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Abstract

For the Helmholtz equation posed in the exterior of a Dirichlet obstacle, we prove that if
there exists a family of quasimodes (as is the case when the exterior of the obstacle has stable
trapped rays), then there exist near-zero eigenvalues of the standard variational formulation
of the exterior Dirichlet problem (recall that this formulation involves truncating the exterior
domain and applying the exterior Dirichlet-to-Neumann map on the truncation boundary).

The significance of this result is a) the finite-element method for computing approximations
to solutions of the Helmholtz equation is based on the standard variational formulation, and
b) the location of eigenvalues, and especially near-zero ones, plays a key role in understanding
how iterative solvers such as the generalised minimum residual method (GMRES) behave when
used to solve linear systems, in particular those arising from the finite-element method.

The result proved in this paper is thus the first step towards rigorously understanding how
GMRES behaves when applied to discretisations of high-frequency Helmholtz problems under
strong trapping (the subject of the companion paper [MGSS21)).

1 Introduction

1.1 Preliminary definitions

Let Q_ C R? d > 2 be a bounded open set such that its open complement Q; := R4\ Q_ is
connected. Let I'p := 0€Q_, where the subscript D stands for “Dirichlet”. Let 1 be another
bounded open set such that conv(2_) € 4, where conv denotes the convex hull and € denotes
compact containment. Let Qi := Qp \ Q_, and Ty, := 99Q, where the subscript tr stands for
“truncated”. We assume throughout that I'p and I'y, are both C°°. Let fyéj and 'y(t)r denote the
Dirichlet traces on I'p and Ty, respectively, and let 4 and 4% denote the respective Neumann
traces, where the normal vector points out of €, on both I'p and I'y,. Let

H} p(Qu) = {v € H'(Qu) : v = 0}.

Let D(k) : HY/?(Ty,) — H~'/?(T;) be the Dirichlet-to-Neumann map for the equation Au +
k?u = 0 posed in the exterior of Q; with the Sommerfeld radiation condition

ou . 1
as r := |z| = oo, uniformly in Z := z/r. We say that a function satisfying (1.1) is k-outgoing.

When Ty, = 0Bg, for some R > 0, the definition of D(k) in terms of Hankel functions and
polar coordinates (when d = 2)/spherical polar coordinates (when d = 3) is given in, e.g., [MS10,
Equations 3.7 and 3.10].
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Definition 1.1 (Eigenvalues of the truncated exterior Dirichlet problem) We say p, is
an eigenvalue of the truncated exterior Dirichlet problem at frequency k; > 0, with corresponding
eigenfunction ug, if ug € Hj () \ {0} and e € C satisfies

(A +EDug = peue  in Qe and T up = D(ke) (7 ue). (1.2)

Definition 1.2 (Quasimodes) A family of quasimodes of quality e(k) is a sequence {(us, k¢)}32, C
H?(Q,) ﬁHé’D(Qtr) X R such that the frequencies ky — oo as £ — oo and there is a compact subset
K € Qq such that, for all £, supp uy C IC,

A+ Kyl oo,y < clh) - andJuel g, = 1

Definition 1.3 (Quasimodes with multiplicity) Let {(us, k¢)}72, be a quasimode with quality

e(k) and let {(mj,k;,k’j) 22 C N xR? be such that k; — oo and k; < k;r Define

W= {l: ke € k5, kT]}

777

We say ug has multiplicity m; in the window [k, kj'] if

|Wj| =myj, |<U£1,U[2>L2(Qtr) < e(kj_) for 44 75 by, l1,05 € Wj.

We assume throughout that the quality, €(k), of a quasimode is a decreasing function of k; this
can always be arranged by replacing e(k) by é(k) := supz, s(l%)

We use the notation that A = O(k~>°) as k — oo if, given N > 0, there exists Cy and kg such
that |A4| < Cnk=N for all k > ko, i.e. A decreases superalgebraically in k.

1.2 The main results

Theorem 1.4 (From quasimodes to eigenvalues) Let a > 3(d+1)/2. Suppose there exists a
family of quasimodes of quality e(k) with

Sy exp(—S2k) < e(k) < k'™

for some Sy, S2 > 0. Then there exists kg > 0 (depending on «) such that, if £ is such that k¢ > ko,
then there exists an eigenvalue of the truncated exterior Dirichlet problem at frequency k¢ satisfying

el < ki e(ke),

We now give three specific cases when the assumptions of Theorem 1.4 hold. The first two cases
are via the quasimode constructions of [BCWG™11a, Theorem 2.8, Equations 2.20 and 2.21] and
[CP02, Theorem 1] for obstacles whose exteriors support elliptic-trapped rays. The third case is
via the “resonances to quasimodes” result of [Ste00, Theorem 1]; recall that the resonances of the
exterior Dirichlet problem are the poles of the meromorphic continuation of the solution operator
from Imk > 0 to Imk < 0; see, e.g., [DZ19, Theorem 4.4. and Definition 4.6].

Lemma 1.5 (Specific cases when the assumptions of Theorem 1.4 hold)
(i) Let d = 2. Given ay > ag > 0, let

E = {(1‘1,1‘2) : <2>2+<Z>2<1}. (1.3)

If Tp coincides with the boundary of E in the neighborhoods of the points (0,+as), and if Q4
contains the convexr hull of these neighbourhoods, then the assumptions of Theorem 1.4 hold with

e(k) = exp(—C1 k)

for some Cy > 0 (independent of k).*

* In [BCWGT 11a, Theorem 2.8], 2 is assumed to contain the whole ellipse E. However, inspecting the proof,
we see that the result remains unchanged if F is replaced with the convex hull of the neighbourhoods of (0, +a2).
Indeed, the idea of the proof is to consider a family of eigenfunctions of the ellipse localising around the periodic
orbit {(0,z2) : |z2]| < a2}.
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Figure 1.1: Paths of the eigenvalues, 1;, of the truncated problem are shown as functions of
k € [k_,ky]. Those eigenvalues shown in green correspond to members of the box £ defined by
(1.5) (shaded), while the eigenvalue in blue is not in £.

(ii) Suppose d > 2, I'p € C™, and Q4 contains an elliptic-trapped ray such that (a) T'p
is analytic in a neighbourhood of the ray and (b) the ray satisfies the stability condition [CP02,
(H1)]. If ¢ > 11/2 when d =2 and q > 2d + 1 when d > 3, then the assumptions of Theorem 1.4
hold with

e(k) = exp(—Cak!/7)

for some Cy > 0 (independent of k).
(111) Suppose there exists a sequence of resonances {\;}3°, of the exterior Dirichlet problem
with
0<—ImA; =0O(N[7°) and Redp—o0 as € — oo (1.4)

then there exists a family of quasimodes of quality e(k) = O(k~°°) and thus the assumptions of
Theorem 1.4 hold.

Remark 1.6 (Resonances < quasimodes <= eigenvalues) Part (iii) of Lemma 1.5 is
the “resonances to quasimodes” result of [Ste00, Theorem 1]. The converse implication, i.e. that
a family of quasimodes of quality e(k) = O(k~°) implies a sequence of resonances satisfying
(1.4), was proved in [TZ98], [Ste99] (following [SVI5, SVI6]), see also [DZ19, Theorem 7.6].
Therefore the “quasimodes to eigenvalues” result of Theorem 1.4 is equivalent to a “resonances
to eigenvalues” result. In fact, in Appendiz A we show that the existence of O(k~°) eigenvalues
implies the existence of quasimodes of quality O(k~=°°). We therefore have that resonances <=
quasimodes <= eigenvalues.

With {p;(k)}; the set of eigenvalues, counting multiplicities, of the truncated exterior Dirichlet
problem at frequency k, let

Eler,eo ko ky) == {,ij(k) : 15 (k) € (—2e1,2€1) — i(0, 2¢0) for some k € [k,,m}; (1.5)

€ is therefore the counting function of the eigenvalues, p;(k), that pass through a rectangle next
to zero in u as k varies in the interval [k_, k,]; see Figure 1.1. T

J ,k;'%oosuch

that there is C > 0 satisfying k; < k;f < Ck; . Suppose there exists a family of quasimodes of
quality e(k) < k=G3/2 and multiplicity m; in the window [k]_,k‘;'] (in the sense of Definition
1.3). If eo(k) is such that, for some Ss3,S4,S5 > 0,

Theorem 1.7 (From quasimodes to eigenvalues, with multiplicities) Let k

Sy exp(—Sik) < eo(k) < Ssk™@FV/2 for all k. and  eo(k) > k27 le(k) as k — oo,

TIn Figure 1.1 we have drawn the paths of the eigenvalues as arbitrary curves. We see later in Figure 1.7 an
example where the paths appear to be horizontal lines; this is consistent with the intuition that eigenvalues should
be shifted resonances.



Figure 1.2: The two obstacles £2_ considered in the numerical experiments

then there exists ko > 0 such that if kj_ > ko,
‘5((kj_)(d+1)/260(kj_), eolk7), k7, kj)‘ > m.

Observe that if k;r = k;, then (up to algebraic powers of k) Theorem 1.7 reduces to Theorem 1.4,

except that now multiplicities are counted; therefore the “quasimodes to eigenvalues” result holds

with multiplicities (just as the “quasimodes to resonances” result of [Ste99] includes multiplicities).
The ideas used in the proof of Theorems 1.4 and 1.7 are discussed in §1.5 below.

1.3 Numerical experiments illustrating the main results

Description of the obstacles 2_. In this section, {2_ is one of the two “horseshoe-shaped”
2-d domains shown in Figure 1.2. We define the small cavity as the region between the two elliptic
arcs

(cos(t),0.5sin(t)), t € [—do,d0] and (1.3cos(t),0.6sin(t)), t € [—o1,d1]

1
with ¢g = 77/10 and  ¢; = arccos (13 cos(¢0)) ;

this corresponds to the interior of the solid lines in Figure 1.2. We define the large cavity as the
region between the two arcs now with ¢y = 97/10. (Note that our small cavity is the same as the
cavity considered in the numerical experiments in [BCWG™11b, Section IV].)

In both cases, I'p coincides with the boundary of the ellipse E (1.3) with a3 =1 and a2 = 0.5
in the neighbourhood of its minor axis. Part (i) of Lemma 1.5 (i.e., the results of [BCWG*11a])
then implies that there exist quasimodes with exponentially-small quality.

We choose these particular {2_ because we can compute the frequencies ky in the quasimode.
Indeed, the functions u, in the quasimode construction in [BCWG™11a] are based on the family
of eigenfunctions of the ellipse localising around the periodic orbit {(0,z2) : |z2| < az}; when the
eigenfunctions are sufficiently localised, the eigenfunctions multiplied by a suitable cut-off function
form a quasimode, with frequencies k; equal to the square roots of eigenvalues of the ellipse. By
separation of variables, k;, can be expressed as the solution of a multiparametric spectral problem
involving Mathieu functions; see see [BCWG™T11a, Appendix A] and [MGSS21, Appendix C].

When giving specific values of k;, below, we use the notation from [BCWGT11a, Appendix A]
and [MGSS21, Appendix D] that k;, , and kj, ,, are the frequencies associated with the eigenfunc-
tions of the ellipse that are even/odd, respectively, in the angular variable, with m zeros in the
radial direction (other than at the centre or the boundary) and n zeros in the angular variable in
the interval [0, 7).
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Figure 1.3: The eigenvalues of the truncated exterior Dirichlet problem (Definition 1.1) near the
origin when I'p is equal to the small cavity. The eigenvalues are plotted at several frequencies, k,
corresponding to eigenvalues of the ellipse. In each plot, the origin is marked with a black dot,
and the eigenvalues are shown as green circles.

Plots of the eigenvalues and eigenfunctions Figures 1.3 and 1.4 plot the near-zero eigen-
values of the truncated exterior Dirichlet problem for the small and large cavity, respectively, at
frequencies corresponding to eigenvalues of the ellipse. Figures 1.5 and 1.6 plot the corresponding
eigenfunctions. In all these figures I'y, = 9B(0,2).

Figure 1.4 shows that the large cavity has an eigenvalue very close to zero at each of the four
frequencies considered, qualitatively illustrating Theorem 1.4. In contrast, Figure 1.3 shows that
the small cavity only has an eigenvalue very close to zero at the frequencies kf 5 and k5 (top right
and bottom left in the figures) and not at kG 3 and kg 4 (top left and bottom right). The reason
for this is clear from the plots of the eigenfunctions of the truncated exterior Dirichlet problem:
looking at Figure 1.5, we see that at k§ ; and k3 ; the eigenfunctions are not well localised around
the minor axis of the ellipse to be inside the small cavity — in the top left and bottom right of
Figure 1.5 we see them “leaking out” of the small cavity. However, looking at Figure 1.6, we see
that the corresponding eigenfunctions are localised sufficiently to be inside the large cavity, and
thus generate an eigenvalue very close to zero. In these plots, the eigenfunctions are normalised so
that their L?(Q,) norm equals one.

Figure 1.7 plots the trajectories of the near-zero eigenvalues as functions of k for both the
small cavity (left plot) and large cavity (right plot) for k € (2.5,12.5), with the spectra computed
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Figure 1.4: The eigenvalues of the truncated exterior Dirichlet problem (Definition 1.1) near the
origin when I'p is equal to the large cavity. The eigenvalues are plotted at several frequencies, k,
corresponding to eigenvalues of the ellipse. In each plot, the origin is marked with a black dot,
and the eigenvalues are shown as green circles.

every 0.025. For Figure 1.7, Iy, = 0B(0,1.5); this change (compared to I'y, = 9B(0,2) for the
earlier figures) is to reduce the cost of each eigenvalue solve, because each of the two plots in
Figure 1.7 requires 400 such solves. Since we use the exact (up to discretisation error) Dirichlet-to-
Neumann map on T'y,, we expect there to be no difference between choosing Ty, = 9B(0,1.5) and
I't;, = 0B(0,2) (in particular Figures 1.3 and 1.4 are unchanged when T, is changed from 0B(0, 2)
to 0B(0,1.5)).

The eigenvalues that enter the red rectangle in Figure 1.7 are coloured green; these are members
of £(0.2,0.05,2.5,12.5), where £ is defined by (1.5). Similar to the eigenvalues plots in Figures 1.3
and 1.4, Figure 1.7 shows that the large cavity has more near-zero eigenvalues for the range of k
considered than the small cavity. This is expected since a larger number of the eigenfunctions of
the ellipse are localized in the large cavity than in the small cavity.

How the eigenvalues and eigenfunctions were computed. Definition 1.1 (of the eigenvalues
of the truncated Dirichlet problem) implies that if u, is an eigenvalue at frequency kg, and with
corresponding eigenfunction ug, then

a(ug,v) = pe(ue,v)r2(,,) forallve H&D(Qtr)7 (1.6)
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Figure 1.5: Absolute value of the eigenfunction of the truncated exterior Dirichlet problem associ-
ated with the smallest eigenvalue the small cavity.

where the sesquilinear form a(-,-) is that appearing in the standard variational (i.e. weak) formu-
lation of the Helmholtz exterior Dirichlet problem.

Definition 1.8 (Variational formulation of Helmholtz exterior Dirichlet problem) Given
k>0, Q_ as above, and F € (H(}’D(Qtr))*, let w € Hy () be the solution of the variational
problem

findu € Hy () such that  a(u,v) = F(v)  for allv € Hj p(Q), (1.7)

where
a(u,v) ::/ (VU'W - k2u6) —(D(k)(v6'w), 16 ) (1.8)
Qtr tr

where (-,-)r,, denotes the duality pairing on Ty, that is linear in the first argument and antilinear
in the second.

The figures above were created by solving the eigenvalue problem (1.6) using the finite-element
method with piecewise-linear elements (i.e. the polynomial degree, p, equals one) and meshwidth h,
equal (27/30)k~3/2. The Dirichlet-to-Neumann map, D(k), in a(-, -) was computed using boundary
integral equations — see Appendix B for details. The accuracy, uniform in frequency, of the finite-
element applied the variational problem (1.7) with p = 1 and hk3/? sufficiently small has been
known empirically for a long time, and was recently proved in [LSW19] for the case when the
Dirichlet-to-Neumann map is realised exactly.

Since computing the Dirichlet-to-Neumann map is relatively expensive, in practice one often
approximates it using a perfectly-matched layer (PML) or an absorbing boundary condition (such
as the impedance boundary condition). The plots of the eigenfunctions and near-zero eigenvalues
of the corresponding truncated exterior Dirichlet problems are very similar to those above; this
too is expected since the quasimode is supported in a neighbourhood of the obstacle.
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Figure 1.7: Paths of the eigenvalues for k € (2.5,12.5) for the small cavity (left) and the large
cavity (right). The eigenvalues that enter the red rectangle are coloured green.

1.4 Implications of the main results for numerical analysis of the Helmholtz
exterior Dirichlet problem

Theorems 1.4 and 1.7 are the first step towards rigorously understanding how iterative solvers such
as the generalised minimum residual method (GMRES) behave when applied to discretisations of
high-frequency Helmholtz problems under strong trapping (the subject of the companion paper
[MGSS21]). We now explain this in more detail.

As we saw in (1.6), the eigenvalues of truncated exterior Dirichlet problem (in sense of Definition



1.1) correspond to eigenvalues of sesquilinear form of standard variational formulation (Definition
1.8). The standard variational formulation is the basis of the finite-element method for computing
approximations to the solution of the variational problem (1.7). Indeed, the finite-element method
consists of choosing a piecewise-polynomial subspace of H&’ p () and solving the variational
problem (1.7) in this subspace.

A very popular way of solving the linear systems resulting from the finite-element method
applied to the Helmholtz scattering problems is via iterative solvers such as GMRES [SS86]; this
choice is made because the linear systems are (i) large and (ii) non-self-adjoint. Regarding (i): the
systems are large since the number of degrees of freedom must be > k? to resolve the oscillations in
the solution, see, e.g., the literature review in [LSW19, §1.1]. Regarding (ii): non-self-adjointness
of the linear systems arises directly from the non-self-adjointness of the underlying Helmholtz
scattering problem; GMRES is applicable to such systems, unlike the conjugate gradient method.

There is currently large research interest in understanding how iterative methods behave when
applied to Helmholtz linear systems, and in designing good preconditioners for these linear systems;
see the literature reviews [Erl08, EG12, GZ19], [GSZ20, §1.3].

The location of eigenvalues, especially near-zero ones, is crucial in understanding the behaviour
of iterative methods. In the Helmholtz context, eigenvalue analyses of iterative methods applied to
nontrapping problems include, for finite-element discretisations, [E099, ?, VGEV07, EG12, VG14,
CG17, LXSdH20], and, for boundary-element discretisations, [CHO1, DDL13, CDLL17].

The paper [MGSS21] analyses GMRES applied to discretisations of Helmholtz problems with
strong trapping, using the “cluster plus outliers” GMRES convergence theory from [CIKM96] (with
this idea arising in the context of the conjugate gradient method [Jen77] and used subsequently
in, e.g., [ESWO02]). The paper [MGSS21] obtains bounds on how the number of GMRES itera-
tions depends on the frequency, under various assumptions about the eigenvalues. In particular,
Theorem 1.4 proves [MGSS21, Assumption A2] for the standard variational formulation of the
truncated exterior Dirichlet problem. We highlight that, although the results in [MGSS21] are
about unpreconditioned systems, they give insight into the design of preconditioners. Indeed, a
successful preconditioner for Helmholtz problems with strong trapping will need to specifically deal
with the near-zero eigenvalues created by trapping. Theorem 1.4 and 1.7 give information about
the location and multiplicities of these eigenvalues, and [MGSS21] shows how these locations and
multiplicities affect GMRES.

1.5 The ideas behind the proof of Theorem 1.4

Semiclassical notation. Instead of working with the parameter k and being interested in the
large-% limit, the semiclassical literature usually works with a parameter h := k~! and is interested
in the small-h limit. So that we can easily recall results from this literature, we also work with
the small parameter k', but to avoid a notational clash with the meshwidth of the FEM, we
let A := k~! (the notation A comes from the fact that the semiclassical parameter is related to
Planck’s constant, which is written as 27f; see, e.g., [Zwol2, §1.2]. Theorem 1.4 is then restated
in semiclassical notation as Theorem 2.2 below.

The solution operator of the truncated problem. Let R, (A, 2) : L?(Q) — L?(;) be
the solution operator for the truncated problem
(=h2A = X2 —2)u=f inQy
7 u=0, (1.9)
W = DO

that is Rq,, (), z) satisfies
(—=h2A = X2 —2)Rq, (M, 2)f = f inQ
79 Ra. (X, 2)f =0 (1.10)
’Y{rRQu-()‘a Z)f = D(A/h’),Y()DRch()‘a Z)f

Note that, at this point, it is not clear that the problem (1.9) is well posed and that the family of
operators Rgq,, (A, z) is well defined. We address this in Lemma 1.9 below.



We study Rq,, (), z) by relating it to the solution operator of a more-standard scattering prob-
lem. Namely, let V € L>(€,) with supp V € R?, and consider the problem

(—R2A = X2+ V)u=f onQy,
vPu =0, (1.11)
u is A/ outgoing.

By, e.g., [DZ19, Chapter 4], the inverse of (1.11) is a meromorphic family of operators (for A € C
when d is odd or X in the logarithmic cover of C\ {0} when d is even) Ry (\) : L2,,,(Q4) —
L% (24) with finite-rank poles satisfying

(-RPA =X+ V)Ry(\)f=f inQ
PRy (VS =0, (1.12)
Ry (M) f is A/h outgoing.

Observe that, although both Rq, (), z) and Ry (A) depend on A, we omit this dependence in the
notation to keep expressions compact.

The following two lemmas (proved in §2.2) relate Rq,, (A, 2) and Ry (\) and then characterise
the eigenvalues of the truncated exterior Dirichlet problem as poles of Rq,, (), ) as a function of
z.

We use three indicator functions: 1lg,, denotes the function in L°°(£2;) that is one on
and zero otherwise, 155° denotes the restriction operator L?(2;) — L?(Q,), and 1" denotes the
extension-by-zero operator L%(Q,) — L?(Q).

Lemma 1.9 Define
R(A\ z):= Ry(\)  with V(z) = —zlq,,. (1.13)

Then
R, (A 2) = 155 R(A, 2)15: (1.14)

and thus Rq,, (A, 2z) is a meromorphic family of operators in A for A € C when d is odd and X in
the logarithmic cover of C\ {0} when d is even.

Lemma 1.10 For A € R\ {0}, z — R(), z) is a meromorphic family of operators L2, (Qy) —
L% (2y) with finite rank poles.

Corollary 1.11 If z; is a pole of z — Rq,.(1,%), then p; := —ﬁj_sz is an eigenvalue of the
truncated exterior Dirichlet problem (in the sense of Definition 1.1).

The key point is that we are interested in Rq,, (), z) as a meromorphic family in the variable
z, in contrast to the more-familiar study of Ry (\) as a meromorphic family in the variable .

Recap of “from quasimodes to resonances”. Recall that resonances of —h?A+V are defined
as poles of the meromorphic continuation of Ry (w) into Imw < 0, see [DZ19, §4.2, §7.2]. The
“quasimodes to resonances” argument of [TZ98] (following [SV95, SVI6]; see also [DZ19, Theorem
7.6]) shows that existence of quasimodes (as in Definition 1.2) implies existence of resonances close
to the real axis; the additional arguments in [Ste99] then prove the corresponding result with
multiplicities.

These arguments use the semiclassical mazimum principle (a consequence of the maximum
principle of complex analysis, see Theorem 2.7 below) combined with the bounds

IXRy (\)xll g2y o < Cexp (Ch’dlogd’l), A2 e \ U B(w,s),  (1.15)
wERes(—h2A+V)

for Q € {Rew > 0}, and

| Rv () for Tm(\?) > 0; (1.16)

2y < (A7)

see [TZ98, Lemma 1], [TZ00, Proposition 4.3], [DZ19, Theorem 7.5].

10



From quasimodes to eigenvalues. Theorems 1.4 and 1.7 are proved using the same ideas as
in the quasimodes to resonances arguments, except that now we work in the complex z-plane (with
real \) instead of the complex A-plane. The analogue of the bounds (1.15) and (1.16) are given in
the following lemma.

Lemma 1.12 (Bounds on Rg, (), 2)) Let 0 < a < b and let z;(h, \) be the poles of Rq,, (A, 2)
(as a meromorphic function of z). Then there exist Ci,e1 > 0 such that for all 0 < h < 1,
A2 € [a,b] and § > 0,

|Re (0 2) 200 2200 < exp (C1hM0gd ™) for 2 € BO,21h)\ | B(z(h, 1), ). (1.17)
J
Furthermore, there exists Cy > 0 such that

z
HRQ“ ()\,Z)HLZ(SZU)HLP(Sztr) < Cg% for Imz > 0, (1.18)

where (z) := (1 + |z|?)/2.

The bound (1.17) is proved by finding a parametrix for —h?A—\?—21q,. (i.e. an approximation
to Rg,, (A, 2)) via a boundary complex absorbing potential. While parametrices based on complex
absorption are often used in scattering theory (see, e.g., [DZ16, DG17] [DZ19, Theorem 7.4]),
parametrices based on boundary complex absorption appear to be new in the literature. One of
the main features of the argument below is that it relies on a comparison of the (in principle,
trapping) billiard flow with the non-trapping free flow to obtain estimates on the parametrix. A
similar argument should work for boundaries in any non-trapping background.

1.6 Outline of the rest of the paper

In §2 we prove Lemmas 1.9 and 1.10 and then collect preliminary results about the generalized
bicharacteristic flow (§2.4), the geometry of trapping (§2.5), complex scaling (§2.6), and defect
measures (§2.7). In §3 we find a parametrix for Rq,, (), z) via a boundary complex absorbing
potential. In §4 we prove Lemma 1.12. In §5 we prove Theorems 1.4 and 1.7 using Lemma 1.12
and the semiclassical maximum principle.

2 Preliminary results

2.1 Restatement of Theorems 1.4 and 1.7 in semiclassical notation

Definition 2.1 (Quasimodes in % notation) A family of quasimodes of quality (%) is a se-
quence {(ug, he)}2, C H*(Que) N Hy () X R such that hy — 0 as £ — oo and there is a compact
subset IC € 1 such that, for all £, supp uy C I,

[(=h2A = Do, ) <elhe)  and el paqq,,) = 1.

Let
e(h) == h2e(h™1).

Theorem 1.4 is then equivalent to the following result in the sense that the following result holds
if and only if Theorem 1.4 holds with s, := h, ?z.

Theorem 2.2 (Analogue of Theorem 1.4 in & notation) Let o > 3(d+ 1)/2. Suppose there
exists a family of quasimodes in the sense of Definition 2.1 and constants gl, Sy > 0 such that the
quality e(h) satisfies

Sy exp(—Sy/h) < e(h) < A, (2.1)
Then there exists hy > 0 (depending on «) such that, if £ is such that hy < hg then there exists
20 € C and 0 # uy € H&D(Qtr) with

(—h%A — 14+ 2z9)up =0 in Qy,  Yi'up = D(h;l)('y(t)ru@), and |z < hy “e(hy). (2.2)
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Definition 2.3 (Quasimodes with multiplicity in % notation) Let 0 < a(h) < b(h) < oo be
two functions of h. A family of quasimodes of quality £(%) and multiplicity m(k) in the win-
dow [a(h),b(h)] is a sequence {h;}32, such that hj — 0 as j — oo and for every j there ewist

{(uzes i)Y € H*(Qur) N HG p(Qr)  [alhy), b(R)] with
[(=h5A = Bjoyusel| o,y =)y gl oo,y =1 (w60 w0) 12 c@un| < h52e(hy) for by # Lo,
and supp ;¢ C K for all j and ¢, where K € 4.

With {z,(h, A)}, the set of poles of z — Rq, (X, z) counting multiplicities, let
Z(e1,€0,a,b; h) := {zp(h, A) 1 2p(R,\) € (—2¢1,2e1) —i(0,2¢0) for some A\ € [a,b]}; (2.3)

Z is therefore the counting function of the poles of z — Rq, (A, z) that enter a rectangle next to
zero in z as A? varies from a to b.

Theorem 2.4 (Analogue of Theorem 1.7 in & notation) Let 0 < ag < a(h) < b(h) < by <
oo and suppose there exists a family of quasimodes with quality

e(h) < hP4+3)/2 (2.4)

and multiplicity m(h) in the window [a(h),b(R)] (in the sense of Definition 2.3). If eg(h) is such
that, for some Ss3,S4,S5 > 0,

Ssexp(—Sy/h) < eo(h) < Ssh@D/2 for all b, and  eo(h) > h~ 24" 'e(h) as h—0, (2.5)

then there exists hg > 0 such that if h; < ho, then
—(d+1)/2
|2 (1“0 2e(hy), 2olhy)  alhy), biAg) s )| = miny).

Proof of Theorem 1.7 from Theorem 2.4. We first show that if there exists a family of quasimodes
uj with multiplicity m, in the window [k, , k;] in k notation (i.e. in the sense of Definition 1.3),
then there exists a family of quasimodes in 7 notation (in the sense of Definition 2.3).

Without loss of generality, each k, € [k}, k;r] for some j (if necessary by adding a window with
ki = k:;r = ky), i.e. given £ in the index set of the quasimode, there exists j such that £ € W;. We

now index the quasimode with the index j describing the windows [k]ﬂ kj] Let

Then,
[(WFA + Byl o, ) = 57) 72 (A + ke o,y = (k) Pelke) < (k) 2e(ky ) = e(hy),

where we have used that €(k) is a decreasing function of k. Therefore, we have shown that there
exists a family of quasimodes with multiplicity m(%) in the window [a(%), b(%)] in A notation (i.e. in
the sense of Definition 2.3).

The result of Theorem 1.7 then follows from the result of Theorem 2.4 since (a) if A\? €
[a(R),b(h)] and A/h =k, then k € [k;,kj], and (b) if

z € Z(ﬁ;(dﬂwso(ﬁj) ; €0(hy) 5 a(hy), b(hy); hj),

then
wi=hy% e 5((k;)<d+1>/2eo(kj—) ceolky), Ky k;’).
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2.2 Results about meromorphic continuation

Proof of Lemma 1.9. Once we show (1.14), the meromorphicity of Rgq,, (), z) in A follows from
the corresponding result for Ry (\) [DZ19, Theorem 4.4].

We first show that the appropriate extension of a solution of (1.9) is a solution of (1.11) with
V(z) = —zlq,,. We then show that the appropriate restriction of the solution of (1.11) with
V(z) = —z1q,, is a solution of (1.9).

Given f € L?(Q4,), suppose that u solves (1.9). Then, by the definition of the operator D,
there exists a A\/h-outgoing function v € H2 _(R%\ Q) such that

loc

(—R*A =X =0 onRI\Qy, and fv=1u, v =~

Therefore,
~ . qext ext
vi=lg u+ 1ga v

is in H?.(24) (since both its Dirichlet and Neumann traces match across 9€;) and

(=R°A = N0 = 210, 0+ 15" f on Q.
By the definition of R(A, z) as the solution of (1.12) with V(z) = —z1q,,,
v=R(\2)15" f, which implies that u =15 R\, 2)15" f.
Now suppose f € L2(Q,). Then, by (1.13) and (1.11),

(=h2A — X2 — 21 )R(\,2)f = f inQ,
R\, 2)f =0 on I'p, (2.6)
R(A, z)fis A/ h-outgoing.

Therefore, if f = 160 f and v = R\, 2)f, then (—h2A — A2)R(\,2)f = 0 in RY \ Q; and v is
A/h-outgoing. This last fact implies that
YL, 0) = DRI (115, 50)- (2.7)

Since v = R(\,2)f € H2 _(Q), the Dirichlet and Neumann traces of v across I'y, do not have
jumps, so that (2.7) implies that

(15, v) = DN/ R)g (15, 0). (2.8)
Then, by (2.6) and (2.8), u := 15> v solves (1.9) and the proof is complete. ]
Proof of Lemma 1.10. Since
(—h2A — \? — 21, )R(\,0) = I — 21, R(\,0),
the definition of R(), z) (1.13) implies that
R(A,2) = RO\, 0)(I — 21, R(A,0)) . (2.9)
We now claim that, for any p € C>°(Q,) with supp p € R? and p =1 on Q,
(I = 210, R(\,0)) " = (I = 21, R(A,0)p) (T + 210, R(A, 0)(1 — p)). (2.10)
Indeed,
I—zlg, R(\,0) = (I — 210, RN 0)(1 — p) (I — 210, R(A, O)p)’l) (I = 21, R(\,0)p).

and thus

(I = 210, R(X,0)) " = (I = 210, R(),0)p) (1 — 21a, RO\ 0)(1 = p) (I — 21, RO\, O)p)_l)
(2.11)
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Observe that since pR(\,0)p : L2(24) — L2(24) is compact, 1o, R(A,0)p : L2(Q4) — L*(Q4) is
compact, and the analytic Fredholm theorem [DZ19, Theorem C.8] implies that
2z (I — z1g,, R(\,0)p) ! is a meromorphic family of operators for z € C (2.12)
with finite rank poles.
Now, since (1 — p)lg,, = 0, for |z| small enough,

[ee]

(1= p)(I = 210, R 0)p) = (1= p) D (s10, R(Y, 0)p) = (1= p). (2.13)

3=0
However, by (2.12) both the left- and right-hand sides of (2.13) are meromorphic for z € C.
Therefore, (2.13) holds for all z € C and hence
(I =210, R(A0)(1—p)) " =T+ 210, R(A,0)(1 — p). (2.14)

Using (2.13) and (2.14) in (2.11), we obtain (2.10). Therefore, for x = 1 on {4, and p = 1 on
supp X, (2.9), (2.10) and (2.13) imply that

xR\, 2)x = xR(A,0)p(I — 21, R(X, O)p)flx.

Using (2.12) again completes the proof. ]

With zo(%, A) a pole of Rq, (), z), let
1
.y ma o= =5 Ro,. (A, 2z)dz and mR(zo(h, )\)) = rank IL, (5 x), (2.15)
’ 27 Zo(h,k) ’

where 9320 (h2) denotes integration over a circle containing zy and no other pole of Rgq,, (A, z).
The following result then holds by, e.g., [DZ19, Theorem C.9].

Lemma 2.5 For A € R\ {0}, IL, 5 : L?(Qu) = L*(Q4:) is a bounded projection with finite
rank.

The next result concerns the singular behaviour of Rq,, (A, z) near its poles in z, and is analogous
to (parts of) [DZ19, Theorem 4.7] concerning the singular behaviour of Ry (\) near its poles in A.

Lemma 2.6 For A\ € R\ {0}, if z0 = 20(R, A) and mp(z0) > 0, then there exists M,, > 0 such
that

w h2A A2 — )t
Ra,. (A, 2) Z HZ0 o) ) + A(z, 20, A)

where z — A(z, 29, \) is holomorphzc near zg.
Proof. By Lemma 1.10, for A € R\ {0}, z = Rq,, (]}, z) is a meromorphic family of operators (in the
sense of [DZ19, Definition C.7]) from L?(Q4,) — L?(Q,) and thus there exists M,, > 0, finite-rank

operators Ag(\) : L?(Q) — L?(Qy), £ = 1,...,M,,, and a family of operators z — A(z, 29, \)
from L?(Q¢,) — L?(£;), holomorphic near zg, such that

M

Z0
A(N)
Rq,. (A, 2) = —=+A A).
ch( 72) ; (Z*ZO)Z + (Z’zO; )
By integrating around zo and using the residue theorem, we have A; = —II,,. Then, with =
denoting equality up to holomorphic operators,
M,
Ag(—hQA - )\2 - Zo) Ag
Ro, A\ 2)(—=R2A =X\ —2) = -
. (0. 2)( 9= (M )
Mz, 2 2
_ Ae(—h A — )\ — Zo) — Ag+1
=1 (2 —20)" ’
where we define Ay, 41 := 0 Since Rgq,, (A, 2)(=h?A — X2 — 2) = T on H?*(Qu) N HH(QL),
Apiy = Ag(—R2A— )\2 z), L= ..y M., and the result follows from density of H?(Q,)NHE (24
in LQ(Qtr). u
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2.3 The semiclassical maximum principle

The following result is the semiclassical maximum principle of [TZ98, Lemma 2], [TZ00, Lemma
4.2] (see also [DZ19, Lemma 7.7]).

Theorem 2.7 (Semiclassical maximum principle) Let H be an Hilbert space and z — Q(z, 1) €
L(H) an holomorphic family of operators in a neighbourhood of

Q(n) := (w—2B(h),w +2B(R)) +i( — s(R)A~ ", 5(h)), (2.16)
where
0<d(h) <1, and  B(h)* > Ch~3E5(R)? (2.17)
for some L >0 and C > 0. Suppose that
1Q(z W) |uom < exp(CR™F),  z€Q, (2.18)
QG Mn < oy Tmz>0, zeQ (219)
Then o
1Q(z, B)|| o < H) exp(C+1) forallze [w — B(h),w + B(h)] (2.20)

References for proof. Let f,g € H with || f|lx = |lgllx = 1, and let

F(z,h) = <Q(z+w,h)g,f>ﬂ.

The result (2.20) follows from the “three-line theorem in a rectangle” (a consequence of the max-
imum principle) stated as [DZ19, Lemma D.1] applied to the holomorphic family (F(-, h))o<n«1
with

R =28(h), 6+ =d(h), o = 5(h)h7[l7
M = M_ =exp(Ch~ 1), M, =Cd(h)~

2.4 The generalized bicharacteristic flow

Recall that
T;;de ={(2,§) e T"RY, 2z € O} } = {z € O}, e R}

and
S;;de = {(z,8) € S'RY, 2 € O } = {2 € O}, £ € R? with [¢| = 1}.

We write ¢, : S’S’S+Rd — S’S’S+Rd for the generalized bicharacteristic flow associated to a symbol p
(see e.g. [Hor85, §24.3]). Since the flow over the interior is generated by the Hamilton vector field
H,, for any symbol b € CEO(T§*2+R‘1),

Ou(bo ) = Hyb = {p, b}, (2.21)

where {-,-} denotes the Poisson bracket; see [Zwol2, §2.4].

We primarily consider the case when p is the semiclassical principal symbol of the Helmholtz
equation, namely p = [£]2 — 1. By Hamilton’s equations, away from the boundary of 2, the
corresponding flow satisfies @; = 2§; and & = 0, and thus, for p = (x,£) with & away from T'p,
wi(p) = x + 2t€ for ¢t sufficiently small; i.e., the flow has speed two.

We let mr denote the projection operator onto the spatial variables; i.e.

TR : T;;—Jer -, m®((x,8)) =2
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2.5 Geometry of trapping
Let x € C>®(2;[0,1]) with supp x € R? and x = 1 near Q_ and define r : T6+Rd — R by

r(z,§) = (1 = x(x))|x]
so that there is ¢ > 0 such that for r¢ > ¢,
{z :r>re} =R\ B(0,70).

Moreover, note that {r < ¢} is compact for every c. Next, define the directly escaping sets,

€= {(2,6) € 'R |(2,6) > ro,  +(z,E)gu >0},
£2 = {(2,6) € SR |x(2,€) 2 r0, H(z,E)pa > 0}.
Then,

p €& implies that pi(p) €€+  and r(p+i(p)) > V/r(p)2 +4t2, forallt > 0. (2.22)

Therefore, r(¢:(p)) — oo as t — +oo and hence p € €4 escapes forward/backward in time. This,
in particular implies that

r(p) > 1o, (40 (p)) < r(p) for some to >0 = £((p),&(p)) > 0. (2.23)

We now define the outgoing tail T C SERY, the incoming tail T_ C SgRY, and the trapped set,
K by
Iy = {q € S5R? | r(pi(q)) A oo, t — Fool, K:=T,nTl_; (2.24)

i.e. the outgoing tail is the set of trajectories that do not escape as t — —oo, the incoming tail is
the set of trajectories that do not escape as t — oo, and the trapped set is the set of trajectories
that do not escape in either time direction.

We now recall some basic properties of I'+ and K, with these proved in a more general setting
in [DZ19, §6.1].

Lemma 2.8

(i) The sets Ty, K are closed in S3RY and K C {r < ro}.

(i1) Suppose that p, € S{)+Rd with p, — p and there are t, — 0o such that vit, (pn) = Poo-
Then p € I'¢.

Proof. (i) We show that I'_ is closed in SgR?. Suppose that pg € SR\ T_. Then r(¢:(po)) — oo
as t — oo. In particular, there are 0 < t; < t2 such that r(ye,(po)) > 1o and r(pe, (po)) <
r(pe,(po)). So, applying (2.23) with p = ¢, (po), we have ¢y, (pg) € £7. Since £7 is open and ¢y,
is continuous we have ¢, (p) € €9 for all p sufficiently close to po and hence, by (2.22), p ¢ I'_.
Therefore I'_ is closed. By an identical argument I'y and hence I'_ NIy are closed.

Now, we show that K C {r < 7o}. Note that SR N {r >ro} C £, UE_. But, &, NT_ =0
and £_ NTy = and hence SERIN {r > ro} NT, NT_ = as claimed.

(ii) We prove the result for ¢,, — oo; the proof of the other case is similar. Seeking a contradic-
tion, assume that p ¢ I'_. Then there exists 7' > 0 such that r(pr(p)) € £ and hence, since pr
is continuous, and £9 is open, for n large enough, ¢r(p,) € £. But then, by (2.22) and (2.23)

for t > T r(p(pn)) > /72 + 4(t — T)2. In particular, for n large enough,

r(er, (pn)) > \/m — 00

which contradicts the fact that r(eor, (prn)) = Poo- |
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2.6 Complex scaling

We now review the method of complex scaling following [DZ19, §4.5]. We first fix a small angle
of scaling, § > 0, and the radius, r; > 1o, where the scaling starts; without loss of generality, we
assume that Q1 € {z :r <r1}. Let fy € C°°(]0, 00) satisfy

fo(r)=0, r<ry; fo(r) =rtané, r > 2ry;
folr) =0, r>=0;  {fa(r) =0} = {fo(r) = 0}.
Then, consider the totally real submanifold (see [DZ19, Definition 4.28])

(2.25)

T

Ty := {J;+if9(|x|) : mERd}C(Cd

||

and note that we identify _ with its image on I'y. We define the complex scaled operator Py on
Q by the Dirichlet realization of

- 1 2 (d—1)i o R2A
o= (T ™)~ TR ey D T R

{r>ro}.

where A4 denotes the Laplacian on the round sphere S4=1. Note that P, is a semiclassical dif-
ferential operator of second order such that on r < ri, P; = —h?A with principal symbol, py,
satisfying pp(z,€) = |€|> on {r <71}, and in polar coordinates = = r¢,

(1.6.60,60) = ot el .
P60 80) = Tiggoe G r i |

Now, by e.g. [DZ19, Theorems 4.36,4.38], for Im(e'?\) > 0,
Py — N2 H3(Q) N HY () — L*(924) is a Fredholm operator of index zero. (2.27)
In particular, for V € L>(R?), supp V C {r < r}, this implies that
Py — XN +V:H* Q)N H} Q) — L*(9) is a Fredholm operator of index zero. (2.28)

Moreover, by [DZ19, Theorem 4.37], (Py — A% + V)1 has the same poles as Ry ()\) and, for
x € C®{x :r <r}) with supp xy € R,

X(Po =N+ V) 'y = xRy (M\)x. (2:29)

2.7 Defect measures

We say that a sequence {up, }nZ; with [[up,[[12re)y < C for all n (with C independent of n) has
defect measure p if for all a € C°(T*RY),

( Opn, (a)uhn,uhn>L2(Rd) - /adu,

where Opy,(a) denotes the quantisation of the symbol a; see [DZ19, Equation E.1.18], [DZ19,
Equation 4.1.2]. By, e.g., [Zwo12, Theorem 5.2], 11 is a positive Radon measure on T*R?. We say
that up, and f5, have joint defect measure u/ if

< Op;:bn (a)uh” , fh">L2(]Rd) — /a dp,j_ (2.30)

We usually suppress the n in the notation and instead write that uy has defect measure p and
up, and fr have joint defect measure p?.

Lemma 2.9 ([Zwo12, Theorem 5.3].) Let P € W™(R%) and suppose that up, has defect measure
1 and satisfies
||Puh||L2(Rd) =o(1).

Then, supp p C {or(P) = 0}, where o(P) is the semiclassical principal symbol of P.
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The following lemma is the defect-measure analogue of the propagation of singularities re-
sult [DZ19, Theorem E.47]. Before proving it, we recall the fundamental result that, for a,b €
C(T*RY),

h_lah([Oph(a), Oph(b)]) = —i{a, b}, (2.31)

where (as in §2.4) {-,-} denotes the Poisson bracket; see [DZ19, Equation E.1.44], [Zwol2, Page
68].

Lemma 2.10 Let P € U™ (RY) with InP < 0 and suppose that up has defect measure pu and
satisfies
Puh = hfﬁ?

where || fr|lp2mey < C and up and fr have joint defect measure W’ . Then, for all real valued
a € CX(T*RY), ‘
p(Hpeo,pya®) > —21m g7 (a®).

Proof. Let A = Opp(a). Since ox(A*) = a (by [DZ19, Equation E.1.45]) and thus o,(A*A) = a?
(by [DZ19, Equation E.1.43]), by the definition of the joint measure (2.30),

20 Im (A* Aup, Pup ) = 2Im 17 (a®) + o(1), (2.32)
and, by (2.31) and (2.21),
A Im ([A* A, Re Plup, up ) = p(Hge o, (p)a*)-
Since 2Im z = Im(z — Z) and P = ReP + iIm P with Re P and Im P both self-adjoint,
—2h 1 Im <A*Auh, Puh>,
=h'Im <<Puh,A*Auh> — <A*Auh, Puh>>,
= 1 Tm (((A*AReP — RePA" A)up, up) +i{(A"ATm P+ Tm PA* A)up, up) )
=h""Im ((A*AReP — RePA*A)up, up) + 20~ Re (A*AIm Puy, up)),

= p(Hge Uh(p)aQ) +o(1)+2h ' Re < Im PAuy, Auh> +2h ' Re <A* [A, Im PJug, uh>,
< W(HRe oy pya®) + o(1) + 207" Re (A*[A, Im Plup, up ), (2.33)

where the last line follows from the fact that ImP < 0. By (2.31),
Reh oy (A*[A,ImP]) = Re ( —ia{a,Imoy(P)}) = 0,

and therefore, since the kernel of oy : U= — S~ /1S~ is hU~> h~!Re A*[A,ImP] € hU~>°
and, in particular,

Re(A*[A, Tm Plup, up) = O(R?). (2.34)
The lemma follows from combining (2.33) with (2.34) and (2.32), and sending % — 0. ]

Corollary 2.11 Suppose the assumptions of Lemma 2.10 hold and, in addition, ;1 = 0. Then,
with @; the bicharacteristic flow corresponding to the symbol Re op(P), for any B C T*R?,

p(ee(B)) < pu(B)  fort>0. (2.35)

Corollary 2.11 shows that, under the assumptions of Lemma 2.10, we have information about
the defect measures of sets moving forward under the flow.

Proof of Corollary 2.11. By (2.21),

O </(a2 °© Sﬁt) dﬂ’) = /at(a2 o (Pt) d:“’ = /“L(HRean(P)a2) >0,

and thus

/ a®dp > / (a® o p_4)dp. (2.36)
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Let 15 be the indicator function of B C T*R?. By approximating 1p by squares of smooth
symbols, compactly supported symbols (2.36) holds with a> = 1g. Since 1g o ¢_; = 1,,(B) the
result (2.35) follows. More precisely, we first let B open and K,, € B compact with K,, T B and
choose a,, € C’g"(T*Rd) with a, = 1 on K,, and suppa, C B. The result for B open follows by
monotonicity of measure from below; the result for general B follows by outer regularity of u. m

We now review some properties of defect measures when uy, satisfies the Helmholtz equation.
Let fr € L2, (R?) be such that || f4]z2®ey < C. Let ¢ € C°(R;[0,1]) with ¢ =1 on [—E, E]
and supp ¢ C [-2FE,2F] for some E > 1. Let Q; € ¥°™P(T'p) with symbol

on(Qv) = =¥ (I€']g)-

Let u € L2 _(R%) be a solution to

loc
(—hQA — 1)uh = hfh in Q+, (Qthu + 1)uh|pD =0.

Suppose that up1&t has defect measure p and up1E?® and f;, have joint defect measure p/. On
I'p, let v; be the joint measure associated with the Dirichlet and Neumann traces and v, be the
measure associated with the Neumann trace; see [GLS21, Theorem 2.3]. In what follows, we only
use the fact that there exists 1/ such #/v,, = v;; see [GLS21, Lemma 2.14].

With u as above, let pi"/°" be the positive measures on T*T'p, supported in the hyperbolic set
Hr,, and defined in [GLS21, Lemma 2.9]/[Mil00, Proposition 1.7, Part (ii)].

In the following lemma, ®7*M denotes the b-cotangent bundle to Q. and m : T*M — *T*Q,
is defined by w(w1,2',&1,¢") == (w1,2',21£1,€") (for more details about *T* M, see, e.g., [Hor85,
Section 18.3], [GSW20, Section 4B]).

Lemma 2.12 With up, u, p?, pi®, %, and n? as above,
(i) supp p C S*Q
(ii) For all x € C(RI\ Q) Timpo lxun]2, = u(|x]?)
(iii) For all a € C°(*T*Qy),

t . . 1
mep(ao@y) —mep(a) = /o (— 2Im o p? 4+ 6(z1) @ (™ — o) + 3 Ren7H§x1u1g> (aops)ds
where G C SI’ED]Rd is the gliding set defined by

G = {xl = Hyoy =0,  Hlp < o}.

and the boundary T'p is given locally as {x1 = 0}, with Q4 equal to {x; > 0}.

2
Sk -1
= | . (2.37)
Sk +1

References for the proof. Parts (i) and (ii) are proved in [GSW20, Lemma 4.2]. Part (iii) is proved
in [GLS21, Theorem 2.15] (following [GSW20, Lemma 4.8]), and Part (iv) is proved in [GLS21,
Lemma 2.12] (following [Mil00, Proposition 1.10, Part (iii)]). |

(iv) On Hr,, p° = a p'™, where

3 Parametrix for (P — \?) via boundary complex absorption

We now find a parametrix for (P — A\?) using a complex absorbing potential on the boundary I'p.
We then obtain by perturbation a parametrix for (Py — A? — z1g,,) for 2 sufficiently small.
First, let
Py — \2
YD

Po(N) := < ) CH2(Qy) = L3(Qy) @ HY*(Tp).
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Then let E : H3?(T'p) — H?(2,) be an extension operator satisfying
wEg=g. g€ H(99).
Simple calculation then implies that
(PoN) ™" = (Ra(N), B = Ro(N)(Py — A)E), (3.1)
where Rg()\) := (Py — A?)~1 is the inverse of (2.27).
Lemma 3.1 The operator Py(A) is Fredholm with index zero.

Proof. Recall that the map (2.27) is Fredholm with index zero. First, note that if Py(N)u = 0,
then v € H}(Qy) N H?(Q,) and in particular, u € ker(Py — A\?). Therefore, since Py — A\? :
HY Q) NH?(Q4) — L%(Qy) is Fredholm, ker Py()\) is finite dimensional. To see that the cokernel
L2(Qy) & H32(T'p) /Pe(A)H?*(2) is finite dimensional, define the map
7 L) © HY2(Tp) [Pa (N H(Q4) = L2(Q4) [ (Py = X2) (H (24) N HA(Q4)),
(f.9) + PVH(Q1) = f — (Po = N)Eg + (Pg — X*) (Hg (1) N H? ().

First, observe that this map is well defined since if (f1,91) + Po(A) = (f2,92) + Po(A) then there
is u € H?(2;) such that

(fi—= fo, 1 —92) = ((Pp — )\Q)U,VDu).
In particular,
(fi = fo) = (Po = A*)E(g1 — g2) = (Ps — X\*)(u— E(g1 — g2)) € (Po — A*) (Hg () N H*(24)),

so m(f1,91) = 7(f2,92).
Now, suppose that 7(f,g) = 0. Then, there is u € Hg(Q4) N H%(Q4) such that

f—=(Py=X)Eg = (Py — \)u.
Therefore,
(f,9) = Po(NEg = (f — (Ps — A*)Eg,0) = ((Py — A*)u,0) € Po(\)H?*(Q),

and 7 is injective. For an injective operator, dim(domain) < dim(range) < dim(codomain); there-
fore

dim (LZ(Q+) ® H3/2(FD)/P9(/\)H2(Q+) < dim (L2(Q+)/(P9 —A2)(HE () N H2(Q+))) < 0

Since Py — A% : H3(24) N H?(Q4) — L%(Q) is Fredholm, Py ()) is Fredholm. To see that Pp()\)
has index zero, recall that the index is constant in A by, e.g., [DZ19, Theorem C.5], and observe
that the formula (3.1) implies that the inverse exists for some . ]

We now define our complex absorbing operator. Let ¢ € CS°(RR;[0,1]) with ¢ = 1 on [—b,b]
and supp®y C [—2b,2b]. It will be convenient to have a specific notation for the Neumann trace
with the standard derivative operator replaced by D := —ihd. We therefore let 71[,)?1 = —ihyP. Let

Py — )2
PG)Q()\) = <Qb’}/01Dh +’YOD) :HQ(Q+) — L2(Q+) @HS/Q(FD)

where @ € U°™P(I'p) with symbol

on(@s) = =¥ (I€']y)-
Note that
0
Po(X) =Po(N) +
o =Po)+ (g op, )
and hence is a compact perturbation of Pg(A). Therefore, by Lemma 3.1, Pg(A) is Fredholm with

index zero.

20



Lemma 3.2 Let QQp be as above and 0 < a < b and C; > 0. Then there exists C > 0 such that for
all X € [a,b] +i[—C1h, C1h],

||71E,)hu||L2(FD) + Hu||H§L(Q+) <Ch! H(PG - )‘2)UHL2(Q+) +C H(wah + 7(?)“||H§/2(FD) :
In particular, since Pp.g(\) is Fredholm with index zero,

Ro.o(N) = (Po.o(\) ™"

exists and satisfies

hPaRo. @ )2y + 1Ro@N (0 lmzs) < (B 2y + Mol ooy, ) (3:2)

Observe that the bound (3.2) has the same i-dependence as the standard non-trapping resolvent
estimate.

Before proving Lemma 3.2 we show how a parametrix for the operator (Py — A\ — z1q,,) can
be expressed in terms of Ry o(A). Let

Py— X2 —21
Po.q(N, 2) = ( "leDhMé}tr> P H?(Q4) — L2(Q4) @ HY*(Ip).

By Lemma 3.2, the bound (3.2), and inversion by Neumann series for |z| < 5 (where C is the
constant from Lemma 3.2)

Roq(X 2) = (Po.gA,2) 7!
exists and satisfies
|‘71D,FLR97Q()‘7 Z)(f7 g)||L2(FD)+HR07Q()\7 Z)(fv g)HHfL(QJr) < 20<h_1||f||L2(Q+)+”gHH}EZ/Q(FD)) . (33)
Next, let

Pg — )\2 — Zthr
8

Po(N, 2) = < > CH?(Q4) — L2(Q)) @ HY?(Tp). (3.4)

If Ro,q(A, 2) exists, then
'Pg(/\, Z) = (I + K()\7 Z))'P@’Q()\7 Z),

where

K(\z2):=QRoo(Nz) and Q:= ( —Q(l)ﬁth) . (3.5)

Since K(\,2) @ L*(Qy) @ H¥?*(Tp) — L*(Qy) @ H3?(T'p) is compact, (I + K(\ 2))~" is a
meromorphic family of operators by [DZ19, Theorem C.8]. Therefore, for |z| < %,

Po(N2) "t = Roq(h2) (I + K(N2) (3.6)
Let Ryp(A, z) be the inverse of the map (2.28) with V = —z1q,_, i.e.
Ro(\, 2) := (Pp — \* — 21, )" (3.7)
Then, for |z < J%,
Ro(\,2) = Py(A,2) 7} (é) = Roo(\2) (I +K(\z2) " <é> : (3.8)
which is the required parametrix.

Proof of Lemma 5.2. Suppose that the estimate fails with [[u|| z2(q, ) replaced by [ul|r2(q, ), then
there are h, — 0, A, € [a,b] +i[~Ch, Ch], and (iin, fn, Gn) € H*(Q4) & L2(Qy) ® HY*(Tp) with

||f"HL2(Q+) + ”g"”Hg/Q(FD) =1, H’ELTL”L2 =n,
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and with R
P9»Q(ﬂn) = (hnfmgn)

In particular, renomarlizing wu,, := U, /n, f, := fn/n7 and g, := gn/n,

1
an||L2(Q+) =n ||(P9 - )‘i)“"Hm(m) s -

n

and
1

||gn||L2(FD) = H(Qb%[,)n +7D)UnHL2(FD) < o

Now, since 0 < a < Re A, < b, we may rescale h,, to h= R/ Re A, and hence replace Re A,, by

1. Note that this rescaling does not cause any issues since b~ 'h, < fn < @ 'h,. Extracting a
subsequence, we can assume that unlg’j has defect measure p (see e.g. [Zwol2, Theorem 5.2]) and

it Tm A, — Im B4, and Re A, = 1. Since ||fn, |lr2 — 0, @/ = 0.
Let x, xo € C(R%;[0,1]) with supp x € R? and ¥, xo = 1 in a neighborhood of {r < 21} and
supp xo C {x = 1}. We first show that

1A =)unll 20,y = Ohn). (3.9)
To do this, observe that, by (2.26),

|1

Afitand)? " >l +1),  r(@,€) =2, (3.10)

(P~ 2, 6) = |
Therefore, by ellipticity, for W a neighborhood of supp 9y,
[l 2wy < O(||(Ps — )\Z)UnHLz(m) + lunll 20,y )- (3.11)
Now, by (3.10) and the definitions of x and ¥,
‘0<Oph (A+1EM™H A~ x0)(Po = A7)~ x0) — iXO)‘ > c.
Therefore, by [Zwo12, Theorem 4.29],

(1 = X)unllr2a,))
< C [ [Opa((1+ €)™ = x0)(Po = A2)(1 = x0) — ix0] (1 = X)un| 2 )
= C[Opr((1 + €)™ = x0) (P = X)X = X)tun | 12 gy - (3.12)
But,
[0pA((1 +1€P) ™) (1 = x0)(Po = M)A = X)tin| 12 g »
S ON =)l L2,y + 1P Xlunll g2,y
< ON=X)hnfnllL2 ) + Chn lltnll g2,y = O(hn). (3.13)

where we have used (3.11) in the second inequality; (3.9) then follows from combining (3.12) and
(3.13).
We now show that u(7*R?) = 1. First, observe that

(Py — A2)Xtpn = [Po, X]tin + 0(hn) 2. (3.14)
Indeed, using (3.11) in (3.14) we find that
(P — A2)xun = O(hy,) 2.

Since (Py — A?) = (—h?A — \2) on supp X, we can now apply Lemma 2.12 (with u in that lemma
replaced by yu, here) to find that

2 . 2 . 2
w(x*) = %13% ||Xun||L2(Q+) = %1_% ||un||L2(Q+) =1,
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where we have used (3.9) in the second equality. Moreover,
(T RY) < lim |Jun |2, = 1
= =0 nil L, (Q+) 9

so that in fact u(7T*R9) = 1.

We now show that p = 0 which is a contradiction. To do this, we start by observing that (3.9)
implies that p({r > 2r}) = 0. Now, Lemma 2.12, along with Lemma 2.10 together with the fact
that Im(Py) < 0, allows us to propagate forward along the generalized bicharacteristic flow (in the
sense of Corollary 2.11), but not backward. In particular, since pu({r > 2r1} = 0), this implies
that supp p C I'y.. Indeed, suppose that A C S&Rd is compact and ANT, = (). Then, by the
definition of I'y (2.24), for each p € A there is ¢, > 0 such that r(¢_;,(p)) > max(2ri,r(p)).
Hence, by (2.22) for t > ¢,, r(p_¢(p)) > 2r; and by continuity of ¢_; , there is a neighborhood U,
of p such that ¢_,(U,) C {r > 2r;} for t > ¢,. In particular, by compactness of A, there is T" > 0
such that ¢_7(A) C {r > 2r1}. Then by (2.35), u(A) < u(¢-r(A)) = 0. Now, by Lemma 2.8, '}
is closed and hence we may write (I'} )¢ = U, A,, with A4,, compact. In particular, u((T'+)¢) = 0 by
monotonicity from below.

Next, note that since Im oy (Py — A\?) < 0 on {fy # 0},

supp u C {fo = 0}
by Lemma 2.9. In particular, by the definition of fy,

supp pu C {r < 2r1}.

To complete the proof, we need to show that in fact u(I'y) = 0. This is where the boundary term
Qyp is used.
We claim there are T',c > 0 such that

plp-1(A)) = epu(A) (3.15)

for all A. Once this is done, we have that g = 0. To see this, observe that if p(A) > 0, then by
induction pu(p_n7(A)) > e™u(A). Taking N > —(log 1(A))/c, we have p(o_nr(A)) > 1, which is
a contradiction to u(T*R%) = 1.

We now prove (3.15). First, note that the statement is empty if pu(A) = 0. Therefore, we can
assume that p(A) > 0. Since suppp C 'y, we assume that A C T'y; since 'y is closed, we can
assume that A is compact. Now, by (2.22), (2.23), and (2.24),

(2r1)2—rd
F+ﬁ{’l"0§1‘§27‘1}c U (Pt(F_A,_ﬂ{I'STo}).
t=0

Therefore, increasing T by \/(2r1)? — r2, we may assume that A C {r <ro}NTy.
We claim that there are e1,7 > 0 such that for all p € Ty with r(p) < ro.

T
/0 (;Hﬁxl 16(¢—4(p)) + | Hpx1(0—e(p)| " 6 (1(p-4(p))) log a(mr,, (<p—t(p)))) dt < —e.

(3.16)
where 7, : Sl’iDRd — T*T'p is the orthogonal projection and « is given by (2.37).
Once (3.16) is proved, we claim that Lemma 2.12 implies (3.15) with (¢, T) = (e1,T). Indeed,
suppose that (3.16) holds and that u(A) > 0, A C T N{r < ro} and A is closed. Then, let
0<acCXPT*R*\Q_) witha=1on A and

U «u(suppa) C {r < TO;“} (3.17)

tE[O,—T]
Now, let xy =1 on {r < ™31} with supp x C {r < r1}. Then,

(=h?A — 1)xu = [-h2A, x]u + hf, xulrp, =0
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with f = o0(1)r2 and hence by Lemma 2.12

W*H(XZ(QO‘Pt))_W*ﬂ(Xza):/O (—4<§v3X>M+5($1)®(ﬂm—u°“t)+%ReﬁjHﬁxlﬂlg)(XQ(GO‘PS))d&

But, by (3.17), x> = 1 on suppa o ¢; for t € [0,7] and on G, 7 = 1. In particular, for t € [0, 7]

t
. 1
mep(aopp) — mop(a) = /0 (5(961) ® (u™ — p) + §H§I1ﬂ19> (aogps)ds.

Finally, since A is closed we may approximate 14 by smooth, compactly supported functions to
obtain

el (A) = i) = [ (o) (% — ™) + JHEeuplg) (Lao ) ds. (319

Now, to study (3.18), we first assume that A and ¢ are such that for all p € A and s € [0,2¢], ¢_5(p)
does not lie in the glancing region (H,z; = 0) and each trajectory intersects 02_ exactly once and
does so for s € (0,t). Shrinking the support of a further if necessary, we can find ¥ c® T*R%\ Q_
transverse to H), such that

Fi[=t,t] x % 3 (s,p) = ¢_s(p) € T7, R
are smooth coordinates and ¢_4(A) is in the image of F for all s € [0,¢]. Then, (3.18) reads
rot(p4(4)) = mops(A)

= /t (5(1"1) © (i — uout))(lA o pur) dt’
o
:/0 /_t/2(|Hp$1|(5,p)5(s) ® (1a(s —t', p))d(u™ — p°*)(p) ds dt’

= /Z /Ot (|pr1|(07p)(a_1(p) - 1)1A(_tlvl)))du°ut(p)dt’

Now, arguing as in [GLS21, Lemma 2.16], we obtain that m.u = |Hpz1 | 1;<odt+|Hpz 1| 1 odt
and hence,

H(A) = / / (Hy21](0, p)La(—t', p)dp®™ (p)d.

Therefore

Tepi(p—i(A)) > Filll(fA)(a(p))’lﬂ*u(A)

= igf o= Jo (Hpa1|(e—e(p) "' 8(x1(0-t(p))) log a(mr =t r_ju(a).

Next, we assume that
AC {(ps({scl =Hyz1 = O}) \{Hpz1 #0,21=0:s€ [O,t]}7

so that, in particular, trajectories from A do not intersect the hyperbolic set. In this case, (3.18)
implies that

Dol o(A4)) = (S H2r1gmn) (p-(4)), (3.19)

In particular, shrinking A in necessary, we may choose ¥ C {z1 = Hpz; = 0} transverse to H,
and work in coordinates

0,8] x 3 (5,0) = ¢-s(p) € { - (for = Hyar = 0}) 5 5 € [0,4]}.
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In these coordinates, (3.19) implies that 7,y is absolutely continuous with respect to ¢ in the sense
that there is a family of measures, ¢ — v, on X such that 1 (X) € L' and u = 1 dt. Moreover,

/ dl/s(p) — / ef%Hgmllg(W—S(p))dsdy(p).
B B

In particular,
2
mep(p-e(A)) 2 infof FHlmlole— Nt ()

Putting everything together, we have for all A and 0 <t < T,
Tep(p—(A))

>infesp (= [ (Ha1l(e-0) ™ 8(er(o-d(p)) g amry (eu(p)) = 5 H3aTo(o-s(p)ds)m.n(4)
> e lmou(A)

as claimed.
Therefore, it is enough to prove (3.16). Seeking a contradiction, we assume that for every
€1 > 0and T > 0 there is p € Ty with r(p) < r¢ such that

T
[ (520116100 + [Hy o) er( s (o)) gl (o-a(p) ) dt = 1.

(3.20)
Note that since both terms are non-positive (since a < 1), this implies that each term is > —e;.
Now, if ¢_+(p) € G for t € [t1, 2], then, since the flow in G is given by the flow of the vector

field
2

Hl‘l
Hy = H,+ —5—H,,, p=I[¢-1,
g Hip

(see [Hor85, Def. 24.3.6]), we obtain

to

poia(p) = exp(—(t2 — 1) g ) + O ([ B2 (st

t1

On the other hand, if ¢_;(p) ¢ G for ¢ € [t1, 2], and has exactly one intersection with I'p, then

?-1a(p) = exp(—(t2 = 1) Hig2 (o1, (p) + O (|t2 = 11|2¢/1 — 1g/12) .

where ||, is measured at the point of reflection. All together, since

loga = —4m+ o1 - |5/|521)»
we obtain from (3.20) that

p-1(p) = exp(=THgp2(p)) + O(e1)
Therefore, choosing T > 7y, and €; small enough, we obtain

dist(mr (¢—1(p)), Tr(p)) > 3ro

which is a contradiction to p € 'y N {r < rp}.
Thus, we have proved

||u||L2(Q+) S Ch71 ||(P9 - )‘2)U|}L2(Q+) + C ||(Qb71]:,)h + ’YOD)UHH?L/?(FD) . (321)
where here, and in the rest of the proof, C' denotes a constant, independent of A, A, and z, whose

value may change from line to line. We now need to obtain a bound on the H? norm of u, as opposed
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to just the L? norm in (3.21). By a standard elliptic parametrix construction, for xy; € C*(Q,)
supported away from I'p, we have

HXluHHg(QJr) <cC H(P9 - )‘Q)UHLZ(m) +C Hu||L2(Q+)
< Ch™'|(Ps — AQ)“HLz(m) +C[[(Qrin JF'Y(?)“HHQ”(FD) ’

by (3.21). Finally, using the trace estimate from [GLS21, Corollary 4.2] we have for x5 € C*°({z :
r < ro}) with supp x2 € R,

||71D,h“”Lz(pD) < Clixeull 2o, ) + [(=r*A — 1)X2uHL2(Q+) :
Elliptic regularity for the Laplacian then implies that
||X2u||H§(Q+) <C(=r*A = N)xoul| ., + Cllxull 2 + C H'YODUHHQ”(FD)

<[Py~ 32 o + C @B+ ull e,

where we have used (3.21). Combining the bounds on |[x1ul|z2(a, ), [[X2u| #2(q,), and ||’yfhu||L2(pD),
we obtain (3.2). n

4 Proof of Lemma 1.12

With R(), z) defined by (1.13), Ry(), z) defined by (3.7), and x € C* with suppx C {z:r <r}
and supp x € R?, (2.29) implies that

XBo (A, 2)x = xB(A, 2)x- (4.1)
Recalling (1.14), we see that to prove the bounds (1.17), (1.18) it is sufficient to bound
[Ro(Ns 2)l| 2 (90 )— L2 () -

We first focus on proving the bound for Imz > 0 (1.18). By the definitions of Py(}, z) (3.4) and
Ry(X, z) (3.7), the bound (1.18) follows if we can prove the following.

Lemma 4.1 There exists C' > 0 such that if ReA > 0, ImA =0,

1Po (A, 2) ) <C{z)Imz)"'  for Imz > 0. (4.2)

-1
HLQ(Qtr)®H§/2(FD)AL2(Qn
Moreover, there exists € > 0 small enough such that if ReA > 0, ImA =0,

|Po(A, 2) ) < C(Imz)~"  for Tmz >0 and |z| < eh. (4.3)

-1
iz )ems 2 m) s a2,

To prove Lemma 4.1, we need the following result about the sign of the Dirichlet-to-Neumann
map.

Lemma 4.2 For Re\ >0, and Im A > 0 we have InD(A/h) > 0.
Proof. Let G(X) be the meromorphic continuation from Im A > 0 of the solution operator satisfying
(-RPA=X)GNg=0m RN\ Dy, Gglr, =g,

and G is \/h-outgoing; then D(\/h) = A¥G()\). Note that for ImA > 0, G(\) : HY/2(Ty,) —
HY(R?\ Q). Therefore, for Re A > 0 and Im A > 0, by integration by parts,

0= ((~12A = X)G(N)g, GV,
= HhVG()‘)g“%Z(Rd\Ql) - )‘QHG()‘)QH%?(Rd\Ql) + h2<D(/\/h)9,9>rn'
Therefore, taking imaginary parts

2Re A Im A[|G(N)g| L2 (rava,) = 12 Im(D(\/h)g, 9)r.,
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and in particular, for ReA > 0, Im A > 0
0 < Im(D(A/h)g, g)r.,

Now, since the right hand side continues analytically from Im A > 0 to Im A = 0, we have
Im(D(A/h)g, g)r,, = 0

for ReA > 0 and Im A = 0. ]

Proof of Lemma 4.1. Let u € H2_(94). Then, let v = u — Eypu € HZ (24) N Hj 106 (24). By
integration by parts,
—Im((Py — \* — z1q,,)v,v), = —Im{(—h*A -\ — Zthr)U,U>Qt

= (I 2) ul}2(a,,) + B2 T (DO R),0)y > (Im2) o3, -

Qtr

Therefore, there exists C,Cy, Cs > 0 such that for Im z > 0,

ull 20y < IVllL2@n) + 1BV ull 220
< (Im2) 7 [(=R*A = A = 210, vl L2 (0, + 01||%?U\|Hg/2

(T'p)
< (1) (o — X2 = 21a, el + Calz) (1 2) 1B ulmzien + Colnul e,

< C<Z> (Im z)_l ||739 ()\7 Z) HLZ(Qtr)GBH:/2(FD) )

by the definition of Py(\, 2) (3.4). Having obtained the bound (4.2) on |jul|z2(q,,), We now prove
the bound (4.3) on |ul|g2(q,,)- Using, e.g., the trace estimate from [GLS21, Corollary 4.2] (in a
similar way to the end of the proof of Lemma 3.2), we have

WPpullrarpy < CRTHI(=R2A = X = zlq, Jull 20, + ) [ull22(0,)- (4.4)

Furthermore, by Lemma 3.2 and (3.3), there exists e > 0 small enough such that for Imz > 0 and
|2| < eh,

||U||Hg(gz+) <ch! H(PG -\ - Zlﬂtr)UHLz(Q” +C H(Qb%D,h +70D)“HH§/2(FD)

<O+ () (m )7 [[(Po = X = 21, )ul 12 + C 176 ul| oz r,y )

by (4.4) and the fact that Py = —h?A on Q,; this implies (4.3) and the proof is complete. ]

Having proved the bound (1.18), we now prove the bound (1.17). From (3.8),

Ro(M\2) = Rog(\ 2)(I + K(\,2))7 ! (é) (4.5)

where K (A, z) is defined by (3.5). Since we have the bound (3.3) on Rg.q(A, z), to bound Rg(A, 2)
we only need to bound (I + K (), z))~t.

Recalling the definition of trace class operators (see [DZ19, Definition B.17]), letting H :=
L? (Q+)@H§/2(FD), we see that K (A, z) (defined by (3.5)) is trace class and using similar reasoning
to that in [DZ19, Page 434], together with (3.3)

||K()‘7 Z)||£1(H;H) < CH<hD>3/2QbHL1(L2(FD))||’71E,)hR9,Q()‘7 Z)HH—)LQ(FD)S Ch~'nt < ch .
(4.6)
Since Ro,q(A, 2) exists for |z| < eh, by [DZ19, Equation B.4.7] and (3.5), K (], z) is trace class for
|z| < eh. Therefore, by the results [DZ19, Equation B.5.21] and [DZ19, Equation B.5.19] about
trace-class operators,

(T + K\, = <det (T+K(\,2)) " det (I + [K(X 2)"K(\, 2)]?),

))_1H7-L—>H
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< det (I+K(X2) " exp ([ 2) KX 2)]Y2] £,00)
< det (I+K(\2) " exp (IIKA2)llz,00)s (4.7)

where we have used the definition of the trace class norm || - ||z, in terms of singular values (see
[DZ19, Equation B.4.2]) to write

IO 2 KOG 22| 2, y = KOS 2) L, a0 -
and using this in (4.7) we find that

[T+ K\ =z < det (I + K(X, z))_l exp(Ch~%)  for |z| < eh. (4.8)

D (PP

To estimate det(I + K (A, z))~! we use the same idea used to prove the bound (1.15), namely the
following complex-analysis result

Lemma 4.3 ([DZ19, Equation D.1.13].) Let Qy € Q1 € C, let f be holomorphic in a neigh-
bourhood of 1 with zeros z;,j = 1,2,..., and let zy € Q1. There exists C = C(Qo, N1, 20) such
that for any § > 0 sufficiently small

g £(2)] = ~Clog (574) (maclog ()] ~Tog o)l ) for = € 20\ U B0

J

Applying this result with f(z) = det(I + K(\,z)), we see that to get an upper bound on
log det(I + K (), 2))~! we only need a lower bound on det(I + K (), zo)) for some |z| < eh and an
upper bound on det(I + K (A, z)) for all |z] < eh.

To obtain the upper bound for all |z| < ehi, we again use [DZ19, Equation B.5.19] and (4.6) to
obtain

|det(I + K(\, 2))| < exp(|K(\, 2)|lz,) < exp(Ch™%)  for |2| < eh. (4.9)

To obtain the lower bound for some |zg| < ek, we first observe that, from (3.6),

(I+K(\2) " =Poo2)Ps(N,2)" =T —QPy(A,2) "
so that )
| det (I + K(X\2))|"" = |det (I — QPa(A,2)7Y)|.
Since QPy (A, 2) is trace class, we use [DZ19, Equation B.5.19], [DZ19, Equation B.4.7], (4.6), and
(4.3) to obtain

-1 _ _ :
log | det(I 4+ K()\,zo))| < ||Q||£1(H§(Q+);H) ||’P9()\,ZO) 1||H—>H,€(Q+) < Ch~ ¢ for zg = ich.
(4.10)
Therefore, combining Lemma 4.3, (4.9), and (4.10), we have

log | det (I + K(/\,z))_1| < Ch %logé~!, z € B(O,sﬂi)\UB(zj,(S)

Zj

where z; are the poles of (I + K (), z))~!. Therefore, combining this last bound with (4.5), (4.8),
and (3.3), we have

[Ro(A )l 200,y 12(0,) < €XP (Ch_dlog 5‘1> for z € B(O,slh)\UB(zj,(S).

Zj

where z; are the poles of Rg(A, z). The bound (1.17) and the fact that z; are the poles of Rg,, (A, 2)
then follow from the relation (4.1) and Lemma 1.9.
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5 Proofs of Theorems 2.2 and 2.4

5.1 Proof of Theorem 2.2

With Lemma 1.12 in hand, this proof is very similar to [DZ19, Proof of Theorem 7.6], except that
now we work in the complex z plane as opposed to the complex A plane. In addition, in this proof,
the roles of gy and e are swapped compared to [DZ19, Proof of Theorem 7.6].
Let
eo(h) := W™ %e(h), (5.1)

with a > 0 to be fixed later in the proof. The bound in (2.1) then implies that, given fig, there
exists C’ (depending on fy and «) such that

2 C’
— < — < . .
log< (h)) W for all 0 < h < hg (5.2)

Seeking a contradiction, we assume that there are no eigenvalues in B(0,e¢(%)). Since supp uy €

Qla
R(l, 0)(—77,?A - 1)Ug = Uy.
Therefore, if we can show that the assumption that when 2 = h; there are no eigenvalues in
B(0,e0(h;)) implies that
1 -1

IR(L, 0l L2y L2(00) < 5(5(%‘)) ; (5.3)
then we obtain a contradiction to |[uel| 2, = 1. We prove (5.3) by using Theorem 2.7 where
Q(h) is a box (to be specified below) in B(0, 9(%)/2) with Lemma 1.12 providing the bounds (2.18)
and (2.19).

We first use the bound (1.17) from Lemma 1.12. This bound is valid for z € B(0,e1%) and
away from the poles. The definition of €¢(h) (5.1) and the upper bound in (2.1) implies that
B(0,e9(h)/2) C B(0,e1h) for fi sufficiently small. We then choose ¢ in (1.17) to equal ¢(%)/2 and
use (5.2) so that, for all f; sufficiently small,

IR, 2)l| L2 00y 22 (00r) < €XP (clc'hj—(d“)) for all z € B(0,e0(h;)/2), (5.4)
and thus for all z € Q(%;) (since Q(%;) C B(0,e0(f;)/2)). We now let
Q(z,h) :== Rq,,(1,2), L:=d+1, andC:=max{CiC", Csc},

where ¢ = ¢(h) is chosen large enough such that (z) < ¢ for all z € B(0,g9(h)/2) and h < hy;
these choices ensures that the right-hand sides of the bounds (5.4) and (1.18) are bounded by the
right-hand sides of (2.18) and (2.19) respectively. We then let

w=0, 28(h)= %so(h), and  8(h) = Me(h)

with M chosen (sufficiently large) later in the proof. For the assumptions of Theorem 2.7 to hold at
It = h;, we need that (i) the box Q(h;) defined by (2.16) is inside B(0,eo(h;)/2) (so that the bound
(2.18) follows from (5.4)) and (ii) the second inequality in (2.17) is satisfied. The first requirement
is ensured if

_ 1 _ 1
3(hj)h; <d+1><<§so(hj), that is  Me(h;)h; T < 3y e (hy),

which is satisfied if o > d 4 1 and h; is sufficiently small. The second requirement is
1

gh—%(fzf > Ch= 3D pe(h)?;

given M, this inequality is satisfied if a > 3(d + 1)/2 and # is sufficiently small.
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Therefore, if o > 3(d + 1)/2, the assumptions of Theorem 2.7 are all satisfied at i = fi; (for
h; sufficiently small), and the result is that the bound (2.20) holds for all z € [—3(h;), B(R;)], and
thus, in particular, at z = 0. Therefore, for all i; sufficiently small,

C
IR, Ol L2 ()22 () = Me(h;) exp(l +C).

7

‘We now choose
M :=2Cexp(1+C),

and obtain (5.3), i.e. the desired contradiction to there being no eigenvalues in B(0,e0(%;)).

5.2 Proof of Theorem 2.4
We first recall the following lemma proved in [Ste99, Lemma 4]; see also [Laz93, Lemma AII.20].

Lemma 5.1 Let f1,..., fx be N wvectors in a Hilbert space H with

|<fi,fj>q.[—5ij|§6 forall i,jZI,...,N.
Ife < N7, then fi,..., fn are linearly independent.

We use Lemma 5.1 both in the proof of Theorem 2.4 below, and in the proof of the following
preparatory result.

Lemma 5.2 Let m(h;) and e(h) be as in Theorem 2.4 (so that, in particular e(h) < h%+3)/2 g5
Iv— 0). Then there exists C > 0 (independent of ;) such that

m(h;) < Ch;“. (5.5)

Proof. First observe that it is sufficient to prove the result for sufficiently small 7, (equivalently,
sufficiently large j). Let P(h;) = —h?A with zero Dirichlet boundary conditions on I'p and I',.
P(h;) is therefore self-adjoint with discrete spectrum and, since suppu;, C K € y,

| (P(hy) — Ejyg)uj"eHLZ(Q”) =¢(h;) forall j,¢.

Let ¢t > ¢ > 0, let II(R;) be the orthogonal projection on to the eigenspaces corresponding
to all eigenvalues of P(h;) in [ag — i, bo + 1], and let M (h;) be the number of these eigenvalues
(counting multiplicities). By the Weyl law (with no remainder term) on manifolds with boundary
(see e.g. [Hor85, Theorem 17.5.3]),

M (hy) < Ch;“.
Furthermore, rankII(%;) < M(k;) and thus to prove the result (5.5) it is sufficient to prove that
m(h;) < rankII(%;). To keep expressions compact, we now write P and II instead of P(h;) and
1(hy).

Since II commutes with (P — E;,)~!, and (P — E; ) is invertible on (I —II)L?,

(I =M)use = (P—Ejp) (I —T)(P — Ej)uj. (5.6)
Since P is self-adjoint, the spectral theorem (see, e.g., [DZ19, Theorem B.8]) implies that
-1 1
||(P - EM) (I - H)HL?(Q")%LQ(QH) < ; (5.7)
Therefore, combining (5.6) and (5.7), we have
£(hy)

(7 —11)

uj,ZHL2(Qt,.)—>L2(ch)§ 1

(compare to [Laz93, Equation 32.2] and the first displayed equation in [Ste99, §3]). Then, for
l1,05 € {1, ce ,m(hj)},

| (Mg, s g ) 12(00) = Ot1ta| < [(U,00 3 Ug00) 12(0200) — Ot10 |
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+ (I = M)wj g, jg,) 12020 |5

+ |<Uj,£u (I = TD)wje,) 12 (020)
2
< hy%e(hy) + L), (5.8)

< h§»5d_1)/2 as j — 0o,

where we have used that [[II[| 2., 1, 72(q,,) < 1 since Il is orthogonal. By Lemma 5.1, any subset
of {H’U,j,@}znz(? 7 with cardinality < h;(Sdfl)/ % s linearly independent. Seeking a contradiction
assume that (5.5) does not hold, i.e. for all C' > 0 there exists j such that m(h;) > Ch;d. Choose
a subset of {Huj,g}zn:(f”j) with cardinality LC’hj_d + 1]. By the above argument, this subset is

linearly independent, and thus \_C’h;d + 1| < rankII(h;) = M(h;) < Ch;d which is the required
contradiction. n

Proof of Theorem 2.4. The proof is similar to that of the corresponding “quasimodes to res-
onances” result [Ste99, Theorem 1] (see also [DZ19, §7.7, Exercise 1]), except that we use the
semiclassical maximum principle in the z plane (as in the proof of Theorem 2.2), and now we
also work in an interval in A (as opposed to at A = 1 in the proof of Theorem 2.2). To keep the
expressions compact, during the proof we drop the subscript j on A, F; ¢, and u; .
Let
Z = Z(e1(h), eo(h), a(h), b(h); ),

where Z(e1, g9, a, b; h) is defined by (2.3), £9(h) is as in the statement of the theorem, and €1 (k) < h
will be fixed later. We assume throughout that |Z| < oo, since otherwise the proof is trivial. Let
I1(%) denote the orthogonal projection onto

U Hzp (LQ(Qtr))y

z2pE€EZ

where II.  is defined in (2.15). Let Z()) be the set of distinct values of zp(h,A) € Z. (While Z is

independent of \, Z in principle depends on A, since the multiplicity of the poles of z — Rg,, (2, \)
in principle depends on A.) Note that for 2, # z,, rank(II, +1II.,) = rankII. +rankII, ; therefore

rank II(7h) = Z rank [T, (4 \) = Z mr(z(h,N)) = |Z],
zp€Z(N) zp€Z(N)

where mp(z9) is defined in (2.15). To prove the theorem, therefore, it is sufficient to show that
m(h) < rank II(h).

Seeking a contradiction, we assume that rankII(%) < m(h). By Lemma 2.6, near z,, the

singular part of Rq,, (A, z) is in the range of Hzp(h A), and therefore z — (I — II(R))Rq,, (A, z) is

holomorphic on Q(h) for all A2 € [a(h), b(h)]. Let Q(k) C Q(h) be defined by

Qh) = (= e1(h), e1(h)) —i(0,0(h)). (5.9)

Our goal is to apply the semiclassical maximum principle (Theorem 2.7) in subsets of Q(h) with
Q(z,h) = (I = (h)) Ra,, (A, 2).

By Lemma 1.12, the fact that max(eg, 1) < fi, and the fact that II(%) is orthogonal (and so
1 =T L2 (20— L2 (20) 1),

| (I = II(h)) Ray,, (A, 2 ||L2(Q“)_>L2(Q ) Sexp (01 dlogd_l) for z € Q(h)\UB(zm(h, A),0)

(5.10)

and for A\? € [a(h),b(h)], where the 2,,(h, \) are the poles of Rq,, (), z) such that B(zm,(h,A),d) N

Q(h) # 0. If 6 > min{eq(h), 1(h)}, then these z,,(h, ) might include poles that are not equal to

zp(h, A) € Z, but we restrict J so that this is not the case. Indeed, we now choose § > 0 so that
the bound in (5.10) holds for all z € Q(f) and for all A2 € [a(h), b(h)].

If 0 and z,, are such that B(zy,,d) € Q(h), then the bound in (5.10) holds on 0B(zp,d), and

then, since z — (I — II(h))Rq,, (A, z) is holomorphic in Q(h), the maximum principle implies that
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the bound in (5.10) holds in B(z,,d). We now restrict ¢ so that there cannot be a connected union
of B(zp,0) that intersects both Q(f) and @Q(h). Once this is ruled out, the maximum principle
and the fact that z — (I —II(h))Rq,, (A, 2) is holomorphic in (%) imply that the bound in (5.10)
holds in Q(%). Since we have assumed that rankII(h) < m(h), and m(h) < Ch~? by (5.5), there
exist a maximum of Ch~¢ of balls of radius §. In particular, the maximum distance between any

two points in such a connected union is bounded by 206(h)h~? and hence, a connected union
intersecting both 9Q(h) and Q(k) is ruled out if

20Ch~% < min {eo(h),e1(h)}. (5.11)
We now assume that £q(h) < e1(h) and set

Eo(h) hd

4c
so that (5.11) holds. The first inequality in (2.5) implies that, given Ay, there exists C’ (depending
on hy) such that

0=

(5.12)

/

C
logé_1 < - for all 0 < h < hy.
Therefore, the end result is that, if A is sufficiently small,

(I = TI(R)) Ra,. (A, = < exp (on—d—l) for z € Q(h) and A2 € [a(h), b(R)], (5.13)

)HL2(Q“)HL2(QU)

where C' := max{C1C’,cCs}, where, as in the proof of Theorem 2.2, ¢ = ¢(hy) is chosen large
enough such that (z) < ¢ for all z € Q(h) and k < hyg.
We apply the semiclassical maximum principle (Theorem 2.7) with

w=0, B(h)=e(h), 60h)=hr"e(h), and L=d+1,

and we now fix £1(h) as

h(d+1)/2€ I
ei(h) == - ol >;

observe that this definition of e(h) satisfies both the second requirement in (2.17) and our previous
assumption that eg(h) < e1(h). The result of Theorem 2.7 is that

h—(d-i-l)
)|‘L2(Qtr)—>L2(ch eo(h) (5.14)
for z € [—e1(h),e1(h)] and  A* € [a(h), b(R)].

(7 = T(R)) B, (A 2

) < Cexp(C+1)

The definitions of Ey and uy imply that

(I —TI(R))Ra,, (v Ee,0) ( — B°A — Eg)ug = (I — IL(R)) u,
for ¢ =1,...,m(h). Since E; € [a(h),b(h)] for all ¢, the fact that the bound (5.14) holds for all
A2 € [a(h),b(R)] implies that

) < Cexp(C + D=y £

H(I B H( €o(ﬁ)

h))ue HL2(Qtr)%L2(Q“

for £=1,...,m(k). Therefore
e(h)
eo(h)

(compare to (5.8), but note that now the projection II is different). Using the inequality (2.4) and
the second inequality in (2.5), we have

‘(H(h)ugl TU(B)us,) 2,y — Oets| < (B) +2C exp(C + 1~ @D

d
' <H(h)u€1 ) H(h)UgZ >L2(Qtr) - 66152

< kY and thus ‘<H(h)uz1,H(h)w2>L2(Qtr) — 0y, | <

= 57
where C' is the constant in (5.5). By (5.5) and Lemma 5.1, {H(h)w};n:(fj) are linearly independent,
and thus rank II(%) > m(h), which is the desired contradiction to the assumption that rank II(%) <

m(h). ]

32



Acknowledgements

EAS gratefully acknowledges discussions with Alex Barnett (Flatiron Institute) that started his
interest in eigenvalues of discretisations of the Helmholtz equation under strong trapping. JG
thanks Maciej Zworski (UC Berkeley) for bringing to his attention the paper [Ste00]. PM thanks
Pierre Jolivet (IRIT, CNRS) for his help with the software FreeFEM.

PM and EAS were supported by EPSRC grant EP/R005591/1.

A From eigenvalues to quasimodes

Lemma A.1 (From eigenvalues to quasimodes in i notation) Suppose that there exist z =
O(h*°) and u satisfying (2.2) with [|u|p2(q,,) = 1. Let x € C°(Q1) with x = 1 in a neighborhood of
mr(K). Then xu is a quasimode (in the sense of Definition 2.1) of quality e(h) = O(h™) satisfying

lu = xull 2 (0,) = O(B%).

Proof. The proof is similar to the proof of the “resonances to quasimodes” result of [Ste00, Theorem
1], except that we avoid using results about D for strictly convex obstacles that are used in [Ste00]
and instead use a commutator argument.
First observe that
(—R*A—1—-2)u=0 in Qy,

so that
u=1¢° R(1,0)15" zu.

Therefore,
u=15° Ry(1,0)15" zu

by (2.29) and the definition of Ry(A, z) (3.7). Let
v = Ry(1,0)15" zu, (A.1)

and observe that v = u on ;.

We now claim that, since z = O(h*°) and Q, € R?, WFp(v) C I'y (defined by (2.24)). By
the definition of the wavefront set [DZ19, Definition E.36], this is equivalent to Av = O(h*)
for all A with WF,(A) C (I'")¢. This then follows by noting that (P — 1)v = O(h*) e, and
applying [DZ19, Theorem E.47], [Hér85, Section 24.4], [Vas08, Theorem 8.1] ¥ (with, in the notation
of [DZ19, Theorem E.47], By = I, B = P = Py—1), together with the facts that o (Im(Py—1)) <0
and that Py — 1 is elliptic on {r > 2r;} (so that if (zo,&y) € WFp(A) then there exists T > 0 such
that ¢_r(zo,&0) € ells(Py — 1)).

Now let x € C°(£21) with x = 1 in a neighborhood of mg(K). We claim that yv = xu is a
quasimode with quality e(h) = O(h*°). To prove this, since

Ju— XUHHg(Qtr) =(1- X)U”Hg(mr) =[(1- X)UHH%(Q“\{XEl}) ) (A.2)

it is sufficient to prove that v is O(h*>°) gz, outside a compact set.
Our first step is to prove that, with rp < a < b < rq, for h sufficiently small,

lollze@say < CRTHI(Py = Dvlzaay) + CllvllLeace<y) (A.3)

where here, and in the rest of the proof, C' denotes a constant, independent of A and z, whose
value may change from line to line. To prove (A.3), first observe that, since Py — 1 is elliptic on

Strictly speaking [DZ19, Theorem E.47] is used away from the boundary and [Vas08, Theorem 8.1] is written for
the time dependent problem, but the semiclassical version can be easily recovered by applying the time dependent
results to el*/"y(z). Tt is then necessary to use the arguments in [Hor85, Section 24.4] to obtain the ‘diffractive
improvement’ i.e. that singularities hitting a diffractive point follow only the flow of Hj, rather than sticking to the
boundary. A careful examination of [Hor85, Lemma 24.4.7] shows that the norm on the error term on (Py — 1)v is
correct.
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r > 2r1, by [DZ19, Theorem E.33] (more precisely its proof together with the calculus from [Zwol2,
Chapter 4]),
0]l L2 >3y < Cll(Ps = Dvllz2(y ) + CnBY 0]l L2ws2m)

and hence
[0l 2s3r) < CI(Ps — D)ol 20y + CNE [|v]| L2 (2ry <r<ary)- (A4)

Next, observe that there exists 7" > 0 such that for all p € I';y N {“TH’ < r < 4ry}, there exists
0 <t < T such that a < r(¢_¢(p)) < b. In particular, using [DZ19, Theorem E.47] again, we have
[0l 2ozt crcary < ChTHI(Po = Dvllzzgay) + vl z2tacr<s) + N [0l L2 s a)-

Using this and (A.4) in
[0llL2 >0y < Vllz2@<r<n) + [0l 2 (e crcary + 0] L2@>5m),

we obtain (A.3) for A sufficiently small.

The next part of the proof involves using a commutator argument to control (up to h> errors)
vl L2(a<r<p) Dy the norm on a slightly bigger region and with a gain of & (see (A.5) below). Let
€ CP(—r1,r1) with ¢ =1 on {|z| < 1o}, z¢0'(x) <0, and z¢'(z) < 0 on a < |z| <b. Then,

20 Im ((—=h*A = 1)v, 1p(r)U>L2(Q+)
= 0 (R = D0 () o g — (0000, (A = 10) g )
=i~ Y([-R*A, 1/}(1‘)]”>”>L2(Q+)
= ((20'()hD, = HAWE)]) 0, 0) 2,

By the definition of I'y (2.24), op(¢/(r)hD,) = ¢/ (r)(E, ) < —¢<0onlyn {a <r < b}
Therefore, since WF,(v) C T'y, for ¢ € CP(rg < r < r1) with 11 =1 on supp 9¢(r)

277,71 Im <(7h2A — 1)1), 1/)(I‘)U>L2(Q+) S 7C||v||2L2(a<r<b) + Ch”?/)fl)”%z(g_n + CNhNHU||L2(Q+),
by the microlocal Garding inequality [DZ19, Prop. E.34]. Therefore,
0172 (aerey < CRTNTH(=R2A = Dol 2 oy + Chlltnvll72,) + OB [0l|72,)  (A5)

We now use the propagation estimate again to control (up to h* errors) ||1/)11)||%2(Q+) by

10172 (acren)- Suppose that p € r='({suppy1}) N T'y. Then, there exists [t| < \/r{ —r§ such

that ¢;(p) € {a < r < b}. Therefore, by standard propagation estimates [DZ19, Theorem E.47],
again using that WFj(v) C T';, we have

[1vlZai,) < CRTHI(=RA = Dollfagar,) + Cllollte@er<sy + ONEY 01122 (q,)- (A.6)

We next use the propagation estimate again to control [|v|| L2 ({r<r 1\ {x=1}) DY ||U||%2(a<r<b). To
do this, we need that there exists 7' > 0 such that for all p € S\, =1, with r(p) < ry thereis
[t| < T with a < r(¢(p)) < b. Suppose not; then there exist p, € Sa+\{X51}Q+ with r(p,) < r
and T,, — oo such that

U wi(pn) N{a <t <b} =0.

[t|<Tn

By (2.22), we have r(p,) < 7o and also r(¢+7, (pn)) < 79. In particular, we may assume that
pn = p € {r <rg}\ K (since ng(K) € {x = 1}) and i1, (pn) = p+. Then, by Lemma 2.8,
p € T1NI'_ = K, which is a contradiction. Applying the propagation estimate (using the existence
of the uniform time T'), we have

0172 (frermpixz1y) < CPHIERPA = Dol 22 peryy + Cloleaercsy + ONEY [0]22(0,y- (A7)
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Finally, we control ||v][z2(q,\q,,)- For this, note that, v = ulg, + vl,, ) and by (A.3)
and (A.7) we have

[vllz2@inu) < CHHI(Po = Dvllzaey) + Cllvlla(ace<y) + CnbY [[ull L2(qy,)- (A.8)

Now, using (A.6) and (A.7) in (A.5), and applying (A.8) taking i > 0 small enough, and using
the definition of v (A.1) and that v = u on Q,, we have

0172 (@ercty < CATNTHI(=RPA = )02 pryy + CEN|[0]|72(q,
=Ch N (P — 1)”“%2(9” + ChN||U||2L2(Q“.) + CHNHU||2L2(Q+\QW)~

Then, using (A.8),
||”H2L2(a<r<b) < ChNHuH%Q(QH) + ChN||U||L2(a<r<b)»
and, taking A small enough, we obtain
||UHL2(a<r<b) < CHNHUHLQ(Q”)S ChN’

since ||u| r2(q,,) = 1. Therefore, using (A.7), (A.8), and the definition of v (A.1), we have

||7/J(1”)U||%2(Q+\{X51}) = O(h™).
so that, since WFy(v) C S*R? (which is compact),

||¢(T)UH%I§(Q+\{X51}) = O(h™);

the result then follows from (A.2). ]

B Details of how the eigenvalues/eigenfunctions were com-
puted in §1.3

When discretising sesquilinear form a(-, ) defined by (1.8), we need to calculate the Dirichlet-to-
Neumann map D(k). Instead of approximating D(k) using either a perfectly-matched layer (PML)
or an absorbing boundary condition, we use boundary integral operators to find D(k) “exactly”
(i.e. up to the discretisation of these integral operators).

Recall that the single-layer potential on I'y, is defined for ¢ € L'(T") by

Skp(z) = /F Dp(z,y)p(y)ds(y) forall z € R? \ Ty,

where, in 2-d, ®p(z,y) = iH(gl)(k‘|x —y|)/4, where Hél) is the order zero Hankel function of the
first kind. The single-layer and adjoint-double-layer operators are then defined, respectively, by
Sk = ’yBrSk and Dj, = WSy, — I/2, where the traces are taken from inside Q.. With these
definitions, for values of k for which Sy : H=Y/2(I") — H'/2(T) is invertible,

D(k) = (—;I + D@) St (B.1)
see, e.g., [CWGLS12, Page 136].

To avoid the operator product in (B.1), we introduce the auxiliary variable ¢, = S; ' (7§ (ur)) €
H~'/2(I'y,). The eigenvalue problem (1.6) can therefore be rewritten as: find u, € Hj p(Q) and

@¢ € HY?(Ty;) such that

1
(VU@, VU)LQ(Q“) - k?2 (U@, ’U) L2(Q0) < (—21 + D%) Pe, ’Y(grv> = e ('szy 'U) L2(Qr)’
Der

and  (yg'ue, ), — (Skpe ) =0, (B.2)
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for all v € H&’D(Qtr) and ¢ € H~Y/2(T;). We note that this formulation is the transpose of the
Johnson-Nédélec FEM-BEM coupling [JN80] applied to the eigenvalue problem (1.6); see, e.g.,
[GHS12, Equation 9].

We use piecewise-linear basis functions to discretise (B.2), and obtain the following generalised
eigenvalue problem

~ 1 tr /

A= Ak _iM + Dk Uy = Uy (1})/[) Uy =: ,u,zBllg, (B3)
Mtr _Sk

where M and M are the mass matrices on €, and I'y;, S; and Dj, are discretisations of the

single- and adjoint-double layer operators, and Ay is the Galerkin matrix corresponding to the

discretisation of (Vuy, Vo) — k2 (ug, v).

To build the matrices in (B.3) and solve this problem, we use PETSc [BGMS97, BAAT19,
BAAT20] and the eigensolver SLEPc [RCRT20, HRV05] via the software FreeFEM [Hec12]. Since
we are interested in the eigenvalues near the origin, we use the shift-and-invert technique, i.e, we
compute the largest eigenvalues of the problem (A)~'Bu, = vyuy, and then set pu, = 1/vy. To

obtain the action of (A)_l, we use SuperLU [LDO03] to compute the LU factorisation of A.
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