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ABSTRACT. In this article, we consider the asymptotic behaviour of the spectral function of
Schrédinger operators on the real line. Let H : L*(R) — L*(R) have the form

d2
H=-2
a2 +Q,

where (@ is a formally self-adjoint first order differential operator with smooth coefficients, bounded
with all derivatives. We show that the kernel of the spectral projector, 1(_. ,2)(H), has a
complete asymptotic expansion in powers of p. This settles the 1-dimensional case of a conjecture
made by the last two authors.

1. INTRODUCTION

Consider a Schrodinger operator H acting on L?(R) and given by
H:=D?+V, D:=—id,. (1.1)
We assume that the potential V' = V() is real valued, infinitely smooth and satisfies
|05V || Lo < o0, aeN. (1.2)

We call any potential V' satisfying condition a uniformly smoothly bounded (USB) potential
and denote by Cp°(R) the class of such potentials. Let E(H)(p) = 1(_ ,2)(H) be the spectral
projector for H and E(H)(p;z,y) be its integral kernel (also called the spectral function of H).
In this article, we study the behaviour of E(H)(p;-,) when p is large. One of our results is:

Theorem 1.1. Under the above assumptions, there are fi, € Cy°(R), k = 0,1,... such that for
all N € N, there is Cy > 0 such that for all x € R and p > 1 we have

N-1
E(H)(ps,) = 3 fulw)p' 2| < Cxp' 2. (1.3)
k=0

Here, fo = %, and fr(x), k > 1 can be written explicitly in terms of the derivatives of V at x.

We will use the notation E(H)(p;z,z) ~ > rey fx(2)p'~2* to indicate that the estimates (T.3)
hold. To compute the explicit formulae for fi, k > 1, one can take the Laplace transform of
as in [KP03|] and use the results of [Hit02, HP03al [HP03D] (see also [DZ19, Lemma 3.63, Theorem
3.64]). We also obtain a complete asymptotic expansion of E(H)(p;-,-) (and its derivatives) off
the diagonal, see Section for a precise formulation of these results.
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Note that the spectrum of operators of the form can have any spectral type for large
energies: absolutely continuous, singular continuous (see e.g. [Sim95]), or dense pure point (see
e.g. [CLI0]). Moreover, examples exist for which the spectrum has Lebesgue measure zero and
even arbitrarily small but positive Hausdorff dimension (see e.g. [DFG21]). Despite the potentially
wild behavior of the spectrum, our results show that, at high energy, the spectrum wants to be
absolutely continuous; see for example Corollaries [1.18] [1.19] [1.20] and [T.21]

Similarly to Cg°(R), we define Cp°(R?) for any d > 1 as the class of functions V : R — R
that are bounded together with all their partial derivatives (see also Definition [1.11)). We then
consider a Schrédinger operator H acting on L?(R9):

H:=-A+V, VecCZRY. (1.4)

In [PS16] (two of) the authors of this article formulated the following conjecture.

Conjecture 1.2. The spectral function of any operator (1.4) admits a complete asymptotic ex-
pansion in powers of p for large energy:

E(H)(p; x,%) ~ Y _ fr(x)p™ %, x e R™ (1.5)
k=0

Remark 1.3. Notice that one consequence of (1.5]) is super-polynomial decay of spectral gaps.
Therefore, no such asymptotic expansion can hold for potentials which are bounded below but
grow as a power of x towards infinity.

The intuition behind this conjecture is as follows: it is well known that geodesic loops (geodesics
for the metric defining the Laplacian that start and finish at z) are usually responsible for pre-
venting asymptotic expansions of this type, and the usual ‘rule of thumb’ is that the fewer periodic
geodesics exist, the more asymptotic terms in (or its integrated versions) one can obtain.
This leads to a natural guess that if there are NO looping geodesics, a complete asymptotic expan-
sion of the form should exist. One should, of course, be careful with this type of reasoning
since in general it is possible to have singularities in the spectral function that arise from loops
of infinite length; i.e. where singularities in the wave propagator return from infinity. However,
when the dynamics arise from R?, or, more generally, from an asymptotically flat metric, this
type of return from infinity is not expected.

It is not difficult to see that this conjecture is equivalent to the following statement: suppose,
Vi and V3 are two Cp° potentials that coincide in a neighbourhood of x (or even simply have the
same values of all the derivatives at x) and H; = —A+V;. Then E(H;)(p;x,x)—E(H2)(p; x,%x) =
O(p~™°) as p — 0.

Before [PS16], Conjecture had been proved for smooth potentials with compact support
[PS83], Vai83l, [Vai84l, [Vai85] using the standard wave equation methods (see also [Ivrl9a] for
related problems in the semiclassical setting). In [PS16], Conjecturel.2|was proved in the following
three cases:

(a) V smooth periodic,
(b) V quasi-periodic (a finite linear combination of complex exponentials) with one additional
(generic) assumption,
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(c¢) V smooth almost-periodic with several additional assumptions ensuring that the Fourier
coeflicients of V' decay fast enough.

See also [SS85, [Sav88| for the 1-dimensional case and [Ivr19b] for related problems in the semi-
classical setting.

The method used in [PS16] is often called the method of gauge transform. This method
has appeared in many contexts and is also known by a variety of names; e.g. conjugation to
quantum Birkhoff normal form or, in the theory of quasi-periodic operators, KAM. This method
was used in [Roz78| to study the discrete spectra of one-dimensional pseudodifferential operators
(see also [Agr84, [HR82]). It was then adapted to periodic operators in [Sob05) [Sob06] and further
developed in [PS10] [PS12]. Some examples of the use of this method occur in [CVuNO08, [Sjo00),
WeiTT7], but there are many others. Since our article also relies on a version of the gauge transform
method, we describe this method below in detail.

To the authors’ knowledge, the only other case in which is known is in dimension one with
a certain generalization of almost periodic potentials where complex exponentials are multiplied
by functions that are well behaved at infinity instead of constants [Gal22]. In that case, the first
author was able to apply the gauge transform method together with wave methods and some
modern microlocal tools to prove the conjecture. It seems that new ideas would be required to
extend these methods to higher dimensions.

The wave method and gauge transform method are intrinsically quite different from each other
and it has proved difficult to combine them together. In fact, even obtaining for a sum of a
periodic potential and a potential with compact support is still an open question in dimensions
larger than one.

This article is the first in a series of papers that aim to address this issue. Here, we prove
Conjecture in its complete generality (i.e. making no assumptions other than that V is a C;°
potential) in the one-dimensional case. In (a) subsequent article(s) we plan to consider the case of
several dimensions, where, unfortunately, it seems that we will have to impose more restrictions
on the potential.

1.1. New methods. First of all, we need some notation. Consider a pseudo-differential operator
V acting on L?(R%) with symbol v = v(x, €) satisfying

0205 v(x,€) < Cap(L+ €)%, (x,6) € T"RY
all our symbols will be considered in the Weyl quantisation, i.e.

[Vu](x) :== (2711_)d/ei<x_y’€>v<x_gy, >u(y)dyd£.

We denote by © = 0(0,&) the Fourier transform of v in the x variable considered in the sense
of tempered distributions; in analoguey with the periodic case, the variable 8 will be called a
frequency. If v is periodic in x with I' being its lattice of periods, then ¢ is a linear combination
of delta-functions located at the points of the dual lattice I”. We say that an operator A with
symbol a is a Fourier multiplier if a does not depend on x, i.e. a is a multiple of the delta-function
at @ = 0 (with coefficient depending on £€). An equivalent description of a Fourier multiplier is
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this: if we put

eg(x) := &%) then  Aeg = a(€)eg. (1.6)
For simplicity, in this discussion we assume that H = —A + V is a Schrédinger operator. We
take a large p and try to compute E(H)(p;x,x). We note that for any Fourier multiplier, A, it
is a relatively simple task to compute F(A)(p;x,x). Indeed, since A becomes a multiplication
operator after conjugation by the Fourier transform, the spectral function can be computed using
the formula for the spectral projector of a multiplication operator and is given by

E(A)(p;x,y) = (2;)d /G RO Gl = {al) < %) (L.7)

Sometimes we will call Fourier multipliers operators with constant coefficients or diagonal opera-
tors because they act diagonally in the Besicovitch space Ba(R%).

Now we will discuss the methods used to establish our results. In the beginning of our paper,
we will treat the case of arbitrary dimension and put d = 1 only when it becomes necessary.
Without loss of generality, we temporarily put x = 0 and call E(H)(p;0,0) the local density of
states at 0. We usually denote by N the exponent in the remainder in the asymptotic formula
(T.5) (which means we can ignore terms o(p~™)).

1.1.1. Mass Transport. The first step of our approach consists of replacing the operator H with a
different operator, “H=—-A+ MV; the superscript stands for the mass transport — a terminology
we explain in a moment. This operator is still a differential Schrodinger operator with a Cp°

potential "V that ‘almost agrees’ with V on a large box, i.e. we have
V(x) — MV(X)| = 0>, for any x € B(0,p™). (1.8)

Here, N’ is a large number depending on N and B(0, R) is a ball in R? with centre at 0 and
radius R.

The usefulness of this notion of mass transport follows from our next two claims. We first claim
that for any N > 0 there is N/ > 0 such that whenever (1.8) is satisfied we have

E(H)(p;0,0) — E("H)(p;0,0) = O(p~™). (1.9)

Second, we claim that for any V' € C£°(R?), one can use the flexibility of choosing My satisfy-
ing (|1.8]) to simplify the problem of computing the spectral function.

Remark 1.4. We expect that one could take N’ = 2(N + d), but we do not attempt to follow
the dependence of N’ on N carefully.

Our first claim, , may be surprising at first glance. We have made a potentially large change
to the operator that does not arise from a unitary transformation and yet the density of states
is affected only very mildly. To understand why this large change does not have a large effect on
the spectral function at 0, we use the fact that solutions of the wave equation corresponding to
H and “H with the same initial conditions having support in a fixed neighbourhood of the origin
agree up to O(p~') for a very long time (¢t < p"'). Using the wave method, we are then able to
convert this wave estimate into one on spectral functions. This is the only essential place in our
approach where we use the wave equation method; we discuss this method in more detail (and
prove it) in Section [4]
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‘ | mass transport

72N'

FIGURE 1. The figure shows the process of mass transport for a potential on the
Fourier transform side when V is a measure. When we replace V with a periodic
potential "V which agrees on B(0, pIv /), we replace its Fourier transform by a sum
of delta functions with a lattice at scale p—2V " Roughly speaking, we transport
the total mass of the potential near each lattice point to a delta function at that
lattice point.

Remark 1.5. The reason we refer to this process as mass transport is because, when the Fourier
transform of V' is a measure, the estimate (1.8) holds whenever the natural mass transport dis-

tance, the 1-Wasserstein distance, (see e.g [Vil09, Chapter 6]) between V and Vs O(p~2N").
See Figure [I] for a schematic of this mass transport on the Fourier transform side. If V' is al-
most periodic, then working with 1-Wasserstein distances of the Fourier transform of V' is more
convenient than working directly with the values of V. Indeed, if V is almost periodic, then our
result shows that under certain mild extra assumptions a small change in its frequencies results
in a small change of the spectral function. In fact, we arrived at the statement of Theorem [1.29]
by guessing that a small mass transport of this type should lead to a small change in the local
density of states.

To explain the second claim, we ask the natural question: what is the best way to modify our po-
tential V outside of the box B(0, p™') so that we can compute the spectral function E(MH)(p, 0,0)
of the resulting operator (up to a small error)? It may seem natural to choose "V with compact
support, but we do not know of any ‘standard’ microlocal methods that can handle a potential
which is compactly supported, but with support depending badly on p. Instead, perhaps slightly
surprisingly, we choose *'V to be periodic (with period p"') and try to compute E("H)(p;0,0)
using the periodic method of gauge transform (GT). The advantage of a periodic potential is that
the support of its Fourier transform is discrete (at scale p= /). The significant new difficulty, as
compared to the ‘standard’ setting of using the GT, is that now the frequencies (elements of the
lattice dual to the lattice of periods) can become very small (of size p~V /). In order to explain how
we overcome this difficulty, we first describe the ‘standard’ GT, referring, in the first instance,
to [LMP™23| where this method is described in an abstract setting.

1.1.2. The Standard Method of Gauge Transform. Although the bulk of this article is written in
dimension one, it is important to understand the context into which the methods fit. To this end,
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we review the method of gauge transform, as it applies to spectral asymptotics, in all dimensions.
In the next subsection, we then focus specifically on dimension one and the new gauge transform
methods developed in this article.

In this subsection, we assume V' € C;;O(Rd) or, more generally, V' is a pseudodifferential operator
with symbol v(x,&) bounded with all derivatives. We denote by (8, &) the Fourier transform
of v(x, &) in the x variables considered as a tempered distribution. Given an operator H (V) :=
—A + V, our ultimate goal (Task A) is to find a unitary operator U such that, after conjugating
by U, H becomes simpler:

U''HU = -A+a(D)+V, D:=—id,. (1.10)

Here, a(D) is a Fourier multiplier and ||V||oo = O(p~") for any N so it does not contribute to the
asymptotic expansion of the spectral function. Therefore, we may compute the spectral function
of the conjugated operator using . At first, we notice that if we can construct U to achieve
the simpler task (Task A’) of V being smaller than V (for example, of smaller order), then we
can iterate this process to make the non-diagonal part smaller and smaller, eventually making V'
small enough to be negligible and completing Task A.

We look for U of the form U = eV with ¥ a self-adjoint pseudo-differential operator with
symbol . Then, at least formally, we have

U HU = H+i[H, U]~ [[H, V], U]+ - - = ~A+V +i[-A, U] +i[V, O] -~ [[H, V], U]+..., (1.11)

1 1
2 2
where [+, -] is a commutator and ... denotes terms involving higher order commutators with W.
Now we try to accomplish Task A’ by finding ¥ that solves the equation

V 4+i[—A, 9] =0. (1.12)
If we can do this with ¥ from a reasonable class of pseudodifferential operators of order less
than zero, this would finish Task A’. Since the symbol, b, of the pseudodifferential operator
B = [-A, ¥] satisfies
b(6,€) =2(£,0)¥(6,€),
we see that a solution of this equation is given, ignoring possible small divisor problems, by the
pseudodifferential operator with symbol 1 satisfying

’ 2(¢,0)
Remark 1.6. In this text we often use the convention that lower case letters denote the symbol
of the operator denoted by the corresponding upper case letter, e.g. v is the symbol of V.
However, when V' is a function, we do not distinguish between the function V' and the operator
of multiplication by V.

(1.13)

Remark 1.7. Although ([1.13]) is simple, it is not very convenient for obtaining L type estimates.
We will later replace it by (6.5)) which is more suited to this purpose.

We emphasize once again that we work in the Weyl quantisation because in other quantisations
the form of the denominator is different (but may be more familiar to some readers). Now it is
clear what the main obstacle to solving ((1.12) is: the denominator of (1.13)) may be very small
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(or indeed zero). A pair (€, 0) for which the inner product (£, 8) is small will be called resonant
and otherwise will be called non-resonant. If (§,0) is resonant, we will sometimes say that £ is
resonant with respect to @ and vice versa.

Given this information, we can now modify our procedure. We split our perturbation V into
two parts:
V=v® 4y (1.14)
(superscript r stands for ‘resonant’ and n for ‘non-resonant’) so that the support of o™ consists
only of non-resonant pairs (£,0). Then, instead of (1.12)), we solve the equation

v i[H, 9] = 0. (1.15)

Next, using (1.11]), we express the operator U 'HU in the form —A + V() 4 Vi, where V; is
smaller than V. Finally, we repeat the procedure as many times as necessary.

Remark 1.8. There are two slightly different ways to iterate this procedure. One consists in
writing our transform U in the form U = e/ (®1+®2+)  This method is called a parallel GT in
[LMPF23|]. The second method (called a serial GT) looks for U in the form U = e¥1ei¥2 .. ..
These methods are often equivalent, but it may be more convenient to use either one of them in
specific situations. While in the papers [PS10] [PS12, [PS16] a parallel GT was used, we will use
a mixture of both serial and parallel GTs in this paper.

After repeating the above procedure as many times as necessary, we will arrive at the following
form of the conjugated operator:

UTHU = ~A+a(D) + V") +V,, (1.16)

where V,ST) is resonant and Vj, is so small that we can ignore it when computing the asymptotic
expansion of the spectral function. This is usually where the GT method stops. We are left with
having to analyse the operator

H:=-A+aD)+V, V:=v,
In particular, we need to compute the spectral function for °I. Note that if we had started with

a potential, V', which is periodic with (I',T") its lattice of periods and the corresponding dual
lattice, then the end perturbation V would also be periodic (with the same lattice of periods, but
possibly with more non-zero Fourier coefficients than V' had). We now examine the structure of
V in the periodic case more carefully. Since we are trying to compute the spectral function for
large p, we can concentrate on points & with |€| ~ p. Let us look at the following special cases:

I. d =1. Then |(§,0)| = |&||0] and so for (£, 0) to be small, we must have @ = 0 (recall that

|€| ~ p and @ € T"), so the operator V is truly diagonal; see [Sob06].

II. d = 2. Then “V does not need to be diagonal. However, the following is true. Suppose,
(§1,01) and (&5, 02) are two resonance pairs with |£;| ~ p and 61 not parallel to 62. Then
&, # &,. This observation allows us to construct a large family of invariant subspaces for
‘" ; a careful analysis of the action of °H inside each of these subspaces then enables us to
compute the spectral function; see [PS12].

III. In the case d > 3 we use similar considerations to the case d = 2, only the decomposition
into invariant subspaces is a bit more involved; see [PS12].
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There is one more technical detail related to the ‘classical’ GT that we need to discuss. When
the exponents W, are small (their L? — L? operator norms tend to zero as p — 00), the conjugation
operator, U, is a small perturbation of the identity and, in fact, the higher order terms in
become smaller even without taking account of possible cancellations in the commutators. This
is sometimes called a weak gauge transform. There are, however, many situations where the ¥;
are not small as operators from L? — L?. In this case, the only way we can think of higher order
terms in as small errors, is by taking advantage of cancellations in the algebraic structure
of successive commutators. Indeed, individual remainder terms like W; HW; which occur in the
higher order commutators [[H, V,], ;] can be larger than corresponding terms at the previous
step, e.g HV;. When the gauge transform involves W,’s which are not small, it is sometimes
referred to as a strong gauge transform. (See [LMP™23| for further discussion of the difference
between the two procedures.)

The concepts of strong and weak gauge transforms can be applied in different settings. For
example, if —A is replaced by a non-principally scalar system then there are typically no addi-
tional cancellations in the commutators and hence we can only take advantage of smallness of
VU, and therefore use a weak gauge transform. Similarly, if V' is replaced by a pseudodifferential
perturbation whose symbol has derivatives in & which behave badly, this property will pass to
the ¥; and destroy many cancellations in commutators. On the other hand, if we replace V' by
a pseudodifferential operator of order m € [1,2), it will not be possible to solve with W,
having small norm and hence we must take advantage of cancellations in successive commutators,
using a strong gauge transform. In this article, it will be necessary to use ¥; whose L? — L2
norms are, in fact, growing quickly as a function of p and hence we will need to take advantage
of cancellations in commutators.

We now discuss the modifications needed in this process if d = 1. The crucial feature which
allows us to handle all C}° potentials in 1-dimension but does not occur in higher dimensions is
that the denominator in can only be small for [£] ~ p when 6 is close to 0. We try to apply
the GT to 'V - a periodic potential obtained from a C}° potential V' by the process of mass

transport discussed in the previous subsection. In fact, we will replace V by "y with MV = v
on B(0, p /) and periodic at scale pv " so that is satisfied. We will denote this particular
approximation to V as V. In this article, this is the only ‘mass transport’ of V that is used.
Recall, in particular, that the dual lattice, IV, now has elements of size p= ". Because of this,
the usual GT method does not suffice and we must modify it in a way described in the next
subsection.

1.1.3. Onion peeling. We now assume that d = 1 and, for a while, that the initial V' is a sum
of a smooth periodic function, V,, and a smooth function with compact support, V., (or, more
generally, smooth rapidly decaying function). We periodise V to £V, a periodic function with
very large period of size pv " and proportional to the period of V) so that Py = V},—I—P V.. A simple
calculation shows that if a denominator in , with V' = PV, is non-zero, but small (recall
that |€] ~ p, so this can happen only if |@| is small), then the numerator of the same formula is
also small. Indeed, if 0 < |f| and € is in the support of ‘A/},, then || > ¢ > 0. On the other hand,
since the Fourier transform of V. is a smooth, rapidly decaying function, the Fourier coefficients
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of PV, are of size p~'. We then define the operator ¥ by (.13) with ¢ = PV — (V) and

Then, (P V') is the mean of PV and ¥ belongs to the standard class of pseudo-differential operators
of order 0 and the whole process described in the previous sub-section can be carried out as a
weak GT. We will comment on this case later (see Remarks|6.8|and just to illustrate the main
ideas of our approach without going into many technicalities necessary in the general setting.

v(e)
_p—3/4 : # : ,0_3/4
— >0
ei\I/g,
_p—2/4 ,0_2/4

~—
Y
S}

FIGURE 2. The effect of the serial gauge transform. Each successive conjugation
removes a layer from the Fourier transform of V.

Now we consider the general case of V' being a pseudodifferential operator with Cp;° symbol
and no further assumptions. Then it can happen that € is small, while (8, £) is not, so 1&(9, £)
obtained using is large. This means that we cannot perform the weak GT, but we may
ask whether there is a strong GT process that can succeed. Perhaps it is the case that, despite ¥
being large, the commutator [V, ¥] is small nevertheless? The answer is yes and no. To illustrate
this point, we consider the example V = 1% 4 1927 Notice that [V, U] appears in and
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hence we want this term to be smaller than V itself. We compute
012 e

102x
=t = s ) ()

_ U T 2i0n | 2ifox (‘91 92) i(91+92):p:|
262 e +e + o, + 0, .

This symbol is indeed smaller than that of V' (for [¢] ~ p) if p~2+0 < {f1} < p>~0 but not if the
ratio |01|/|02] is too small or too large.

Remark 1.9. We are aware that this example is not self-adjoint, but this is the simplest example
to illustrate our point.

This observation suggests the following modification of the basic GT. Given a C}° potential V/
(or rather a periodic potential PV obtained from V after mass transport), we first remove the

part of PV (8) corresponding to |@] > 1. (See Lemma for a precise description of this process.)
This can be done in one step since the potential 'V is smooth. The result of this, first, step of
gauge transform is a pseudodifferential operator which we refer to as £'Vj.

Next, we split ©'Vj according to the size of the frequencies: we let © Vi o to be the part of PV,
corresponding to frequencies 6 satisfying |0| € [p_l/ 2 1]. We then conjugate away V4 o using the
strong GT. This peels off the ‘outer layer’ ¥V, o (corresponding to the largest frequencies). Since
all the frequencies in ©'Vj are smaller than those of ¥ V4 0, during this process we never encounter
the bad case of having to commute V' and ¥ where ¥ has a frequency much smaller than some
frequency of V. Strictly speaking, this process produces new terms with frequency |6| < p /2,
but we ignore this for simplicity. We now repeat this argument with © V. ; corresponding to
frequencies 6 satisfying |0| € [p_(j /2 =il 2], always peeling away the piece of 'V with largest
frequency first. At the end of 4N’ steps of this process, we are left with the part of ©V with
frequencies [0] < p~ V' +1)/2  Gince we started with potential that was p?¥'-periodic, in fact, this
part of £V does not depend on 2 and hence is a Fourier multiplier. (See Lemma for a precise
description of the iterative step.)

In fact, to peel each layer, we will need to perform a parallel GT with U = e¢!Y*. Each step in the

parallel transform will decrease the size of UV, by a factor ~ p~!. For instance, to peel the first

layer, we find Uy ~ > i (P[()j ), with <I>(()j ) naturally living in a certain class of of pseudodifferential
operators such that

—

N g() SN 50D g _N—
e 2= %0 P =% = A+ TV, s = 00 YY),

that is, the Fourier transform of Vy is very small for |#] > 1. We then iterate this procedure
for each layer, producing Uy ~ > j @,(CJ ) to remove the k' layer. The reason for doing this mixed

parallel-serial GT procedure is as follows: for each k, the x derivatives of the symbol of CIJ(] )
j =1,... are comparable to one another, for k1 # ks, and any ji,j2, the x derivatives of the

()

symbols of <I>(] 1) and CIJ(J;) are not comparable. In particular, as k — oo, ¢, 7/ may become very
large for any ﬁxed j. However, the derivatives of its symbols in x will become correspondingly
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small. See Figure [3| for an illustration of the parallel process of removing a single layer and
Figure [2| for the serial process of removing successive layers.

/4

b teltatt
}

6i(<1>1+4>2)

)
Ut ltertd TT

Au“flﬂ tettlaea,.,

F1GURE 3. The effect of the parallel gauge transform. Each successive conjugation
removes most of the outermost layer from V.

We remark that, unfortunately, this process, at least as formulated, cannot be used if d > 2.
This is because, in order to start the GT process in the second layer, we need to have removed all
the frequencies in the first (outer) layer. In higher dimensions the resonant terms have to remain
in the outermost layer. Thus, say, the commutators between ¥ used to remove frequencies inside
the second layer and the resonant part of V' from the outermost layer would still be large.

Remark 1.10. Throughout the article, we attempt to present arguments in a way that is accessi-
ble to several communities: microlocal/semiclassical analysts, spectral geometers, and specialists
in periodic and almost periodic operators. Often when we introduce terminology, we will try to
give alternative versions familiar to each community. In addition, we try to include proofs of re-
sults that may be standard for one community but not the others. One consequence of this is that
we first state our results on the spectral projector for a fixed operator H as the energy, p — oo
in Section We then translate the results into their semiclassical formulation in Section
where we study families of operators, H(%), depending on a small parameter, /i | 0. We write
our proofs using the language of semiclassical analysis. There are two reasons why we do this.
The first (and main) reason is that in the course of the proof, we will often need to quote results
from microlocal analysis that exist in the literature in the semiclassical, but not the high-energy
language. The second reason is that in the semiclassical setting we will be able to work with
slightly more general classes of operators.
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1.2. Strategy of the proof. The proof of Theorem [1.1] will proceed in four steps. Despite the
fact that the proof is written in semiclassical language, we discuss it here using the language and
notation of the high energy regime. The first step of the proof is to use mass transport to replace
the potential V by a periodic potential ©'V with period R(p) ~ pN/ for some large N’. This is
done in Section with the proof that periodising (or indeed any small mass transport) makes a
small change to the spectral function done in Section [l Note that it is essential to periodise the
potential before making any microlocal reductions because our theorem about the effect of mass
transport on the spectral function applies only when one of the operators is differential.

The second step is to replace I’V by a pseudodifferential operator © V whose full symbol satisfies

Po(z,€) = x(p7'1ENTV (2)
for some x € C2°(0,00), with x = 1 near 1. This is done in Section Next, we use the onion

peeling gauge transform to replace 'V by a Fourier multiplier, V4, i.e. we find a unitary operator
U so that

U (-A+PV)U = -A+ V.
The existence of such an onion peeling operator, U, is proved in Section [f] and this gauge transform
is applied in Section It is then easy to compute spectral function of —A + V7 in terms of V}
and it remains to understand what conjugation by U does to this function; in a sense ‘unpeeling’
the onion. This final step is done in Section [7.3

1.3. Formulation of results on the local density of states. Despite the fact that most of
our results will be proved in dimension 1, some will be proved in all dimensions. We therefore
introduce notation in general dimension and then emphasize which results hold for d = 1 and
which for d > 1.

We now formulate our results on the local density of states precisely.

Definition 1.11. We say that a smooth function, V : R* — C, is uniformly smoothly bounded
(USB), writing V' € C°(R?), if for all k € N,

[Viler ==Y 105V 1o < o0. (1.17)
la|<k

We endow C;;o(Rd) with the topology induced by the seminorms (|1.17)).

Definition 1.12. We say that Q : C*(R%) — D'(R?) is a differential operator of order m with
uniformly C* bounded coefficients, and write Q € Diff}" if

[Qul(x) = ) aa()Dgu(x)

|| <m
with
laallor <00, af <m.
We endow the space Diff7*(R) with the norm
1Qlbiyr = > Naallcx- (1.18)

laj<m
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We also denote by Diff™(R?%) = Diff (R?) = Ny Diff{*(R?) the space of differential operators of
order m with uniformly smooth bounded coefficients. We endow Diff™ with the topology induced

by the seminorms ([1.18]).

For a formally self-adjoint @ € Diff}(R?), consider an operator
H(Q):=-A+Q, (1.19)
acting in L2(R?). Recall that H(Q) is self-adjoint with domain H?(R).
Definition 1.13. For a self-adjoint operator, H, we define
B(H)(p) = 1( a2 (H)
to be the spectral projector onto the spectrum of H below p?. For a subset J C R, we also write
E(H;J)=1,(H)

for the spectral projector onto the spectrum of H(Q) in J. We define the spectral function for
H(Q) to be the integral kernel

E(H(Q))(p; 2,y) = 1(—c0 02 (H(Q)) (2, Y)- (1.20)

Note that, since —A + @ is elliptic, E(H(Q))(p; z,y) is, in fact, a smooth function of (z,y). (For
a proof of smoothness see e.g. [AK67|, [Sim82, B.7.1] [Sim84]. In fact, we also prove this below

in (7).

Now, to state most of our main results, we specialise to the case d = 1. Our first main theorem
is a full asymptotic expansion for E(H(Q))(p) and its derivatives on the diagonal.

Theorem 1.14. Let N, M > 0. Then there is K > 0 such that for any bounded subset Q C
Diff},(R), there is C > 0 such that for all formally self-adjoint Q@ € Q and o, B € N with
a,B < M, there are fjqp € L(R) such that

N—-1
EH Q) (p: 2, 9)lyms — O Fras(@)p AT < O8N (101
7=0

Moreover, fo0,0 = %, Jae41,00 =0 for £ >0, fjoo(x) can be computed explicitly in terms of the

coefficients of @ and their derivatives at x, foop = 0 for o+ 3 odd, and fonp = ﬂ%ﬁl) for

o+ B even.

Remark 1.15. In fact, we prove Theorem (and all further theorems) for N = K = +o0 in
the sense that holds for any N with constant Cy depending on N. However, the proofs
for finite N, K follow in exactly the same way. To see this, it is only necessary to recall that
pseudodifferential calculi modulo an error of a certain order, p~, rely on only finitely many
derivatives of the symbols involved (see also Remark . The reason why finite regularity
statements are important for us is that we need, for each N and M, the map sending Q € Diff! to
the constant, C, on the right-hand side of to be continuous. We use this to derive uniform
asymptotics for all x € R from the asymptotics at a fixed point x.
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Remark 1.16. We emphasize here that Theorem [1.14] as well as the rest of the theorems in
this paper, is proved only for differential perturbations of the Laplacian. The reason we are
unable to treat pseudodifferential perturbations here is that our proof uses crucially finite speed
of propagation for the wave group corresponding to H(Q) (see Lemma . We suspect that
the results still hold for pseudodifferential perturbations but do not pursue this.

Our next theorem is a full asymptotic expansion for E(H(Q))(p;x,y) and its derivatives when
x is not too close to y.

Theorem 1.17. Let N,M,5,R > 0. Then there is K > 0 such that for any bounded subset
Q C DiffL-(R), there is C > 0 such that for all formally self-adjoint Q € Q there are g;-“(z:,y)
and g;(a:,y), j =0,1,..., such that for all o, € N with o, 3 < M and all (z,y) € R, with
p~ 10 <o —y| < R, we have

N-1
020 (E(H(Q)(ps w.y) = Y p7 (7 g (,9) + e WV (2,)) )|

=

+ 1
Moreover, gg (z,y) = in—yr

One slightly surprising aspect of these results is that they hold no matter what type the high-
energy spectrum H(Q) has: absolutely or singular continuous or even pure point. An immediate
(trivial) corollary of these results is this:

Corollary 1.18. For all N > 0 there is Cy > 0 such that for all p > 1, if [p%, p> + €] is a spectral
gap of H, then ¢ < Cyp~N.

Another observation, also quite obvious, is that for any p we have
sup (lim E(H(Q)(#; 2,2) — lim E(H(Q))(p's z.2)) < Cnp™™
z \p/—=pT p'=p~
for any natural IV, uniformly in . This immediately implies:

Corollary 1.19. For all Q € Diff'(R) and any natural N there is a constant Cy > 0 such that
for all p > 1 and any non-trivial eigenfunction u € L?>(R) of H(Q) with eigenvalue p*> we have
|[u]| poo (m)

< Cnp V. (1.22)
||U||L2(R)

Note that this result holds not just for one particular eigenfunction, but for any linear combi-
nation of eigenfunctions from a thin energy window [p?, p? + O(p~°°)].

Another (less obvious) corollary of Theorem is related to the behaviour of any solution of
the equation
H(Q)u = p*u, (1.23)
not just solutions belonging to L?(R). We define, for any differentiable function w, the (renor-
malised) energy density of u at x by

ED(usz) = ED(usx,p) = |u(@)|? + p2Jul ()| (1.24)
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Corollary 1.20. For all Q € Diff}(R) and any natural N there is a constant C such that for
any non-trivial solution u of (1.23) and any a,b € R, |b— a| < pV we have

ED(u;b)

ED(u;a) < L+ Onp™). 12

Estimate ([1.25)) shows that any solution to ([1.23)) is very close to a plane wave on extremely
large scales.

Corollary immediately implies the following result that was already obtained in [DEF86]:

Corollary 1.21. For all QQ € Diﬁl(R) and any natural N there is a constant Cy such that any
non-trivial solution u of (1.23|) satisfies

In|ED(u;
lim sup 7n| (u; 7))

T—Foo ’37|

< Cnp~V. (1.26)

Indeed, it is easy to see from Corollary that for any IV and any large enough p the energy
density cannot grow or decay by more than a factor of 2 over distance p¥.

As was noticed in [DE86], a trivial consequence of this is the following bound on the Lyapunov
exponents. Consider the situation when @ is a random potential sampled from a uniformly C;°(R)
family of potentials. Then (under standard conditions on the randomness) with probability one
the spectrum of H is pure point and the limit of the LHS of exists for each eigenfunction;
this limit is called the Lyapunov exponent. In this case, Corollary shows that the Lyapunov
exponent decays faster than any power of p as p — oo.

One interpretation of these corollaries is that, despite the possibility that the high-energy
spectrum of H may have point or singular continuous components, it ‘wants’ to be absolutely
continuous.

We will reformulate Corollaries to in semiclassical language and prove them in Sec-
tion [8

1.4. Formulation of results on the local density of states for semiclassical operators.
Throughout most of this paper, we prefer to work in the semiclassical setting, studying a family
of operators depending on a small parameter i > 0, where one should think of & as p~'. When
confusion may arise between a semiclassical object and its non-semiclassical counterpart, we
denote the semiclassical object with bold letters.

Definition 1.22. We say that Q = Q(h) : C°(RY) — D'(RY) is a semiclassical differential
operator of order m with uniformly C* bounded coefficients and write Q € Diﬁ';cn(]Rd) if

[Qul(x) = > ag(a; h)(hD.) u(x)

|BI<m

and there are qg; € C’go(]Rd), 1=0,1,... independent of % such that for all N

0 (as(-:h) - Nzlqﬁvl(.)hl) | <o (1.27)
=0

|QlIiry v == sup hY 3 |
0<h<1 \a|§k
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We endow Diff}" with the seminorms (T.27). We also denote by Diff™(R%) = N, Diff*(R?) the
space of semiclassical differential operators of order m with uniformly smooth bounded coefficients
and endow it with the topology induced by the seminorms (|1.27)).

Finally, for a self-adjoint Q € Diff}(R?%) we denote
H(Q) := —h’A + 1Q. (1.28)
Definition 1.23. For w € R, we define
E(H(Q))(w) = 1(—xw2)(H(Q)).

to be the spectral projector onto the spectrum of H(Q) below w? and the spectral function for
H(Q) to be its integral kernel

EH(Q))(w; 2,y) := L(—o0 w2 (H(Q)) (2, ). (1.29)
We note that if Q € Diff}.(R?), then

WH(Q) = H(Q) (1.30)
for some Q € Difff(R?Y) and, thus, E(H(Q))(h~') = E(H(Q))(1). However, the opposite is not
necessarily true: there are operators Q € Diﬁ'i that cannot be obtained using from any
operator ) € Diff,lﬁ. For instance, H(Q) with Q = AV (z) for some V' € C;° cannot be written as
h2H(Q) for some Q € Diff} since the zeroth order term in h2H(Q) is O(h?). As a result, we can
recover our Theorems and by putting & = p~!, w = 1 in the following, more general,
results about the asymptotic behaviour of E(H(Q)). The next two theorems assume d = 1.

Theorem 1.24. Let N,M,a,b > 0 with a < b. Then there is K > 0 such that for any bounded
subsets Q C piff}((R), there is C > 0 such that for all formally self-adjoint Q € Q and o, 3 € N
with o, B < M, there are fjqp € Cg°([a,b] x R) such that for all x € R, w € [a,b], we have
N-1
OLOTB(H(Q) (W 7,)ly=s — I Fiap(w, )i 17T | < opmtolel= BN (31)
7=0

Moreover, fo0 = “’72, f2j+1,00 =0 for 7 >0, fjo0(x) can be computed explicitly in terms of the
‘ . S —1)8u2
coefficients of Q and its derivatives at x, fo o =0 for a+f odd, and fy o5 = % fora+p

cven.

Theorem 1.25. Let N,M,8,R,a,b > 0 with a < b. Then there is K > 0 such that for any
bounded subsets Q C Diff} (R), there is C > 0 such that for all formally self-adjoint Q € Q there
are g;-r(w,a:?y) and g;(w,x,y), j =0,1,... such that for all o, 8 € N with o, < M and all
(z,y) € R, with '~ < |v —y| < R, w € [a,b], we have

N-1

9007 (E( Q) (w; z,y)— Y W ( He=vlolhg (W, z,y) +e‘i'm‘y'“/h9;(w,x,y))’
7=0

< CRN1el=18l g — =N,

Moreowver, g0 = :l:m
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Remark 1.26. In fact, the coefficients in Theorems and can be differentiated in w.
Note, however, that the error is in general not differentiable in w. (See also Lemma )

Remark 1.27. Given Theorems and one might wonder whether it is possible to write
a single oscillatory integral that is equal to E(H(Q))(w, z,y) modulo O(h*) for all (x,y) in any
compact set. Unfortunately, we do not see how this is possible using our current methods. See
Remark for further explanation.

1.5. Comparison of spectral functions with large perturbations at infinity. We now
discuss results that hold in any dimension d > 1. In Section EL we show that, for differential
operators, Q, acting on C>°(R%), one can make large perturbations of H(Q) ‘at infinity’ without
modifying the spectral function of H(Q) substantially. Indeed, one can even make changes to
H(Q) which completely change the nature of the spectrum of H(Q) but, nevertheless, result in
small changes to the spectral function in compact sets. We postpone the statement of the precise
results to Section [f] and instead give a simpler version of these results here.

Let Q € Diff’(R?%) be formally self-adjoint and put
Hy := H(Q) = —h?A + hq(z; h).
Let also
H, := —12A + hq(z; h)). (1.32)
We assume that g > —C for some C' > 0, that § € C*°(R?), and that H; is essentially self-adjoint.
Note that q need not be bounded above and so is not necessarily C3°. In our next theorem, we

compare the spectral function of Hy with that of H; under certain closeness assumptions on q
and q. (See Example [1.31])

Let z € R, 0 < a <b, Z> 0 and define
Tmax(hamaa7 ba Z)

Z
= sup {T >0: sup |[E(H))(w;z,z) —E(H)(w— AT 2, 2)| < —hl_d}.
w€|[a,b] T
Remark 1.28. We use the notation Ty,,x because it determines the minimal scale at which we
can smooth the spectral projector while still maintaining control on the error and, hence, will
determine the maximal time for which we use the wave propagator in the proof of Theorem [1.29
below.

Let B(0, R) denote the ball of radius R in R? centered at 0 and let X € C2°(B(0,2)) with X = 1
on B(0,1). Then put Xg(z) := X(R™'z). Define also

or(R; ) := h™ Y| (Hy — H)XR| vt + hY|(Hy — H)XR s -
Then a simple consequence of Proposition [4.9]is the following theorem.

Theorem 1.29. Letd>1, Z > 0, 0 < a < b and suppose that Hy and Hy are as above. There
is k > 0 such that for any € > 0, Ry > 0, there are C > 0 and hy > 0 such that for 0 < h < hg,
R(R) > Ro+2, x € B(0, Ry), w € [a+e,b—e], T(h) < min(Thax(, 7, a,b, Z), i~ (R(h)—Ry—2)/2),

we have
1-d

E(H,) (w7, 7) — B(Ho)(wi z,2)| < OB iy R ). (1.33)

T(h)
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Remark 1.30. Below, to make Theorem useful, we will find H;, T'(h), and R(h) so that
T(h) > h=N but T'(h)6,(R(h); k) < KN so that the right hand side of (1.33) is very small.

In fact, an analogue of Theorem holds much more generally and we can, for example,
make H; a pseudodifferential operator or even replace the infinite end of R? by a boundary lying
sufficiently far away without changing E(Hj) substantially. We now give a few examples where
we can effectively apply Theorem [1.29

Example 1.31.
(1) Hy = H(Q + 6(R)[R(R)]72|z|?). Here, §p(R(h); h) < C3(h). Notice that, despite the fact
that Hy has discrete spectrum, the kernel of its spectral projector is close to that of Hy in

compact sets.
(2) Assume that Q = q(x), with. Let Hy = H(Mq), where

9%(q —Mq)(z)| < Cod(h) for |z| < R(h).

(3) Assume that Q = q(x). Our aim is to make Q periodic. To do this, we introduce F'q €
C°(RY), such that Fq is periodic and Fq(z) = q(z) for x € B(0,2R(h)). We then define
H, = H("q). This is, in fact, the type of modification we make use of to prove our main
theorems. In this case, 5p(R(h); k) = 0 and we will see below that Tmax (b, z,a,b) > cyh™Y
for any N and hence, provided R(h) < Ch™, we may take T(h) > ch™™ so that the right-
hand side of s small.

Remark 1.32. If § a measure, and the 1-Wasserstein distance (see e.g. [Vil09, Chapter 6])

between @?1 and 09Mq is bounded by C,R(h)~'6(h), then one can check that the conditions
in (2) are satisfied. This reformulation in terms of measures is the reason why we (admittedly
somewhat loosely) call MQ the mass transport of Q.

Remark 1.33. In fact, one can check a posteriori from Theorem that for all of the above
cases in 1 dimension and = € B(0, Ry), we have, for any N > 0, there is Z > 0 such that
Tax (B, @, a,b, Z) 2 min(R(R), h~Y). Indeed Theorem implies that

EH(Q))(w;z,z) — E(H(Q))(w — i}z, 2)

N
Z fioow,z) = fioolw—RT 2))W =" + CxAY
=0

< N L onhN.
_T+N

Outline of the paper. Section[2]introduces some notation and conventions used throughout the
paper. Section [3|then introduces some technical lemmata used in the proof. Next, Section [ proves
that changing a differential operator outside a large ball has a small effect on the spectral function
at the origin, in particular proving Theorem In Section [, we review the standard notions
of semiclassical pseudodifferential operators and semiclassical Sobolev spaces. We also introduce
and collect some facts about an anisotropic pseudodifferential calculus which will be used in the
gauge transform procedure. Section [6] implements the parallel-serial gauge transform via a layer
peeling argument, and Section [7] combines the results of the gauge transform and modification of
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the potential outside a large ball to compute the asymptotic formulae for the spectral function;
proving Theorems[1.24]and [I.25] Section[§|then extracts various consequences of our main theorem
on generalized eigenfunctions of Schrodinger operators, proving the semiclassical analogues of
Corollaries to Finally, Appendix [A] computes the first term of the asymptotic expansion
for the spectral function.
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2. BASIC NOTATION

Before proceeding to the main body of the paper, we introduce some notation that will be used
throughout the text.

2.1. Spaces of smooth functions. For A ¢ R?, {0} C B C C, we use the notation
C®(A; B) := {u: RY — C|u is smooth, suppu C A, u(z) € B for all z € R%},
C%(A; B) := {u: R = C|u is smooth, suppu € A, u(z) € B for all z € R%}.
When B = C, we sometimes write C*°(A4;C) and C°(A;C) as, respectively, C*°(A) and C°(A).
Furthermore, if A = R?, we write C>°(R?) = C* and C°(R?) = C°.
Finally, we write .7 (R?) for the space of Schwartz functions and .#’(R?) for its dual space.

Below, we will allow functions in the spaces C° and . to depend on the small parameter A.
In this case, we will assume that the seminorms of these functions are uniformly bounded in A
and, in the case of C¢°, that the union of their supports is bounded.

2.2. Fourier transforms. For f € .’ we recall that

= [ p@n  ad )= g [0 (2.)

denote the Fourier transform of f and the inverse Fourier transform of f respectively.

2.3. Semiclassical Sobolev spaces. Next, we define the semiclassically weighted Sobolev spaces,
H;(R?) as the closure of .#(R?) with respect to the norm

Julfg = G | FHEMEE™ s, (€)= 1+ 1)
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2.4. Big O notation. For a function f = f(h) : (0,1] — R, a family of topological vector spaces
X = X (h) with topology induced by the seminorms {||-[[a (5 }axeA®), and v = u(h) : (0,1] = X
we write u = O(f(h))x when for every ax € A, there exists C' > 0 such that

oy (ny < CF(R), 0<h<1.

In a similar way, for two families of Banach spaces X = X (h), Y =Y (h), and A = A(h) : X(h) —
Y (h), we write A = O(f(h))x—y when A = O(f(h))gx,y). Here B(X,Y) denotes the Banach
space of bounded operators from X to Y. We write u = O(h%)x if u = O(h"V)x for any N > 0.

2.5. Cutoffs. Throughout the text, we require a variety of smooth cutoff functions. Although
we do not wish to fix these cutoffs once and for all, we introduce notation that indicates the role
of each cutoff function.

X Cutoffs in the physical space (where x lives)

[1]

Cutoffs in the momentum space (where & lives)

P Cutoffs in the phase space (where (z,§) lives)

P Compactly supported cutoffs in energy

v | Small scale (< h) cutoffs in energy, usually with compact Fourier support
© Cutoffs in the dual to the physical space (usually with variable 6)

f Other types of auxilliary cutoffs

When using these cutoffs in our analysis, we will not distinguish between the cutoff and the
operator of multiplication by the cutoff. For example, we will write X for both a function X €
C>®(R%) and for the operator of multiplication by X given by [X(u)](z) := X(x)u(z).

2.6. Conventions on a discrete valued large parameter. Throughout the text, we work with
functions of a small parameter i € (0,1]. We will also want a discrete valued large parameter
which plays the role of the scale of h~!. To this end, we let

[1y 1= 2" (2.2)
and work with functions n = n(h) : (0,1] — N such that
Lo -1

In other words,
—10 < n(h) +logy h < 10.

The main ingredient in the proof of Theorem (and similarlty for Theorem [1.25)) is to establish
that there are fj o g : [a,b] X R x N — R such that for any n(h) satisfying (2.3, we have

N-1

0RO B(H(Q))(w; 2, Y)ly=s — Y fm,ﬁ(w,x,n(h))h—l—lal—\ﬁlﬂ“ < Ch1-lel= I8+ N

§=0
Since, for each i € (0,1] small enough, we have several possible choices of n(k), we will then be
able to use gluing arguments from [PS16] to establish Theorem [1.24]
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Our goal is to obtain a full, polyhomogenous expansion of the spectral function in powers of A.
The reason we do not directly work with @ = A~! instead of Hn(n) is that, with the former choice,
many of the operations we perform would not preserve polyhomogeneity in #; for example, the
decomposition used in the onion peeling argument does not preserve polyhomogeneity if 1 = ~A~1.
We would like to emphasise that choosing i = h~! still results in a formula for the spectral
projector, it is just not clear that this formula has an expansion in powers of . Our method
for recovering polyhomogeneity is inspired by that in [PS09] and is based on the idea that this
decomposition should not depend on A for A in some small interval and hence, since we have
several choices of the decomposition, we may glue the asymptotics in each interval. The reader
familiar with [PS09, [PS12l [PS16] should notice that u, here plays the same role as p,, there.

3. ABSTRACT TECHNICAL ESTIMATES

In this section we present technical estimates inspired by [PS16] which will be used below.

Before proceeding to these estimates, we discuss the natural requirements for the spectral
function of two operators to be close. First, notice that closeness of two operators, H; and Hs in
any norm does not suffice for the spectral projectors, E(H;)(\) to be close to each other. Indeed,
an eigenvalue of H; may be perturbed out of (—oo, A] and hence, a small perturbation may cause
a large change in the spectral projector. In addition to closeness of H; and Hs, we use the fact
that

E(H1)(\,z,y) = (E(H1)(A)dz, 6y).
In particular, an important ingredient in the proof is the smallness of
E(Hy; (A — 1, A+ 1)), = E(Hy)(A + t,z,2) — BE(Ha)(\ — 1,2, 2) (3.1)

for small ¢.
We first recall [PS16, Lemma 4.2] that states that if two operators are close, then one can
control the difference between their spectral projectors in the strong topology.
Lemma 3.1. Let ‘H be a Hilbert space, a € R, s > 0, and Hy, Ho be self-adjoint operators on H
with H; > a for j = 1,2. Define
= |(Hy — Ho)(Hz + (1 — a)I)*|.
Then, ife <1, forany f € H, A>a+1, and ¢ > 0, we have

I[E(H)(VA) = E(H2) (VA flla < 2| E(Has X = 0, A + 1) £l
2me

+ 22 (IBH) VNl + (2 + (1= @)1 ).

We will actually need a slightly stronger version of Lemma which, heuristically, says that if
two operators are close near a particular energy level, then their spectral projectors are close in
the strong topology near that energy level (see Lemma [3.3]). First, we prove the following lemma.

Lemma 3.2. Let H be a Hilbert space, a € R, s > 0, J C R an interval and Hy, Hy be self-adjoint
operators on H with H; > a for j =1,2. Define J_ := J°N(—o0,inf J]| and Jy := J°N[sup J, 00),
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and
e1:= ||E(Hy; J-)(Hy — Hy) E(Ha; J4)(Ha + (1 — a)I)°]],
€2 := ||(H1 — H2)E(Hy; J)(Hz + (1 — a)I)*||, (3.2)
g3 := ||[E(Hy;J)(H1 — Ho)(Hy + (1 —a)I)?|.

Suppose that A —a > 1 and [\ — 1, A+ 1] C J. Then,

| E(H1; (=00, A — ¢|) E(Ha; [\ +1;00)) (Hz2 —a + 1)°|| < W

Proof. We follow the proof of [PS16, Lemma 4.1]. Assume that
¢ = E(Hy;(—00,A—1])o,  (H2—a+1)"=E(Hy;[A+1,00))(H2 —a+1)p,  (3.3)

with ||¢]] = ||¥|| = 1. Then we need to establish |(¢, (H2 —a + 1)%)| < w Following
the algebra in [PS16, Lemma 4.1], we have

(6 (Hy — a+ 1)) = / (Hy — 2746, (Hy — a+ 1)*¢)dz

y

(¢, (Hy — 2)"Y(Hy — a+1)%)dz

(¢, (Hy — 2)™F + (Hy — 2) " (Hy — Hy)(Hy — 2) Y (Hy — a + 1)*)dz

(¢, (Hy — 2)"'(Hy — Ha)(Hy — 2) ' (Hy — a + 1)*¢)dz

I
T 5

(Hy — 2) Yo, (Hy — Ho)(Hy — a + 1)*(Hy — 2) ) dz

where 7 = vy is the closed rectangular contour in the complex plane symmetric about R and
intersecting R at A and —/N where N > —a is large. Note that in the next to last line we have
used that with 4 the contour conjugate to 7,

[ =27 B+ 100 Haaz =
i
Now,

(Hy — Hy)(Hy —a+1)°

= E(Hl; J)(Hl — H2)(H2 + (1 — CL)I)S + E(Hl; JC)(Hl - HQ)E(HQ; JC)(HQ + (1 — CL)I)S
§ B(Hy: J)(Hy — Ho)E(Hy J)(Hy + (1 — a)I)"
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Therefore, we need only to estimate the three terms

= /((H1 —2)" Y, E(Hy; J¢)(H, — Hy)E(Hy; J°)(Hy — a + 1)*(Hy — 2)_1¢)dZ),

)

I = /((H1 —2)7'¢, E(Hy; J)(Hi — Ha)(Hy — a+ 1)°(Hy — 2)~'¢)dz
2l

IIT := /((H1 —2)" Y, BE(Hy; J¢)(Hy — Hy)E(Hy; J)(Hy — a4 1)*(Hy — z)*lw)dz‘.
vy
For I, we observe using (3.3]) that

1= ) /((H1 — )L, B(Hy: J_)(Hy — Ho)E(Hy; J2)(Hs — a+1)°(Ha — 2)_1¢)dz‘
Y

< o =y toiast) ([ nom = o) < T

L
Similarly, we estimate
114 < Te2tes)

L

to finish the proof. ]

The proof of the next lemma is identical to that of [PS16, Lemma 4.2] after replacing references
to [PS16, Lemma 4.1] with references to Lemma

Lemma 3.3. Let ‘H be a Hilbert space, a € R, s > 0, and Hy, Hy be self-adjoint operators on H
with Hj > a for j =1,2. Define €1,€2,e3 as in (3.2). Then, if e1 +e2+e3 <1, for any f € H,
A>a+1, and >0,
IE(H)(VA) = E(Ho) (V)] flla < 201 B(Ha; [A =, A+ ) flln
n 27T(€1 +L62 + 53) (

IE(H2) (VA fllae + || (Ha + (1 - a)f)_sfllw)- (3.4)
Remark 3.4. Given an operator H; our strategy will be to find an operator Hs so that:

e H; is close to Hy in some sense
e (3.1)) is small and hence the first term on the right-hand side of (3.4) is small.

In fact, the smallness of (3.1) will be guaranteed by the existence of a full asymptotic expansion
for the spectral function of Hs.

We now state a small generalisation of [PS16, Lemma 3.6] which will be used to glue asymptotic
expansions that work in closed intervals of % into a uniform asymptotic expansion for i € (0, 1].
While the proof is almost identical to [PS16, Lemma 3.6], we present it here in Appendix [B| for
completeness and to accommodate the semi-classical notations from the present text.

Lemma 3.5 (The gluing lemma). Let p,¢ > 0, &1,& € R with & # &2, and suppose that for any
M > 0, there is N > 0 such that
F(1) =i Y ajumh® + i Y bjn 7 + Oluggh), (3.5)
j=0 §=0
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for
—10 < n(h) + logy b < 10,
where a;y,bj, € C, j=0,1,..., and
|ajnl + [bjn| < CjuiP ). (3.6)
Then there are a};,b; € C, j =0,1,... and for any M > 0 there is N' > 0 such that
. N’ . N’
f(h) = en > " afhiP 4 iy " Wi+ O(hM). (3.7)
j=0 J=0

If (3.5) is uniform on a compact subset of 0 < |& — &a| < oo then (3.7) is uniform on the same
set.

4. COMPARISON OF SPECTRAL FUNCTIONS

In this section, we show that one can make large perturbations of the potential outside a very
large ball without modifying the local density of states for H(Q) substantially.

In our applications, Q € Diff*(R?) and the change we make to H(Q) replaces Q by a differential
operator with periodic coefficients, ©'Q, and hence does not change the domain of H(Q). However,
we will see below that the fact that waves for H(Q) travel at finite speed implies that any
reasonable perturbation of H(Q) made outside of a large ball affects the local density of states
for H(Q) only mildly.

We now set up some abstract assumptions with which we work throughout this section. Let .#
be a smooth (potentially non-compact) manifold without boundary with a Riemannian metric g
and

Hy = —1*A, +hQ: D(Hy) — L*(#),  DMHy) C L*(A) (4.1)
with Q € Diff!(.#) formally self-adjoint.
We assume that for all s € R, there is Cs > 0 such that
HQHHFH;A < Cs, 0<h<l. (4.2)

Definition 4.1. We say that a family of functions X = {X(%)}o<n<1 with X(h) € C®(AZ) is
semiclassical USB and write X € C;°(. ) if for all s

sup || X()|| 2 ()13 () < 00
0<h<1 | a0 mzn

We now set up an abstract scheme which will allow us to compare the spectral projector of an
operator with that of Hp.

Definition 4.2. Let 2y € .# and a decreasing, positive function R = R(h) (usually, lim,_,q+ R(h) =
o0) . Let B y(xo, R(h)) be the metric ball of radius R(h) around zp. We say that a family of
expanding box Hilbert spaces is

H = H(h) := L*(B 4 (w0, R(h))) ® Hoo

for some family of Hilbert spaces Hoo = Hoo(h). We call Ho, the exterior Hilbert space.
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Remark 4.3. In all of the items from Example Hoo = L2(R4\ B(0, R(R))).
Definition 4.4. We write 1g (4o, r(n) : H = L*(B.z(x0, R(h))) for the orthogonal projection
and, for X € Cp°(A') with supp X C B 4 (xo, R(h)) and (u1,u2) € H, we write
Xu = (Xuy, 0),
and identify Xu with an element of L?(B. 4 (xo, R(h))).
Definition 4.5. Let H be an expanding box Hilbert space with exterior Hilbert space Hoo(h).

Let Hi(h) : H(h) — H(h) be a family of unbounded, self-adjoint operators with dense domain
Dy,. For s > 0, we let Dj be the domain of Hf with the norm

[ullpy := [lullp + [[HTully
and for s < 0, we let Dy := (D, *)* with the implied norm. We say Hj is a family of expanding
box operators for Hy if:
e H, > —Cy,h.
* 15 ,(zo,r(n)Pn C Hy (B.y (0, R(R))).

e For any X, X, € Cp° (A ), with supp X C B y(xo, R(h)) and supp(l — X;) NsuppX =0
the following holds. For all s > 0 there is Cx s > 0 such that

IXH (1= X)llpe s + (1= X )HIX| e pe < Cxoh®, 0<h<l.  (43)

e To guarantee that the spectral functions for Hyp and H; are close near zg, we similarly
assume that for all X, X, and s as above there are Cx s > 0 and 6 = §(h) : (0,1] — [0, 1]
such that

[(Fg = H)X]| . -2 < Cx shd(h),
IXull; < Cxsllullpyerz, ue D2 for all 0 < h < 1. (4.4)

Xull poro < COx sl Xyullmg,  u € Hy(A),

Remark 4.6. Since our operators, Hy, will be close to Hy on L?(B.(z0, R(R))), we think of the
subspace Ho as the part of H ‘at infinity’.

Remark 4.7. The function & (h) controls how closely H; approximates Hy on the ball of radius
R(h) around zg. Similarly, we will later choose a function 7' = T'(h) : (0,1] — (0,00) which
controls the length of time we will propagate waves in our arguments.

Remark 4.8. The language used in defining expanding box operators is inspired by the black
box formalism from [SZ91], but notice that in our setting the ‘black box’ is exterior rather than
interior.

We now provide some examples of H; when Hy = H(Q) for some Q € C°(R9).
Examples:
(1) Hi = H(Q1) for Q1 a 100R(h)Z%-periodic function with Q1 (z) = Q(x) for = € B(0, R(h)).
In this case, 6(h) = 0, H = L?(RY). This is the transformation we will use to prove

Theorems [1.24] and [T.25
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(2) Hj is the Dirichlet realization of Hy on B(0, R(h)+1)i.e. H; = H(Q), H = L*(B(0, R(h)+
1)), Dy = Hy(B(0, R(h) + 1)) n H*(B(0, R(h) +1)).
(3) Hy = H(Q + 6(h)R(h)~?|z|?) with H = L2( d).

Notice that Examples[2land [3|both have discrete spectrum, while Hy may have pure a.c. spectrum.
Nevertheless, our next proposition shows that one can approximate the spectral projector of Hy
using that of H; (or vice versa).

In this section we prove the following proposition which allows us to compare the spectral
functions for Hy and Hj.

Proposition 4.9. Let x,y € B 4(x9,Ro) C #, 0 < a < b, R(h) > 0, g(ﬁ) >0,5>e>0,
e <T(h) < (R(h)— Ro—2)/2, Cr, >0, Cs >0 and Cx s > 0. Then for all C; > 0 there is
Co > 0 such that the following holds. Suppose Hy satisfies , , that Hy is a family of
expanding box operators for Hy and for 0 < h< 1, w € [a —&,b+¢], and X € [—¢,¢],

1-d
B(HL)(w + A, ) — B(H, (w2, )| < 01%(1 TR, (4.5)
Then for w € [a,b] and 0 < h < 1,
1-d
[B(H) (v . 2) ~ B(H) (i) < S (14 B30T () (4.6)

If, in addition, for all o, B € N® with |a| < k, |8| <1,

1-d
|(10,)° (h0,)° (B(H) (@ + A2, ) — BHD (w3 2,1)) | < a%(l FRTIT(RAD,  (4)
then for all o, B € N¢ with |a| < k,|B] <1,
o B8 . Cohl d —1% 2
(102)° (h0,)° (B(H) (s 2, ) ~ B(H)(wi.9) )| < “pe (14 AT M) (48)

Remark 4.10. Observe that the assumption (4.5) is precisely the same as the assumption
that (3.1]) is small and hence that the first term on the right-hand side of (3.4]) is small.

Proposition immediately implies Theorem Let Q € Diff’, Hy = H(Q), and H;
as in 1-| Then 4) automatically holds and H; > —Ch as required. Next, observe that
Theor is tr1v1al when 0, (R(h); K)T(h) > 1 or |T(h)| < h. Therefore, we will assume that
6, < Ch ! and T(h) > ch. In particular, for k large enough depending on s, this implies that
the assumptions in Definition 4.5 hold with R(%) replaced by 1R(ﬁ). It only remains to check

that (£.5)) holds for T < Tmax(h) wela+2,b—%]and A€ [-5, 5]
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To see this, observe that E(H;)(z,z,w) is monotone increasing in w. Therefore, for A > 0,
T(h) < Tmax(h, x,a,b, Z), w € l[a+ 2,b— %] and X € [, £], we have

0< E(Hl)(:n z,w+A) —EH;)(x,z,w)
[TAR—1
< Z E(H,)(z,z,w + jh/T(h)) — E(Hy)(z,2,w + (j — 1)h/T(h))

[T,\h B
< Z Cr'=4/T(h) < CITAR R4/ T(h) < C(1 + AT YR/ T(h),

as claimed. A similar argument now applies for A < 0 and this concludes the proof of (4.5) and
hence also of Theorem [1.29

We now outline the strategy for proving Proposition The proof will use the ‘wave’ approach
to spectral asymptotics. That is, we will study certain smoothed versions of the spectral projector.
Using the Fourier transform, one can write these smoothed spectral projectors in terms of the
half-wave propagator for H;. In order to take advantage of the finite speed of propagation for
cos(tv/Ho/h), we will, at the cost of an acceptable error, rewrite these smoothed spectral projectors
in terms of the cosine propagator ( and use the finite speed of propagation property for
cos(tv/Hy/h) to show that cos(ty/Hy/h) and cos(ty/Hj /h) are close in an appropriate sense (§4.1)).
This will show that the smoothed projectors for Hg and H; are close. Once this is done, we use
standard Tauberian lemmas with minor modifications ( to show that the unsmoothed spectral
projectors are close to their smoothed versions. The proof of Proposition is implemented in
|

Before proceeding with the proof, we show that we can reduce the problem to the case H; >
¢ > 0. First, observe that, for + small enough,

E(H; +.)(w) = EH;)(Vw? — ). (4.9)

Therefore, taking 0 < ¢ < ¢, and imply the corresponding estimates for Hy + ¢ when
A € [—e,e] and Vw? — ¢ € [a —e,b+ ¢]. Fix such an ¢. Then, since H; > —Ch, we see that
h < ho(t) implies H; > 5. Using again, we see that and with H; replaced by
H; +: and vw? — ¢ € [a,b] imply the estimates and . We thus are allowed to assume
from now on that H; > ¢ > 0.

4.1. Basic properties of the wave group. To begin with, we need a lemma comparing the
solution of two wave problems: one with a local potential Q, and the other with an, in principle
pseudodifferential, potential that agrees with Q on a large ball. For this, we recall the standard
finite speed of propagation lemma and prove it for the sake of completeness.

Lemma 4.11. Let Hy satisfy ([4.1), let Ry > 0, and suppose ug € H (A), uy € L*(A) with
supp u; N By (xg, Ro) = (0. Let u(t,x) be the unique solution of

(h*0} + Ho)u = 0, uli=o = uo, Ut|e=0 = u1.
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Then, u(t,z) =0 on B 4(xo, Ro — [t|). In particular,
sin(t\/ Ho)
cos(tv/Ho)ug = ——=——uy = 0, on B_y(xzo, Ry — |t])-
vHo

Proof. Let K := B_y(x0, Ry — |t|) and define
1
B(t) = / [huu(t, @) ? + [hdu(t, D)2 + u(t, ) Pd voly(x) ) > 0,
Kt

where the 1-form du is the exterior derivative of u. Then, for |t| < Ry,
ho E(t)

— m( / (h*0}uhdyu + uhdyu + (hdu, thatu>g)dvolg(x)>
Kt

h
=5 [ (b0 + [hduf} + uf?)dS @)
oKt

h

= §R< — /}Ct ((Qo — 1)um)dvolg(x)> -5 /m (1nOyul? + |hdu)? — 2R (RO, uhdu) + |ul*)dS (z)

< (- /’C (Qu — uldu)dvol,(x)) < CE(1)

Here, we have used Green’s formula on the third term in the first line to obtain the second equality.
Therefore, since E(0) = 0, Gronwall’s inequality implies E(t) = 0 for |t| < Ry and, in particular,
u =0 on K;. ]

With Lemma |4.11]in place, we can now compare the wave problem for Hy with that for H;.

Lemma 4.12. Suppose that Hy satisfies (4.1) and (4.2) and that Hy is a family of expanding box
operators for Hy. Then for u € H}(B. 4(wo, Ro)) and |t| < R(h) — Ry — 1 we have

H [ cos (t@/h) — cos (tm/h)]u‘

Remark 4.13. Our proof of Lemma uses crucially finite speed of propagation for Hy.
Since finite speed of propagation only holds for differential operators Hg, we are unable to prove
Lemma for e.g. pseudodifferential perturbations of the Laplacian.

D;L/z < C(SMHUHH}%

Proof. Let wj = cos (tw /Hj/h)u, j = 0,1. Then, since there is C' > 0, depending only on C1, Cx 1,
(where Cx 1 and C; are defined in (4.4) and (4.2)) such that
clollm < (1VHovllzz + [[vll2) < Cllvll g,
we have
lwo@llsy < Cllullgy,  Nwi®llpr2 < Cllull /.

In order to compare w;, j = 0,1, we claim wy € H. Indeed, by Lemma cos (t\/Hg / h)
has unit speed of propagation and, in particular, for f € C*°(RR; [0, 1]), with f =1 on (—o0, Rp),
supp f C (—o0, Ry + %), we have

f(dist(xo, z) — [t)wo = wo.
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Thus, wy € H, since [¢| < R — Ry — 1 implies supp f(dist(zo, ) — [t|) C B.y(z0, R — 3).
We may then observe that
(1?87 +Hu) (w1 —wo) = (Ho —Hu) f(dist (o, 2) = [t)wo, (w1 —wp)e=o = (w1 —wp)|e=o = 0.

Using again that [t| < R — Ry — 1 implies supp f(dist(zo,-) — [t|) C Bz (w0, R — 3) and letting
X € Cp°() with X =1 on B 4(z9, R — }) and suppX C B (0, R), we have, by ({.4)),

I(Ho — H) f(dist(xo, z) — [t)woll = [[(Ho — Hy)Xf(dist(zo, z) — [t])wolln
< Cx1hd||wol| gy < Cxihdull gy

We then have Duhamel’s formula

<h65(]iul_iuguo)) (t)=h" /Ot Ut —s) <(H0 B Hl)f(dist?xo’x) B |S|)w0(s)> ds,

O s el 1) )
—v/H; sin (tﬂ/h) cos (tﬁ/h)

Using that H; > ¢ > 0, we have

s — o)y <7 [T R 1y ) i) — ()]s

t

< C'h_l/ H(Ho — Hy) f(dist(xo, x) — ‘SDwO(S)HHds
0

< Cx 18t [l gz -

0

4.2. Tauberian lemmas. Before proceeding to our analysis of the local density of states, we
recall two Tauberian lemmas which will allows us to compare smoothed local densities of states
to their unsmoothed counterparts.

The first Lemma shows that if the local density of states E(H;)(x,y,w) is Lipschitz at suffi-
ciently small scales, then it is close to its smoothed version.

Lemma 4.14 (Lemma 5.3 [CG23]). Let {K;}32, C Ry. Then there exists C > 0 and for all
N e R, N >0, there is C, > 0 such that the following holds. Let {vy}r>0 C - (R) be a family of
functions and oy, = o(h) : (0,1] — Ry such that for all j > 1, h >0, and s € R we have

lvn(s)| < onK; <ahs>_j.

Let Ly, = L(h) : (0, 1] — R+, By = B(ﬁ) : (0, 1] — R+, {UN}h R — (C}h>0, I C [—KO,K()], hog >0
and g > 0 be such that

|wn(t — s) — wi(t)| < Lp(ons), t € In, |s| < ep, | (s)] < Bﬁ<S>NO for all s € R.

Then for all 0 < h < hg and t € I, we have

(v * wp) (t) — wp(t) / Vh(S)dS‘ < CLp+ CyByo, Ve ™.
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Proof. For all 0 < h < hg and t € I}, we have
[ xun)(0) —wh(t)/Ruh(s)ds‘ _ ’/Ruﬁ(s)(wﬁ(t—s) — wy(1))ds|
< Lh/sseo \Vﬁ(s)|(ah5>ds+Bh/ |1/h(s)|<<t—s>NO + (t)N°>ds

s|=€0
< Lh/ onK3(ops)"2ds + By KNO+2+NGB<JES)_(N0+2+N)(<t — 5)No —|—<t>N0)ds.
|s|<eo |s|=e0

The existence of C' and C,, follows from the integrability of each term and the boundedness of
I. O

The next lemma is similar to [Hor07, Lemma 17.5.6] and will be used to show that E(Hy)(z, z,w)
inherits the Lipschitz nature of E(Hy)(x, z,w).
Lemma 4.15. Let ¢ € .7 (R;[0,00)) with ¢ > 0 on [—1,1] and fory > 0 put ¢~ (t) := v Lp(v~11).
Then there is C > 0 and for all N > 0 there is Cy > 0 such that the following holds. Suppose
that {pn}r=o0 s a family of monotone increasing functions, {an}tn=o is a family of functions of
locally bounded variation and that there are ¢ > 0, ¢ > 0, v, = v(h) : (0,1] = Ry, My = M(h) :
(0,1 - Ry, No >0, By, = B(h) : (0,1] = Ry, C >0, and hyg > 0 such that for 0 < h < hy,
v < h*, and we have

w+Yh
/ |day| < v My, |(dpn — dag) * ¢y, (w)| < By, wela—eb+el,
w—g

lun(@)] + lon(w)| < AWy, weR.

(For a function f of bounded variation, we denote by df the derivative of f considered as a measure
and |df| its total variation.) Then for |s| <e/2 and w € [a,b] we have

ln(w) = pn(w — 8)| < Cyn(My + By + C BN ) (7, 's).
Proof. Let wy € [a,b]. Since du >0, for w € [a —e,b+ €],
(@) = (e = )] = / dpun(s) < Comn( / b (w0 = 5)d(un(s) = () )

) = Cyn( oy * dpn — a(wn))) ().

w

First, we estimate
(D * dpn) (w)] < [dry, * d(en — an(wo)) ()] + (D, * d(pn — pn(wo) — an + an(wo)))(w)| =: 1 + I1.

Now,
Pt ot - o) e <ot [t - ) e+ 00)
w—s|<yph™*
< Y (B)NMy+ O(®) < CMy + O(h™).
|k|<h—t/2
Next,
w
Il = / |(dpn — dag) * ¢, (s)|ds < Bylw — wo| < (b — a + €)By,.

wo
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Therefore,
[n(w) = pn(w = )| < Cyn(My + By, + O(h%)). (4.10)
The claim now follows from adding terms like (4.10]). O

4.3. Local densities of states and the cosine propagator. We need two more preliminary
lemmas before analyzing the local density of states. These lemmas, modulo controllable errors,
rewrite the spectral projection operator and its derivatives in terms of the cosine propagator. This
crucial step allows us to use Lemma to show that the smoothed densities of states for Hy
and H; are close. For v € .(R) and T' > 0, we recall that

Vyn(s) = B Tv(h™!Ts).

Lemma 4.16. Let v € /(R) with supp? C (=2,2), ¢ > 0, and T = T(h) > . Then for
wE [a—2e,b—2¢], j=0,1, and all N > 0 we have

O (I/T/h * E(H;))(w) = Wlh/z?(T_lT)emw/ﬁ oS (T\/E/h)dT + O(hW)p-~_pnN, (4.11)

where DN denotes the domain of the corresponding operator H;V and DN that of H]-_N.

Proof. First, recall that

1 1 N QT (w—/H
Ou (v * BOHY)) (@) = vy, (w0 — VH) = 5 / AT r)el i@V (4.12)
1 ~ — iTw T i /h
=55 (T~ 17)e'n (2cos (T+/Hj/h) — e VH;/ )dr
1

== (T~ 7)e' 7% cos (t/H;/h)dr — Vp (W + /Hj).
Next, since H; > 0, we have
130 604 V)1 + H)Y g2 < 50y 0+ )14 52)

<sup NI T (R T (w + 5)) 2N 11 4 82N < oV TV,
s>0

Therefore, since
lullpy < OnlI(1 +Hj) ull 2,
the estimate (4.11)) follows. O

Lemma 4.17. Let v € #(R) with U even, € > 0, and T'(h) > €. Then for w € [a — 2¢,b + 2¢],
7 =0,1, we have

vy # B(H)(w) = = / Loy sin(h~17w) cos (7/H; /B)dr + (v, + B(H,))(—w).  (4.13)

™ T



32 J. GALKOWSKI, L. PARNOVSKI, AND R. SHTERENBERG

Proof. Using formula (4.12)) in the second line, we have

(v BH,) () = / (@t + BEL))(5)ds + (v, « BH,)(~<)

= ot / [T in)e eV ards 1 (o, BE) ()

=2 [ oy ) TV dr 4 (1, ¢ BOH,)) ().
Note that after changing variables, 7 — —7, we have
% %ﬁ( 7)sin(h™trw)e” h\ﬁdT— / 7)sin(h ™ trw)e’ TV g,
Therefore,
vy, + B(H;)(w) = % / %a(:r*%) sin(h™"rw) cos (7/H /B)dr + (v, * B(H))(~w).

We estimate the last term in (4.13) in the next lemma.
Lemma 4.18. Let v € ./ (R) with U even, € > 0, and T'(h) > €. Then for w € [a — 2¢,b + 2¢],
7=0,1, and all N > 0,

v * B(Hj) (w) = 1 / lﬁ(T_lT) sin(h™'7w) cos (14/H;/h)dr + O(h)p-n_pn. (4.14)

) T
Proof. Using (4.13)), it remains to check that
(v, * B(Hy))(-w) = O(h%)p-v_pn-
Since H; > 0, E(H;)(s) = 1(_oq(y/H;) = 0 for s < 0. Thus, for all N,L > 0 there is
C, x > 0 such that
)+ B ) (=)o < [ F(F) IBH) (== 9)llp v s

<Cun [ KGO

The claim follows after choosing L large enough. O

4.4. Comparison of the local densities of states. This section contains the proof of Propo-
sition We start by showing that, when smoothed at scale ~1, spectral projectors for Hg and
H; are close. In other words, when ¢ € ., ®(Hp) and ®(H;) are close when acting on subsets
of B(0, R(h)).

Lemma 4.19. Let Ry > 0, R(h) > Ro+1, 6(h) > 0, and suppose that Hy satisfies (4.1) and (4.2)
and that Hy is a family of expanding box operators for Hy. Let ® € ./ (R), X, X € C°(B(0, Ry)).
Then, for all N >0,

X[@(Ho) — @(H1)]X = O(1d(R)) g + O(A™)y-o. (4.15)
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Moreover, if§§ =1 in a neighbourhood of supp X, then

(1= X)P(Ho)X = O(h®) g,  X(Ho)(1 —X) = O(h™)y-, (4.16)
(1 —X)®(H,)X = O(hd(h) + h™) X®(H,)(1 — X) = O(hd(h) + h*>®)

—N .
H N —DN> D, —>H,§V

(4.17)

Proof. Put ®;(t) := ®(t?). Then ®; € .¥ and, since H; > 0, we have ®(vH;) = ®(H;). Next,
observe that ®; is even and hence so is ®;. Therefore,

d(H;) = &, (v/H;) = 217T/<i>1(t) itVHo gy — &1 (s/h) cos(s\/H; /h)ds

We first prove (#.16) and (#.17). Thus, we assume that X = 1 in a neighbourhood of supp X.
Let 7 > 0 be chosen so that dz’st(supp X, supp(1 — X)) > r and let f € C®((—r,r)) with f =1
near 0. Then, using Lemma to pass from the second to the third line, we have

(1 - K)o (H)X
_ %/él(s/h)u — K) cos(s/Hy /h)Xds

=L Lo/~ 211~ £(6)) cos(s/Bha/h)ds = O o

Since
(- +9)k®(.) € .7 for any k, (4.18)
this implies
(1= X)B(Hp)X = O(h™) g,

which, taking adjoints, implies (4.16)).
To prove (4.17]), we again write
~ 1
(1-X)o(H;)X = Py /@1(3/71) (1 —X) cos(syv/H;/h)Xds
1
= h/ (s/h)(1 = X)f(s)cos(syv/Hi/h)Xds
1

o [ Buls/m(1 = K)(1 = (s) cos(s/Hr /)

21/q) (s/h)(1 —X)(1 = f(s) cos(m/ﬁ/h)de—i—O(fiS)H%_,Dim
= (R6(R) + 1) g1 30,

where in the fourth line we use Lemma and Lemma Using (4.18) again, this im-
plies ({.17).
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Finally, we prove (f.15)), no longer assuming that X = 1 in a neighbourhood of supp X. Write
X(®(Hy) — <I>(H1))X

:1</ ®1(s/h)X(cos(s\/Ho/h) — cos(s\/Hy/h))Xds
27h\ Jis|<R—Ro—1

+/ ®y(s/h)X(cos(sv/Hy/h) — cos(s\/Hy/h) de)
|s|>R—Ro—1

1 e .
=~ 5 % C h O(1 d
2M(AKM%Acmwm OGS ot [ a0 o o)
=0 hfs(h))H;ﬁH% + O(h™) 212

Next, using (4.18)), we have
X[(Ho +4)*®(Ho) — (Hy + )" ®(H1)]X = O(hd(h) + h™) gy i1 (4.19)

Let Xy,Xy € C°(B_y (70, Ro)) with X; =1 on supp X Usupp X and Xy = 1 on supp Xj . Next,
observe that

Xy (Ho + 1)"Xo[®(Hp) — ®(H;)]X
= X1 (Ho 4 1) Xo®(Hp)X — X (Hy + )*Xo®(H )X + O(hd(h) + h™®) -
by (4.4) together with ®(Hy) = O(1)g-, ®(Hi) = O(1)p- *_peoe- Next, using again ®(Hy) =
O(1)g-, ®(Hy) = O(l)D— L pees together with (4.16)), (4.17] ‘, we have
X1 (Ho 4 4)FX®(Ho)X — Xy (H; + )*Xo®(H )X + O(hd(h) 4+ h™) g -
= X4[(Ho + i)*®(Hy) — (Hy 4 i)*®(H )X + O(hd(h) + h™) g-co.
Finally, using (4.19), we obtain
X1 [(Ho +0)* ®(Ho) — (Hi + )" ®(H1)]X + O(hd(h) + h*) g = O(RS(h) + h™) g1 _y 1.
In particular, 3
Xi1(Ho + §)* X [®(Ho) — ®(H1)]X = O(hé(h) + h™) g1y 1.
Therefore, by local elliptic regularity,
X(®(Ho) — D(H1))X = O(hd(h) + h™) g1 pree.

Making a similar argument for X[®(Hy) — ®(H;)]X;(Hp + 4)*Xy then completes the proof of the
lemma. t

The next lemma shows that the spectral projectors for Hy and Hy smoothed at scale /T are
close when acting on compact sets.

Lemma 4.20. Let X € C°(B(0, Ry)), e > 0, R(h) >0, 6(h) >0, e < T(h) < (R(h) — Ry —2)/2,
and suppose Hy satisfies (4.1) and (4.2) and that Hy is a family of expanding box operators for
Hy. Let v € /(R) with suppv C (—2,2). Then, for all N >0 and w € [a — 2¢,b + 2¢] we have

X0 (v, + B(Ho)) (0)X = X0u (v, * B(HL)) (W)X + O S (R)T(R)? + 1) ypon v (4:20)
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If, in addition, U is even, then
X (v, % B ) (0)X = X (1, % E(H)) ()X + OG(R)T () + 5) ppon v (4.21)
Proof. By Lemma [4.16
Vp (W — VH) = %/ﬁ(T ) ’tm/hcos( \/7/h)d7' + O(W )H{N%Hév. (4.22)
Next, let ® € CX(R) with ® =1 on [§ —,2(b+ 2¢)]. Then

Yy (w — v Ho) = ®(Ho), , (w — v/Ho)2(Hp) + O(7™) g
and, by (4.16)), for X € C®(B(0, Ry)) with X = 1 on supp X, we have
(1 — K)b(Ho)X = O(5™) X®(Ho)(1 - X) = O(h™)

®(H

- N —N .
H N—HN> H N—HN

Therefore, by Lemma [4.12

X®(Hy) cos (17v/Ho/h)®(Hp)X =
X&(Ho)X cos (71/Hi/h)X®(Ho)X + O(|T]5(h))H;N_>HéV + O(h®) g (4.23)
for 7 < R(h) — Ry — 1. In particular, since T'(h) < (R(h) — Rp — 2)/2, and suppv C (—2,2),
Lemma implies that

X0, (v, !

27h
+ O(R Y (M)T? 4+ h™®) g—os
Finally, using Lemma to replace ®(Hp) by ®(H1), X®(H;)X by X&(H,), and X&(H;)X by
®(H;)X, we obtain
%0, (v,
which is (4.20)).
To prove (4.21]), we use Lemma Indeed,
X (1, * E(Ho)) (w)X = X (Ho) (14, * E(Ho)) (w)®(Ho)X + O(h>)y -

+ E(Hy)) (w)X = (T~ 7)™/ X P (Ho)X cos (7v/Hi /h)X®(Ho)Xdr

Vrn

-+ B(H)) (@)X = X0, (1., * BHL)) (@)X + O 5T + h) g

T/f

T/h
1
- _i/a@)sin(h L7w)X® (Ho) cos (7+/Ho/h) ®(Ho)Xdr + O(h™) g
T
Then, using (4.23)), Lemma and Lemma once again, (4.21)) follows. O

We now prove Proposition

Proof of Proposition[{.9. Let v € . with v >0, 2 =1 on [—1,1], supp? C (—2,2), and © even.
Observe that
(Ou E(H;)) * v

T/3h (w)

T/h

H;) —
/ (1= (T 1 r))p(3T 7)MoV g — 0.
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Observe that for X = 1 on supp X and any s € R,

(1= X)(Hy+ 1)K = O(h) on_y s X(Hp+1)°(1 - X) = O(h>) oy -
Therefore, using (4.20]), for any s1, s2 € R we have
X(Hp+1)* (ELJE(HO) — 0w (v, * E(H))))(Ho+1)*Xx Uhr3(w) = O(h™Y6(h)T? + hoo)Hh—N

—HN"
(4.24)

Next, using (4.5) and Lemma with v = 1., , we have

1—-d
+ CNhN.

v, E(H) (2,2, 8) — E(Hy)(z,2,8)| < C;L”(h)

Then, using that v > 0, and hence that v, , * E(H;)(z,x,s) is monotone in s, and (4.5) again we

have
/w+2hT1
w—2hT—1

= vy, * E(Hh) (2, z,w + 2hT 1) — v, * E(Hy) (2, 2,0 — 2nT 1)

0s (I/T/h * E(Hy))(z, z, s)‘ds

1-d

h

_ -1y _ -1 N
— E(H))(z, 7,0 + 20T Y) — E(H)) (2, 7,0 — 20T Y) + O(T(h) h )

hl_d
<
=T

Therefore, using
k -4 d
|(Ho + 1) &EHH;V% < Ch™z2 for s > B (4.25)

together with Lemma (4.15| with p; = E(Ho)(z,z,"), an = v, * E(H1)(z,2,-), ap = chT—1,
My, = Ch~% B, = Ch~1=95(h)T? + O(h*°), we have that the hypotheses of Lemma hold with
wp = E(Ho)(2,2,:) op = ch™'T, Ly = chT~H(Ch~% + Ch— =40 (h)T? + O(h™)), By = h™¢, and

hence

1-d

E(Hy)(z,z,w)| < C;(h)

Again using (4.5) and Lemma with v = v, ,, we obtain

IE(H) (2, 7,w) — 1, + 45 (R)T (). (4.26)

/m ¥

1-d
T(h)

+O(F™). (4.27)

‘(E(Hl)(x, 2,0) — 1y, * B(H))(x, x,w)( <C

Thus, and imply
v * E(Ho)(2, 7,w) = 1, + E(Hy)(z, 2, w) + O(h™T(R)6(h) + h™). (4.28)
Combining this with and , we have .
Now, appealing to rather than and using that
(Ho + 1)*E(Ho)(Ho + 1)'(z, 7, w)
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is monotone increasing in w we may make the same argument to obtain
(Ho + 1)*E(Ho)(Hy + 1)} (z, z,w) = (Ho + 1)*E(H,)(Ho + 1)!(z, 2, w) + O(h" T (h)d(h) + £>).
With this in hand, we can complete the proof. Indeed, notice that since for s > 0, the operator
(Ho + 1)*[E(Hp)(w + s) — E(Hp)(w)](Hp + 1)! is positive, we have
0 < ((Ho + D)F(EMHo)(w + s) — E(Ho)(w))(Ho + 1)" (6, + 6,), 6 + J,)
= 2((Ho + 1)*E(Ho)(Ho + 1)") (2, y,w + 5) + (Ho + 1)"E(Ho) (Ho + 1)) (z, z,w + 5)

+ ((Hp + 1)"E(Ho) (Ho + 1)) (y, y,w + 5)

— 2((Ho + 1)"E(Ho) (Ho + 1)")(z, y,w) + ((Ho + 1)*E(Ho)(Ho + 1)")(z, 7, w)

+ ((Ho + 1)*E(Ho)(Ho + 1)) (y, y,w).
In particular, the function

ag(w) = ((Ho + 1)*E(Ho) (Ho + 1)")(z, y,w)

+ %(((Ho + )"E(Ho)(Ho + 1)) (2, 2,w) + ((Ho + 1)"E(Ho) (Ho + 1)")(y,y,w))

is monotone increasing in w and, using (4.24)) and (4.25)), we have
Xy, * (W)X = X1y, + 1 (W)X + O(h~145(h)T?),
where
a1 (w) := ((Ho + 1)*E(H1) (Ho + 1)) (z,y,0)
+5((Ho + 1)*E(H1) (Ho + 1)) (, 2, w) + (Ho + 1)"E(H1) (Ho + 1)) (y, 9, w))-
Therefore, by exactly the same argument we used to obtain (4.28]), but using (4.7)) instead of (4.5]),

we have
(Ho + 1)*E(Ho)(Ho + 1) (z,y,w) = (Ho + 1)"E(H:1)(Ho + 1)'(z,y,w) + O(h~T(R)(h) + h>).
Finally, the fact that for U € V and s € R we have

ol 7220y < Csll(Ho + 1)*0l| 2wy + Ow,s (B [0l -

completes the proof. O

5. PSEUDODIFFERENTIAL CALCULUS IN ANISOTROPIC SYMBOL CLASSES

We first recall the standard notation for semiclassical pseudodifferential operators on R? in
the Weyl calculus. Throughout this article, we will work with the calculus of polyhomogeneous
symbols, although we will need a slight modification.

Definition 5.1. We say that a € C®(R??) is a symbol of order m and write a € S™(R??) if
a = a(z,&h) = a(z,€) € C°(R?) for all o, B € N? (where we write N = {0,1,...}) there is
Cop > 0 such that

sup 0997 a(x,&; )| < Cap(€)™ VA, (5.1)
0<h<1



38 J. GALKOWSKI, L. PARNOVSKI, AND R. SHTERENBERG

Below, we often implicitly allow symbols to depend on A, suppressing A in the notation. We write
S7° =, 5™ and S* =J,, S™.

We will need a small variation on the set of polyhomogeneous symbols. To this end, we let
fin = pin () = fin(n)

as in Section [2.6| with n(h) satisfying (2.3]).
Definition 5.2. For 0 < § < 1, we define the (semiclassically) polyhomogeneous symbols, nglg,é

m

he,s if there are {aj};?‘;o, aj € M#Sm, independent of A, but depending

as follows. We say a €

on p, such that
N-1

a— Z Wa; € iV uNosm. (5.2)
§=0
Here, we write a € f(h, p1,)S™ if (5.1)) holds with C,p replaced by f(h, tin)Cags-

Remark 5.3. We recall that, as discussed in Section [2.6] it is crucial that u,, is locally constant
as a function & so that we may glue asymptotics together across intervals. Choosing p, = h™*
would not suffice and, although many statements below hold for s, replaced by any u < Ch™!,
we choose to keep the n in the notation to emphasize the importance of this local constancy.

Remark 5.4. One can, of course, replace i % by ,u,]y =1 on the right-hand side of (5.2)), but,

since these estimates usually occur when the remainder consists of a function whose failure to
have one-step polyhomogeneity comes only from the large parameter, u,, we choose to keep the
notation as is to help the reader.

Remark 5.5. The reason that we cannot simply take 6 = 0 is that, in the onion peeling procedure,

we are only able to take finitely many (i.e. a number independent of i) steps. On the other hand,

if we took § = 0, then to gauge transform away a potential periodic at some scale ~ i~ for

some N, we would need |log &| steps. Therefore, we take 6 > 0 and, for most purposes, the reader

may think of § = %. For instance, if the reader is only interested in on-diagonal asymptotics of
1

the spectral function, it suffices to take § = ;. It is only at the very end of the proof, when

0 < |z —y| = o(1), where we will take ¢ arbitrarily small, see Remark

Definition 5.6. We define the set of pseudodifferential operators of order m, W{*, by saying that
A € WS if there is a € S;’flg s such that for all N € R

1 ilr— T+
sy LOPr (@)u] (z:h) = / e (T2 6 ) uly)dyds.

A = Opy (a)+0(h™) (@nh)d —

Here the superscript W stands for Weyl.

Remark 5.7. Since we use the Weyl quantisation, Opvf}/(a) with a € Sghg,5 is self-adjoint on
L*(R?) if a is real valued.

Definition 5.8. We write a € S5 and say a is momentum compactly supported if a € Sghg 5
and there is an A-independent, compact set K C R? such that for all & € (0, 1]

suppa C R? x K.
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We write U™ for the corresponding class of operators; here, mcomp stands for momentum
compact.

Definition 5.9. We say that a distribution, w, is hA-tempered if there is N > 0 and C' > 0 such
that for all & € (0, 1], we have

_~ < CrN.
lullyx < Ch

Definition 5.10. For an A-tempered distribution, u, we define the wavefront set of u, WFy(u),
as follows. For (z9,&) € R?¢, we say that (zq,&) ¢ WFp(u) if there is a € C°(R??) independent
of f such that a(xg,&p) =1 and for all N and & € (0, 1]

OBl (@)ull gy < CxhY.

Definition 5.11. We say that u is h-compactly microlocalized if there is P € C2°(R??) independent
of i and for all N there is C'y > 0 such that

10y (1 = P)ull gy < CnA™.

5.1. Anisotropic Pseudodifferential operators. In this subsection, we study a class of pseu-
dodifferential operators which improve after differentiation in z. These classes will be required in
the onion peeling process (see Section @

Definition 5.12. Let r : [1,00) — (0,1] be non-increasing. We write a € S if a € Sfj, 5 with
a~ Zj hjaj, and for all o, § € N9, there is Capj > 0 such that

10307 05, & in)| < Copid’r () ()™~

We write U7 for the corresponding class of operators, with - 5 YR S:,fl 50 oMP “and \If;go, WS \Pfgomp
as above. Note that gﬁg,é = {’?5.

Remark 5.13. Although we make the assumption that a; j = 0,1,... are infinitely smooth, it
is clear from standard results in the pseudodifferential calculus (see e.g. [Zwol2, Theorem 4.23])
that, if one is only interested in the pseudodifferential calculus modulo remainders of size h'V for
some N, then there is a K > 0 such that bounds on the C¥ norm of the a;’s are enough for
proving the results of this paper.

Remark 5.14. In reality, we will need only the values of r at the discrete points u, and we will
be interested only in r(u) = p~7 for some v > 0. However, for notational convenience we use a
function r. Below, when we write the letter r, we will mean the function (g, p))-

We will often use the following analogue of Borel summation for our symbols, the proof of
which follows the standard one (see e.g. [Zwol2, Theorem 4.5]).

Lemma 5.15. Let0 < § < 1, K C R™ compact and {gj}Jo-’;O € S5O such that supp gj C R™x K.
Then there is g € S)’s° such that
g~> Wiy
J
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in the sense that
g- i: W dlg; € N ° Sy
and, moreover, suppg C R"™ x IC.
Definition 5.16. For r > 0, we define unitary operators U, : L?> — L? by
Uru(z) == r%u(rm).
Their adjoints are given by U* : L? — L? with
Uiu(z) = r_%u(r_la:).
Note also that U,Us = U,.;.
Lemma 5.17. Let 0 < < 1, and a € Sys- Then
U; Opy (a)Ur = Op}(ar),

where a, € S} phe,o U5 defined by

ar(z, & 1) == a(r—'a, & h). (5.3)
Proof.
-4 r lp— rlz
(U7 Opy (@)Upu)(z) = 17> h . PNt €)[Urul (y) dydg
r—lz
- / (i T (P ()
1 —w rh 7"71 T+w
= @rrh) / ! 8 M g ("G €)u(w)dwde
= [OpY (@ )u] ().
The fact that a, € S{)’}I& 5 follows easily from the definition of S). O

Remark 5.18. Notice that the proof of Lemmal5.17]shows that the pseudodifferential calculus can
be used in the classes S™%. In particular, if a € S} and b € S/"?, then Op} (a) Opy (b) = OpY (e)

for some e € S;”(;ﬁm?

Our next lemma will allow us to understand conjugation of pseuodifferential operators by e’
for G = Op‘g/(g) and g € S, 5. Denote
ady B :=[A, B|.

Lemma 5.19. Let 0 < 6 < 1, Ng > 0, m € R, and suppose that h™No < r(u,) < 1. Suppose that
a € nglg(g, g€ T_lﬂgS;ngomp is real valued, and b € S5 are such that for all N

[Op1 (9), 0Py (a)] = 1O} (b) + O(1) v,y (5-4)
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Then, with G := OpY (g), ,
3 adg, Opyy (a)

e—iG Oplg/(a)eic ~ ijj'

j=0
This asymptotic formula holds in the sense that for all N > 0 and ¢ € R, there is Ly € R such
that for L > Ly we have
L
He—iG OpY (a)ei® — Z
§=0

In addition, for all £, e'C : Hg — Hf; 1 bounded.

s < Cy Y.
H ‘—H}f

adl, OpYY (a) H
1

Remark 5.20. Although in this paper we only use Lemma when a € )%, in which case the
proof can be reduced to the standard one by conjugating with U,, we expect the statement above
to be useful in other contexts and therefore choose to make a more general formulation.

Remark 5.21. Notice that since g is momentum compact, the left hand side of (5.4) maps H; N
to H év for any N and hence it is natural to assume that b can be taken independent of V.

Proof. We first show that for any ¢ € R and t € [—1, 1], there is Cy > 0 such that
itG
1€l e < (5.5)
To see this, observe that using Lemma [5.17] we have
U*tG . — oitUrGUr _ it opY (3)
T T -

for some g € SpS™. In particular, this implies Uye"“U, = Op}},(b) for some b € S5 5 and
hence that

U Ul e _ypye, < C. (5.6)
Now, since

[(fr82) Uyl 2 = |Up(hrde)* Uy ul| 2 = || (h0)*ul| 2,
we have
Uz ull e, = llull g

and hence follows from .

By Taylor’s formula, for N > 1

e~"“ Op)y (a)e'®

N-1 1 1 N-1
_ ad¢; Opy, (a) (1-3) —isG AN IV N isG
= kzzo B /0 NN —i© e Opn (a)e™ds
N-1 W 14,68 N-1
_ ad¢; Opy, (a) hpip, (1 — ) —isG N-1 W 7y isG
D /0 v o ¢ Uradogy g Opin (DU e ds

+ O(hoo)Hh_NeHé\”

where the last equality follows from Lemma with § and b given by (5.3).
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Now, since § € r~ 1l SUOMP and b € ™MD

phg,d phg,d
adog‘é(g) Op‘g{r (I;) c h(N—l)'qu(N—l)\I};ncomp

Using Lemma [5.17] again,
Ey = Uradyy o Oph (DU € BN V=t gmeome,

hr\g )

and hence

—zG OpW( ) iG

adk Oph Yhpd (1 - )N e e o0 (5.7)

= Z — /0 TINN - e " Ene"ds + O(h )HE_N_)H;LV.

Now, using (/5.5) We obtain that for NV > 1 and any ¢ € R we have
N-1 1k W
—iG W (NG ad¢; Opy, (a) N, N§

k=0
t

Remark 5.22. In principle, one could work directly on the conjugated side, writing asymptotic
formulae for Ue™"“ Opy (a)e’“U, instead of those in Lemma by using Lemma but we
have chosen not to do this.

We will also need the next lemma which controls how the operator e’ 0P} (9) moves singularities.

Lemma 5.23. Let 0 < 6 < 1, and Ny > 0, ¢ > 0. Suppose that BN < r = r(u,) < 1 and
g e r*1u25?§°mp is real valued. Then for all a,b € S° with dist(supp a,suppb) > ¢ > 0, we have

Opl, (B) U7 ¢ P 90U, Oply (@) = O(K) ;e e -
Proof. Observe that
Pl (b)Uy €' % U, Ol (a) = U, OPly (b)Uy €' P U, Oply (a) U7 Uy
= U; Op ()¢ O @ oplY (@)U,
= Ut O (9) =i 0Pl (9) OplY (e OP1 9 OpY (&)U,
where @ and b are as in . The lemma now follows from Lemma U

Later, we will need an oscillatory integral formula for et OP (9 This is given in our next
lemma.

Lemma 5.24. Suppose that Ny > 0, iNo <r <1, S>0g € ngomp. Then for (zq,&) € R,
there is a neighbourhood U of (xo,&) and ¢ € C>®(]—S,5] x U) and b € C*>(]-S, S};S;?f;?p)
such that for any u with WFy,(u) C U, we have

1 i
3 [ e P I )y + O) vy (5:9)

U erﬁtOph (g)U U( ) 7(2 Th)
u
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Moreover,
Bup(x.m) = g(r~'a, up(z,m)),  @(0,2,m) = (x,7),
and
b(t,z,n) = (det 3m;<,0)1/2 + O(hr)cse.
Proof. The lemma is a direct consequence of Lemma and [Zwol2, Theorem 10.4]. O

Finally, we record the following lemma on changing scales.

Lemma 5.25. Let Ng > 0 and 71,72 : [1,00) — (0,1] be non-increasing functions with h’\o <
1 () < r2(pinm)) < 1. Suppose that u is hra-compactly microlocalized. Then

W, (UrUru) € () | {lmry'2,8) | (2,6) € WEpy, (u)}
0<hp<10<h<hg

and Uy Ur,u is hry-compactly microlocalized.
Proof. First, observe that

K= () U {29 | (2,6) € WFpy,(u)}

0<ho<10<h<hg

is closed. Therefore, if (x,&y) ¢ K, there is a neighbourhood, U, of (z¢,&p) such that UNK = 0.
Suppose that a € C°(U), a(zo, &) = 1. Then

i} 1 R . _
[ODhy, (@)U, Uryu = WT‘%TI ’ /6’"‘”< (T €)u(ryry 'y dyde
1 4 =4 L (rorly—w riry HrerT tz4w
= @rhra) )dr227“12 /eﬁr2< 2" ’E>a(—1 2 (221 + ),f)u(w)dwdg
TNnro

= U7, 1 [0p}, (@)l

where a = &m,;l € S is defined as in (5.3). Moreover, by construction, suppa N WF}, (u) = 0,
and, since u is hro-compactly microlocalized,

[0}y, (@)u] = O(h™) .

The compact microlocalization of U Uy,u follows from the fact that K is compact, there is
P € C°(R?%) such that u = Op%2 (P)u + O(hoo)Hg, and that if d(supp a,suppP) > 0, then

[Opy,, (a)]U; Uy, Op, (P) = U*

r17’2_1
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6. THE GAUGE TRANSFORM FOR USB POTENTIALS

Let qo € S'(R?) be real valued and satisfy

suppqo C {a < [¢] < b}, (6.1)

for some 0 < a < b. In Section [7.2] we will show that, for the purposes of computing the spectral
function at some energy w € (a,b), we may assume that (6.1)) holds. We consider the operator

H(Qq) := —h*A + hOp} (qo)- (6.2)

The goal for this section is, given N > 0, to perform a Gauge transform with a unitary operator
U such that UH(Qo)U = H(Q1) + O(h™)g-~ with

H(Qi) = ~h*A+ hOpy (a1),
where q; € S! is real valued and
supp a1 (6, ) N {|0] > 1,V } = 0.
(Recall the definition of p, from (2.2) and (2.3)).)

Remark 6.1. For the gauge transform we do not need to assume that qq is periodic. What is
important is that if qg is periodic, then so is q; and q; has the same period as qg. Thus, when
we apply this gauge transform to a qg with period < p¥ we will have that

supp QI((gag) C {0 = 0}7

so Q; is a Fourier. We will use this fact to obtain a formula for the spectral function of H(Qy).

We will use an ‘onion peeling’ strategy to perform the Gauge transform. In particular, we will
remove the frequencies of qg in layers starting from those with frequency larger than 1 and then
removing successive layers. These layers will be evenly spaced in a logarithmic with the factor

%, i.e. of the form u;(kﬂ)é <10 < p* k=0,1,..., N6

6.1. Two useful lemmas. We will need the following two lemmas to perform the gauge trans-
form. These lemmas allow us to find a symbol g that solves the equation [~h?A,Opy (9)] =
Op‘g/(q) under certain assumptions on the support of the Fourier transform of q.

The next lemma is, in fact, about functions of the single variable with £ playing the role of a
parameter.

Lemma 6.2. There is C > 0 such that for all 1 > 0 and q € S° with suppq C {|0| > ¢}, setting

X
ow.8) = [ als€)ds,
0
we have
10207 g(, )|l e < Ce7H0207a(-, )|l . BEN,  suppg C suppqU{f =0}.
3 £
Moreover, if q is L-periodic in x, then so is g.

Remark 6.3. To see that g is periodic when q is, we use crucially that {# = 0} ¢ suppq.
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Proof. Let q(z,€) € S* with suppq C {|0] > ¢}. Let f € C°(—1,1) with f =1 on [—3, 3], f real
valued, and define

I(@) = 1p ) (@ / £(s

Observe that for x > 0,

[1(@)] = |1p.00) (@) -

f(s)ds| < Cy /OO(8>_Nds < On{z) N+

Next, for z < 0,

_ /_Oo .]E(S)ds‘ <Cn /_;<5>_ng < CN<x>—N+1.

Combining these two estimates, we obtain I € L!.

Let I,(z) := I(wz) and

9(x, &) == [L() * a(+ §)](x).
We compute
0:g(w,€) = [(%o() — of (1)) ¥ a(-, E)](x) = a(z,€),

since suppq N {|0| < ¢} = 0 (here &y is the Dirac delta function).

Since I € L', we have

17, + 020 all e < Cu™t 020 | o (6.3)

Now observe that g(z,£) = g(x,&) — §(0,€). Then (6.3) implies the derivative estimates on
g. In addition, since g(o ¢) does not depend on x, we have supp §(0,£) C {# = 0} and hence

supp g(+, &) C supp g( &) U {0 = 0}, which completes the proof.
The statement about periodicity of g is obvious.
Remark 6.4. The reader may wonder why we choose to prove the lemma via ¢ as opposed to

simply putting §(0,§) = %Q(G,f). To us it seems simpler to check L bounds on the physical
than on the Fourier side.

0

Lemma has the following immediate consequence.

Lemma 6.5. Let 0 <0 <1, 0< a <b. Thereis C > 0 such that forr > 0 and q(x,§) € g}lfg?mp

real valued with
suppq(0,§) C {a < [§] <b, |0] > r},
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there is g € Sg;:g’?p real valued with

supp g N {0 < 0] <r} =0,
10€039(-. )l < Cr 020/ a(-,€) =, @ BEN, (6.4)
and
i[Op} (9). —h*A] = hOpy (a).
In particular, implies that for any r = r1(us) > 0, if q € Sfllfgmp, then g € r— 18P,

71,0
Moreover, if q is L-periodic in x, then so is g.

Proof. By Lemma there is a real valued g € S;??p such that supp g C supp q and

~260,9(0.8) = a(2,€), 0200 9(~ &)l < Cr 202 al-, €)1
In particular,
1 x
= —— s,&)ds. 6.5
9="% |, q(s, §) (6.5)

Direct computations show that
i[Opy (9), —h*A] = —2h0py (£829) = hOPY (a),

that if q € SS 5> then g € rilsfllcgmp, and that if q is L-periodic in z, then so is g. O

1,

Remark 6.6. Observe that (6.5)) is essentially the same as (1.13]), but (1.13) is not very convenient
for obtaining L™ type estimates.

6.2. The onion peeling argument. The gauge transform will proceed by a layer peeling type
argument. That is, we remove successive layers of the Fourier transform of the perturbation.
Fach layer will be removed by a parallel gauge transform. We start, in Lemma by removing
frequencies larger than 1. Then, in Lemma we show that it is possible to remove lower
frequencies in layers of the form ;%7 (u,) < 0] < 7(ps) for any N > 0 and 7(u,) > h". These
lemmas are combined in Proposition to complete our onion peeling argument. For a more
detailed heuristic description of this procedure, we refer the reader to Section We start by
using a parallel gauge transform to remove frequencies larger than 1.

Lemma 6.7. Let 0 < a < b and suppose that H(Qq) satisfies (6.2)). Then there is G = Op‘,(:/(g) €
0" such that

e H(Qo)e'” = —h*A+ hOD} (q1) + O(h) vy,
with real-valued q1 € SII)h&0 satisfying

supp qi1(0,&) N {|0] > 1} = 0, suppq; C {a < [{] < b} (6.6)

In addition, q € Séhg,O and g € Sy depend continuously on q € S1in the corresponding
topologies and if q is L-periodic in x, then so are q1 and g.
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Remark 6.8. As it was discussed at the beginning of Section 1.1.3, if we impose stricter conditions
on the potential, for example, ) being the sum of a smooth periodic potential and a potential from
the Schwartz class, technicalities simplify. In particular, following the proof of the lemma above
or the construction from [PSI6, Section 6], one can show that the statement of Lemma holds
for |0] > 0, and thus, further onion peeling (see Lemma is not needed. This also leads to the
significant simplification of the concluding arguments about actual asymptotics from Section [0]
(see Remark [7.8).

Proof. Let © € C°((—1,1);[0,1]) with © = 1 in a neighbourhood of [~1/2,1/2], with © real
valued and let

q’H($a£) = qO,'H('Iag)a q0,4 ‘= (1 - Q(DI))qO(aE)
Observe that, since

107 0(Dz)ao(- e < Callao(:,€)llze-,

mcomp
we have qy € Sph&0 .

By Lemma there is gg € Sg;f;glp real valued with supp go C supp qx,
1020 goll Loe < C|02 0 appe | Lov

and such that
i[Opy (g0), —h*A] = hOpy (aqx).
Now, by Lemma [5.19

e 0P 0 H(Qq) el 0P (90) = —h2A + B(OP} (g — OPY (an)) + h? OB} (co) + O™y _,

with eg € S mcomp real valued. Now we proceed by induction. Suppose we have found gg, g1,...gn €
Sg;lcg%np such that, for Gy = Z;'V:o W g;, we have

e_iOp‘%V(GN)H(QO)ei Oy (GN) — _p2A + hOp‘,/iV(qLN) + B2 Op%f(eN) + O(hoo)H;N_)Hé\r

mcomp

where q; v € S} phg0r EN € Sppoq - are real valued with supp g1y N {16 > 1} =0, suppqin C
{a <€l <0}
Then, put ey = (1 — O(D,))en so that
[C]—
|07 0%ennl < Csd_ ll0g0% el
j=0

mcomp

and let gn41 € Sphg o be real valued with supp gn4+1 C supp €y, such that

10507 gn 11l < C1050¢ el oo

and
i[OPy (gn-+1), —h*A] = ROPY (en ).
Then, putting Gy41 := Gy + BV gy, we have by Lemma

e—iOp‘%V(GN+1 (QD) zOpﬁ (GN+1) — _h2A+hOp‘%V(q1,N+l) +hN+3 Op?/(eNH) +O(hOO)Hﬁ_N—>HéV
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with ey41 € Sgﬁgg, qi,N+1 € Séhg,O real valued, supp @i y+1 N {|0] > 1} =0, and suppqi ny+1 C
{a < ¢l < b}
In particular, putting g ~ E]O‘io I gj (see Lemma ) completes the proof of the lemma. [

Next, we show how to peel off layers of the form pu * < |8] < pn (*=1% from the Fourier

transform of the pseudodifferential potential.
Lemma 6.9 (layer peeling lemma). Let 0 < a <b, Ng>0,0< 6 < 1, and b0 <r =r(u,) < 1.
Suppose that for any N > 0,
N 2 \i%4
H:=-r"A+1O0p; (q) + O(hOO)H{NHHéV

for some real valued q € Slcl)hg,5 satisfying

suppqN{|f] = r} =0,  suppq C {a <[] < b} (6.7)
Then there is a real valued g € r=pd SISO supported in {a < [£| < b} such that for any N

T
¢ "He'" = —*A+ hOp) (a1) + O(h) v _pyn, G :=0pj (9)

for some q € Spl)hg,ts satisfying

supp a1 N {|6] > rp,°} =0, suppq; C {a < [{] < b} (6.8)

In addition, qi1, g depend continuously on q and, if q is L-periodic, then so are q1 and g.

Proof. The proof is similar to that of Lemma except that we must keep more careful track of
derivatives of the various g¢’s.

We first let © € C°((—1,1);[0,1]) with © = 1 in a neighbourhood of [-~1/2,1/2] and © real
valued.

Now we find go € r~1pd SIS qu € Srl)hgﬁ, and eg € S5 """ real valued such that, supp go C
{a < ¢ <0}, suppaio N {|0] > rp1,°} = 0, suppaip C {a < [¢] < b}, and

e~ 0PI (90)He? OP (G0) = _R2A 1 R OPY (qu0) + 24l OPY (eo) + O(h*) ypn v (6.9)

Put qy := [(1 — O(r~'udD,))q](x,€) so that qy is real valued and
18l

1005 an(- e < Capy . sup  [0200al-, €)1 < Coprl®.
j=0 l€l€suppE—1

In particular, q € S.5"°. We then use Lemma to find go € r~1pd SS°™P supported in
{a < [¢] < b}, real valued, satisfying

Hagagg()HLoo S Cr_llu,zuagagq}l”[/oo < Caﬁr_l—’—‘al,ui

and
i[Opy (g0), —h*A] = hOPY, (ax).
Thus, by Lemma [5.19

e—iOp%V(QO)HeiOp%V(GO) — —h2A + hoplg/(q - q?—t) + hQ,U/g Opig/(eo) + O(hOO)H{N—}HéV’
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with eg € Shs°™P. Since supp(q — azx) N {(6,€) : 0] > ru,,°} = 0, we may put qi,0 = q — gy to

obtain .7
mcomp

We again proceed by induction. Let N > 0 and suppose we have found gg, ..., gy € 7~} uflSr 5
real valued, supported in {a < || < b} such that with G = Zé'v:o R g;, we have

e~iOM NFEE A (G3) — A 4 hOpl (a1 ) + IO OplY (o) + O() v _ v
where q; v € Séhgﬁ, eN € S:lécomp are real valued, suppdi y N {(6,€) : |0] > rp°} = 0, and

suppqi,n C {a <[] < b}
Then, put ey = [(1—O(r 1 udD,))en(-,€)](2) so that by 4 is real valued and
[E A
10705 enull < Cap 0200 enlze < Caprl®!
7=0

. mcomp
In particular, ey € S,

Now, by Lemma there is gy11 € r~1ud SI5°™P real valued with supp gn41 C supp by U
{6 = 0} such that

10207 gns1ll e < Car™ 1050 enpll o < Copr™ 1o

and such that
i[OPY (gn41), —h*A] = hOPy (en )
Then, by Lemma with Gyy1 =GN + hN“'l,uZ(NH)gNH, we have

e 1OP (GN11) et OPY (G 1)

= —h*A+ ROPY (i) + VDD Opf

n

+ AV SN2 OplY (e 1) + O(h™)

EN — ENH)
Hy N —HY>

h ~ mcomp . o~ . 51 _
where éy € S 5. Since supp(en — enn) N {(0,€) : |0] > rp,°} = 0, we may define

aine = qin + VN ey — ey )

in order to have the required properties for qi ny41.

We can now put g ~ > j g /ﬂfsgj (see Lemma | to finish the proof of the lemma.
O

Remark 6.10. The proofs of Lemmas and may look as though they require performing
infinitely many parallel gauge transform steps; something that experts in the gauge transform
could be concerned about. However, the proofs actually rely on being able to make a finite but
arbitrarily large number of such steps. Morally, we do not make the sets on left hand sides
of , , and empty, instead making the corresponding part of ¢ smaller than A" for
some arbitrarily large N. We then apply the Borel summation lemma (Lemma . Recall also
that n = n(h) and satisfies and hence, since the remainders are controlled in h, they are
controlled in n.
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The final proposition of this section shows that, using a serial gauge transform, one can remove
frequencies which are larger than any fixed power of i from the potential.

Proposition 6.11. Suppose that

H(Qq) = —h*A + hOp} (qo)
for some qq € Spl)hg,O real valued. Let O <a< b such that suppqo C {a < [§] < b}. 0 <
0<1, M>0. Putry =1, r; = ,uﬁéj, j = 0,1,.... Then there are g1 € Shon?

phe.0 and
gj € r]»_lquSgcg’mp, j=0,1,..., M real valued such that such that for all N,

Ui . USU* T H(Qo)U_1Uy ... Upyy = —R2A + hOpY (q1) + O(h*) oy gy
Uj = eiop%v(gj)’
and

suppi N {|0] > p, M} =0,  suppaqi C {a < [¢] < b}
Moreover, g; and qi depend continuously on qo and, if qo s LZ-periodic, then so are q1 and g;.

Remark 6.12. In order to remove all of the frequencies of qg larger than pu,, N we take M =
[N6—17.

Remark 6.13. We prove Proposition [6.11] using a serial sequence of parallel gauge transforms
(see Remark . Indeed, notice that the proof of Lemma involves a parallel gauge transform
which we apply a large, independent of & number of times.

Proof. By Lemma there is g_1 € Sgllfgognp such that

H(Qp)) == U* H(Qo)U_1 = —h*A + hop‘g/(Q[u) + O(hOO)H{NQHg

with qp € Sl

phg,0 real valued and satisfying

suppqp)(0,§) N{|0] > 1} =0,  suppqp) C {a < [§] < b}
Setting q to qqi} in Lemma we find gg € u,‘ngﬁg?p such that
Hpy) = UH(Qu)Ur = ~R*A + 1iOpy (ap) + (™) v _,
with qp) € Séh& s real valued and satisfying

supp dpy (0,€) N {[0] > r1 = 1,°} =0,  suppqp) C {a < [¢] < b}.
Iterating this process M times completes the proof of the proposition. ([l

7. COMPUTING THE LOCAL DENSITY OF STATES

Before we apply the gauge transform procedure from the previous section, it will be crucial to
replace H(Qo) by a periodic operator. Let N € R. We aim to compute the local density of states
modulo errors of size O(hY) (or, equivalently, O(u,V)).

As stated in Section we fix a discrete sequence {p, = 2"}9° ; and work with
he 270,201
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In order to compute the local density of states, we start by replacing H(Qq) by a periodic operator,
H(PQq) with period at scale uYY. The local densities of states for the two operators are close
by Proposition We then study the local density of states for H(YQg) by applying the gauge
transform from Proposition [6.11} This will result in an operator which acts as a Fourier multiplier
for semiclassical energies w € [a,b]. As we will see in Corollary computing the local density of
states for such operators is relatively straightforward. Finally, in order to complete the proof of
the main theorem, we will need to understand how the unitary operator found in Proposition [6.11
acts on delta functions. In some sense, this corresponds to ‘unpeeling’ (or rebuilding) the onion
peeled by the gauge transform.

7.1. Periodising the perturbation. We now periodise the perturbation in a way that will have
a negligible effect on the local density of states. Let X € C2°((—3,3);[0,1]) with X =1 on [—1, 1],
and put X,,(z) := X(u,,;Vz). Suppose that

Qo := VY (@)hiD, + hiD, V' (z) + V'(z) € Diff’.

Then, put

Vi) =Y Xn(z — kpp )V (z — kpl)),  j=0,1
kEZ

so that Vi (z) = V7 on |z| < 21, and
00V ()| < Car  zER
Define
Qo := V! (2)hD, + hD,V}(z) + V.

Here, we use the notation ' to remind the reader that Qg is the periodised version of Qg (see
also Example [1.31] part (3)).

We claim that for w € [a —&,b +¢] and A € [—¢,¢], H(PQq) satisfies

IE(H("Qo))(,y,w) — E(H("Qo)) (z, y,w + A)| < Cp M (i 1A). (7.1)
Once we prove , Proposition applied with T' = % plY will show that
[E(H(Q0))(z,y,w) — EH("Q0))(z,y,w)| < O™, w € [a,b]. (7.2)

It therefore remains only to compute E(H(YQg))(z,y,w) and prove (7.1)).

7.2. Analysis of E(H(YQp)): reduction to a Fourier multiplier. We first fix §' € (0, 1] and
work either on diagonal or assume |z — y| > ch'=%". Then, let a,b,d € R such that 0 < a < b,
0 < 0 < min(3, %/) The goal of this section is to show that (7.1]) holds with constants depending

on all the parameters introduced above but uniformly over & € (0, 1] and to compute an asymptotic
formula for E(H(FQy)).

Remark 7.1. Observe that it is only necessary to work with 6 < 1 in order to obtain asymptotics
very close to, but not on, the diagonal. Indeed, the requirement § < %, is the only reason we

cannot simply fix § from the outset. Consequently, the reader only interested in on-diagonal
asymptotics may work with § = % for example. (See also Remark )
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We now reduce to the case where ©Qq is supported in a < |€] < b. We use Lemma to
prove the following lemma. Since we expect this lemma to be useful in future work, we prove it
in arbitrary dimension.

Lemma 7.2. Let 0 < a < b. Suppose that qi,qs € SY(T*RY) are real valued and for all a < |£]| <
b, x € R? we have

ql(x7£) = qQ(ng)
Put Q; := Opy (q;) : H} (RY) — L2(R%). For all N > 0 and ¢ > 0 there are C > 0, L > 0 such
that if for all x € # and all w € [a,b] we have

> IEH(Q); [w? — hE,w? + BF))0%6, |12 < CT'RY,
la|<N

then for all w € (a+¢€,b—¢) we have

[BoE@)C- ) -BE@QC @), L, <O (73)

Proof. We will apply Lemma [3.3| with J = ((a + ¢)2, (b — €)?) and
H1 = H(Ql), H2 = H(QQ)
Then, let x € C°(a?,b%) with x =1 on ((a +¢)?, (b — €)?) so that
(Hi1 — Ho)E(Ha; J) = (H1 — Ho)x(H2)E(Ha; J) = O(h™)g—o.
Similarly,
E(Hy; J)(Hy — H) = E(Hy; J)x(H1)(Hy — Hz) = O(h%)g-.
In particular, the hypotheses of Lemma hold with €1 = g9 = 3 = O(h™) for any s € R.

In order to apply Lemma [3.3] we estimate
IE(H(Q2))(w) 5 de 2
To do this, observe that for any s € R
IE(H(Q2))(w)(H(Q2) +1)°[| 212 < C(w? +1)°

and the principal symbol o(H(Qz)+1) = [£|?+1 is non-vanishing. In particular, (H(Qz)+1)"% €
U258 exists. Therefore,

IE(H(Q2))(w)8; 0| 2 < [EH(Q2))(w)(H(Q2) + 1)°|| 2 2| (H(Q2) + 1) 770, 0| 2

ol (7.4)
< Clw+ 11030l 20 < Clw +1)°h lal—3
for any s > 4 4 |a|. Thus, by Lemma
E(H(Q1))(w; z,y) = E(H(Q2))(w; 2, y) + O(h>) . (7.5)
Remark 7.3. Above, we apply the statement in Lemma for each & to obtain ([7.5)).
O

Lemma [7.2 has the following useful corollary.
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Corollary 7.4. Suppose that q € S*(T*R?) is real valued and for all a < |£] < b, x € R? we have

q(z,€) = q(&)-
Put Q := Opy (q) : HY(RY) — L2R?). Then, for all K ¢ R? x R? compact, N > 0 and ¢ > 0
there is Cy > 0 such that for allw € (a +€,b — ¢) we have
1 ,
E(H - “a=y8)/hg < CyhY 7.6
[Bar@E o) ~ g | €] e, < EAY, (76)
where

Gr(w) = {€] €] + nq(¢) < w?}.

Remark 7.5. The fact that the right-hand size of is non-zero, albeit small, is due to our
use of the Weyl quantisation rather than the left quantisation. See e.g. [PS16], (7.17)] and [PS12,
(6.12)] for the equality in the left quantisation. For the on the diagonal case, similar lemmas also
appear in [Shu79).

By Lemma for a < w < b, we have
EH("Qo))(w; z,y) = EH("Q))(w; 2,y) + O(h®) ¢,

where

Pao(z, &) = x(1€) a0 (=, €),
with x € C°(R4) and x =1 on [a,b].
By Proposition with M = [N§~1], there is a unitary operator, U = U,, and q; € S real
valued such that
H; = U'H('Qo)U = ~1?A + hOpy (a1) + O(F) g,
where q; € S! is uY-periodic and
supp a1 N {[0] > p, "V} = 0. (7.7)

Now, since q is ulY-periodic,

suppar N {10 < p,, M} € {6 =0}.
In particular,
@(§) = ai(@,€) € Sppas (7.8)
is independent of x.
Put

H(Q)) := —1?A+h0pY(qu), H,:=UH(Q)U".
Then, Lemma [3.1] implies

0208 (E(HL) (z, v, w) — E(H("Qo))(, y,w)) = O(K®). (7.9)
Remark 7.6. Note that we apply Lemma to the derivatives of the delta function and use the
fact that for ® € CZ°,

1P(H(Q))O2] 2 < CalTlo=2.
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We now focus on computing
(0202 E(H, ) (20, yo, w) = (9202 E(UH(Q1)U*)(z0, yo, )
= (UE(H(Q))(@)U* (=) 840, (—0:)"b1)-

This will be a priori simpler than computing E(H(Qq)) since Qi is a Fourier multiplier and
hence we have an exact formular for E(H(Qq)).

Remark 7.7. We have replaced (x,y) in the statement of our theorems by (x¢,yp) to avoid
notational clashes in the next section.

7.3. Asymptotics of the spectral function: ‘unpeeling’ the onion. Before we can under-
stand the asymptotics of the spectral function, we need a lemma which gives the kernel of the
spectral projector for H(Qz2).

Remark 7.8. In the case when the potential is the sum of a smooth periodic function and a
function from the Schwartz class, the onion peeling is not needed (see Remark. In particular,
the gauge transform is made by a single operator U = 9Pt (9-1) with g_; € Sg;f;glp which allows
us to proceed immediately to the conclusion of Lemma [7.11 below, and thus to cofnplete the proof
of the main result. In the general setting though, one has to deal with U described by
and additional technical arguments due to onion peeling and specifics of the corresponding classes
§ ..—1 gmcomp S —jé
BT Srjﬁ T =
Now that we have computed the kernel of E(H(Q1)), we need to handle the action of U and
U* on E(H(Q)). To do this, we first describe how E(H(Q1)) moves wavefront sets.

Lemma 7.9. Let b > 0 C > 0 and h® < r < 1. Then for all x € C*(R), and all h-tempered u
we have

WER (U:E(H(Qu)) (W)U xu) € {(2,€) | § € me(WFnr(u)), [§] < w}, (7.10)
where T¢(x,€) = & is the natural projection. Moreover, for = € C°(R) with = =1 on [—-b,b], and
all w € (—=b,b) we have

U,E(H(Q)) (@)U, Opj,(1 - E(£)) = 0.
Proof. First, recall that U, E(H(Q1))(w)U,; is given by

U, EH(Qu)) (W)U (z,y) = 1 /G( )6};‘7‘(1:_y)§d€‘

2mhr
Let 2 € C2° with E=1 on [—b, b], then

* — 1 2 (z—z z— —
U B(H(Qu))U; OB (1~ 2(€) = oo [ [ ert ety - 5(lyl))dgdzdn = .
mhr Gr(w)

Therefore, we may replace xu by Opy.(Z(£))xu in (7.10) and hence assume u is compactly mi-
crolocalized.

Suppose that § ¢ me(WFp.(u)). Then, since u is compactly microlocalized, there is P e
C2°(R?) such that

(1= P)u=0(h) .
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In particular, WEp-(u) = WFy, (If”u) is compact and there is U, a neighbourhood of &y, such that
U N me(WFp,(u)) = 0. Thus, there is b € C2°(R?) such that

Oplf. (1 — bu = O(h™)

and ¢ (suppb) N U = 0.
Let zp € R and suppose a € C°(R?) with a(xo, &) = 1 and m¢ suppa C U. Then

Oph () U E(H(Qu)) (W)U u = Opy (@)U, B, (w)U; Oy, (b)u + O(F) ¢

= (%T;r)g / / enellvm2Ier et G g (e )b, CYu(y)dédydGdzdwdn + O()
Gp

Since | —n| > ¢ > 0 on the support of the integrand, integration by parts in (z,w) shows that
(20, &0) & WEi(UE(H(Q1)) (W)U ).

Next, let (zg,&) € R? such that |€g| > w. Then there is a neighbourhood U of (zg, &) such
that U N {|§] < w} = (. As above, let a € C°(R?) with ¢ suppa C U and a(xo, &) = 1. Then

Opj (a ) Q1)) )U*U—Opm«( VU, En, (0)U; Oy, (B)u + O(R%) e

/ / (w2}t (e—w)nt(z—y)] <xzw,n>1@<zgy,<>u(y>d§dyd<dzdwdn+O(h°°>He
27Th7“ Gﬁ h

Now, since m¢ (supp a) C U and |£] < w+Chin Gp(w), we have |[E—n| > ¢ > 0 on the integrand, and
integration by parts in w then shows that (z¢, &) ¢ WF,#(U,E(H(Q1))(w)Uu) as claimed. O

The final piece of the proof involves rebuilding the layers of our potential. That is, we compute
asymptotics for a series of oscillatory integrals, coming from U and U*, which oscillate at different
scales. In particular, the unitary operator, U, used to gauge transform from H(Qq) to H(Qy) is
of the form

[ = ¢iOPy (9-1) 0Dy (9n5-1) i OPY (9v4) (7.11)

mcomp —1 Smcomp

. —is
with g1 € S0 95 € pdr 7 Sns yand = s
We start by showing that U and U* do not appreciably move the momentum variables (£’s).

Lemma 7.10. Let v € S° be compactly supported in x such that (suppvy) N {& € [~b,b]} = 0.
Then there is € > 0 such that for all w € [—b —,b+ £] we have

E(H(Q)))(@)U" Oy () = O(h%) e, e, Oy (MUEE(Q1))(w) = O(h) e, e
Proof. First, observe that

U* = Upy, Uy, e e~iOPY N U, U Upy, 0

TNg
* —i OpyY (gng—1)
rag—1€ 5 UTNF1 e

and hence, by Lemmas and for any P € SO with P =1 on suppe we have
U* 0P} () = Ury, Oy, (B)UF U Oy (7) + O(h%) e, -

U e~ P (90) =i O} (g9-1)
1
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In particular, letting P € SO with suppP N {€ € [—b,b]} =0, P =1 on supp~y, and E € C° such
that Z = 1 in a neighbourhood of [—b, b], and supp Z(£) N supp P = @, we have by Lemma [7.9 .

E(H(Q1))(«)U" Oplf (4)
= Un, Uy, Bty (€)Ur, Oblfy (BU7, U OB (3) + O() ;e e
= Ui, U7 BOQ) )0, OV, (1= 26D) O, (B)U;,, U OB (1) + Oh%)

0

The final preparatory lemma before we proceed to the proof of our main theorem gives asymp-
totics for the spectral function Egy(rq,) in terms of the discrete parameter p,. Since the number
of unitary operators from which U is built depends on the value of N in the error from ,
the number of oscillatory integrals needed to describe Egy(rq,) (No in the lemma below) will also
depend on N. In the proof of the next lemma, we will need Lemma [5.24] which gives an oscillatory
integral approximation to e ¢OPn (9) when g € T‘lSmcomp.

Lemma 7.11. There is T > 0 and {\I’j}}zl € Sll)hg
€jap € Sphg,s, J = 1,..., T, such that for w € [a,b]

(BH(Q1)) (@)U (=0y)*0y,, U* (= 02) 8,

T
_ Z pl-a-p / e%(IO_yO)\I’j(Z’U’yo’n)ejaﬁ(xo, Yo0,m)dn,
._ Gp(w)

s such that for all o, € N, there are

and
U~y K, v, e st (7.12)
1>1
Here, U is the unitary operator in (7.11)).

Proof. By Lemma [7.10], we need only to compute

(E(H(Qu) (@)U Opy (2(€1)(=8,)* by, U* O} (Z(I£)(~02) 8y
for a given = € C2°(R). We use again that

U* = Uy, Uy, e~iOP (9n5) 7 Ury, U

TN(S TN(S TN(;flo

UT*N(; 1 inp%V(gN(s—l)Uers_l ..‘U:le—iOp‘gV(go)e—z’OpVﬁV(g—l)'
Remark 7.12. Recall that the number of products here is large, but independent of A. If, in
our onion peeling argument we peeled away layers of the form 277=1 < |f| < 277 rather than

_(] 8 < 0] < pn’°, then we would require ~ |logh| steps to obtain a constant coefficient
operator Not only would this require much finer control in each step of the gauge transform, but
also unpeeling the onion would become substantially more complicated. In particular, this is why
we cannot take 6 = 0.
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By Lemma [5.24 for all k = 1,..., Ny, there are {W;, k}J ;1 C R(x ¢) open such that

Ty

{(20.€) e T"R | €] < b} € |J Wi,
j=1

and for all u with WF,. (u) C Wjy, U e —i00y (9) ], ;u takes the form (5.9) with ¢ = iyl and
g = rju;°gj. Furthermore, there are {W] 0} _, such that

{(20, &) | [€] < b} C U Wio

j=1
and for all k =1,...,Ns and j = 1,..., 7T there is i} ; such that
{(20,8) [ £ € Wjo} C Wiy, k- (7.13)

In addition, for all j = 1,...,Y, and u with WFx(u) C Wj, e Pk (90)y, takes the form (5.9)
with t = hud and g = % go.
Let {P; } ", be a partition of unity near {(zo,€) | |{] < b} subordinate to {ijo};f:ol‘ Then,

Opy (E(IEN) (- ZOph (Z(ENP;)(—02)" b
Let ]13’]- € C*(Ujp) with INPj =1 on suppP;. Then, Lemmas and imply

WE .y, (U, U 0D (E(I€DB;) (~02)702) € {(2,€) |2 = 0, € me(supp E(I€])P;)}

and
WEjp, (U, U OB (E(IED(L = B))(=8:) 0sy) € {(2,€) |2 = 0, & € me(supp E(IE])(1 — P)))}-
In particular, Lemma [7.10| implies
(E(H(Q1))(w)U* O} (Z(I)P5)d, U™ OPY (Z(IE) (1 = Py)(=82)"b2) = O(R).

We now analyze
Ur OP‘;LV(E(EDPJ)(*GI)”B‘;IO'

To ease notation, we put
Vhg 1= Upe 7O @, e OB (90)e 1O (9-0) OplY (2(|€])P; ) (~ D) Py
Tpj = U e POPR Y, L U e OPh (90) =1 0P (9-) OpWW (2([¢))B;) (— ) 8-
Since g_; € S™™P we have e~10Py (9-1) € PO and
WE (e 0P (9-1) OplY (2(1€)Py) (~02)02y) € Uso.

Moreover, by Lemmas [5.23) and [5.25| together with (7.13), we may assume that U;‘je_i Op1 (g5 )Urj
takes the form (5.9)) as described above.
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By Lemma since g_1 € S:)Tgoglp and gy € Sgllggnp, we have

-3
vo,j(z) = (;h)z/er,(@oj(ﬁ#m ) =yn+(y—z0)€) i(z,y, xo,m, €)dydédn
T
with a; € Sgg’?p Now, observe that

0 l 1
,u
00,4 (Ppip,, @,m) ~ (w,n) +Z - 0p0(0,2,m), Do = go(, Opo).

In particular, ¢g ; € Sl phe,d"

Applying stationary phase in (y,7), we obtain

hp i )
v j(z) = o eg(wo,,y(ﬁuivw,n)—won)%’j(z’n’ z0)dn
for some ag ; € S’gﬁg’?p We claim that
hP = (P j (mm,0) —TRTON)
k() = ——7 / efirg TR g, j(,m, z0)dn (7.14)
(2mh)r,
with ¢y ; € Sl phg,d ag; € Sg;f;gnp,
l a 5B1 582
Pr,j(@,1,T0) ~ an + Zﬁ e Prga(en,zo), 105,050kl < Crappers, a>1 (7.15)

=1
and ¢y, j; € C° having bounded derivatives. Indeed, we have checked this for k = 0.

Remark 7.13. Observe that we claim in - ) that the integral kernel of Uy U takes the form
given by (|7.14] - with k& = Ns. Indeed, Uy, U is ‘nearly’ a semiclassical Fourler integral operator

with small parameter hry,. The formal 1ssue with this statement is that the phase function is
not independent of A.

Suppose (7.14)) holds for some k =1,..., N — 1. Then we compute
v = U e TR 00, U Uy oo .

Observe that there is pn ; € Séhgé with oy j(hs™t, 2,n) = (x,7) + O(hs ™) o= and

h=p -1 Ty (PN, (hpd )+ =N (—yn+@n_1,; (1,6, N—120)—TN_1Z0E))
v (1 — r 2 e J nz k) rTN_1 5] Sy
%@ = G [ €

h=p -

= 71/2 (&
(27h)ry

In the last line we apply stationary phase in the (y,§) variables to obtain ay ;. We then find,

using the asymptotics ((7.15)), that the critical point (y.,&.) solving
a&(_?ﬂﬁ‘@Nfl,j(.%faTNfle)_TNfleQIZéfgc = 3y(—y?7+s5N71,j(y7577“1\771560)—7“1\7715605)@:? =0

X an,j(x,n)an—-1,;(y, zo,§)dydndE

(—yen+éN—1,;(Yerbe,rN—1%0)—TN—1Z0&c)) ~

7? ( "(f ny 7)+
(o (i an,j(n, zo)dn.

TNl

=Sc
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satisfies

Ye(o,m) ~ - 1$0+Zhlﬂnycl(x0>n)v Ee(wo,m *W""Zhlﬂnnclxm n)
=1

with ye7,mc; € C°° and
102,08 ye| + 10905 61| < Capirn—1, a>1. (7.16)

o "N

To see ([7.16)), observe that
. 1 -
Ozole) _ D2BN-1,j(Yes Ees 70) 82§@N71,j(ym§c’x0> — 02PN -1, (Yes e, T0)
axonc 85y<PN—1,](ycafmxo) a&@N—l,j(ycafmxo) TN-1 —3305@N71,j(yc,€c,$0) ’

and hence (7.15]) implies (7.16|). Plugging the expression into the formula for vy ; then completes
the proof of the inductive step.

An identical analysis shows that

~ h B (@i (x, ,X0)—TETon) 7
Uk,j(l“) W/ehrk(wk,]( n 0) k O’VI)ka(:E’,',],‘,L,O)dn7

for some l~)k7j € Sg}lggnp. Here, crucially, the same phase function ¢ ; appears as in vy ;.

Now, putting ky = Ngs, we obtain
(EH(Q))(@)U*(=8,)* 3y, U (=0:)"61,)

= 2 (U, (E(H(Q) (W)U, Vky > Uk i) + O(R)
iz

_ zT: / / (T=Y)+Pk 5 (Y:6,90) =Tk 5 Y0E— Pk 7,5 (%,€,20) +7k 5 T0E)
j:1 27Th Ghr(w)

=

akNkaN,jdydfddedn + O(h™).

Finally, performing stationary phase in (y, ), (x, (), the critical points are given by y = y.(7n, o),
& =¢&(My0), x = ye(n, .’E[)) and ( = £c(n, xo). In particular, when zy = yo, the phase vanishes.
Moreover, we have y. € S9 phe,s & € hg s and

Ve~ Thyo + Y B uyer, Le=n+> Wulées, 10800yei| + 105 00¢ci| < Clagriy, o> 1.
>1 >1

Therefore, writing ®;(xo, yo,7) for the phase at the critical point, we have
®;(z0,Y0,m) = Ty (To — y0)¥;(20, Y0, M)
for some ¥; € S! phgs With W =n+ O(hud).

In particular, this implies

(E(H(QU) (@)U (=,)*8yy, U™ (— ) Zn—l a=p / e @U@0 ¢ (30 o ),

Gp(w)
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with ¥; and e; as claimed. O

Now that we have obtained an asymptotic expansion for the spectral projector of H(Q1), we
pass to H(Q). First, observe that Lemma implies that the assumptions (4.7) hold for all

a,B,N and w € [a +¢&,b — €], with T'(h) = O(h~"). Therefore, by Proposition

030, B(H(Q))(z,y.w) — 070y BH(Q))(z,y,w) = Oy, A,
Here, the implicit constant depends on «, 8, N, a, and b but not on A,n,z,y, and w. Now, using
Lemma we have for h € [, 1y, p, 1],

K

02 0)E(H(Qo)) (w0, 0, 1) = Coa8m(@)h P> " cpnap(@o)h” + O, ™), (7.17)
k=1 '

ka8l < Craghy -
By [PS16, Lemma 3.6] Theorem holds for z in any bounded set.

Next, we prove Theorem When |z — yo| > 0, using (7.12), we have [0, ¥ (zo — yo)| >

clxo — yo| > 0. Therefore, we can integrate by parts using L = h(:voj#n‘lf and setting

Ght(w) :=Esup{n e R : +n € Gy(w)} ~ fw + Zgi,j(w)hj,uﬁ,
i>1

to obtain

h_l / e%(xo_yo)\p(xovy(hno)ej(':UO’yo,rr])
Gp(w)

- : < [eiﬁ(mo*yo)w(xovyovn) AL (=0, vo, 1) } o
Zo — Yo an‘l’ n=Gp,_(w)

_ £ (w0—y0) ¥(zo.wom) ) 63 (¥0,Y0,7)
en D dn).
/C;ﬁ(w) nanlp(l‘()vy(]vn) )

Repeating this process and using that |9, ¥| > ¢ > 0, we obtain for |zg — yo| > h, that there are
Ck,n,o, B+ (0, yo) satisfying

|k mapt] < Craglwo — yol =7k’
such that
- K
930y E(H(Qo)) (w0, yo, w) = en?+n om0 gm0 (Y "¢y 5., 1 (20, y0) (w0 — yo)~F'A¥)
K = (7.18)
+ 6%@7,n(:ﬂo,yo)h—a—ﬁ(z Ck,a,ﬁ,n,—(l‘[)a o) (o — yo)—k—lhk) + O(M;N—l-a-l—ﬂ)’
k=0

where ¥y = (o — yo)¥ (0, yo, G+ n(w)) € Sghg,a satisfies

oo
Wty ~ (20 — yo)w + (20 — Y0) g W1 . + (0 — Yo) P40 Y W W0 4.
=0
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Now,
erVin — pE7(zo—yo)w i(zo—yo)ud U1+ Z (20 — o) 12 )J\I;j 4 O((z0 — yo)” B u27?),
=0

where ¥’ can be calculated from ¥; 4 .

J,Emn

Therefore, since § < 2, we may take .J large enough so that &7 u2’® = O(u; "), and hence we
have

) K
8?85E(H(Q0))($0, Yo, w) = er (@o—yo)wp—a—p Z 5k,a,,8,n,+(l‘0, yo) (2o — yo)_k_lﬁk
K . (7.19)
+e h(zo yo)wh_a B Zcfa Bn, —(3307y0)(l'0 _ yO) —f— 1hf + O( N+a+5)
(=0

with
|Ckmapr] < Chaglro — yo| 711718129,
Now, since 2§ < ¢’ and |zo — yo| > R we may apply Lemma together with Lemma to

complete the proof of Theorem |1.25| for  and y in a bounded set with |z —y| > [

Remark 7.14. Although we have Lemma uniformly for (z,y) in any compact subset of R?,
since we do not know that the integrand there is close for n and n+ 1, we are not able to glue our
asymptotics using an analogue of Lemma to obtain a single integral formula for all (x,y, k).

7.4. Uniformity in z. It is easy to check that for any N > 0 there is K > 0 such that all the
constants in the O(A") remainders above depend only on ||Q0||Diff}< .

Now, let Tsu(x) = u(x + s) so that TFu(x) = u(x — s). Then, T is unitary and, with Qg :=

TSQDTS*7
HQSHDiﬁ‘}( = HQOHDiﬂ'}{‘
Note that
E(H(Qo))(s,y +5,w) = (1(—c0.2] (H(Q0))ds, Iy 15)
= <1(foo,w2](H(QS))6075y>'

Thus, since Q; is bounded in Diff},, Theorems and hold uniformly for all z € R and
y € B(z, R).

7.5. Derivatives in w.
Lemma 7.15. For all o, f € N, there is fo g such that
030, B(H(Q0)) (2, y,w) = fap(x,y,w) + O(h™)

and
|aﬁfa,ﬁ($,va)| < Caﬁﬁh_a_ﬁ_zlm - y|€, 14 > 1.

Remark 7.16. A more careful analysis of the gluing argument used to obtain our main theo-
rems [PS16, Lemma 3.6] shows that in fact f,g has a full asymptotic expansion in powers of A
and this expansion can be differentiated in w.
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Proof. 1t is easy to see from Lemma [7.11] - 1] that
92008 E(H(Q2)) (2, y, w ZZn 1magf (ehleomm Vs omon e (2, yo, n (w)) )

where 74 (w) are the two smooth solutions of [+ (w)|? + hdz(n+(w)) = w?, with gz as in (7.8). In
particular,

ni’”iw‘f‘zhj P ().
j

Since
2 OPE(H(Qe)) (2, y,w) = D2OPE(H(Qo)) (, y,w) + O(h),
this implies that
OEOPB(H(Q0)) (, 4, w) = fap(@,y,w) + O(h),
where
108 fa,5(z, y,w)| < Cageh™ P~z —ylf, €21

8. CONSEQUENCES OF THE MAIN THEOREM

In this section, we discuss a few consequences of our main theorem. Our first corollary is a
direct consequence of Theorem

Corollary 8.1. Let Qy € Diff! and let {ur, ntacam be an orthonormal system of L*(R)-
normalized eigenfunctions of H(Qo) with eigenvalues N2 = \2(h); i.e.

(H(Qo) = A2)uaen =0, (un,,ung,) = Oap-
Then, for any a € (0,00) and N > 0, there is Cy such that

sup > |un,a(@)]? < OnhTN (RN,
meR}\ae[a,a—&-C]

Proof. Let

A([a,a + (]) :== Span{uy, , : Ao, € [a,a + (]},
and Iy : L2(R) — A([a,a + ¢]) denote the orthogonal projector onto A([a,a + ¢]). Then
I; = (E(H(Qo))(a + ¢) — E(H(Qq))(a — ¢))11x
= Iy ( ( (Qo))(a+¢) — E(H(Qo))(a - ¢)).
In particular,

E(H(Qo))(a+¢) — E(H(Qo))(a — ¢) — Iz

is an orthogonal projector and thus a positive operator. Letting IIx(x,y) denote the integral
kernel of ITj, we then have

Z ‘u/\a (x>‘2 - HA(x’ .f) < E(H(QOD(xa z,a+ C) - E(H(Qo))(.%,.%',G - C)

)‘Ol € [a7a+c}
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Next, by Lemma [7.15| with o = 8 = 0,

E(H(Qo))(z,y,w) = f(z,y,w) + O(h)
with
05 f (x,y,w)| < G, £>1.
In particular, by the mean value theorem, for all N > 0, there is C'y > 0 such that

IE(H(Qo))(z,z,a+ () — E(H(Qo))(z, z,a — ()| < 2 A 10w fo.0(, 2, w)[[¢] + CnAN
wela—(,a+

< Ch™ (¢ + CnAY) < RN (Ch ).
O
Our next corollary concerns the growth of solutions to
(H(Qo) —wHupp =0, Qo= V'hD,+hD, V' +V° (8.1)
that may or may not lie in L?. We first define the energy density at x of uy; by
ED(uyp)(x) := |uw,h(x)|2 + h2w72\8xuw7h(x)\2.
From now on, we write u, 5 = u,, leaving the dependence on 7 implicit.
We start by considering the case where Q € Diff?, studying solutions to
(h*D?* + hV° — w?)u,, = 0. (8.2)

Our first estimate gives a basic understanding of how fast the energy of a solution may change
from one point to another

Lemma 8.2. Suppose that VO € L¥(R;R). Then for any u, soling (8.2) and a,b € R, we have
ED(u,,)(b) < elVelz=la=tl/o Ep(y, )(a).

Proof. Observe that

1 Ug, o 0 1 Ug, . Uy
W hDy (w‘lthuw> B (1 — w2V (z) 0) (w‘lthuw> =: A(z) <w‘1thuw> )

Therefore,

W, ED(u)(x) = hly( (wl,ﬁb‘f)ajuw) , (wl;if‘l")xuw) )

Uy, Uy,
- 2W<SA($) <w1thuw> ’ <w1thuw> >

w2 0 VO(z) h 0
< — 0o,
H 2i (—Vo(x) 0 ) H < 2Vl

0:ED(uy)(z) < w | V0| Lo ED(uy)(z),
and hence, by Gronwall’s inequality,

ED(uy)(b) < elVlz=la=bl/o B p(y,)(a).

Now,

In particular,
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Our next lemma allows us to glue solutions of (8.2]) together.

Lemma 8.3. Suppose that V9, VY% € L, supp VY C (—o0,0), and supp V% C (0,00), and that
u£, uf are real valued and solve (8.2) with VO = VOL or VO = VOR respectively. Then there is
0 < s < 27h/w such that, putting
VO (z) z <0,
Voz) =<0 0<z<s,
Vo(z—s) s<u,
there is a solution, v, : R — R, to
(B*D* + h*V° — W), =0
with
() ED(ul)(0)ul(x) <0
v(z) =
v ED(uL)(0)ul(z —s) s< .

w

Proof. Since V? =0 on [0, 0), we have that

ul(z) = (A" +iBh)e™/h 4 (AL — iBF)e™/h) 3 >0,
with AL, BL e R, |AL2 + |BL|2 = ED(ul)(0). Similarly,
u§($) — ((AR + Z'BR)eixw/h + (AR o iBR)efixw/h), z<0

with |A%|2 + |BE|? = ED(ul?)(0).
To complete the proof, we need only find 0 < s < 27h/w such that

VAL 4 [BE2)(AR 4 iBR)ei/h = | [(|AR[2 1 |BR2) (A +iB"), (8.3)

VUALR 4 [BE2)(AR — iBR)e=/" = | [(|AR[2 + |BR2)(A" — iB"). (8.4)

Since the absolute values of the left and right hand sides above agree, it is easy to see that there
is s € [0,27h/w) such that (8.3) holds. But then (8.4)) also holds by taking the conjugate of both
sides. 0

Lemma 8.4. For all N there is cy > 0 and ho > 0 such that for all 0 < h < hy, all 0 < |a —b| <
enh™V, and all solutions, u,, to (8.2) we have

e IVOlze =" B D () (b) < ED(uy,)(a) < @ IV lee ™ B D () (b).
Proof. The proof is trivial if ED(u,)(b) = 0 since then w, = 0. Therefore, we may assume
ED(u.,)(b) #0.
Suppose that

ED(uy)(a) 10 o voy poe e o 1
ED(u)(b) > (1+ ﬁ)e ,  Bi= R T

(8.5)



SPECTRAL ASYMPTOTICS IN ONE DIMENSION 65

Let X € C®°(R) with X = 1 on [a,b], suppX C (a — 1,b+ 1), and put Vg(z) := X(2)V°(z). Let
f. be real valued and solve

(=P’D*+ 1V — ) fu =0,  fula) =uu(a), Osfula)=dpuu(a).
Then, by Lemma [8.2] together with (8.5)),

ED(fy)(a—1) 1w VO peetn
ED(f)b+1) = 5 o

Next, by Lemma [8.3] there is s € [0, 27//w) such that
ED(f)(a—1) (afu}fzzj :113)8)) = VED(f.)(b+1) (af “}icéa__l)l)) -

Therefore, putting

NS

o) = Ao mprrene) + 3 [EREIE )

1) (folla—1,p1145))(x — k(b —a+2+5)),
k>1

we have
(R’D* + h*Vy =) Fi(z) =0,  Vi(z)=)» V(@-k(b—a+2+s)).
k>0
Notice that F is a linear combination of shifted pieces of f,,.
Similarly, letting F_(z) = F(—z), F_ solves
(h*D? + K2V, (—z) —w?)F_ =0,
and hence, we may find s_ € [0,27h/w) such that

VED(Fy)(a - 1) (aF F((fjjﬁjg)) _ JEDF (—at 155 (af;f;a—_”l)) |

In particular, letting

V =Vi(@)[a-1,00) T V(=2 + 5-)1(_o0,0-1) (@),
F=Filjg 100t Fo(—2+5-)wa1)(2),
we have that
(h2D? + K2V —wHF =0

and

1E1122 = 1 Fl 220100 + 1F-1T2(-o0,—at14s.)-

Now,

ZOO ED(fu)(b+1)1*
2 — 2 < 2
HF+”L2(a—1,oo) r waHLQ(a—l,b—i-l—i-s) ED(fw)((l _ 1):| = /8||f"JHL2(a—1,b+l+s)
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and
2 2 2
HF_HLQ(—OO7—CL+1+87) = HF_”L2(—OO,—(1+1) + HF_HLQ(—a—i-l,—a—i-l—i-s,)
2 2
= 1F T2 (0—1,00) T 1= 7201, —at14s)
< 5\\wai2<a_1,b+1+s) + Q%EED(fw)(a -1)
a+1
—1VOl oo ls—
< Bl follo(atprirs + 2;;"1/ ED(f.)(s)e? IV llzoels—a+1] g
a
—1 0 o
< BllfollEata 1 b1 + A0 VI fulfa 01 pi1isy
Therefore,

_ wfl 0 0o
(b+21h/w+2—0) | fulld2(atprrss) < IFIFo < ONEN (2B+Cuhe VL) £ 1125 L1yt

ED(uy)(a
EDEuw))((bg < (1=

is identical. OJ

This is a contradiction unless |b — a + 3| > cyh 2Y. The argument for
L )20 IVlizeeo

1+8

We now extend the results of Lemma to the case of non-zero V! i.e. perturbations which
have a first order term.
Theorem 8.5. For all N > 0, there are cy > 0, such that for 0 < h < 1, [|[VY|p= < %wffl, Ugy
any solution to (8.2), and |a — b| < cyh™, we have
ED(UW)(b)e*w‘l(llVUIILoloHVlHLoo+ﬁHV1Hioo)*ﬁN < ED(uy)(a)

< @ HIVO oo+ 4RIV oo HIVHIE o)+ B (4, ) (B).

Proof. Suppose that wu,, solves (8.1)). Then v = e™* Jo Vi($)dsy | solves (8-2) with V? replaced by
VO — B(VH2. Since V° and V! are real valued, Rv and v solve the same equation as v. In

particular, by Lemma
e VOl b1V I20) =0 (R0 (b) < ED(R0)(a)

e IVl HHIVAL) =1 B D(S) (b) < ED(Sw)(a) < e (VoI IV )t B (Sw) (b).

IN

¢ IV lloe+hIV I 0)+0Y 12 1 () (b),

From this, it easily follows that
e HIVOllzoe +hIVEE) =Y R D (1) (b) < ED(v)(a) < @ VOl VL)Y B (v)(b).
Next, observe that since iw™1||[V!|| = < & < 1, we have
(1 = S VY| 1) ED(0) (2) < (1 — B2 [VV | — o[V 1) ED(0)(2)
< ED(u)(x)
< (14 P2V [7e + hw™ [V o) ED(v) ()
< (14§ [V z=) ED(v) ().
Finally, the fact that

1+s

5)
2 . —1y/1
1—s§68’0<8<1/2’ (5.—Zhw Vo)
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complete the proof.

APPENDIX A. APRIORI COMPUTATION OF THE FIRST ASYMPTOTIC TERMS

Lemma A.l. For j = 0,1 let V; € Diff® and define Q := V'iD, + hD, V' + V° ¢ Diff!.
Let 0 < a < b. Then, for all K € R, € > 0, there is he > 0 such that for all x,y € K with
|z —y| >Rh'"¢, 0 < h < h: and w € [a,b)],

E(H(Q))(w; v.2) = —| < Ch ", E(H(Q))(wia,y) — S22 =0/

7r Tlx —y|

Remark A.2. When V° = iV} with Vj € C° and V! € C%°, Lemma is well known and
can be recovered e.g. from [PS83) [Vai83, [Vai84l [Vai85]. The semiclassical version, when V; have
compact support, can be obtained from well known formulae in scattering theory (see e.g. [DZ19,
Lemma 3.6]). However, when V; are only C;°, we are not aware of an appropriate reference for
these formulae. Here, we use Proposition [£.9] to obtain these formulae from those for compactly
supported perturbations.

Proof. Let € > 0, and X € C°((—2,2)) with X =1 on [—1,1]. Then, define X.(z) = X(ex) and
H. = H(Q.), Q. := X.V'iD, + hD,(X. V') + X, V©.

Then, by e.g. [Gal22] [Vai84l [PS83], (see [Gal22] (6.5)], and note that the gauge transform proce-
dure in that paper is unnecessary, since the perturbation is compactly supported)

2
1 (< I
E(H.)(z,y,w) = <m/ /I/(t)Xleht(“ HE):(hD)detdudy,5I>,

where X; € C°(R) with X; = 1 on 71 (K) Umg(K), with 77,z : R* — R the natural projections
and E € C2°(R) with = =1 on [-3b, 3b], and ¥ € C2° with 7 =1 on [t| < 2diam(7.(K) UTgr(K)).
For any T > 0 and |t| < T we have that the kernel of X;e~#HeE(AD)X] is given by
1
2mh

where e € S;(})lgl’g, ae(O,x, yag) =X (1‘)X1 (y)E’(g)

We start by computing E(H(Q.))(z,z,w) for any x € K. Let f € C>((—2,2)) with f =1
near [—1,1]. Then, for h'/? < w < 3b, we have

et (@=0EHEP) (¢ 2y, €)de,

2w R (w2 |£]2
OLEH(Q):)(=,7,w) = G s / p(D)ei D a(t, .z, §)dedt
2 iw? 2

= (22wh)2 /ﬁ(t)eht(lv7 Dae(t, @, z,wn)dndt
m
2W2 iu2 2

— e [ POT b fa) i + O™ ().
T
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Performing stationary phase in (¢,7), we obtain

OLE(HL) (2, 7,w) ~ iﬁ £ i w) w20 4 O (%), B2 <w < 3b.

™ -
j=0

Next, we estimate E(H(Q).)(z, z, Mh'/?). We have

Mh1/2

EMH(Q.))(x,z, MR/?) = et =8 (¢, 2, 2, £)dedtdp.

Integration by parts in ¢ then shows that

MAKY/2  .3b
B(H(Q.))(x, 2, MRY2)| < Cyh™? / / / ()N g — 1))V dtdedp

MRKY2  3b
< Cyh2 /(Wqu»MM@amW?

Therefore, by (A.1]), we have

w

B(H(Q.))(x, 7,w) = / OLE(H(Q).)(x, 2, 5)ds + Ont (/4

Mhl/2

_ v —3/4
-+ O (),

Using (A.1)) again, we have, for w € [a/2,2b] and |s| < ¢,

[E(H:)(z, ,w) — E(H:)(2, 2,0 — 5)| < (% + O:(1))lsl-

(A.1)

(A.2)

(A.3)

Therefore, using Proposition withd = 0, T = =1, C; > 0 bounded uniformly in 0 < i < h.,

we have

[E(H(Q))(z, 2,w) — E(H(Q.))(z,2,0)| <& forw e [a,b].
In particular, by , we have
EE(Q)(@,2,0) - —| < Cnt.

This completes the proof of the first part of the lemma.
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We now proceed to the off-diagonal part. For § > 0, to be chosen later, let f € C°°(—24, c0)
with f =1 on [—-4, ),

E(H(Qe))(x,y,w)
= 1 Y o (tu—l€7)+@=y)E) ;
/ / / D(t)ac(t, z,y, &)dEdtdp

/ / / e =@ p(Ha, (¢, 2, y, €) f (|2 — y|p)dédtdp + Oc((Blz — y|~H)™)

27Th

L — xr—
|27rhy|/ / / et T CWE B0 5 (10— uac(slz — yl, 2y, €) fulz — y|)dedsdp

((Alz —yI™h)

To obtain the second line, we integrate by parts in ¢ and use that p < —d|x —y| implies |u— [£|?] >
cslz — y|(|p| + 1€|?). In the third line, we changed variables t = s|z — y|.

Now, performing stationary phase in the (s, ) variables, we see that stationary points do not
exist for |u| < |z — y| (provided we have chosen § small enough). We then obtain

B(HL)(r,y.0) = 5 / S T S — )
+ f(ulz — y)o (£=—2)0(hle — y| 7)) du + O-((hlz — y| 7)),

N

where 71 € C2° with 1 = 1 on suppv. Choosing § > 0 small enough, we have 21(¢) = 0 on |¢| < 0,
and hence, the integrand is supported in p > 6|z — y|. Finally, changing variables to s = /i and
integrating by parts once implies
1
2mi(r — y)

sin(w|x — y|/h)
mlz -yl

ei%(w—y)w+05(h|xfy|_l) = O.(hlz —y|™)

E(H.)(z,y,w) = Y +

+

and has a full asymptotic expansion in powers of Az — y| 1.

In particular, using this together with (A.3)), we see that there is he > 0 and M, > 0 such that
the hypotheses of Proposition hold for 0 < h < he, and |z — y| > M.h with H; = H(Q:),
T(h) = e~1/2, and Ry = diam(K), and §(h) = 0. Therefore,

E(H(Q))(,y.») — E(H(Q.))(r,y.0)[ < C=.  0<h<h,we o],

In particular, this implies

sin(w|z — y|/h)

EH(Q))(w; z,y) -

| —y

for all 0 < h < he, |z —y| > M:h, and w € [a,b]. This completes the proof of the lemma. O
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APPENDIX B. PROOF OF LEMMA

i €146
First, factoring out er 2> and introducing

Ajn(n) = HUinm) = binm)s  bjn@m) = Gin@m) T bjnm),
we can rewrtite (3.5 as

N

()= e E 1) = i E ) S g+ cos( S 52) S + O, (B
g =e h = sin( o Z -+ cos oh z% j.n(h + ( n(h)/ ( . )
j=

for
—10 < n(h) + logy h < 10,

with @j.p,bjn € C, j =0,1,. .., satisfying
gl + bjm| < CjufP0). (B.2)

For —9 < n(h) +logy h < 9 we can use (B.1) with n and n — 1. Subtracting one from another we
get

6 -6\ : 6 -6+ :
SIN(Z22) Y () 7+ c08(3520) D T + Ol h):
§=0

=0

J
where tj’n = Ajn — Ajn—-1 and tjﬂl = bj,n —0jn—1-

Proposition B.1. For each j =0,1,..., N, we have:

L = O, i = OGIT™). (B.3)
Proof. Put
B X M . v
= (i)™ Fin = bt Tim = Gimity "
Then
5 N
Sin( Mn(h Z n(h)S I + COS( Z jn(h)S P = (1)7 (B4)
j=0

whenever 279 < s < 2% Now, we choose 2N + 2 points in the following way. Assume for
definiteness that & > &. We put

— 47 (61— 52)#71(}&)] [MW]) B
T (&1_6-2),“71(71) <|: 47 +i 47 - 2N ) Z—O,...,N,

pn(rys) = 0 and COS(§17€2

, 4m €2 Pon(h — &2) b (h Tr
. 1=0,....N
TG - £2) (k) ([ ] [ 2N ]) " (61— &2)pn(n)’ DoV

&1—& 5
2

&1—& 52

so that sin(55°2 tnerys) = 1, and

so that sin( s) = 1 and cos(L pnemys) = 0. We also notice that, assuming g, is

sufficiently large, we have s, — 5,7 ~ N Land (s'), 2

&1 — & ~ 1.

1 — ()7 ~ N~! uniformly in n and
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Now, substituting the points {s;, s;} into (B.4) and using the Cramer’s Rule we find that 7,
and 7, are fractions with the bounded numerator and uniform non-zero denominator (the
denommator is a Vandermonde determinant in s7?). This proves the proposition. O

Thus, for j < [Mp~!], the series > °°

neng tjn(n) is absolutely convergent; moreover, for such j we
have:

n
@jn = Qjng + Z tjm = Qjno + Z tim + O(py, MHP) = @ i T O o Py,
n=ng+1 n=ng+1

~ .~ [e'e) . . .
where we have denoted @} := Gjn, + D 2,011 tjn- Similarly,

n
Bj,n = Z’j,no + Z tjn = 8 .+ Z i+ O M+jp) b/ +O(u —M+]p)
n=ng+1 n=ng+1

where we have denoted 5; 1= bjng + Dopengt1 Lim:
By (B.2)) we also have

N
Y (la bl = O(uy ™).
=[Mp~1]
Thus, for —10 < n(h) + logy h < 10 we have
[(Mp~']-1 [Mp~']-1
g(h) = sin(%) >ty cos(&;T@) > WO ).
J=0 J=0

Since constants in O do not depend on n, for all i < hg we have the expansion

[Mp~1.=1—1 [Mp~t.~1]—1

L iate 81— & 1 G- & S 2 M
g(h) = ei 72 f(h) = sin(> =) Z; ;P + cos(=——= o) Z; V;h?? + O(RM),
J= J=
(B.5)
with some a],b; €C,j=0,1,.... Defining
S a’; + ib; ) —aj + b
J 20 21
we obtain (3.7)).
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