j(a) : L*(T) — &.(2777a,277a),

the orthogonal projection onto £ (277"ta,277a).
We then make an assumption on P&i that quantifies the angle between (V},)* and oscillating
functions.
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Assumption 12.3 Let {V},}n>o C L*(T") and P&i : L2(T') — Vi, a corresponding family of pro-
jections. Let Zg > 1, kg > 0 and J = J(k) : [ko,00) — (0,00). Then, for k > ko there exists
Tan(V}, P%, k) < oo such that

J—1 J-1
Z 9itmax T, (S0 )(I — P\(/I:L) Z 9ltmax T, (Zg) + Himex () — £,(277 =, o)
j=0 £=0

is surjective and has a right inverse R(k,h) : (2772, Z0) — £(277 20, Z) with
IRk, Bl 2 p) s prtmo () < € Tan(Vi, PS¢ k).

Remark 12.4 The notation Tan comes from the fact that if J = 1, then this number estimates
the tangent of the angle between (V3,)* and the range of 1[27255755](—k_2Ag).

12.2 Pollution under Assumptions 12.1 and 12.3

We now prove the analogue of Theorem 2.10 under Assumptions 12.1 and 12.3. Before proceeding,
we need a technical lemma. For ¢ > 0, J > 1, define

J—-1

Wi(a) := Z 27tmax]; (a).

=0

Lemma 12.5 Let m > 0, a > 0. Then there is C' > 0 such that for all kg > 0, k > ko, defining
J = J(k) :=logy k —log, ko + 1 we have

J—1
IWru| m < Cmax(kfmas kg bme ko)™, <k>m)H > Hj(a)u‘
=0

L2
Proof. Notice that
J—1
IWa(@)ull}m < Cl(=Ag + )™ 2Wiul3s = C Y |[(—=A + 1)™/227 11, (a)ul[} 2
j=0
J—1 ) ]
<O (k277262 4 1) 22t |11 (a)ul|2.
j=0
J—1 ‘
< Oy 9%tmax (279211, (a)u 2

J

J—1
< Cmax (k< kg 2 (ko)™ (k)*™) Y T (a)ul7
j=0

2
L2

J-1
= Cmax(k2m g 2 (o)™, (6)2™)|| 3 ()l
j=0

Lemma 12.6 Let C > 0, tpax > 050> 1,0 < e < %0 ko > 0,0 < ¢ <Zp, x € CP((—(1+
2¢)2, (14+2¢)?)) withx =1 on [-1—¢,1+¢], A=I+L, and J C (0,00) such that Assumptions 1.3
and 4.1 hold. Let Vi, Py satisfies Assumptions 12.1 and 12.3 with

Tan(Vy, Pr, k) < C(hk)™7, ¥ > tmax, 1< J(k) <logy k+C.

Then there is ¢ > 0 such that the following holds. For any k, — 00, ko < kn & J, Un, fn € L*(T),
B, o, € (0,1] satisfying
Bl (I + Lkn) Ml z2(my=22r) < € (12.2)
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and

I+ Lkn))un = fn,  fallezey <an, funllzzey =1, (12.3)
11 = x(E0 %k A fallzry < B IIx(eg ke ®Ag) fall2(ry < Ba, (12.4)
2_J(k")tmax (hkn)Qt‘““x_'Yan||1(072_2.z+453](—k_QAg)(I + L*)_lun”Lz <ec, (12.5)

then for any 0 < h <1 and n such that (I + P‘%L(kn)) has an inverse,

|(I + PG L(ky))""(I — PG, >c

(k) bmax, an < (hkn)Y
>HL2(F)%L2(F) =

(hhen) "tmoxa L, (Rky)? < ag < c(hky) 7™ bmos,

Proof. To ease the notation, we omit the subscript n in the proof. By (12.4), there is jo > 0 such
that for all & > ko,
Jo
F = T5(220) f = O(B(h)) a(r). (12.6)
§=0
By Assumption 12.3
Jo

g:=R(k,h) Y 27tmT1;(22,) f

3=0
satisfies
J-1 J—1 jo_
D 2t (280) (1 — PF) Y 28, (2E0)g = Y 27 T1;(20) £, (12.7)
j=0 £=0 j=0
and, using Lemma 12.5,
) 3 J—1
| £l zremas (r) < Ck'™ox Tan(Vi, Po, h)or,  where  f:=W;(280)g = » _ 2"»=I1;(220)g. (12.8)
£=0
Applying I1,(2Z0) to (12.7), we see that
_ - [WeE)f =0,
1, (2Z0)(I — PS ) f = ’ e
() = Fy))f {0, C=jo+ 1, J—1,
and combining this with (12.6) we find that
J—1 _ Jo
> T0(250)( = PE)f =Y T1;(250)f = [+ O(B(h) 2 (). (12.9)
j=0 j=0
In particular, since —Ag¢g = 0 implies that ¢g is a constant, Assumption 12.2 implies that

Loy (=k2Ag)(I — P ) = 0 and then (12.9) implies that

(I - Pgh)f =f+0B)r2m) + 1(0,2*2J+4Eg](*k72Ag)(I - ngh)er 1(45%,00)(7]{"72Ag)(] - Pﬁ)f
(12.10)
Define

vi=(I+L)'I-PE)f
=u+ OB + L) M2 (my-L2(r)) 2(r) (12.11)
+{I+L)7! (1(072_2“453](—k;‘QAg)(I — PE)F 4 1(4z2,00) (—h 289 (I — P\i)f)-
Then, (I + L)v = (I — P%)f, and hence

(I+PZLyw=(I+Lwv—({-PZ)Lv=(1-PF)f—I—-PF)[(I-PS)f—1]
=(I-Pg ).
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Moreover, by Lemma 4.9, the fact that P&i is self-adjoint, Assumption 12.1, and (12.8),

o[l 20y = 1= OGIT + L) 2y r2my) — OUIT = PE) fllzzry)
—2{u,(I+ L)~ 1(07272”4—2](—1«— Ay = PE)F)
+[I(I + L) Mg p-2ssazzy (=K A)T = PE) flI72ry
>1-O0(BI(I+ L)z FHLZm) —C(hk) me
= 2((I = PG )1 p-2r4az2) (k2 Ag)(I + L*) ', (I = PG f)
> 1= 0B+ L) M2my-r2m) ) C(hk)'m="Ta
— (I - PVh) (0,2-27+422] (=k7Ay)I + L") 1UHL2(F)”(I - P\C/;h)fHLZ(F)

>1-0B|(I+ L) r2my—r2m) — C(hk)m="a
- C2™ Ttmax (hk)%mdx ’Ya||1(07272J+4E[2)](* zAg)(I -+ L*)flqu(p).

Therefore, if o < (hk)?~'m=x then, by (12.2) and (12.5), |[v|[z2ry > ¢ > 0. Now, by (12.11),
Lemma 4.9, and (12.8),

(I = P&,)””LQ(F) <t - P\i)(l - X(_thg))(I + L) NI - ng’;)f”m(r) + (I = P\%)X(—h2Ag)v||L2(r)
< CIU = PE) ey + C(hk)™=|[o]| 12 (r)
< C(hk)'™= Tan(Vy, Py, k)a + C(hk)"™||v|| p2(r).

Provided the inverse (I + P7 L)™' exists, we have (I + PF L)™*(I — P{ Ju = v. Thus, for a <
(hk) 7~ tmax we have a > ||(I + L) 7|7t > B, (hk)tmex Tan(Vj,, Py, k) > 1, and

(I + PE L) (I — PG )vl|12(r) - [
I(T = P )vllary = C(hk)tmex Tan(Viy, Py, k)a + C(hk)'max|lo| L2y
> 1
— C(hk)tmax Tan(Vy, Py, k)a + C(hk)tmax
1
C k) ax 1 C(Ik)tma
[yt o < (hk)
(hk)7~ t“‘“a‘l, (hh)Y < o < (hk)7~tmax,

>

Y

12.3 Galerkin projection onto piecewise polynomials satisfies Assumption 12.3: proof
of Theorem 2.10

First observe that Assumption 2.4 implies Assumption 12.1. Therefore, we only need to check
Assumption 12.3.

Lemma 12.7 Letp > 0, a >0 C > 0. Then there are k1 > 0, ¢ > 0 such that for any ko > k1,
defining J :=logy k — logs ko + 1, for all hk < C,

(| S ] < 1 - PEWatan]

j=0

L2

Moreover, if p =0, then k1 = 0.
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Proof. First, observe that

J—1 J—1 J

I
-

(At 3T DI (@), 30 P (a)u) = 3 (2274, T (a)u, T (a)u)
j=0 j=0 =0
J—1
> 27 2(pH1) o 2(p+1) p2(p+1) Z I (a)ul2:  (12.12)
j=0

J—1
> 97 2(p+1) (2(p+1) 2(p+1) H Z 11, (a)u‘ 2
=0

2’
Set

J—1
vi= Z 21 (PHUTL, (a)u. (12.13)
§=0

Then, using Lemma 12.5 in the arguments in [40, Lemma 3.2], we obtain (for kg > 0 large enough
when p > 1 or kg > 0 when p = 0)

J—1 )
Z Z |05 (v o 7T)||2L2(Q;L,d;c) < Cek?P+l) H Z Hj(a)uHL2 + 6710h72(”+1)||(1 — P\%)”HQL%
TETh |a|=p+1 j=0

(12.14)
Arguing as in [40, Lemma 3.1], we also obtain that for k& > k;
J—1 )
ck2(p+1)H 3 nj(a)u‘ LY 10w ) @y an (12.15)
7=0 TETh |a|=p+1

and k; = 0 if p = 0. (Note that the arguments of [40, Lemmas 3.1 and 3.2] use only estimates on
the Sobolev norms of v, and the analogue of (12.12), and hence can be easily adapted to the case
when v is given by (12.13).)

Combining (12.14), (12.15), and taking € > 0 small enough proves the lemma. ]

Corollary 12.8 Let p > 0, a > 0, C > 0. Then there is k1 > 0 such that given ko > k1,
there is C1 > 0 such that for all k > ko, hk < C, setting J := logy k — logs ko + 1, the operator
Wia)(I — PE)YWil(a) : Ex(277a,a) = Ex(277a,a) is invertible and satisfies

< Oy (hk)2PHD),

| Wsta) = PEYWsta)] 7|

HoP ' HEH
Moreover, if p =0, then k; = 0.
Proof. Observe that since P/ and W; are self-adjoint and (I — P{ )* = (I — P{} ), by Lemma 12.7

J—1 J-1
(k]| 3 Hj(a)uH; < I = PEYWaullfe = (WalI = PEIWsu, 3 T (a)u).
7=0 =0

Hence,

J—-1
e(hk)* 0| 37 @y | < Wi lr = PEWoullps,
j=0

and the lemma follows since £ (277 a, a) is finite dimensional and there is C' > 0 such that

C_1||uHH£+1 < |lullgz < CHuHH;pfl7 for all u € £,(277a, a).

We can now prove Theorem 2.10.
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Proof of Theorem 2.10. By Corollary 12.8, there is k; > 0 such that for all kg > kq, (Vh,P‘%)
satisfles Assumptions 12.3 with Tan(Vh,P%,k) < CO(hk)™2P*tY and J = logy k — logy ko + 1.
Morevover, if p = 0, then k; = 0. By Assumption 2.4 part (iii), (P&i , V) satisfies Assumption 12.1
with tmax = p + 1 and, since a constant is a piecewise polynomial, V} contains the constants.
Therefore, the assumptions of Lemma 12.6 hold with ¢pax = p+ 1 and v = 2(p + 1). Finally,
we need to show that the condition (12.5) (i.e., the second condition in (2.13)) is not required
when p = 0. To do this, observe that there is k., > 0 such that 1(0,k3k72)(k’2Ag) = 0 and hence,
choosing ky > 0 small enough when p = 0 completes the proof. [

13  Construction of quasimodes implying pollution

In this section, we present the construction of quasimodes that lead to Theorems 2.12 and 2.15.
In fact, we prove results that allow for the passage from quasimodes for the scattering problem i.e.
outgoing u such that (—h*A —1)u € L2, (QF) and

[(=r*A = Dul 2oty < Bllxullzn), — ulr =0, u outgoing,

where x € C2° with x = 1 in a neighborhood of the convex hull of 27, with a few additional
properties to quasimodes usable in Theorem 2.10.

Before proceeding, we recall the following formulas for the inverses of Ay ), A;wz’ By reg, and
[26, Theorem 2.33] [45, Lemma 7.4]

!
Bk,rcg

At =1 - P (Pl — ik~ 'p)
(A7) =1 — (Pl — ik~ 'np) Prp'™
Bk_,:eg = Plph 1S5t — (I — iny PRk ™1 S Prp™ >
(Bhreg) ™" = Sip k™ Plip — k1S P (kS — inn Pyp)

(13.1)

Here, we define P]iNf = k™19, uy, where
(A —EHuy =0in QT wy|r = f, uy is outgoing (+)/ incoming (—),
Pl\ﬂfth := ug|r, where
(=A —kEHuy =0in QF, k'0,uz|r = f, ug is outgoing(+)/ incoming (—),
Plfb” := ug|r, where
(=A —k*)us =0in Q~, (k™ '0,us £ ik nus)|r = f,
and PIth]_l)"’S“‘f := ug4|r, where

(—A - kz)’LL4 =0in Q7, (Sik&,m + 7;77U4)‘F = f.

13.1 Dynamical Preliminaries

Let © € R? be open with smooth, compact, boundary, I'. In order to define the relevant dynamics,
we recall the notion of the b-contangent bundle of Q. We have T*Q — ®T*Q via the canonical
projection map 7, : T*Q — *T*Q given, in local coordinates (w1, ') where 9Q = {x; = 0} and
Q= {z; >0} by

7Tb(9€17xl,§17§/) = (961,96/735151,5/)-

Let g be a metric on € and assume throughout this section that for every point Z := p € 7,(S*M),
there is exactly one GBB through p. This, for instance, is the case of 0f) is nowhere tangent to
the geodesics in € to infinite order or 92 has negative semidefinite second fundamental form with
respect to the inward normal. We denote the generalized broken bicharacteristic low on Z, by

AR A4
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It will sometimes be convenient below to denote z(¢(p)) := mra(¢$(p)), where mpa : Z — RY

denote projection to the base.
Let f: Z — R be a boundary defining function for €2 and gr denote the metric induced on T*T"
by g.. We write

H:={(2",¢)eTT : ||, <1}, E:={(".&)eT'T : ||y >1}
G:={(,&)eTT : ||, =1}, Ga:={(2",&)eg: H‘Qg‘gf > 0}, Gy =6\ Ga.

We then define the incoming (I'_) and outgoing (') sets,
Ip={pez: lim sup |z(p+:(p))| < oo},
— 00

and the trapped set
K=T,nT_.

We say (Q, g) is trapping if K # (). We denote by ch(U), the convex hull of a set U.

Basic properties of the trapped set

Lemma 13.1 Suppose that Q= & R? has connected complement and Q = QF := R4\ Q and
supp(g — I) is compact. The trapped set is closed and satisfies

K C ch(Q~ Usupp(g — I)).

Proof. We start by proving the inclusion of K. Suppose that p € Z with z(p) ¢ ch(Q~Usupp(g—1I)).
Then, for L
[t] < d(2(p), ch(Q~ Usupp(g — 1))

we have .
z(f) = x(p) £ t&(p).

Now, by convexity, for one choice of =+,

{z(p) £[0,00)&(p)} N ch(Q~ Usupp(g — 1)) = 0

In particular, p not trapped either forward or backward in time.

Since K is invariant under ¢$*" and K C ch(Q~ Usupp(g — I)), there is C' > 0 such that for
any {pp}22, € K with p, — p, and any t € R, |2(¢® (pn))| < C. In particular, since cp?+ is
continuous, \x(<p?+ (p))| < C. Since t is arbitrary this implies p € K and hence K is closed. ]

Lemma 13.2 Suppose that Q= € R? has connected complement and Q = QF := R4\ Q and
supp(g — I) is compact and Q7 is trapping. Then T_ \ K # (.

Proof. Since |€ |£27 is homogeneous degree 2, I'_ is nonempty if and only if I'; is nonempty. Therefore,
it is enough to show that T UT_ # ().
Let {gn}22, € Z\ K with d(g,,K) — 0. Such a sequence exists since K is closed and K is
not equal to Z. Let
C; > diam(ch(Q~ Usupp(g — I))).

Without loss of generality, we may assume |z(g,)| < Ci. Then, since the cp?+ is continuous

and for all ¢ € K, t € R, |m(go?+ (¢")] < Cy, for any T > 0, there is n large enough such that
|z(¢;f (gn))] < 20 for |t| < T. Extracting subsequences, we may assume that

(02 ()| <2C1, 0<t<n.

Now, since ¢, ¢ K, there is s, >n and p € {1, —1} such that 2C1 < [z(¢;f;, (¢n))] < 3C1. Then,
since |z(qn)| < C1 we have z(¢),(gn)) < 3Cy for 0 < t < s,. Taking a subsequences, we may

assume that ¢ (¢,) — ¢ with
2C; < |z(q)] < 3Ch
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Now, fix T > 0 then,
+ +
A2 (@), iis, 1y (@n)) = 0,

and for n > T .

|2(#51s, - (@) < 3Ca
In particular,
+
(2 ,7(0)] < 3C

for all T > 0. In particular, g € (- UT'}) \ K.
[

Lemma 13.3 Suppose that Q™ € R? has connected complement and smooth boundary, Q = Qt :=
R\ Q, supp(g — I) is compact, and g € (T_ \ K) NT*T. Then &' (q) # 0.

Proof. Suppose that g € (T_ \ K)NT*T and ¢(¢q) = 0. Then 2(¢$" (¢q)) = z(¢7,(q)), and hence,
since ¢ € T\ K, |2(¢T,(q))| = oo. Therefore, |x(go§2+ (¢))| = oco. In particular ¢ ¢ T'_. ]

Distinguished neighborhoods of a GBB segment and perturbations near the boundary
Our construction of approximate solutions of Helmholtz problems for given data with precise
knowledge of the approximate solution’s wavefront set uses perturbations of the Hamiltonian p =
|€]? — 1 near the boundary and neighborhoods U of GBB segments such that i) the operator is
unchanged in U and ii) every trajectory either escapes backward in time, enters the interior of the
domain outside of U, or hits a distinguished subset of T*T".

For our next lemma, we need some additional notation. First, for U,V C H, p € {1, -1}, and
q € Z define

Th(q) = inf{t > 0: 95 (q) €UY, Tl y(q) :==inf{0 <t <Th(q) : ¢}5(q) €U}
Next, we write a € S77"P(Q) if in a Fermi coordinate (z1,2’,&1, ') neighborhood of the boundary,
a=a(x,2',¢), a€CXRxTT).

Lemma 13.4 Let € {1,-1}, O C H open and B C H closed. Suppose that g € Z and 0 < T, <
Tguqqy such that or,(q) € O. Then there is 0g > 0, a closed neighborhood, V- C T*T'\ (S*TUBU{q})
of <p¥q (q) and for all 0 < 6 < &g a closed neighborhood U C Z of q, and a continuous function
T:U — [Ty —0,T, + 6] such that

(@) €V, nf{d(p (¢),UUB):6 <t <T(q),¢:q) € T'T,q' €U} > 0.

Moreover, for any R > 0 and any open V_ C V° withq € V_, there are T > 0 and a € ST (Q),
0<a<3lgf2., alr =0 with
N
suppanN X, =0, X, = U gpfft (q)
0<t<T,

such that, putting Z, := bw({\f@ —a—1=0}), for any GBB, ~, for |§|§ —a—1, thereis0 <t <T
such that
Y(—pt) € V_ U ({m > RYU {d(z,T) > o}) \ 2, (13.2)

Proof. The existence of V and U as described follows from the facts that 1) ¢f* is continuous, 2)
since O C H, 8t<p§2|Tq,0 is transverse to I', and 3) T, < Tpy(qy and BU {q} is closed.
For use below, let ¢y, cg > 0 small enough that

(9?1, (), q) > co.

To construct the desired a, we work in Fermi normal coordinates [0, €),, x I';» near I'. In these

coordinates,

1

|£‘52] 1= 6% - T(l’yf/)a T(val7€/) =1- |£/|.3F

(0]



Let x € C°((—1,1);[0,1]) with 0 ¢ supp(1 — x). Let also ¢, € C°(T*T};[0,1]) with supp(1 —
Ye)NEg = 0, supppe C {d((2,¢’),Eq) < €}. Then, for some 0 < € < ¢/2 to be determined, define

a:= e ml€'[5 x (e a)x (e (r(0,27,6) (1 — ve(a',€)).

Without loss of generality, we may assume that I' C {|z| < R}. Therefore, to prove (13.2),
suppose that there is no such 7. Then for all n there is v, such that

Yn(—p[0,n]) € [V_]°N (T*P U zq). (13.3)

Suppose first that 7,,(0) € X, N [V°]°. Then, since suppa N X, = 0, there is T, + 6 > S > inf{0 <
t 2 02, (1 (0)) ¢ X4} =: S such that v, (—ut) = ©2,;(7,(0)) for 0 < ¢ < S. In particular, this
implies that

PLu(m(0) €%y, So<t<S.

Since go% (q) € H,
inf{t > So : y(—pt) € £y} <inf{t > Sy : v, (—put) ¢ T°T'}.

In particular, for € > 0 small enough (depending only on ||0y, 7|z, —0=r=0||L>), @|z;=0 = 0, this
implies

U50<t<n7n(_/ut) C {T(O,l‘/,fl) = 896nr + 69671,0’ = O} - {d((x/7fl)7 Eq) < 6}7
and v, (—pt) = <p5_2ut('yn(0)) for 0 <t <n. Now, let ¢ = Sy + to. Then,

co < d(02,4,(0), Zq) = d(92,1(1(0)), Bg) < € < co/2,

which is a contradiction for n large enough.

Next, suppose that v,(0) € (T*I' N [V_]¢) \ £, and there is 0 < t < n such that v, (—ut) € .
Then, since V.C H, g ¢ V, and X, Nsuppa = 0, there is 0 < s < t such that v, (—us) ¢ X, UT*T,
which contradicts (13.3).

Finally, we consider the case 7, (—ut) C (T*I'N[V_]°N%7), 0 <t < n. For € > 0 small enough
(depending only on [|0y, 7|x, =0=r=0|| L), this implies that v, (—ut) € {r(0,2',&') = 0y, r+ 0y, a =
0} C {d((¢/,¢'),%q) < €} and, since alz,—o = 0, Yn(—pt) = ¢, (1(0)). The continuity of ¢’
and the fact that ¥, is a flow-line of length 7, implies that for any 8 > 0, there are ¢ > 0
small enough (depending only on the continuity properties of ¢{¥) and 0 < t < T, + 3 such that
d(¢?,,(7:(0)),q) < B and hence, choosing 3 > 0 small enough (again depending only on the
continuity properties of ¢f?),

d(‘Pgu(tthO)(Vn (O))a gpgy,to (q)) < 60/27
which implies
d(‘PSEH(t+t0)('Yn(O))7 Yg) > co/2 >,

a contradiction. Thus, we have proved (13.2). |

Lemma 13.5 Let Q~ € R? open with smooth boundary and connected complement 2 := R? \F
and suppose ¢ € Z\T_. Then for any R > 0, there are T > 0 and a € ST""7(Q) with a > 0,
alr =0 such that

veNsuwppa="0, =] ¢(a),
>0

and, putting Z, = ”77({|§|£27 —a—1=0}), for any GBB, =, for |§|§ —a—1, thereis 0 <t <T
such that

(=) € ({2l > R} U {d(z,T) > 0}) \ 7. (13.4)

Proof. The proof follows the same lines as that of Lemma 13.4 but is simpler because we need not
consider any special subsets of TT. [
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13.2 Semiclassical b and tangential-pseudodifferential operators

b-pseudodifferential operators The class of b-pseudodifferential operators that we work with is
the natural class of operators quantizing differential operators that are tangential to the boundary
of Q4. Away from 0, they are pseudodifferential operators in the sense of §3, but near 92 they
have a different form. In particular, in coordinates (z1,z’) with 9Q4 = {x; = 0}, their symbols
are functions on the b-cotangent bundle, *T*€, whose sections are of the form

dl‘l

o— +¢'dr’.
€1

Notice that *T*€, is the dual to sections of T* that are tangent to Q. We also write *T*Q,
for the fiber radially compactified b-contangent bundle; i.e., *7*Q, with the sphere at infinity in
(0,¢') attached.

In coordinates, b-pseudodifferential operators are of the form

Oy (a)(u)(a) = gy [ H P o, o', o),

where ¢ € C2°(1/2,2) with ¢ = 1 near 1 and for some m
|DgDiDla(wr,a’,0,€')| < Capl(o, €)™ 717,

In this case, we write Op,(a) € ¥7(Q4) and a € S™(*T*Q). When m = 0 we write S(°T*Q)
and Wy (€2 ) respectively. We also write W, = N, ¥}".

The class comes equipped with principal symbol map %o : *¥U™(Q,) —
STy ) /RS T, ) such that if A € U,(Q4) and o(A) = 0 then A € AU 1(Q4).
We now introduce two important sets for b-pseudodifferential operators. For A € ¥}*(2;) and
q € 'T*Q ., we say q € "Ell(A) if there is a neighbourhood, U of ¢ such that

o(A)()((0, )™ >c>0, ¢ eUNTQ,.
Next, we say ¢ ¢ "WF(A) if there is E € *¥(Q, ) with ¢ € *Ell(E) such that
EA € h>™v, .

For a more complete treatment of these operators, we refer the reader to [59, Appendix A] and the
references therein.

Tangential pseudodifferential operators In addition to the class of b-pseudodifferential op-
erators, it is useful to have a subclass consisting of tangential pseudodifferential operators. For
this, let g be a Riemannian metric on  and (z1,2’) € R X I be Fermi normal coordinates near T'.
That is,

O = {1 > 0}, xy = d(z,00).

We then use the canonical coordinates (z1,2’,£1,&") on T*Q and define
ST = {a(e,€) + 0000 a(w,€)] < Capley™ 1o
with ST"P, §9°, and S7°° defined as for the usual symbol classes. We then set
W (©) = {Op(a) : a € ST},

again, with WP W3° and W1

Wavefront sets We have already defined wavefront sets of pseudodifferential operators, but it
is useful, in addition, to have the notion of a wavefront set of certain classes of distributions.

Definition 13.6 Let s € R and M be a smooth manifold (possibly with boundary). We say that
u € Hj (M) is h-tempered if for all x € C°(M), there are N >0 and C > 0 such that

Ixullay < O
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We can now define the wavefront set and b-wavefront set of a distribution.

Definition 13.7 Let M be a smooth manifold without boundary and s,t € R and suppose that
u € H§7IOC(M) is h-tempered. Then, we say that (x0,&0) € T*M is not in WF?IH (u) if there are
C >0 and A € ¥O(M) with A elliptic at (z9,&) such that

| Aul|r; < CH.
We write WF gz (u) = UyWF, (1), WE(u) = UsWF. (u), and WF(u) = UsWF i (u).

Definition 13.8 Let Q be a smooth manifold with boundary and s,t € R and suppose that u €
Hp (M) is h-tempered. Then, we say that (x9,&) € *T*M is not in bWF’}Ig (u) if there are
C >0 and A € ®UO(M) with A elliptic at (xo,&o) such that

| Aul| iz < CH.

We write "WF s (u) = U WF s (u). Since H} will be our default space on a manifold with

boundary, we sometimes abuse notation and write "WF (u) for bWFH; (u).

We record the following lemma which is a consequence of [62, Theorem 18.3.32] and allows us
to use tangential pseudodifferential operators as test operators rather than the full b calculus.

Lemma 13.9 Let ¢, s € R and suppose that u € Hp .. s h tempered and b € SY(M). Then,

loc

"WF: (w)loar C "WF (Op(b)u) U {(2, &) € TT : o(b)(0,2,¢') = 0}

Defect measures In the most general settings below, we prove qualitative pollution bounds; i.e.
we show that there is pollution, but do not determine the rate. For this, it is convenient to use
the notion of defect measures.

Definition 13.10 Suppose that h, — 0% and {un, }32, satisfies sup,, ||xun, || 2(+) < oo for all

X € C2°(Q4). Then there is a subsequence hy,, — 0 and a positive radon measure i on T*RY such
that for any a € WP (R?) we have

(Op(a)un,,, 1o+, un,, Lo+)r2@ms — /a(a)d,u.

We record the following fact about defect measures for Helmholtz solutions. For its proof, we refer
the reader to e.g. [44, Lemma 2.12], [50, Lemma 4.2,4.8], and [22].

Lemma 13.11 Suppose that x € C°(2y), f € L?(QF), with || f| 2 < C,
(=h*A — 1)u = hixf in QF, ulr =0, u 1s outgoing,

and u has defect measure . Then, for any ¢ € C°(Q), u(v?) = limy,_,o+ ||Yul|L2, supp bm.p C Z,
and *m, pu is invariant under 4,0?+ away from *"WF(f) and G and, for R large enough,

wZ-(R)\ | e ("WEF(f)) =0,

t>0

where
I(R):={(z,§) €eT"Q" : |2| > R, (3;,€) < 0}
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13.3 Propagation of singularities and solvability with boundary damping

Let Q C R? be an open with smooth, compact boundary I, g be a Riemannian metric on € with
gij(x) = 85 for |z| > 1 and v be the outward unit normal to 2 with respect to g. Let Q € ¥~1(T),
and W € UemP(Q) and A € ¥F"P(Q2), We study the problem

Pu:=(—h?A, —iW —1—Au=nhf; inQ
Bu := QiD,u —u = fo onT (13.5)
u is outgoing.

We prove the following propagation of singularities theorem in Appendix B.

Theorem 13.12 (Propagation of singularities) Let Q € U~1(T") with o(Q) > 0, A € ¥F™P

with Alr = 0 and 0(A) € R, W € ¥™P(Q) with o(W) >0, N > 0, s € R, and u € H} be
h-tempered. Then, letting SiQ = {(z,€) : [£|2 —a =1}, Z := m(S;Q),

PWE3ps (1) C (2 U WF (Pu) UWF® %, (Bu)) \ {o(W) > 0}

and for oll B > 0,
"WEp (u) 0 (2\ {o(W) > 0})

s a union of mazximally extended backward GBBs for the Hamiltonian |£\3 —a—11n
Z\ (bWF;tl(Pu) U (WF32(Bu) N (Ga UH)) U (WS (Bu) gg)).

Remark 13.13 The differences between Theorem 13.12 and existing results in the literature are
that Theorem 13.12 (i) covers semiclassical boundary damping (vie Q) and (i) quantifies the
dependence of the microlocalised H} norm of w on the microlocalised L? norm of Bu along the
GBBs. Surprisingly, even for the Dirichlet problem, (ii) appears not to be in the literature. The
most subtle part of the analysis is in the glancing region, where we follow the proof in [62, Chapter

24].
We also need the following lemma, which is also proved in Appendix B.

Lemma 13.14 Let V @ H. Then there is A=1 € UYT') with o(A™) > ¢(€)™! > 0 such that for
allq eV, s € R, and all h-tempered u € Hé with

q ¢ "WFst (Pu) N WF*(A™'hD,u — u),

there is € > 0 such that

U ¢s@) & WFy, (u).

0<s<e

Finally, we require a lemma that gives conditions under which the problem (13.5) is uniquely
solvable.

Lemma 13.15 Let Q C R? open with smooth boundary, I' € R? and g a Riemannian metric on
Q with supp(g — I) € RY. Let hg > 0, Q € V=YT') with o(Q) > 0, A € U™ with Alr = 0,
o(A) e R, W € UmP(Q) with o(W) > 0. Suppose that for all R > 0 there are § > 0, T > 0 such
that for all p € ZN (B(0, R)), either there is 0 <t < T such that

¢ (p) € {o(W) > 0} U (KN {o(Q) > 0}) UT*R?\ B(0, R) (13.6)
U ¢(p) c gn{e(@) > 0}. (13.7)
t—9

Then for every R > 0 and x € C>°(R), there is C > 0 such that for all fi € L*(Q), supp f1 C
B(0,R), f2 € HS/Q(F), the solution, u to (13.5) exzists, is unique and for all 0 < h < hy,

Ixull ) + lull g2 oy + 180 ull g2y < CUlf1llE2 () + 1 F2ll 372 r))-

79



Proof. This lemma follows directly from the analysis in [44, Lemma 3.2]. ]
With these lemmas in hand, we are able to construct approximate solutions to (13.5) that have
prescribed wavefront set properties.

Lemma 13.16 (Construction of approximate solutions to (13.5)) Let Q C R? open with
smooth boundary, I' € R? and g a Riemannian metric on Q0 with supp(g — I) € R%. Let V € H,
ho > 0, Q € ¥~YT) with o(Q) > 0, U C Z and suppose that for any R > 0 and p € U there is
0 <t < oo such that

i (p) € (WF(Q— A1) U{|z| > R}

Then for all R > 0, there is C > 0 such that for all h-tempered,f; € L*(2), supp f1 C B(0, R),
fo € HY(T), with
("WE(f1) UWF(f2)) N Z C U,

there is u € H%JOC(Q_,_) such that, u satisfies

(7h2Ag — 1)u = hfl + O(hoo)Lgomp in

QhDyu —u = fo onT (13.8)
U 18 outgoing,
lullmze + Nl ey + W0l o750y < Ol + 1ol gorney). (139)
and
"W (u) € "WF(f1) UWF(f2) U U @
GEPWF(f1)UWF(f2) 0<t<To(q)
where

To(q) = inf{t > 0 : ¢i'(g) € (WF(Q — A7)}
Proof. Let ¢ € *"WF(f1) UWF(f2) N Z. Then, there is 0 < ¢t < T such that
¢ (p) € (WF(Q — A1) U {|z| > R}.

In particular, either Lemma 13.4 or 13.5 applies. Let a, as constructed there so that either (13.2)
or (13.4) holds. Then, since Z is compact, there is a neighborhood Uy of ¢ and V;, € VqJr € T*Q
such that

U U #H@)newpauv)=0.

¢'€UNZ 0<t<To(q')

and such that (13.2) or (13.4) holds with {d(x,I') > 0} replaced by V.
Now, since "WF(f1) UWF(f2) N Z is compact, there are g1, ..., qy such that

N
"WF(f)) UWF(f2) N Z C | U,

i=1

Let 1; € C2°(U,,) be a partition of unity near "WF(f;) and x; € C°(U;NT*T') a partition of unity
near WF(f2)NZ and set 1o := 1=, ¢, xo := 1=, Xi. Let also W; € WP (Q) with o(W;) =1
on V,, and WF(W;) € qu, and A; = Op(ag,),i=1,...,N, and set Wy = W1, Ayg = A;.

Then, by Lemma 13.15, for ¢ = 0,1,..., N, there is u; satisfying

(—h2Ag - Az - ’LWZ*Wz - l)u = thp(wZ)fl in Q
QhDyu; —u; = Op(x;) fa onT
U, is outgoing,

with w; satisfying (13.9). Moreover, by Theorem 13.12, Lemma 13.14, and the outgoing property,

"WF(u;) C "WF(f1) UWF(fs) U U U v (q)
GECWE(f1)OWF (f2))NU,, 0<t<Tq (q)
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In particular, "WF(u;) N (*WF(A;) N *WF(W;)) = (), and hence

(=h2A, — 1)u = h*Op(¥;) fr + O(h®)2  in Q

comp
QhD,u; —u; = Op(x;) fo onT
U; is outgoing.

Setting u := Zio u; completes the proof. ]

13.4 Review of resolvents and layer potentials

In this section, we recall some facts about the free, outgoing resolvent and boundary layer poten-
tials; we use the latter to control the boundary traces of solutions to (—h?A —1)u = 0. Recall that

the outgoing resolvent Rg(h) : Lzomp — L2 _ is the unique solution to

(=h2A = 1)Ro(h)f = f in RY, Ro(h)f is outgoing.

It is well known (see e.g. [50]) that for all x € C>°(R?), hy > 0, and s € R, there is C' > 0 such
that for 0 < i < Ao,
”XRO(h)X”H;LHH:LJr? < Cﬁil- (13.10)

The single and double layer potentials associated to I' are then given, respectively, for f € L?(T")
by

SOf(x) = 2 /F Ro(h)(x,9)f (0)dS(y).  Def(z) == 2 /F By, Ro(h) (. ) F(4)dS (y).

where Ro(h)(x,y) is the kernel of Ro(%).

Lemma 13.17 Let x € C°(R?), and B € U°°™P(RY) with WF(B) N U, cp]fd(S*F) = 0. Then,
for all hg > 0 there is C' > 0 such that for 0 < h < hq, -

|BSH|2(r)—L2ray < Ch, IXDE| L2 (ry— L2 ey < C- (13.11)
Proof. Let L be a smooth vectorfield with L|r = §,,. We start by recalling that
S¢ = Ro(h)h*Sr, Dl = Ro(h)L*h>6r.
Let u € L?(I') and v € L*(R?). Then,
(BSlu,v) 12(ray = <BR0(h)h251"U,’U>L2(Rd) = (u,’yRS(h)hQB*wp(p)
Since Rj is the incoming resolvent,

(-h*A —1)R;(h)A*B*v = W*B*v,  WF(R;(h)h*B*v) ¢ WF(B*v)U U o (WF(B*) N S*RY),
t<0

In particular, WF(R}(h)h?B*v) N S*T = (. Thus, for x € C°(R?) with x = 1 near T, standard
trace estimates (see e.g. [43, Proposition 3.1])

VR (R)h*B*v]| L2 (ry < C(HXRS(h)hZB*UHL?(Rd) + A||B* v L2gay) < CRI|B*v| 12ey < CRl[v][L2®ae,

and hence
‘<BS€U, U>L2(Rd) | < Ch||UI|L2(F) ||’U||L2(Rd),

which implies the first estimate in (13.11) by duality.
For the second, we proceed similarly.

(Dﬁu, U>L2(Rd) = <R0(h)h2L*(5Fu, 'U>L2(]Rd). = (u, ’}/hLRS (h)h’U>L2(F)
Then, we have

(=h?A — 1) Ry (h)hw = hw,
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and hence, using e.g. [107, Corollary 0.6],
[Py LRG (h)hol L2y < C([|Rg(R)hwl|p2ray + [vllz2®a)) < Cllvllz2 ey,

which, arguing as above, implies the second estimate in (13.11) by duality. [ ]
Next, we consider the Dirichlet resolvent Rp : L OF) — LZ (QT) defined by

comp( loc

(-R*A—=1)Rpf =/, Rp flr =0, Rpf is outgoing,

and the Poisson operator Gp : H}(T') — L}

loc

(QT), defined by
(—=h*A —1)Gpg =0, Gpglr =9, G pg is outgoing.
We need the following assumption on Rp.

Assumption 13.18 There is Py > 0 and J C (0,00) such that for all x € C(QF), there is
C > 0 such that }
IXRpX|| 220+ ) p2(0+) < ChTHFn, h¢eJ

Note that by [77], for any Q= € R? with smooth boundary and connected complement, and any
§ > 0 there is J with |J| < § such that Assumption 13.18 holds. Moreover, for any N > 0, one
can find J and C > 0 such that |J N (k,00)| < Ck~N for all k > 1.

We now show that, provided the data is located away from I'_, Gp and Rp behave as in the
nontrapping case.

Lemma 13.19 Suppose_that Assumption (13.18) holds. Then for all B € ¥°(T) with WF(B) N
I'_ =0 and all x € C(Q7F), there is C > 0 such that

||XGDB||H2/2(F)—>H§(Q+) <G heJ,
and, if u € HS/Q s h-tempered

"WF(GpBu) C WF(B)U | ¢ (WF(B) N 2).

t>0

Proof. Since WF(B) NT'_ = ), Lemma 13.16 implies that for any g € H2/2 there is u € H?
such that for all x € C°(Q1),

,Jloc

and
"WF(u) ¢ WF(B) U | ¢p* )N 2),
>0
and
(—R2A —1u=f= O(h>|gll ;y3/2) L2 in QF
IS comp
u = Bg on I,
u is outgoing.
In particular, by Assumption 13.18,
GpBg=u—Rpf=u+O(F™®)y H2

and the lemma follows. [
The next lemma is proved using an almost identical argument

Lemma 13.20 Suppose that Assumption 13.18 holds. Then for all B € W™ (QT) with WF(B)N
I'_ =0 and all x € C*(Q1), there is C > 0 such that

IXRpB| 12 r2(0+) < Ch7Y, he J,
and, if u € L? is h-tempered,
"WF(RpBu) C "WF(B) U | ] ¢}’ )N Z).

t>0
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We also require the following estimate on the wavefront set properties of Rp which follows
directly from Theorem 13.12, the outgoing condition, and Assumption 13.18

Lemma 13.21 Suppose that Assumption 13.18 holds. Then, for all B € bygeomp(QH) | x €
C(QF), and u € L* h-tempered,

"WF(RpBu) C "WF(B) U | J ¢}’ "CWF(B)N 2)UT,.
>0
13.5 Non-interference of the Impedance-to-Dirichlet maps

In order to pass from quasimodes in QO to quasimodes for Aj and A}, we need two lemmas that
give conditions guaranteeing that

: +.0 p— -
HPI P thHLZ ~ ||P[J>rthHL2a ||PItDnPDthHL2 ~ HPDth||L2'
Lemma 13.22 Let C > 0 and suppose that f € L*(T"), with
[fllz2(ry = o(1), PS5 fllce =1,

and there is B € U°°™P(RY) with WF(B) NU,~, R (S*T) = 0 such that
||BGDfHL2(Q+) >c>0. (13.12)

Then, for all C~' < hn < C,
1Pty Poen fII = ¢ > 0.

Proof. Suppose there is a sequence h,, — 0 with [Py Pa.nfll — 0. Then, there are solutions
Uy, U2 to

(=h2A —1uy =0 in R4\ Q

U2|6Q =f

ug outgoing

(—h?A —1u; =0 in Q
(R0, — ihn)u; = ho,ua,

with [Ju1]aqllLz = o(1) and || f]|L2 = o(1). Thus,

(u1lq + uzlpa\q) = Ro(R)(A*(u1 — u2)|r ® 8,61 + hRo(h)(hd,u1 — hd,uz) ® or
= Dl(uy — uz)|r) + h ' S(hd,uy — hd,uz)
= Dl(uy — f) + h~ ' Stikmuy
=Dlo(1) 2 + h'Slo(1) 2

In particular, for any B € U¢(R?) with

nJef (s'T) =0,

t>0

we have
B((ullg + uled\Q)) = O(I)LQ.
This contradicts (13.12). |

Lemma 13.23 Let C,c > 0 and suppose that f € L*(T), with
[fllz2@y = o), [1PonSfliz =1,
and there is B € U°mP(R?) with WF(B) N Us<o ga]fd'(S*F UN*T) =0 such that
IBGH(h) fllz2 @y = ¢ > 0. (13.13)
Then, there is A € ¥(T') with WF(A)N{¢' =0} = 0 such that for all C~1 < hn < C,

I AP Poy f1| = ¢ > 0.
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Proof. Suppose there is a sequence A, — 0 with ||APIJ{I’)77P5tN fll = 0. Then, there are solutions
Uy, U2 to

(=R?A —1ug =0 in R\ Q

uzloq = f

ug incoming

(—h*A —1)u; =0 in Q
(h) + ihn)us = h,us,
with ||Auqloq||rz = o(1) and || f||z2 = o(1). Thus,

(urlg + u21Rd\Q) R (h)(A* (u1 — ug)|r ® 0,01 + hR§(R)(hO,u1 — hdy,us) @ O
E(ul —ug)|r) + A~ 186(718 wy — ho,uz)
E(ul )+ K Stihmuy
= Dl(uy) — Dlo(1) 2 + h™ Stinu.

In particular, for any B € U¢(RY) with

WF(B) N | ¢f (S*T UWF(I — A)) =0,

>0
we have
B((uila+uzlga\g)) = BDE(ul)Jrh lSﬁzhnu1+o( L2 *BDZ(Aul) *l‘gzihnAulJro(l)Lz =o(1)pe.

This contradicts (13.13). |

13.6 From interior quasimodes to quasimodes for BIEs

We are now in a position to show that appropriate quasimodes in the bulk produce quasimodes
for the BIE operators that are effective for demonstrating pollution. Before constructing these
quasimodes, we need two technical lemmas that reduce (12.4) to a wavefront set statement.

Lemma 13.24 Suppose that Assumption 1.1 holds Assumption 13.18 holds for some J. Then
Assumption 1.3 holds with A = Ay, or A}, with J = {k : k~te J}).

Proof. Notice that Lemma 13.15 implies
||PI;]§7HH;L/2—>H§/2 <C.
Next, we show that that there are x € C2° and Ny > 0 such that

||P§tN||Hg/2_,H;/2 < C|IxRpxllL2—r2-

For this, observe that there is E : HS/Q(F) — H?

h,comp

(Q271), such that ||E||HZ/2_>H2 < Ch™1/2.
Therefore,
P = ho,Rp(—h*A — 1)E,

and we use the estimate: for any x € Cg° (Q ) with x = 1 near T,
10l 272y < OBl .
to conclude that
||P§tN||Hg/2_>H;/2 < Ch7Y[xRpX|l 2w a2 < Ch Y IXRpxl| L2 2
Together with (13.1), this implies that for ¥ € ¥™P(T"),

1AL | 2y 2y + 11 (A) T Ul 2y 22y < CAYIXRpX|l 2 r2-

Lemma 4.9, or more precisely its proof, then completes the proof of the lemma. [
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Lemma 13.25 Suppose that f € L*(T') is h-tempered and
WF(f) c{(z".&)eH : 0< ||y} (13.14)

Then for any ko > 0, € > 0, x € C=°((—(1+2¢)2, (1+2¢)?)) with x =1 on [-1 —¢€,1+ €|, there is
€0 > 0 such that for any N > 0 there is C > 0 such that

(L= x(k2 A fllezey < CE7Y, Ix(eg k™2 Ag) fllzzry < CETY

Proof. The proof follows from the definition of wavefront set and Corollary 3.10. ]
We now give a few abstract lemmas that pass from quasimodes in Q7 to data, f on I' satisfy-
ing (13.14) and (12.3).

Lemma 13.26 (From Helmholtz quasimode data to growing Pf{tN) Let Q— € R? open
with smooth boundary and connected complement QF := R\ Q_ such that Assumption 15.18
holds. Let € {1,—1}, O C H open, B C H closed and B € U°™P(QT) such that

U &5 (S T) nWE(B) = 0. (13.15)
pt>0

Suppose that there are u € H2(QV), g € L2, (QF) such that

comp

_sup Tg<8u{q}(q) < 00, | Bull2+) > ¢ >0 (13.16)
qEPWF (3N Z)
tgoi =1
(KA —u=hg, ulr=0,  |§l=o(1), uis {(_’“ gomg.# (13.17)
mecoming = —1

Then for any function T : "WF(§) — [0, 00) such that T(q) < Tpuge}(q), @8;((1) (q) € O\ (BU{q}),
and any € > 0 there is ¢, > 0 such that for any h ¢ J, qo € "WF(g) and g, € L*(T") such that

[ Phing1llze > ei(||Bullrz/N1gllz2) g1l 2 (13.18)
WF(g1) C B(gipt,) (@0),€) € O\ (BU{qo}), (13.19)

and
| BGpgillL: > c1.

Proof. We consider the case of u = 1, the other being almost identical but with the role of Rp
played by R},.
Let ¢ € "WF(§) N Z and 0 < T, < Tpyqqy such that cp%f (9 €O\ (BU{q}). Let V! € V> C

on (B(go%+ (9),e)\ (BU{q})) be a neighborhood of <p¥: (¢) and Uy, a neighborhood of ¢ such that

. . /
q}?szq Ty <(sugey () < 00

Such a neighborhood exists because ¢ is continuous and 302;(q)(q) e H\ (BU{g}).
Since *WF(§) N Z is compact, there are {qi,...qy} such that

N
"WF() N 2 ¢ | U,
1=1

Let {9, é\’:l € CX(*T*Qt) with ;% =1 on "WF(g) N Z and suppt; C U,,. Then, by
Lemma 13.20 and hence, using Assumption 13.18, for any x € C°,

Ixu =3 xRp"Op(¥;)hdl g2 < C||] -

J
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In particular, there is ¢ € {1,..., N} such that
c

v POp(Wiglls < Cllgllee = o(1).  (13.20)

- 1 -
IBRp"Op(4:)dll > > ~ |IBEpdl2 2
Let g := *Op(¢;)§. then, by Lemma 13.16 there is u; satisfying

(—h%2A — 1)uy = hg + O(h>)pz, —~ in Qr
%1 outgoing
QA_lhDyul —u; =0 on I,

where Q € U°™(I') with 0(Q) > 0, WF(Q) C V2 and WF(Q—A"")NV,! =0, where A=' € ¥~!
is from Lemma 13.16. Moreover, for any x € C°(QF),

"WEw) < 'WE) U ) U e, WFul) € V2,

a€*WF(g) 0<t<Ty1 (q)

and
Ixuillmz < cllgllre- (13.21)

Put up := Rpg — u; + Rp((—=h?A — 1)u; — g). Then
(=h?A —1)upy = 0in QF, uz|r = —u1]r, uz(h) is outgoing,

and, using Assumption 13.18 and that (—h?A — 1)u; — g = O(h*) 2

us = Rpg —up + O(hoo)Hgyloc'
In particular, by (13.20) and (13.21)
|Busllze > [BRogll — [Burllzs — O0) > ¢ — Clllluz + O(h). (13.22)
Furthermore, since WF (u;|r) C H, for x € C2(QF) with supp(1 — x) N T = 0,
[uzlrl[rz = lwalrlle < lIxwllez + Cligllie: + O(™)gllLz < Cliglez + OR=)gllL2- (13.23)

Now,
Ug = Sﬁ&,ug\p - D£u2|p.

Therefore, using
c=Cl|gllL2—=O(h>) < ||Buzl| 2 < |BSO,uz|r|[+]|BDLuz|r|| < Cl|hdyuzl|p2+C||g(h)]| 2. (13.24)
In particular, since ||g||L2 = o(1), using (13.22), (13.23), and (13.24), for h small enough

|ualr| L2

- < e < |[hdyusllr2 = || Phyyuslrll2
9l

Lemma 13.27 (From Helmholtz quasimode data to BIE quasimode data for A;) Let
Q= € RY open with smooth boundary and connected complement Q+ := R\ Q_ and suppose that
Assumptions 1.1 and 13.18 hold. Let p =1, B € U™ (QT) satisfy (13.15) and suppose there are
u € HE 1, (0), g € L2, (1) satisfying (13.16) and (13.17) with

O=Ho:={(="{)eH,: [{|#0},  B=0.
Then for all h ¢ J, there are v, f € L?(T) such that f satisfies (13.14) and

Ao = f, I fllzzry < Cllgllzznllvlizzr)-
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Proof. By Lemma 13.26, there is g; € L?(I") with WF(g1) C Ho such that

1Pig1llce = | Bullza/ ||l z2llgr ] e,

and
HBGD91||L2 >c>0.

Thus, Lemma 13.22 implies that
1Pty Poongillzz = llgullzz llgnllze-
In particular,
143 fuzlrll e = 1 = Py (P — i) Juzlrllzz > (cllglizz — O)llgallze,

which completes the proof. ]
We give two versions of Lemma 13.27 for Ay ,. The first is simpler but has more restrictive
assumptions.

Lemma 13.28 (From Helmholtz quasimode data to BIE quasimode data for Aj:I) Let
0~ € R? open with smooth boundary and connected complement QF := R\ Q_ and suppose that
Assumptios 1.1 and 13.18 hold. Let p = —1, B € U™P(Q") satisfy (13.15) and

WE(B) N | ™ (N*T), (13.25)
t>0

and suppose there are u € H%JOC(Q*), g € L2, (1) satisfying (13.16) and (13.17) with O = H

comp

Then for all h ¢ J, there are v, f € L*(T') such that f satisfies (13.14) and

w=1f Ifllezw) < Cllglcz@n vl ).
Proof. By Lemma 13.26 with u = —1, there is g; € L*(T") with WF(g;1) C H such that

I Poengrlize = [[BullL2/[1gl 291l 2,
Thus, Lemma 13.23 implies that there is B € ¥(I') with WF(B) N {¢’ = 0} = () such that

- e o
IBPip Pongillz2 = cllgullzzllorllze-

. : +.m p— * _ pTt N
In particular, since (Pyp) Poin)* = PoinPrepy s We have

_ = ~ _ c
HPIJ)rtNPItDBHLZ—wZ = ||BPIJtrDPDtN||L2—>L2 > m
Since 3 )
(A% ) ' Bllr2ry— 2wy = | (Pl Prp ) Bl 2ry— L2y — €,
this completes the proof. [

In some settings it is useful to have a more refined estimate than Lemma 13.28 provides. In
this case the dynamics in the interior of 2~ also play a role.

Lemma 13.29 (From Helmholtz quasimode data to BIE quasimode data for Aj:IT)
Let Q= € R open with smooth boundary and connected complement QF := R4\ Q_ and suppose
that Assumptions 1.1 and 13.18 hold. Let I'_ be the incoming set for QF and define

O :={(,¢)eH\T_ : [¢| >0}, B:=T_n{¢ =0}
Suppose that there is § € H;Z’m(l") satisfying, WF(g) C Ho, (13.16) with O and B as above, and
11l 272 = 0(1), APl 2y = 1.
Then for all h & J, there are v, f € L?(T) such that f satisfies (13.14) and

9l ry

!
w0 = f, I fllezay € Crrrr
O = hPhdl ey

lvllL2ry = 1.
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Proof. Let ¢ € WF(g) and 0 < T < Tpuygy such that <p¥q_ (q) € O\ (BU{qg}).

Let V! € V2 C Oﬂ(B(gpg,z: (q), e)\(BU{q})) be a neighborhood of Lp%j (¢) and U, neighborhoods
of g such that
b T csotan (@) < 00

Such a neighborhood exists because ¢f is continuous and gpﬁ;(q)(q) e H\ (BU{g}).
Since WF(g) N Z is compact, there are {qi,...qn} such that

N
9) c U,
i=1
Let {w] ", € CX(T*T) with Zj 1; = 1on WF(§)NZ and supp ¢p; C U;j. Then, by Lemma 13.19,

tNu Z DtNOp ¥; 9||H1/2 < C||9||H3/2
In particular, there is i € {1, ... N} such that

| PR Op(¥i)dlle > — || Hndlle > N 0p(¥:)dlle < CllgllLz = o(1).
Let Q € U<™(T) with ¢(Q) >0
WF(Q)CV,), WFQ-InV2 =40,
and Qo € U(T) with 0 < o(Qo) < 1,
WF(Qo)n | U e (@nr_=g, (13.26)

9€Uq; 0<t<Ty1 ()
and WF(Qo — I) N{¢ =0} = 0. Then, by Lemma 13.16, there is u satisfying
(—F2A — 1) = O gl 12) 12 in Q-
((Qo — NQA™' + Qo )hiDyu—u=g onT,
where A € U1 with A~! as in Lemma 13.16
WFA —A"H)NWF@Q) =0, oA ) >cE) ! >0.
Moreover,
lull L2y + llulell 272 + 1ROuulr]l a2 < Cllgll o2,
"WE(u) c Uy, U U & 0, n2),
q'€Uq, ogthllv (q")
and using WF(Qo) N WF(g) = 0 and (13.26)
WF((hD, — n)ulr) N {¢ =0} =0, WF(ulg —g)NT- =0
Using Lemma 13.19 this implies
IPSexPrets (hDy = mulr |l = [hPgxgllczry = Cllgllcz ),
and
[(hRDy = mull 2y < Cllgllrzr).-
Thus, putting f = (hD, — n)u, we have
1Ak )™ ey = I(PooePres ) Fllzzry = Cllf L2y
> c|hPEndll 2y /N3l 2 oy |l 2oy = Cl Nl 2y

which proves the claim. [

88



13.7 Pollution in concrete situations
13.7.1 A good quasimode on the diamond domain: Proof of Theorem 2.12

In this section, we construct a quasimode that yields quantitative pollution. Let 0 < € < 7/2 and
Qo C(—m+e,m—¢€) X (=7 + €, — €) be convex with smooth boundary and

00 D UL ({£(m —€)} X (=7 + 26,7 — 2€) U (—7 + 26, — 2¢) x {£(7 —€)}.

Then, define
07 = Qo+ {(—27 +¢,0), (0,27 — €), (0, =27 + €), (0,27 — €)). (13.27)

Observe that 2~ has connected complement and smooth boundary, I'; such that

Q" N{(z,y) € |[-m, 7] x [-m, 7]} =0,
[—7 + 26,7 — 2¢] X {—m, 7} U{—7, 7} X [-7 + 26,7 —2¢] CT.

Now, let 0 < 0 <€, x € C((24,2m — 26); [0, 1]), and define
= [x(y—fc)ei”(”y)—x(27r—y—x)ei"(”“y)+x(fc—y)ei”(‘$‘y)—x(27r+y+x)ei"(‘”y)] e ()= ) ()
Notice that

supp x(y — z) N [—m, 7] X [-m, 7] C [—7,m —2§) X (—7 + 20, 7]
supp x(2r —y — x) N [—-m, 7] X [-m, 7] C (=7 + 2§, 7| X (—7 + 26, 7]
supp x(z —y) N [—m, 7] X [-7, 7] C (=7 + 20, 7| x [-7, 7 — 20)
supp x(27 +y + x) N [—m, 7] X [-m, 7] C [-m, 7 — 2§) X [-m, 7 — 20),

and ulp = 0. Hence, u € H}(QT) N CX(QF).

_ 1
Set hn = 7,
I3 ; )
g = 7 |:X”(y _ x)eln(x"ry) _ XN(27T —y— x)ein(x—y)

+ XN(:E - y)ein(fa:fy) - XH(27T +y+ x)ein(fz+y):| 1[77r,7r] (1’)1[77‘.7#] (y)a
so that for |¢] < C,
(=h2A — 1+ eh2)u = h2(§ + €)u.
Observe that
("WF(u) U bWF(g)) NT*{x=—n} C{(y, J5) : y Esuppx(y + )}
("WF(u) UPWF(9)) N T*{y =7} C {(z, 5) : @ € supp x(m — x)}
("WF(u) U'WF(9)) N T*{z = 7} € {(y. —5) : y € suppx(7 — y)}
("WF(u) U*WF(9)) N T*"{y = —7} C {(z, %) : @ €supp (7 + x)}
:1)

CWE() UPWE() 0 T (-m.7) x (-.7m) € () = (5. ) e —v) € sup )

UU{ &) =*(5,—75),2m £ (-2 —y) € suppx},

and hence

sup  Tyy<fqy < 0O (13.28)
gEPWF (u)

Moreover, for § > 0 small enough, since )y is convex,

"WF(u) N | J(S*TUN'T) = 0. (13.29)
t>0
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Hence, there is B satisfying (13.15) and (13.25) such that (13.16) and (13.17) hold. Thus, u and
g satisfy the hypotheses of both Lemma 13.27 and 13.28. This implies that for & = h,,/\/1 + €h2,
there are f1, fo € L*(T) with f; satisfying (13.14) such that

14 g1ll2ry = ch™ gl zery, 1(A%) " g2l 2@y = ch™Hlgell2(r)-

Hence, Theorems 2.12 and 2.13 follow from Theorem 2.10.

13.7.2 Non-quantitative pollution

To prove the non-quantitative pollution results, we first find appropriate data g with wavefront set
near a point in I'_ \ K such that Rphg is “large”. Using the fact that I'_ \ K avoids the normal
bundle (Lemma 13.3), we then apply Lemmas 13.27 and 13.29 to produce quasimodes for A; and
A}, respectively.

Lemma 13.30 (Growing Dirichlet resolvents with data near a point in I'_) Let Q= &
R? with smooth boundary, T and connected complement QF := R?\ Q~ and suppose that K # ()
and Assumption 13.18 holds. Then, for any g € T _\T*T and § > 0, there are g € L2, (") and

_ comp
X € CX(Q7F) such that

n
WE(9) € {of" (@) : 26 <t <3}, llgllee=1. (13.30)
and
lim _|[xRphg| L2 = oco. (13.31)
h—0t,h¢ T

Proof. Let (z9,&) = ¢ € T'_\ (KUT*T). Without loss of generality, we may assume zy, = 0 and
€ = (1,0,...,0).

We start by finding § > 0 and v € Hj,
X € Cg°(B(0,6)) with 0 ¢ supp(1 — x),

comp(21)s g € L2, such that B(0,8) C QF, and for

(-P’A=1v="hg, lglz<C,  [xvlrz > ¢
WF(g) C {(#1,0,...,0),(1,0,...,0) : § < |z1] < 26}, (13.32)
WF(v) C {(21,0,...,0),(1,0,...,0) : < |21] < 26}.

To do this, recall that by [112, Theorem 12.3], there is a neighborhood U of (0,0), a symplec-
tomorphism x : U — T*R? such that x*(|¢|> — 1) = &, operators Ty, T, and such that for any u
with WF(u) C U, and v with WF(v) C x(U),

Ty (—12A — 1)Tou = 28Dy, u + O(h™®) g -,
T1T2’ll, =u-+ O(hoo)\p—oou, T2T1v =v+ O(hoo)\I/*OOIU'
WF(Thu) C k(WF(u)).

Let x € C2°((—2,2)) with supp(1 — x) N [—1,1] = 0 near 0. Define
u = h_%e_lmz/%x(é_lxl).

Then,
2hDy u = 2h6 T el P2y (5 ),

so that
WF(u) C {|z1| < 26,2" = 0,£ =0}, WF(hD,,u) C {6 < |z1| < 26,2" = 0,£ = 0}.
Putting v := Tu, we have

WF(v) = k({|z1]| < 26,2" = 0,£ =0}) C {|z1| < 26,2' =0,£ = (1,0,...,0)},
WF((—=h?A —1)v) € k({6 < |21] < 20,2" = 0,6 =0}) C {6 < |21| < 26,2" = 0,£ = (1,0,...,0)},
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and for any ¢ € C°(B(0,4)), with supp(1l —¢) N B(0,6/2) =0,
|(=h*A = 1)v]||L> < Ch, w2 > ¢ > 0.

By inserting appropriate cutoffs equal to one near 0, we may assume that v and hence also g :=
h=1(—h?A — 1)v have compact support. Hence, we have achieved (13.32). o
Let ¢ € C2°(0,1) with supp(1 —)N(d,25) = 0. We claim that there is x € CZ(2F) such that

gl 22
IxRphi(w1)gll L2

Suppose by contradiction that for any ¢ € C2°(QF), there are C > 0 and h,, — 0 such that
[V RD ()it (21)g(hn) | > < Cllg(hn)||L>-

Then, without loss of generality we may assume ||g||L2 = 1 and, setting w := v — Rphtg, up to
extracting a further subsequence, we may assume that w has defect measure p. By Lemma 13.21,

(0,(1,0,...,0)) & "WF(WRp (hn)hntp(z1)g(hn))

and hence, by (13.32) and, using Lemma 13.21 again

= o(1). (13.33)

p({((z1,0,...,0),(1,0,...,0) : |z1] < é}) > ¢ > 0.

Now,
(—h?Ag — D)w = (1 —1)hg

and hence by Lemma 13.11, p is invariant under ¢ away from {((z1,0,...,0),(1,0,...,0)) :
—20 < 21 < —d}. Since ¢ € I'_, this implies that there is R > 0 such that

p(lz] < R) = oo,
a contradiction. Hence (13.33) holds, completing the proof. ]

Lemma 13.31 (Quasimodes for A; under geometric assumptions) Let Q- € R with
smooth boundary, T, and connected complement QF := R?\ Q~ and suppose that K # 0, As-
sumption 13.18 holds and

KnlJ oF' (S*T) = 0. (13.34)

>0

Then, if Assumption 1.1 holds there are v, f € L?(T') such that f satisfies (13.14),

Aw=f ol =1 Em il =0
Moreover, there is B € U°™P(Q) satisfying (13.15) such that for all ¢ € T_\ (K UT*T), there
is g satisfying (13.30) and
lim _||BRphyllp2 = oc.

¢J

=0tk

Proof. By Lemma 13.2 there is ¢ € I'_ \ K and, since |<p§,zt+ (q)] = o0 as t — 0o, we may assume
without loss of generality that ¢ ¢ T*T'. Then, by Lemma 13.30 there is ¢ satisfying (13.30)

and (13.31). Since ¢ € T'_, there is ' > 0 such that go?*(q) € T"I'NT_\ K and hence, by
Lemma 13.3 ¢ (¢) ¢ {¢’ = 0}. Using that K N S*T = () and increasing ¢ if necessary, there is

t > 0 such that ¢ (q) € H N {€' #0}.
In particular,

sup T (q) < oc.
serwr(g) 0

Now, by (13.34) for any R > 0 there are U € U; € T*Q" open with

vin e (5°T) =10
t>0
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and T > 0 such that for all ¢ € ZN B(0, R), there is 0 < s < T such that 2, (q) € UU{|z| > R}.
In particular, by Theorem 13.12 letting B € ¥¢°™P(Q%) with WF(I —B)NU = ) and WF(B) C Uy,

IxEphgllL> < C|BRphg| > + gl L>-
In particular, using (13.31), we have

lim _||BRphyllp2 = .
h—0t,h¢ T

Thus, we have verified the hypotheses of Lemma 13.27 which completes the proof. [

Lemma 13.32 (Quasimodes for Aj under geometricEsumptions) Let Q= € RY with
smooth boundary, T' and connected complement QF := R\ Q~, that K # (), and Assumption 13.18
and (13.34) hold. Suppose in addition that there is qo € - NH \ K such that

Tip\(r_ ufer=0y)<r_ n{e=0} (40) < 00 (13.35)
Then, if Assumption 1.1 holds, there are v, f € L?(T') such that f satisfies (13.14)

‘w=1f  Jvle=1,  lim _|[f]zz=0.
h—0t,h¢ T

Proof. Since gy € H, there is ¢t > 0 such that gog;r (go) € T_\ (K UT*T). Hence, by Lemma 13.31,
there are B satisfying (13.15) and g satisfying (13.30) with ¢ = ¢, (¢o) such that

lim 5 ||BRDhg||L2 = Q.
h—0t,h¢ T

Now, by construction

1
s Thy <y (0) < o0,
gewr(g O

and hence by Lemma 13.26 for any € > 0, there is g; € L?(T") with

1PBngillz =1, loillze =0(1),  WF(g1) C Blqo. €).
By (13.35), and upper semicontinuity of T%L\(F,U{§'=0})<F,n{5'=0} there is € > 0 small enough
such that

sup T = r—op(q) < o0
q'€WF(g1) HA(P-U{g'=0})<T-n{¢ O}( )

and hence the Lemma follows from Lemma 13.29. ]
The following two Theorems follow directly from Lemmas 13.31, 13.32, and 13.25, and Theo-
rem 2.10.

Theorem 13.33 Let Q~ € R? with smooth boundary, T, and connected complement Qt := Rd\F
and suppose that K # (), Assumptions 1.1 and 13.18, and (13.34) hold and

either p=20 or P <p+1.

Then the assumptions of Theorem 2.10 with A = Ay hold for some €9 > 0, 29 = 1, all h ¢ J, and
some a = o(1), B = O(h>).

Theorem 13.33 implies Theorem 2.15.

Theorem 13.34 Let Q~ € R? with smooth boundary, T', and connected complement QF := R%\

Q—, suppose that K # () and Assumptions 1.1 and 13.18 hold, (13.34), there isqo € T_ NH\ K
such that (13.35) holds, and

either p=20 or P <p+1.
Then the assumptions of Theorem 2.10 with A = A;w hold for some eg > 0,59 =1, all h ¢ T,
and some o = o(1), B = O(h>).
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14  Pollution for the BIEs on the disk

We now turn to the study of pollution for BIEs on the unit disk, B(0,1) C R? and prove Theorems
2.16, and 2.18. We parametrize use R/27Z as coordinates on dB(0, 1) with the coordinate map
~(t) = (cos(t),sin(t)). We record the following description of the single layer, double layer, and
hypersingular operators as Fourier multipliers (see, e.g., [69]).

Lemma 14.1 Let Q= = B(0,1), Q@ :=R?\ B(0,1). Then, for any T # 0,
Srel™t = 5H|§,3|< ™) ()™
(31 + K)o = (§1 + Ko)e™ = S H{) (7)) (1)e™ (14.1)
Hee™t = zr2<Hfm|> (7)o (7)™,

In particular, Agne'™ = Aj €™ = A\pe™ and By, rege'™ = By, 10, = €™ with

A 1= (zkﬂml (k) T (k) + 0 H (L) (k)JW (k))
fim m(l——kH,S;l( o (R)) + 5 T ) (60) T ()R Y (1) T ()

We require asymptotic expansions for Bessel functions uniformly for large order [94, §10.20].
Define the decreasing, smooth bijection ¢ : (0,00) — (—00, 00) by

2/3
3 (I gy Pocz<n

((z) := 2o 2/3

(3 )T 122 <00,

t

and the Airy function by

Ai(x) := l/ cos (%t?’ + xt)dt.
0

™

Then, for any I € (0,00), and all z € I,

Tm(mz) = ( i< )%(m*1/3Ai(m2/?’C)(1+O[(m*2))+Ol(m*5/3Ai’(m2/3§))>

1— 22

. 4 T , )
H,Sll)(mz) _ 2€—m/3<1 _sz) (m_1/3Ai(62m/3m2/3C)(1 L O (m) + OI(m_5/3Ai'(627”/3m2/3C)))

Tomz) = =2(2) 7 (a7 (m2 01+ Or(m™2) + Oglm =2 4i(m?20)) )

1—22
46—2m'/3 ( 4C
1—22

(HWVY (mz) = . )7i (m_z/BAi’(eQ”i/ngBC)(l +01(m™2)) + OI(m_4/3Ai(62m/3m2/3C))).

We also recall the following estimates for the Airy function [94, §9.8]
|i(z)] < Cla)™4, [Ad(2)] < Cla)/"

Lemma 14.2 Let 0 < (1 < (2 < ... such that —(; are the zeros of Ai. Then, for all kg > 0 and
j € N there is C > 0 such that for all 0 < e < 1, k > ko, and m € Z\ {0} satisfying,

(R Iml) + Glm| 23] < ek=2/2,

we have ,
m| < C(E™3 + (e + E72/)n)), C~'k < |m| < Ck.

Proof. We first observe that since
kSikll2—re < C,
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we have

(RH ) (1K) Ty (i8)] < C.
Therefore, it is enough to check that

(k)T (k)] < Cle+ k277, (14.2)

Im|

() (k) T (R)] < CEY3, (1 - ng<1>

To do this, we first note that (!, is smooth, |[¢’| > ¢ > 0, and (~1(0) = 1. Hence,

1 <03, < L= () <C (14.3)
Im| B ’ AC(k/Im) | — '

To obtain the first inequality (14.2), we observe that

k(H Y (k)] (k)

zd

8k e=2m/3 11 — (k/|m|)*\1/2 ml=43 Ai (1m)|2/3 mIV) Al (273 |2/3 m ml—2
G o) (™2 A4 G 202 s lml) A 2 2 (/) + Okl =)
=O0(k™'/%)

and to obtain the second inequality in (14.2), we use the fact that [94, §9.2]
e—Tri/6

Ai(e¥32) Ail (2) — (Ai(e¥™32)) Ai(x) = — 5

and hence, since Ai((;) = 0 and A is smooth,

(1= R )T ()
— (1 + 2mie ™ A2 /3¢ (o fm) A7 (2 () + O(h~%/%)
= O(e 4+ k~2/3).
| |

Lemma 14.3 Let 0 < ¢ < (3 < ... such that —(; are the zeros of Ai'. Then, for all ko > 0,

¢ > 0 there is C' > 0 such that for all0 < e <1, kg <k, m € Z\ {0}, and j € N satisfying,
ck?® <G <27 KGR/ Iml) + Gl T2 < ek

we have
Aml < Cle+ k™" + k7 nl), C 'k <|m|<Ck.

Proof. To prove the lemma, we show that

\kH® (k

|m|

(k)T ()] < Cle+ k%), [HJ) (k) Jjn (B)] < CETY. (14.4)

Since ¢ : (0,00) = (—00,00) is a smooth decreasing bijection, with smooth inverse, and ¢(0) =
1, there are ¢,C' > 0 such that

k
o< on<C =25 < (b lml) < -

To obtain the first inequality in (14.4), we observe that

KH ) (k)T (R)
= —4e™ ™3 Ai(>™ B m*/3¢ (k) Im)) Ad’ (jm[*/*¢ (k/m])) + O (k|m|~?)

=0(e+ k7).
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For the second inequality,
Hﬁm)\(k)‘]\ml(k)
—Ti/ 4< k/lm % —2/3 A - g d -
= a3 (MDY ® -2/ a2/ (k) Ai 2 /2 (0 m])) + O )

1—(k/ml)
<Clm|~'<Ck

As an easy Corollary of Lemmas 14.2 and 14.3 we obtain Theorems 2.16 and 2.18.
Proof of Theorem 2.16. By [45, Theorem 2.3], for |n| ~ 1,

||Bl?,icg”L2(F)—>L2(r) < Ck'/3,

Hence, By g satisfies Assumption 1.3 with J = (. Now, given k > ko, we must find m such that the
hypotheses of Lemma 14.2 hold. Let |j| < C, and z; := (~}(—k~2/3¢;). Then, z; = 1 + O(k~2/3)
and let m € Z such that ||m| — k/z;| < 1. Then, since Tk < |m| < 3k,

k ; 1
=] < g = 1+ OU™%) = Ok,
and hence
C(k/|m]) + k3¢ = O(k™1). (14.5)
Next,
Im|=23¢; — k23¢| = |¢l1(k + 0(1) /2 — k72/%)] = O(k=5/%). (14.6)

Combining (14.5) and (14.6) yields
[C(k/Iml) +m~=2/3¢;| < Ok~

In particular, by Lemma 14.2, )
lm| < Ck™5.

Choosing €y = 5, Zo = 2, and using that 1k < |m| < 3k, and —Arpe™ = m?e"™, we have
X(—eanszp)eimt =0, (1- X(—Egzkszp))eimt =0,

and
X(—€0 2k 2Ar) (B rog) ime™ = x(—€0 k2 Ar)fim ! ptme™™ = 0.

Hence, there is C' > 0 such that for any seqence k, — oo, the hypotheses of Theorem 2.10 with
a, < C’k;l/3 and S, = 0. This completes the proof. [
Proof of Theorem 2.18. By the bound on P from [27, Theorem 4.3] and the bound on Py
coming from the fact that B(0, 1) is nontrapping, for any kg there is C' > 0 such that for k > ko,

45 | z2y— 2y < Clnl ™t

Hence, Ay, satisfies Assumption 1.3 with J = 0.
Now, given m € Z \ {0} large enough, we must find & > 0 such that the hypotheses of
Lemma 14.3 hold. Let § > 0 and Cy > 0 such that

C(z) < =362%/3, > C. (14.7)

Such a § > 0 exists since [94, §10.20]

((z) = (é(\/ 22—-1- arcsecz)Z/g, z> 1.

2

Now fix j such that
8lm[** < ¢f < 26m[*/?,
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and define f : (0,00) — (—00,00) by f(z) := |m|*3¢(x/|m]). Then, f is smooth, f(|m|) = 0 and,
by (14.7)
f(x) < —30K%3, x> Co|m)|

and hence for there is [m| < k; < Co|m| such that f(k;) = ¢}. In particular, by Lemma 14.2,
A ()| < C(L+ k™

Since —Are™ = m2e™*, and there is Cy such that C; 'k; < |m| < Cok, choosing ey < 3C; "
and g > 2C this implies the there are k,, — 0o and a,, < C|n,,|k;,! such that the hypotheses of
Theorem 2.10 hold with 3, = 0. This completes the proof. [

15 Details of the numerical experiments in §2

We now describe the parametrizations of the trapping and nontrapping domains considered in §2
and provide a brief description of the numerical solver used for the Galerkin examples (the Nystrom
method is discussed in Section 9).

Geometry parametrization: We solve the scattering problem for two nontrapping do-
mains: the unit disk and a star-shaped domain whose parametrization is given by
cos (t)

x(t)
= (14 0.3cos (t , te|0,27). 15.1
o) ( (1)) sin (1) € [0,2m) (15.1)

We consider two trapping domains. The first consists of 4 rounded and tilted squares, which we
refer to as the “four diamonds” geometry. Let I'y be the boundary of the square with vertices
(£4+/27/5,0), (0, £4+/27/5), and let Ty be Ty but whose vertices are rounded using a Gaussian
filter as described in [36]. Furthermore, let T'; = (+v/2m,+£v/27) + T, j = 1,2,3,4. Then the
boundary of the four diamonds geometry is given by I' = U;*:lfj. The second trapping domain
is a crescent shaped boundary that we refer to as the “cavity” geometry. Let s € [—m/2,7/2],
a=0.2, and b=7/12. Let

o) =b-a2 (1= L) (Lo s at(o/a))

s s

(15.2)
r(s)=1—a-erf(s/a).

Finally, let I' be the union of the curve (r(s)sin (6(s)),r(s) cos (6(s))) and it’s reflection about the
y axis. This results in a cavity whose opening is approximately a sector of b radians, and whose
width is approximately 2a. Since this curve is not smooth for the specific choices of a and b, we
sample the curve at M = 400 equispaced points in the following manner. Let s; = =3 +(j —1/2)7,
j=1,2,...M/2, and consider

(r(sj)sin(G(sa‘))> , j=1,2,...M/2

xj r(sj) cos(6(s;))
Yi - ( i+1) sin(6( 1)) (15.3)
j —1(SM—j+1)sin(0(spr—j+1 o

(T(SM_j+1)COS(9(sM_j+1))) , j=M/2+1,2,...M

The boundary of the cavity domain is then defined to be the curve corresponding to the discrete
Fourier series of the sampled curve above.

Galerkin Discretization: The geometries are discretized with Np,, equispaced panels in pa-
rameter space, denoted by I';, j = 1,2,... Npay, sampled at 16th order Gauss-Legendre nodes

on each panel. Let ~;(t) : [-1,1] — I'; denote the parametrization of panel I';. For an integral
operator with kernel K, the Galerkin discretization requires accurate evaluation of the integrals

1 1
Lijke = /4[1K(%(t%%(S))Pk(t)Pe(S)I%(t)l|7§(8)|d8dt7 (15.4)
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i,j =1,2,... Npan, k,£=0,...,p, where p is the order of the Galerkin discretization, and P(t) is
the Legendre polynomial of degree £. I; ;1 ¢ corresponds to the contribution from basis function ¢
on I'; to basis function k& on I';. In all the integral representations considered, the kernel K (z,y)
has at most a log-singularity as |z — y| — 0.

For the geometries considered and the equispaced discretization above, when panels I';, and I';
do not share a vertex, the integrand is smooth and a high-order Gauss-Legendre quadrature rule
suffices to approximate I; j ;. ¢. In particular, we use a 24th order Gauss-Legendre rule in both ¢
and s to compute it.

Suppose now that I'; is adjacent to I'; with ~;(1) = v;(—1). The integrand in s has a near
singularity close to s = —1. After computing the integral in s, the integrand in ¢ has a log-
singularity at ¢ = 1. To handle the log-singularity at the end point, we use a custom quadrature
rule that accurately computes all integrals of the form

/71 (log |1 — s|Py(s) +log |1+ s|Pn(s) + Pn(s)) ds, (15.5)

with 0 < ¢,m,n < ¢ —1. Let Qiog = {tj,w;}, 5 =1,2,..., Ny, denote such a rule computed using
Generalized Gaussian quadratures, see, e.g., [17]. We use a rule with ¢ = 20 which results in a
N, = 24 point rule. To handle the integrand in s, we subdivide the [—1, 1] into three equispaced
panels and the panels at the ends are dyadically subdivided 4 times. A 32 point Gauss-Legendre
quadrature rule is used on each of these panels resulting in a total 352 quadrature nodes.

Finally, when I'; = T';, after computing the integral in s, the integrand in ¢ now has a log-
singularity at ¢t = £1. We use the quadrature rule Qo above to compute the integral in ¢. For
any given ¢;, in order to compute the integral in s, we use a mapped version of Qiog on [—1,1;],
and [t;,1] to handle the log-singularity in the kernel.

Remark 15.1 Far fewer nodes would suffice to compute the integral in s, but the quadrature rule
above guarantees that error in the solution computed using the Galerkin discretization above will
not be dominated by the quadrature error of computing I; j . ¢

Fast solver: The quadrature method described above can be easily coupled to fast multipole
methods. The discretized linear system is solved using GMRES until the relative residual drops
below 5 x 1078, The matrix vector product in each GMRES iteration is computed using fmm2d [4],
a wideband fast-multipole method which uses far-field signatures to accelerate the translation
operators at high frequencies [32]. The computational complexity of applying an N x N matrix
using a wideband FMM for high-frequency problems is O(N log N).

A Definition of the scattering problems and the standard
boundary-integral operators

In this section we show how scattering of a plane-wave by an obstacle with zero Dirichlet or
Neumann boundary conditions can be reformulated as a BIE involving the operators Ay, A} (1.2)
(for the Dirichlet problem) and By yeg, B,’mrcg (1.3) (for the Neumann problem). The proof that the
general Dirichlet and Neumann problems (i.e., with arbitrary boundary data) can be reformulated
via these BIEs is very similar; see, e.g., [26, §2.6].

Let Q~ Cc R?%, d > 2 be a bounded open set such that its open complement QF := R? \QT is
connected. Let I' := 0Q2~. The results in the main body of the paper require that I" is C*°, but
the results in this appendix hold when I' is Lipschitz. Let v be the outward-pointing unit normal
vector to 7, and let ¥ and 9F denote the Dirichlet and Neumann traces, respectively, on T' from
O,

Definition A.1 (Plane-wave sound-soft/-hard scattering problems) Given k > 0 and the
incident plane wave u! (x) := exp(ikx - @) for a € R? with |ala = 1 find the total field u € HL (2T)
satisfying Au + k*u =0 in QF,

either yTu = 0 (sound-soft) or 9fu =0 (sound-hard) onT,
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and, where uS :=u — u! is the scattered field,

O ik = ! = formly i Al
o, k=0l Goe as r:= |z| = oo, uniformly in x/r. (A1)
The solutions of the sound-soft and sound-hard plane-wave scattering problems exist and are
unique; see, e.g., [26, Theorem 2.12 and Corollary 2.13].
Let @ (z,y) be the fundamental solution of the Helmholtz equation defined by

i
1 k (d=2)/2 (1) 7H(()1) (k|',1j - y|)’ d= 27
Py (z,y) == 1 (m_y|> Hia sy (ko —yl) = eiklz—yl d—3 (A2)
Al —y|’ ’

where Hﬁl) denotes the Hankel function of the first kind of order v. The single- and double-layer
potentials, S¢ and DY respectively, are defined for k € C, ¢ € L'(T), and x € R\ T by

r ov(y)

The standard single-layer, adjoint-double-layer, double-layer, and hypersingular operators are de-
fined for k € C, ¢ € L3(T'), v € HY(T), and x € T by

Stp(z) = / (e y)p(y)ds(y) and  Dlp(z) = o) ds(y).  (A3)

Siota) = [ Bulepot st Kiole)i= [ ZED o) ds(), (A4)

L aq)k(xvy) S ) — 7] aq)k(‘ray) S
Kio(w) = [ T omaste). o) = 5 [ T i), (4

(We use the notation Ky, Kj for the double-layer and its adjoint, instead of Dy, Dy, to avoid a
notational clash with the operator D := —i0 used in the rest of the paper.)

Theorem A.2 (i) If u is solution of the sound-soft scattering problem of Definition A.1, then
Aofu=0fu —inpu!  and  w=u' — SO} u). (A.6)
(ii) If v € L3(T") is the solution to
Apo = —yTul, then  w:=u! + (Dl —inpSt)v (A7)

18 the solution of the sound-soft scattering problem of Definition A.1.
(iii) If u is solution of the sound-hard scattering problem of Definition A.1, then

Bk,regf'u =inyytu! — Sik(?;rul and uw=u'+ Dl(yHu). (A.8)
(iv) If v € L*(T) is the solution to
BlregV = —0fu’,  then w:=u"+ (DLSy, — innSl)v
is the solution of the sound-hard scattering problem of Definition A.1.

References for the proof. Part (i) is proved in, e.g., [26, Theorem 2.46]. Part (ii) is proved in,
e.g., [26, Equations 2.70-2.72]. Part (iii) is proved in, e.g., [45, Equation 1.6]. Part (iv) is proved
in, e.g., [45, Equation 1.8]. ]

Lemma A.3 IfT is C' then

1A 2oy 2y 2 /20 1D ey ey 2 2

—1
v 1 -1 nn 1
||Bk,TegHL2(F)_>L2(I‘) 2 <2 + 4> ) ||(Bk:7reg) HLQ(F)H[?(F) Z (2 + 4> .
Proof. The results for Aj, are proved in [25, Lemma 4.1] using that A}, — (1/2)I is compact when

T is C'. The results for By, reg are proved in an analogous way, using that By req — (inn/2 —1/4)1
is compact by, e.g., [45, Proof of Theorem 2.2]. (]
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B Propagation of singularities

The goal of this section is to prove Theorem 13.12. Since propagation of singularities away from
I follow from standard results (see e.g. [35, Appendix E]), we may work in a small neighborhood
of a point on I'. In particular, we work in Fermi normal coordinates (z1,2’) with I' = {z; = 0}.
Then, since W € W™P(Q)) it is, in particular, supported away from I', in these coordinates the
operator —h2A — 1 — W is given by
h*D2 + ha(z)hDy, — R(z,hD,)
for some a € C°°, where Re Diﬁ% i.e. is a semiclassical differential operator of order 2. Moreover,
r(z,€) == o(R) =1— [¢/|,. Now, setting ¢(z1) = & [ a(s, 2’)ds, we have
(=h*A = 1)e™™ = h?D2 — R(z,hDy) + K20, 9| + ih?02 1.

Throughout this section, we use the notation UJ := C°°((—00,00),;,;¥"(I')) and ST :
C*((—00,00); S™(T*T)) and study operators of the form

P:=n’D2 — R(z,hD,), (B.1)

with R € UF having real principal symbol,  and {r = 0} N {9 ¢nr = 0} = 0.
For the boundary conditions, observe that since ¥|,,—0 = 1, the boundary conditions are then
changed to

(—QhD,,u —u) = ¥ (—QhD,, e~ Veu — eYu = (—QhD,, + Qhdy, Yu — u)

Notice that, for i small enough, E := (1 + Qhd,,¢)~' € U exists with o(E) = 1. Therefore,
Q = EQ € V! with ¢(EQ) = 0(Q) and it is enough to study propagation of singularities for

Pu= fin {z; > 0}, QhDg u+u=gonz =0, (B.2)

where Q € ¥~1(T).
We divide our analysis into three regions

E={(",¢) : r(0,2",¢) <0}, H={(2',&) : r(0,2',¢) > 0}, G:={(2",¢) : r(0,2",¢)

respectively the elliptic, hyperbolic, and glancing regions.

B.1 Elliptic Estimates
We start by recalling a standard factorization together with elliptic estimates.

Lemma B.1 (Lemma 4.2 [38]) Let P as in (B.1). Then for all x € S§ with supp x C {|r| > 0},
there are A’ € Wi j =0,1 such that, on suppx, o(As) = £/r on {r > 0} and o(Ay) = i\/|r]
on {r <0} and

X(2, hD )P = X(2,ADy)(hDy, + A_)(RDyy — A_) + O(h™) 4o
T B.3
= X(@, D) (WD, + Ay ) (hDay = Ay) + O(F) (B-3)

Using energy estimates, one then obtains the following elliptic estimates.

Lemma B.2 Let Q € V'), k € N, k > 2, s, N € R, 0 < t; < to, X, X € VY such that
WF(X) C EIl(X) and WF(X) C {r <0} and there is ¢ > 0 such that,

lo(Q)in/|r]| +1] >¢>0, on WF(X).
Then there is C > 0 such that

2 k-2
1K ulis o sy < O D IXPulli=as o gy + ORI X (@R, =) O)]eay
j=0 §=0 g

+ ChN(”UHH%((O,tz),H;N) —+ ||Pu||L2((O,t2);HF7N) + ||U(O)||H;;N)
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Proof. Let X' € U(T') with WF(X) C Ell(X’) and WF(X') € EI(X) N {|a(Q)i/|r] + 1| > ¢/2}.
Then, since, on WF(X'), |0(QA_ + 1)| = |o(Q)i+/|r| + 1| > ¢ > 0,

X" WO ein-y < ClX(-QA- — Du(O)] car-y + CRY [u(0) g

< C||X(~QhDy,u — WO ori-y + Ol XQ(hDy, ~ AL simy + OB [[u(0)| -

h

Therefore, the lemma follows from [38, (4.28), Lemma 4.8]], where iE_ is replaced by A° in our
notation. -

B.2 Propagation in the hyperbolic region

We next proceed to the hyperbolic region. In this region, singularities follow broken bicharacter-
istics.

Lemma B.3 Let N >0, Q € V1T, A € Ut with WF(A)NT*T C {r > 0}N{|o(Q)v/r+1| > 0}
and By € U0 with WF(A) C YEl(By). Then, there is g > 0 small enough such that for all
B e byeomp B ¢ YomP(T) and 0 < T < ¢ such that WF(A)NT*T C EW(B’), for all p € WF(A),
there is 0 < t < T such that

¢—i(p) € EI(B), U p-i(p) C "EI(By),
0<t<T

there is C' > 0 such that
|ARDz, u(0)|[z2 + [|Au(0)|[z2 + [ARDz, ul|r2 + || Aul 2
< C(h™Y|ByPull 2 + | B (=QhDy, — u)(0)|| 12 + || Bul|2)
+ O (|(=QhDayu = w)(0) | v + 1Dz, w(0) || - + [l £2(0,2¢) + 17Dy ull £20,20) + [ Pullz2(0,20))

In order to prove Lemma B.3, we need a pseudodifferential cutoff that nearly commutes with
one factor in (B.3).

Lemma B.4 Let a € S°™P(T*T') with suppa C {r > 0}. Then, there are ¢ > 0 and E € V™
such that Ex|, —o = a(a’,hD,/), for any 6 € C°(—¢,¢€),

O1Ds, + As, Bx] = O(h%) g,

and
WF(Es) C | {(21,exp(aiHy 7)(supp(a)))}.

0<z1<2¢

Proof. We start by solving
o([(hDg, + As),éE (2, hDy)]) = —ihdy, 5 —ih{£\/réT} =0 0<x; <2,  éF|p=0=a.

This is possible for e small enough since suppa C {r > 0} and hence {z; = 0} is non-characteristic
for the vector-field 0,, + H /. Let 1, v0,¢1 ..., € C°((—2¢,2¢)) with 219’ (z1) < 0, supp(1 —¢) N
[—€,€] =0, suppt Nsupp(l — ;) =0, j > 0 and supp¢p;+1 Nsupp(l — ;) =0, j > 0. Then, set
e§ = wég and Eg[ = eat(z,hDac/). Then,

[(hDy, + Ay), Ex (x,hDy)] = h%bo(z, hD,), for z1 ¢ supp(1 — 1)

for some by € ST with supp by C supp vet c {r>0}.
Suppose by mductlon that form some N > 1 we have found ei,...,e% | € S with

suppe C supppéa C {r > 0} such that, with E%_| := ijo h]1/)N_1€j (z,hD),

[(hDy, + Ay), Ex_ | (2, hDy)] = BNt oy (z, hD,), for z1 ¢ supp(l — ¥n_1). (B.4)
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for some by € S with supp by C supp¥oéi C {r > 0}. Then, let e € ST satisfy
Ou ey — {FVr e} = —by, exle=0 =0, z1 ¢ supp(l — ¢Yn-1).

Defining E5; := Z;VZO hije;.t (z,hD,), we have (B.4) with N replaced by N + 1. Putting Ey ~
Z;io hjweji (z, D, ), completes the proof of the lemma. ]
We can now prove Lemma B.3.
Proof of Lemma B.3. By a partition of unity argument, we may assume that ¢_r(p) € Ell(B)
for all p € WF(A). In addition, since WF(A) C {r > 0}, for any ¢ > 0, may further assume that
WEF(B) C {& <0, €/2 <21 <€}
Let a; € CX(T*T), i = 1,2 with suppa; C {r > 0}, supp a3 Nsupp(l —az) = 0,

WFA)N | {(@1,exp(z1H z7supp(l —a1)} = 0,

—2e<x1<2€¢

and
U {(z1,exp(z1H /) (supp az))} C YEI(B;).

—2e<x1<26¢

Let B from Lemma B.4 with a replaced by a;. Then, using the factorizations (B.3), we have
(WD, + As) B4 (hDyy — Ay) = ELP + O(h) o (B.5)

Since suppa; C "Ell(B;), there is € > 0 small enough such that for X € ¥({x; > 0}) with
WF(X) C {£& > —¢,0 < z1 < €},
|XEL (7D, — Ax)ullzz < C||BiPul 2 + ChN|ful 2,

In particular, there is x € C°((¢/2,¢€)) with x = 1 near 2 and X as above such that

WF(ELx) C ({£& >0} U{p? + V% > ¢ > 0}) NP EI(By).
Therefore,
IXEL (hDy, — Ax)ullze < O(|BrPul e + [|Bull g2 + Y [[ul| g2 + &Y || Pul £2). (B.6)

Basic energy estimates together with the fact that on supp eg, Imo(A) = 0 (see e.g. [38, Lemma
4.4]) imply that for 0 <¢; < § and 0 <t <,

IBL(81) (D, — Ax)u(ty)]| 2 < OB (| EL Pul|r2(0,6) + IXEL (BD2, — As)ul r2),

|EL(hDy, — As)u(t)l| e < O (| BLPullr2(0,6) + lai(2’, kDo) (D, — A )u(0)]| 2).-
(B.7)

In particular, combining the first estimate with ¢; = 0, (B.6) and the fact that WF(EL)N{z; <
€} C PEll(By), we obtain
laz (2, ADyr ) (I + Ay QD u(0) | 22 + | EZ (t1) (D, — Ax)u(ty)]|z2
< Cllag(z’, hDy ) A (=QhDyyu — u)(0)[| 12 + OB (|| BiPul 2 + || Bul £2) + CRY ([[ul 2 + || Pul|2)
< C(hY|BiPul 2 + ||B'(=QhDq, — u)(0)|| 2 + || Bullz2) + CAY (|[(=QADz,w — w)(0) - + [lull z2 + || Pull 2)

It remains to observe that o(f + A1 Q) > 0 on supp as and hence

laz(2’, Do )hDg, w(0) || + [laz(2’, hDgr)u(0) | 2
< llaz(a', ADy ) D2, u(0)|| 2 + llaz (2, ADor)(=QhDx,u — u)(0)] L2
< C(h™|BrPullpz + ||B'(=QhDay = u)(0)| 2 + || Bul 2)
+ CRY ([(=QhDy,u = u)(0)| g~ + 1Dy () -~ + llull 2 + || P 2)
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Now that we have control of the boundary traces, we can use the second inequality (B.7) to
finish the proof. Indeed, since supp a; Nsupp(l — as) = 0,

|EL(hD., — A yu(t)| 22 + B (1) (D, — A Ju(tr)]| 2

< O(h"|ByPul 12 + | B'(~QADs, —w)(0)]|z2 + | Bull12) + Cllas (', ADy:) (hDa, — A )u(0)]2)
+ RN ([(~ QD — w) O)]| - + D u(O)] g + 2 + 1| P 2)

< O(h Y| ByPul 12 + | B'(~QADs, —w)(0)]lz2 + | Bu2)
+ CRN([(~ QD — ) O)]| - + [ADa u(O)] gy + 2 + 1| P z2)

and hence, using that WF(A) C EI(EY) N {z; < ¢/2} and |o(A; — A_)| > ¢ > 0 on WF(A4), we
have

[ARDy, ul| L2 + || Aul| L2
< O(|BL(hDyy — A-Yul 2 + || EL(hDyy — A )ullze + AN ([BDgul 12 + ||ull £2)
< C(WY|B1Pul|r2 + | B (=QhDy, — u)(0)||z2 + || Bul| =)
+ ChY (II(=QhDayu = u)(0)|| -~ + [1hDzyw(0) | -~ + Jull 2 + [ADgyull L2 + | Pul2)

As a corollary of (B.7), and Lemma B.1, we obtain Lemma 13.14
Proof of Lemma 15.14. Let x € C2°(R™ x R"~!) with x(g) = 1 such that

lIx(z, ADy ) Pul|r2 < Chs+t, Ix (0,2, ADy ) (ADy, — A_)u||p2 < Ch®.

Let a € C°(T*T") with suppa C {x > 0} and E, as constructed in Lemma B.4, and € > 0 small
enough that supp E_ N {z1 < e} C {x > 0}. Then, by (B.7),

|E_(hDy, — A yu(t)]| 2 < Ch | By Pull (0. + la(e, D) (RDs, — A_Jul 2 < OB

In particular,
"WE3 (u) N {21 > 0,6 > 0y N {o(E-) > 0} =0,

and, since

U ¢slg) c {a(E-) >0},

0<s<e
the lemma follows. ™
B.3 Propagation in the glancing region

The most subtle part of the analysis is in the glancing region, where we follow the proof in [62,
Chapter 24]. Throughout this section, B; € U4, i = 0, 1, satisfies

B(x,hD) := By(x,hD")hD,, + Bo(z,hDy), B} = By, Bj = By — [hD,,, B1]. (B.8)
Then, integration by parts yields the following lemma.

Lemma B.5 ( Lemma 24.4.2 [62]) Let P as in (B.1) and B as in (B.8). Then,

1 1
) Im(Pu, Bu)o = Z Re(Ejk(x’, hD g )ug, Uj>r + Z Re(Cjkuk, uJ'>Q,
J,k=0 4,k=0

where u; = thil and Ev1 = B, Ej; = Eig = By, Ego = B1(R + R*)/2, and the symbol, cj, of
Cj 1s real and satisfies co1 = cio,

> e, €)™ = {p,b} + 2bTmp_,
jk

where p_1 is the subprincipal symbol of P.
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We use Lemma B.5 repeatedly in positive commutator type arguments. To do this, we first
record a technical lemma similar to [62, Lemma 24.4.5].

Lemma B.6 Let Aj, € WP have real principal symbols a;;, compactly supported in x, ap1 = aio
and such that

1
> ajl@, )T = —v(,€)?,  when & = r(x,¢),

7,k=0

where ¢ € CZ°. Furthermore, suppose that Oy,v > 0 or O ¢nr # 0 on Usuppajx. Then, there
are W; i = 0,1 with principal symbols 1) and O¢, v when & = r(x,§') = 0 such that for any N

Re Y (Ajx(hD1)*u, (hD1)Y u)q + [|[Wo(x, ADy )t + Wy (2, hDar )hDay ul|7 2 g
< Ch7Y|Pullz + Ch([[ul| 22 + [AD2, ull72 + [AD2, u(0)[|72 + [(QAD., +u)(0)]72).

Proof. Let o, 91 € C2° such that v; = 8g1¢ when & = r(z,£’) = 0. and such that

S s )& + (o(w,€) + v (2,€)6)? < g, &) (& — r(a,€)),

for some g € C2°. This is possible by [62, Lemma 24.4.3].
Let ¥; and G with principal symbols 1; and g respectively. Then, by the Sharp Garding
inequality for systems,

Re(Z(A]k(x hDy Yug, ) + Y (W (2, hDo) Uy (2, hDo ug, uj)e
—(G(x,hDy )ur, ur)q + (G(x, hDy ) R(x, th/)uo,uom)
< Ch([luol® + [|hDz, ul®)
Next,
Re ((G(:c, hDy)u1,u1)e — (G(z, hDy)R(z, hDy )uo,u0>g)
= Re ((GPu,u>Q —iR{(G(0, 2", hD g YiDy W) + {[ADy, , G(a, KDy )|iDy, u, u>9)
< Ch™Y|Pul|7> + Ch|lu| 2 + hIm(G(0, 2, ADy ) ADy, u, u)r + Ch||RDy, ul| 20y ||ull 2 (-

[
We also need a microlocal estimate on the normal derivative. We start with a microlocal
estimate on the normal derivative.

Lemma B.7 There is 69 > 0 such that for all a € S®™P(T*T), suppa C {|r|] < ¢},
A = a(x',hDy), ¥ € CX(—1,1) with 0 ¢ supp(l — ) and x,x1 € CZ(RXR"!) with
supp a(2’,€")(x1) Nsupp(l — x) = 0, supp(1 — x1) Nsupp x = 0. Then,
| ARD,, u(0)|| 2 < CA™ Y| X Pul|2 + C||Xul| 2 + C|| X (QAD,, u + u)(0)]| 12
+ CRY (||(QRD,u+ ) (0)|| 22 + [[BD2, u(0)| £2)-
| XAD, ul|> < C(h Y| X1 Pul|r2 + || X1ull 2 + C|| X1(QAD,, u + u)(0)]| 12
+ ChY ([[(QRD,u+ ) (0)|| 12 + [[BD, u(0)]2)

Proof. Let ¢ € C3°((—1,1);[0,1]) with 0 ¢ supp(1 — «) and define
* —ih /
Bl = A A¢($1), Bo = TBl’t/J (1‘1)7

Then, Lemma B.5 yields, with B = B1hD,, + By,

1 1
2h~ ' Im(PXu, BXu)g = Re »_ (Ejx(hDy,)" Xu, (hDy, ) Xu)r+Re Y (Cjr(hDy,)* Xu, (hDa, ) Xuj)a,
J,k=0 7,k=0
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where
Eél = ElO = 07 E11 = A*A, EOO = A*A(R+ R*)/Q
Hence,

|ARD,, Xu(0)]2

1
=20 Im(PXu, BXu)g — Re > (Cjr(hDa,)* Xu, (hDy, ) Xu)q — 3(A(R+ R*)Xu, AXu)r
j,k=0
1
= 20" Im(PXu, BXu)g — Re » _ (Cjr(hDa,)* Xu, (hDy, ) Xu)o
j,k=0

AR+ R*)(X(QhDy u+ u), AX (QhDy u + u))r
+ 3 (A(R+ R*) X (QhDy,u + u), AXQhDy, u)r + 3 (A(R + R*) XQhDy, u, AX (QhDy u + u))r
AR+ R)XQhD, u, AXQhD,, u)r
< 2h ' Im(PXu, BXu)q + C|| XhDy, ul| g2 + C|| Xul 12
+ C|| X (QED,u + u)(0)||25 + C68||ARD,, u(0)||22 + Ch|| X hD,,u(0)||2.
+ O(h®)(I(QhDg,u + u)(0)]|72 + D, u(0)[|72)
< Ch™2| X Pulj2: + C||XhDy,ul L2 + C|| Xu| 2
+ C|| X (QhD4,u + u)(0)]|25 + C8||ARD,, u(0)||22 + Ch|| X hD,, u(0)||2.
+ O(h)([(QRDg, u + u)(0)[|72 + D4, u(0)]172).

In particular, for § > 0 small,

| ARD,, u(0)l|2 < CH= X Pullys + CI|XhDy,ul 12 + C|[ Xull 12
+ C|| X(QhDz,u+ u)(0)| 2 + Ch'?|| X Dy, u(0) | 2
+ O(h*)([(Q@ADq, u + u)(0)]| 2 + [|ADg, u(0)]| £2).-
Now, we need to estimate || XAD;, ul/z by Pu and u. For this, self-adjoint.

(Pu, X*Xu) = ((hDy,)?* — r(z, hD))u, X* Xu)
= —(r(x, hDy)u, X*Xu) + | XDy, ul|%
(D, )u, [hDy, , X* X]u) 4 ih{hDy, u, X * Xu)p.

Hence,

| XED,,ul|2: < (Pu, X*Xu) + (r(z, iDy) Xu, Xu)
+ (X, r]u, Xu) — ((ADy, )u, [hDy, , X*| X + X*[hDy, , X]u)
— Re hi(XhDy, u, X(QhDy, v+ u))r + Re hi{(X Dy, u, XQhDy u)r
< O||XPu|? + C|| Xu|® + Ch(| Xull72 + || XhDy, ul|72) + Ch| XADy, u(0)]7
+ Ch|| X(QhDy, +u)(0)||2.
+O(h®)(|lullZ2 + [|AD, ull72 + [(QAD, u+ u)(0) |72 + D2, u(0)]|72).

The proof is completed by iteration. [

B.4 Diffractive points

We start by considering diffractive points. The main technical estimate is provided in the next
lemma.
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Lemma B.8 Let Q € ¥~1(T") with Reo(Q) > 0 near r = 0. Then there are 5o > 0 and My > 0
such that fO’f' all M > MO) f € Cgo((0700) x R x Rnil); b17b0707XaX+p € Cgo(Rn X Rnil;R)y
t,tg € C*(R"1 x R""L;R), and ¢ € C°(R™ x R™;R) satisfying

boz,=0 > 0, supp b; Nsupp(l — x) = 0, supp x Nsupp(l — x4) =0
supp x+ C {|7| < do} N {0z, > 0},
supp p C {r > 0}, supp p Nsupp(l — x) = 0, by |zy—0 = —1%, bo|z, =0 = tto.

setting b := b1&1 + b,
{p, b} + bM|E'| = = + p(&1 —/?), b=10>  when p=0,

and for all (z',£') € supp x either r(x,&') < 0 or there are 0 < sy (z,&") <1 such that

Yoy (x, £/r(x, &), &) e {f >0}, and( U o_s(z, £/r(z, &), §>ﬁsupp (1-x)=0.

0<s<s4+

Then there are C > 0, U; € C®(R,,; V°™P(R"™1)), j = 0,1 such that for all 0 < h < 1, defining
X i= x(2,hD,), Bi = bi(w, hDy), T i= t(a/, iD,),

[ @oXu + U1hDy, X 12(q) + | ThDy, Xu(0)|| 2 + || BXul| 12
< Ch Y| XPul| + C( 4+ e Y| X (QhDy, u 4 u)(0)| 12 + ||Ful 2

+Ch2 (I|X yull 2 + |X 4 Dz, ull 2 + [[hDgy Xu(0)] L2 + (Xt + QhDq, Xu)(0)]|12) ()
+CRY ([lull g2 + Dz ul 2 + | Pullz2 + [[w(0)[| 2 + [|AD, u(0) 2),
and o(V;)|,—(0,2",0,¢') = 8 1(0,2",0,&)|r—o.
Proof. By Lemma B.5
1
20 Im(PXu, BXu) = > (Eji(2',hDy)(hDa, )* Xu, (hDy, ) (Xu))r
k=0 (B.10)

1
+ Y (Cir(hDx,)* Xu, (hD,, ) (Xu))q,
Jk=0

where 4
chk§{+k ={p,b} +2bImp_; = —bM — 2, when 512 =7

Hence, by Lemma B.6,

Re Z ]k hDr1 XU, (hD”El)J(XU)>Q
7,k=0

+ Re((M — 2Imp_y(x, hD, ) Xu, BXu) — Re((hD
< Yo Xu+ UiiD,, Xul|* + Ch~ Y| PXul2,
+ Ch([|[ Xu|?2 + [|[hDz, Xull72 + (QRD, Xu + Xu)(0)||72 + |ADz, Xu(0)[|72)-

— Az, hDy ) Xu, p(x, ADy ) Xu)

Z1

(B.11)
Next, observe that for M large enough,

—Mb+2Tmp_1b+€lb|* = —(M — 2Imp_; —v*)v?, when & = r.
Therefore, apply Lemma B.6 again we obtain

—Re((M —2Imp_; (2, hDy ) Xu, BXu) + || BXu|/2.
< Ch Y| PXul?, (B.12)
+ Ch(|| XullZ2 + |hDysy Xu| 72 + [[(QhDq, Xu+ Xu)(0)||72 + [[ADx, Xu(0)]|72)
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Since supp pNsupp(1 —x) = 0, there is Y € C2°(R™ x R™~!) such that supp pNsupp(1—x) = 0,
supp X Nsupp(l — x) = 0. Hence, using Lemma B.3 with A = x(z,hD, )X, B’ = X|;,—0, B1 = X,
and B = F, by Lemma B.3,

((hDy, — Az, kD)) Xu, p(x, D, ) X u)

<N(hDy, = A, hDo))X(@, hDyr) Xl + || p(2, hDor )X (2, hDyr) X ul| 7
+O(h>)(|hDgy ull72 + JulZ2)

(B.13)
< Ch2(| X Pulliz + | X (QhD2,u+u)(0)[172 + || Full7

+O(h*)(IhDayul| 22 + [lullZe + | PullZe + (QRDzyu + u)(0)[[Z2 + [RDs, u(0)]|72)
Next, we consider

1

Z Ejp(2',hDy ) (hDy, )* Xu, (hDy, )7 (X u))r.

7,k=0
First, notice that, since o(Ey1) = —t2,
(E11hDy, Xu, hD,, Xu)r + ||ThDIleu(0)||2 < Ch||hD gy Xu( )||2L2,

(B.14)
Next, since Re @ > 0 on WF(By|z,~0) and o(Bgy) >0

Re((E10hDy, Xu, Xu)r + (Eg1 Xu, iD,, Xu)r)

= 2Re(BohD,, Xu, (Xu + QhD,, Xu))r — 2Re(BohD,, Xu, QhD,, X u)

< 2Re(to(2',hDy )ThDy, Xu, (Xu + QhD,, Xu))r — 2 Re(BohD,, Xu, QhD,, X u)
+ CH||hDy, Xu(0)||22 + Ch|| X (QhD,, u 4 u)(0)|22 (B.15)
+O0(h%)([u(0)[122 + |hDz,u(0)[1Z2).

< €| ThDy, Xul|22 + Ch|hDy, Xu(0)||22 + Ce 1| X (u(0) + QhD,,u(0))||%2
+ O(h>)([[u(0)[172 + D2, u(0)]172).
Finally,

2(EooXu, Xu)r = (B1(R+ R*)Xu, Xu)p

(B1(R+ R")QhD,, Xu, QhD,, Xu)r — (B1(R+ R*)QhD;, Xu, Xu + QhD,, Xu)
+ (B1(R+ R")(Xu+ QhD,, Xu), (Xu+ QhD,, Xu))

—(B1(R+ R")(Xu+ QhDy, Xu), QiDy, Xu)r

< (T*T(R + R*)QhDy, Xu, QhDy, Xu)

—(T*T(R + R*)QhD,, Xu, Xu + QhD,, Xu)
+(T*T

(R+ R*)(Xu + QhD,, Xu), (Xu + QhD,, Xu))
—(T*T(R + R*)(Xu+ QhD,, Xu), QhD,, Xu)

Ch(|ADg, Xull7> + | X (u + QRDg,u)||7> + O(h*)||RDg, u(0)|| 12 + [[u(0)]| 12)
< C§|ThDy, Xu||32 + C| X (QhDy,u + u)(0)||32

(B.16)

Ch(|hDy, Xul|F2 + || X (u+ QADy, )| 72 + O(h)[|ADg, u(0)[| 12 + [[u(0)[ =)
Combining (B.10), (B.11) (B.12), (B.13), (B.14), (B.15), and (B.16), and choosing ¢ > 0 small
enough,
2h  Im(PXu, BXu) + || WoXu + V1D, Xul||22 + |BXu|22 + | ThD,, Xu(0)|2.
< Ch7Y|PXul2 + Ch?| X Pull7. + C(1+ € V)| X(QRDy, u + u)(0)]|3 2

+ Ch(| Xull72 + [|hDa, Xull72 + [|(QhDe, Xu + Xu)(0) |72 + [[ADg, XulZ:)

+CRY (|Dg,ulZz + [[ull2: + [ Pull: + [(QADq, u+u)(0)[|72 + [|RD, u(0)|Z2)
Finally,

2h Im(PXu, BXu) = 20~ ' Tm(X P + [P, X]u, BXu)
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> 207 (X Pu, BXu) + O(h%)(|[ulZ2 + [|hDz, ul2:)

1
> —Ch™?|PXul|}. — §||BXUH%2 +O(h®)([|ull 72 + [|hDz,ul72)
and hence the estimate follows after we notice that

I1PXulrz = [ XPullL2 + (I[P, X]u| 2
<X Pz + Ch(| Xt ul 2 + | X+ hDgyul| £2) + CRN ([ull 12 + Dz, ul| 12)

We now construct the functions required to make use of Lemma B.8.

Proposition B.9 Suppose that r(0,y',n') = 0 and 0,,r(0,y',7') > 0 and let v(t) =
exp(tH,)(0,vy',n'). Then for all N > 0, x € C°(R™ x R"™1) with x(0,y',n') =1 there is 0 < s < 1
such that for all f € C°(Ry x R" =1 xR™) with f(y(—s)) =1 there are C > 0, a € C°(R® x R"~1)
with a(0,y',n") = 1 such that for all0 < h <1
||A(CC, th/)qug + ||A(O7 I/, hDac’)hDahU”L?
< C(h X Pullpz + || Full 2 + | X (QhDq, u + u)(0) | 2)
+ CRY(|Pull 2 + [[u]| 2 + [(QAD, u+ w)(0)]|2).-
Proof. To prove the proposition, we show that given a neighborhood, V of (0,4’,n) there are
a,a; € C°(R™ x R*1) with a(0,y’,7") = 1 and suppa; C V such that
la(z, hDz)ullz2 + ||a(z, ADar)hDg, ul|p2 + [la(0, 2", ADyr )hDy, u(0)| 12
< C(h X Pullpz + [|Fullzz + | X (QRDq, u + u)(0)| )
+ Ch'2(| Avul g2 + [[Ash Dy, ul g2 + || AthD,, w(0)]|2)
+CRY([|[Pull g2 + [[ull 2 + [(@ADq,u +u)(0)|2).

(B.17)

Then, iterating this estimate and using propagation of singularities away from the boundary implies
the proposition.
Define

¢ =& + ¢o(x,£), go =13+ 2" —y' P+ ="
Then,
Hp¢ = {gf -, ¢} = aﬂflr + 2£1aibl¢) - HT(rb

There is a neighborhood, U, of (y',7') and ¢ > 0 such that
8117" > 4c >0, IHT’¢0| + |az1¢| <ec

Hence,
HP¢ >c> 07 on {(‘T7£17§/) : |£1| < 17 (1’75,) € U}

Let 6 > 0 small enough such that

{po(z',&") <36} cUNVN{x >0}

We start by finding a function b that has all the required properties except that it is not linear
in fl- Set B
b= x2(b0/8)*x0(1 — ¢/9),

where

Yolt) == {eXp(‘l/“ P20 € Co(-3.3:(0. 1), supp(l — x2) N [-2.2] = 0.

0 t<o0’

For later use, we also let x1 € C°((—2,2);[0,1]) with supp(1 — x1) N [-1,1] = 0.
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We claim that
Hyb+ Mb= 4% 4 p(& —r'/?), when p=0
Y= xa (86N,
_opl/2, {(1 —x1(07€)?)N 4+ xo(1 = 61 ¢) Hyx2(6 o), yr T >0, (B.18)
0 r <0,
N = x2(67100)*(x0(1 — 671 9)0™  Hpdp — xo(1 — 6~ ¢) M).

To see this, we observe that

suppb C {¢ < 8} C {& <3},
supp b N supp(A(x2(5~"¢0)) C {0 + & <6, do > 20} C {& < 3}
In particular, ~
supp b N supp(d(x2(8~"¢0)) N {p = 0} C {r > 6°},

and (B.18) follows by a direct calculation.
Now, we need to check that ¥ and p are smooth function. To see that ¥ € C'°°, observe that
on supp ¥, |€1] < 28 and |@o| < 35. Therefore (1 — 5~1¢) < 3. To use this, observe that

N2 = xa(0760)Ixo(1 = " p0)d  Hye] /2 (1 = Mo () /x0(t)l1=1-5-16) """
= X2(80)[xo (1 = 0 o) Hpg] /2 (1 — M(1 - 6 19)*)! /2.

Therefore, on supp ), 1—M§(1—6"1¢)* > 1-9M6 and for § < 1557, using that (x4)"/? is smooth,
we see that N'/2 is smooth.
Next, to see that p € C°°, observe that

supp(1 — x3)N Usupp xo(1 — 6 ) H,x2(6 o) C {& < —6}.

Hence, supp p C 7 > 6% which implies that p € C>°.

Finally, we observe that b|,—o = v? with v = x1(&1)x2(0 7 d0)[xo(1 — 6 '¢)]'/2, provided that
0 <1.

With b in hand, we construct the required function b. By the Malgrange preparation theorem,
there are by, by € C°(R™ x R"~1) such that

b(x, &) = p(x, §)g(x, &) + by (x,&)& + bo(x, &)

Define b := by (z,&)&; + l_)o(x,f_’). 3 )
Observe that on p = 0, Hyb = Hpb and b = b. Hence,

Hyb+ Mb=—4? + p(& — /2, b=? on p=0. (B.19)

In addition,

7 A Q(l'v V T(Jf,f'),f/) - Cj(l‘, vV T(x7§/)’§/)
bl(xag ) - 9 ’I“(Z‘ E,)

Q(xa V T‘(Z‘,fl),g/) + 5(x7 - T(l‘,f/))
2

, on r(x, &) >0,

EO(J;7€/) =

, on r(x, &) > 0.

We first modify b; and find ¢. Notice that 76515 = x2(6 7 20)2xh(1 — ¢/8)6 1. Hence by [62,
Lemma 24.4.9] there is W, € C®(R xR” x R"~1) such that b; = —W2(r,z,£&’) when r > 0. Setting
by == —WE(r(z, &), z, &) modifies by on 7 < 0 and hence does not affect (B.19). Therefore, we set
t(l‘, fl) = W(’I“(]), 5/)’ 0,, 5/)

Now, observe that there is £ € C™ with £(0,z,¢’) > 0 such that

t = xa(¢o/0)i(r(2’,€), 2, £).
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On the other hand, by [62, Theorem C.4.4], there is W5 € C°(R x R"™ x R™™!) such that

z’0(17751) = X%(QSO/J)WQ(T(Ivg)v z?fl)v r > 0.

Setting bo(z,&") = x3(¢o/0)Wa(r(z, &), x,£") modifies by only on r < 0 and hence does not af-
fect (B.19). Moreover, we have by = ttg with tg := x2(po/d)Wa(r(z,&'), z, &) /t(r(2', &), x, &) €

C* since t is non-vanishing near r = 0.

Defining b := b1&; + by and letting ¥, ¥+ € C°(R™ x R"™1) with suppx. € U N {x > 0},
supp(1 — x4+) Nsupp x = 0, and supp(1 — x) Nsuppb; = @. we have verified all the hypotheses of
Lemma B.8 and hence the estimate (B.9) holds for any § > 0 small enough. Now, observe that

ty',n') = (o(O™Y2 450,y 1) = Xo(1)da, (0,5, 7')6 ™ — Mxo(1)
200010,y 1") = —x0 (1), (0,5, 7' )% + xp (1) M6,
In particular t(y’,n') > c and /19 = —cd~! + O(1). hence, choosing, for instance § and §/2,
there is a € C°(R™ x R"~1) such that a(0,y',7) = 1,
la(e, kDo )ull 2 + a(z, ADa)hDayull 2 < C(IWgu + WSAD, ull 2 + |95 *u + U1/ *ADy | 2)
4 O (Jull s + KDy )
1a(0, &', Dy )hD, u(0) 12 < ClIT°hDy,u(0)|| 2 + CIN |hDy, ul| 2

Hence, using that supp x4 C V N {x > 0} and letting s small enough that exp(—tH,)(0,vy’,n’) C
{x > 0}, for 0 <t < s, we have proved (B.17) and hence the proposition. ]

B.5 Non-diffractive points

Finally, we consider rays tangent to the boundary that are non-diffractive. Once again, we proceed
by using a positive commutator type estimate followed by a careful construction of an escape
function.

Lemma B.10 Let Q € UV~ 1(T) with Reo(Q)|r—0 > 0. Then there are 8o, Mo > 0 such that for all

N > 07 M > MO; b7v,a,f,x,)(+ € Cgo(Rn X Rn—l;R)) satzsfymg

bloy=0 20,  suppbNsupp(l—x) =0, suppxNsupp(l—x4) =0, suppx+ C {Ir| <o},
{p,b} +bM = —p* —a* + f?, b=1? when £ =,

with ¢ € C°(R™ x R™; R) therehere is C > 0 such that, defining A := a(x,hDy) B = b(x, hD,/),
F = f(z,hDy), X := x(x,hiDy), for all and 0 < p < 1, 0 < h < 1,

1Wou + ¥1AD,, ul|r2 + ||[AX w2
< CRYX Pl + O X (- QAD,w)(0)2 + | F Xl g + G-+ BV2)| X sl
+ CRY (Ju(0) | 2 + Dz, w(0)] 2),

where o(W;)(0,2/,0,&")|,—0 = 0L,1;(0,2,0,)|,—o.
Proof. The proof is similar to that of Lemma B.8. The changes are that we estimate
Re Y (Cjr(w, hDy)(hDy,)* Xu, (hDy, )’ Xu) + Re((M — 2Imp_y (z, hDy)) Xu, BXu)
+lAXu|Z> — | FXul7
< —|WoXu + U1hDy, Xul]®* + Ch™Y|PXul|7, + Ch(| Xull7> + |hDa2, Xul|7-)
+ Ch||hDy, Xul|® + Ch||(uX + QhD,, Xu)||7-,
that Fop = E11; = 0, and instead of (B.15) we use that Re@ > 0 on WF(B|;,—¢) and ¢(B) > 0,

to obtain
Re((E10hD z, Xu, Xu)r + (Eg1 Xu, hD,, Xu)r)
= 2Re(BhD,, Xu, (Xu+ QhD,, Xu))r — 2Re(BhD,, Xu, QhD,, Xu)r
< p2|| BhD., Xu(0)|172 + Chl|hDy, Xu(0)[172 + Cp 2| X (u(0) + QhD., u(0))||7
+O(h%)([w(0)l[72 + hDz, u(0)]Z2)-

(B.20)
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We then use Lemma B.7 to estimate ||BAD,, Xu(0)| and ||AD,, Xu||r2 completing the proof of
the lemma. ]

Lemma B.11 Let N > 0 (v',n') € R?*"72, ro(y/,n') = 0 and x € CX(R™ x R"1) with
x(0,y',n") = 1. Then there are ¢ > 0,Cy > 0 such that for all 0 < € < €y, there is 5. > 0
such that for all 6 € (0,6,) and f € CZ(R™ x R"™1) with

{(‘Tlaxlvgl) P x < COG(;? (Ilagl) - (ylvn/) - 5HT0 (Z/J?')\ < 0065} c {f > 0}7

there is a € C°(R™ x R"™1) with a(0,y’,n’) = 1 such that for any B > 0, there is C > 0 such that
forall0 < h <1,

[Aul| 2 < C(h Y| X Pull 2 + | Full 12 + b~ 7| X (QhDy, u + u)(0)]| 12)
+ CRN (lull L2 + [[Pul| 2 + [[(QAD, u+ u)(0)| 22)-
Proof. In order to start the proof, we need to define a hypersurface transversal to the flow of H,,.

For this, we let N € C*°(R"~! x R"™!) with H,,N(2/,¢’) = 1 in a neighborhoood of (y’,n') and
N(y',n") = 0. We then define

Sy ) = A{, &)+ N(2',¢') =0}
Let w € C°(R"~! x R"1) solve
H,,w = 0 in neighborhood of (y',7"), w=z' -y P+ ¢ -7 (2, &) € By ). (B.21)
Since H, N (y',n') = 1, this uniquely defines w in a neighborhood of (y’,n’).
Let v := {exp(tH,,)(¥',n) : |t| < 1}. Then, w|y = 0, dw|, = 0, and there is ¢ > 0 such that

w(z', &) > cd((2',€'),v)?. In particular, since 79|,—o and dw vanish on 7,

Iro] + |Ow| < Cuwl/?.

Now, set
N _N(z. € Z1 i
¢($, ) (x7£)+ € +€26
Then,
261 Hrw
H,p=—-H.N+ —— — .
r? + € 0€2

Notice that
Hyw = Hyyw + (H, — Hyy)w = O(0(r(@1,2/,€) = r(0,2/,€))][w]) = Ofa10'/?),

and when &7 = r,
& =r<ry+0(z1) = OWw'? + z1).

Next, when N(a/,¢') < 2§ and ¢(x, &) < 25, we have
46e > Ne + 20e > ep+ Ne > :vlJr%.
€

Hence, since z1,w > 0,
r1 < 4, w < 4626,

Finally, observe that
H.N=1+4+(H, — H,) N =14+ 0(z1)

Therefore, for § > 0 small enough and € < 1,

H,p = H.N + O(e 1 (w2 + 21)Y?) + O(6Le 2mwh/?) = 1 + 0(6V/271/?)
on {p=0}N{N <25} n{p <24}
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Now, define

= fo 120

and let x1(¢) € C°°(R) with supp x1 C (0, 00), supp(1—x1) C (—o0,1) and such that for all 8 < 1,
there is Cs such that
IDx1] < Cas(x1)”.

Let 0 <t <1 and set
be(2', &) = xo(1 +t—0"1P)x1(e 1o H(=N(2/, &)+ 6) + t).

Then,
Hpby = X0 " Hydx1 + xoxie 6 H.N

Observe that for t; < to,

suppb; C {d <1+ 1)} N{N < 6(1 +et)} C {1 < 4de, w < 4522} N {N < 25}
Supp bt1 c {th > 0}7

In particular, for €, small enough, suppb; C {x > 0}.
Now, define

Ji = (o1 4= 6 6)A(e 167 (=N +5) + )e 167 LH N2,
We claim that f; is smooth and, setting (y'(0),7'(d)) := exp(6H,, ) (v, '),
Supp i C {22 + 2! — y/ (O) + €~/ (§) < C(e)} € {f > O} (B.22)
To prove the claim first observe that
supp f; C {|0 — N| < e} N{¢p < 26} C {z1 < ded,w < 46262},

172 1/2

Therefore, since (x}) Xo = are smooth functions, and H,N > ¢ > 0 on supp f, fi is smooth.

Moreover, on supp fi,
IN(y'(6).7'(6)) = N(a',&)] < ed + O(6?).

Now, since w ~ d((z/,¢'),7)? and H,,N =1,
IN(2,€) = N(y'(8),n'(6))* + w ~ |2’ =/ (§)* + ¢’ —/(5)

and hence, for 6 > 0 small enough, we have proved (B.22).
Next, we find a; and vy such that

X1(xo(1+t—67"¢)6 ' Hyp — Mxo(L+1t =6 1)p) = 47 + af.
Define

a; = (axp(l+1t—8'9)/(28))"/2,
= (Lt = 07 8) (Hyg — 1/2)67 — xo(1 +1 = 671 g) M)/,

Now, a; € C*° since X}/Q € C* and (x})'/? € C>. Furthermore, for 0 <¢ <1 and € < 1,
a;(0,9',7') = (xo(L+ t)xa (e +1)/2(20)71/% > 671/

To see that 1/, is smooth in a neighborhood of p = 0, observe that xo(s)/x6(s) = s and hence,

be = X1 2 (o) A (Hpp — 1/2)57 1 — (14t — 671 ¢)2 M) V2,
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Now, H,¢ > % on supp x1 Nsupp xo N {p =0} and (1 +¢—5~1¢) < 4. Hence
1
(Hpp —1/2)07  — (1 +t — 6 1¢)° M > M =1

for § > 0 small enough. Cutting off to an appropriate neighborhood of the characteristic set, we
see that ¢, € C'°.

Now,let 0 <t < -~ <t3 <tg<1l,i=1,...,N, suppbs, C {as,_, > 0} and hence, letting
Xti» X.t; € C°(R™ x R™™1) with supp(1 — x¢,) Nsupp by, = 0, supp x¢, Nsupp(l — x4.+,) = 0, and
supp x+.¢;, C {at,_, > 0}, we obtain from Lemma B.10 that for any p > 0,

[ Ar, Xul L2

< Ch7Y|Xe, Pul| + Cp || Xy, (u 4 QhDg, w)(0) | 2 + C||Fy, Xull 2 + (1 + BY2) || X4y ul| 2
+ CAN([[u(0) || 2> + [|BDa, u(0) || 2 + [|ufl 2 + | Pull£2)

< Ch | X Pull + Cu M| X (u+ QAD, u) (0)|| 2 + Cl| Ful 2 + (1 + hY?)|| X 4 1, u(0)] 2
+ CAN(JJu(0) || 22 + [|BDa, u(0)| 2 + [|ufl 2 + [|Pull£2)

Using this for ¢y < tpr—1 < -+ < tp, we have and letting

[ Ay Xul 12
< Ch Y| Xpull + Cu | X (u+ QhDgyu) | r2 + | Ful 2 + (1 + B*)M || X4 1y hDy, Xu(0)| 2
+ CAN (Jlu(0)[| 2 + [[RDg, u(0)| 2 + llull 2 + || Pul r2).

Taking p = h% and M > N/ completes the proof. [
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