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Abstract. We study scattering by metamaterials with negative indices of refraction, which are
known to support surface plasmons – long-lived states that are highly localized at the boundary
of the cavity. This type of states has found uses in a variety of modern technologies. In this
article, we study surface plasmons in the setting of non-trapping cavities; i.e. when all billiard
trajectories outside the cavity escape to infinity. We characterize the indices of refraction which
support surface plasmons, show that the corresponding resonances lie super-polynomially close to
the real axis, describe the localization properties of the corresponding resonant states, and give
an asymptotic formula for their number.

1. Introduction

We consider resonance phenomena for metamaterial cavities which exhibit a negative index
of refraction or negative wave speed. These structures are known, in some contexts, to support
surface plasmons – long lived states that are highly localized to the surface of the metamate-
rial [Mai07]. These surface plasmons offer strong light enhancement and are central to a range of
modern technologies [SHV08]. Although negative index of refraction metamaterials have attracted
some mathematical interest (see [CM23, CdV25, DBCM24, BBDCC12, BBDCC13, BBDCCJ14,
BHM21]) their asymptotic behavior has remained largely unexplored. Under a relatively mild
assumption on the metamaterial scatterer, we study plasmon resonances in a scalar model (i.e.
in the Transverse Electric or Transverse Magnetic polarization). In this article, we give an accu-
rate description of the asymptotic behavior of surface plasmons. We characterize the existence
and absence of surface plasmons, accurately describe their localization properties, and provide an
asymptotic formula for their number.

Let d ≥ 2 and ΩI ⊂ Rd be a bounded open domain with smooth boundary and connected
complement. Define ΩO := Rd\ΩI . We denote the shared boundary of ΩI and ΩO by ∂Ω and the
outward pointing normal of ΩI by ν. Although we work in the more general setting of negative
wave speeds below (see section 1.1), we state first a simple consequence of our main theorem. Let
the index of refraction n ∈ C∞(ΩI ; (0,∞)) with |n|∂Ω − 1| > 0. We call λ ∈ C \ i(−∞,∞) a
resonance if there is a non-zero solution (uI , uO) ∈ H2(ΩI )⊕H2

loc(ΩO) to

(div n−1∇− λ2)uI = 0 in ΩI ,

(−∆− λ2)uO = 0 in ΩO ,

uO = uI on ∂Ω,

∂νuO = −n−1∂νuI on ∂Ω,

uO is λ-outgoing.

(1.1)
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Here, we say that u is λ-outgoing if there is g ∈ L2
comp(Rd) such that u(x) = [R0(λ)g](x) for

|x| � 1, where R0(λ) is the free, outgoing resolvent – when λ is real, this outgoing condition
becomes the usual Sommerfel radiation condition and R0(λ) is L2-bounded for Im(λ) > 0.

The system (1.1) was studied for λ ∈ R in [CM23] and is a special case of our more general
setting below (see (1.5) and Remark 1.7). We call uλ = uI1ΩI

+ uO1ΩO
a resonant state for λ

and write R(n,ΩI ) for the set of resonances. We call a sequence of resonances {λj}∞j=1 ⊂ R with

|λj | → ∞ a plasmon resonance if for any ψ ∈ C∞c (Rd) with suppψ∩∂Ω = ∅, any N > 0, and any
sequence of resonant states uλj , we have

lim
j→∞

|λj |N‖ψuλj‖L2(Rd)

‖uλj‖L2(∂Ω)
= 0. (1.2)

That is, any sequence of resonant states associated to λj concentrates asymptotically at ∂Ω.

Throughout the text, we will assume that ΩI is non-trapping (See Figure 1). That is, all billiard
trajectories (or more precisely generalized broken bicharacteristics; see e.g. [H0̈7, Section 24.3] for
a definition) escape any compact set in finite time. This condition guarantees that resonant states
corresponding to propagating modes cannot approach the real axis.

ΩI

Non-trapping domain

ΩI ΩI

Trapping domain

Figure 1. Examples of trapping and non-trapping domains.

We first determine conditions on the index of refraction, n, such that there are no resonances
close to the real axis.

Theorem 1.1. Suppose that ΩI is non-trapping and n ∈ C∞(ΩI ; (0,∞)) satisfies n|∂Ω < 1. Then
for all M > 0 there is C > 0 such that

R(n,ΩI ) ∩ {|Reλ| > C} ⊂ {Imλ < −M}.

Next, in the complementary case, we describe the region in which resonances may lie and show
that any such resonances are plasmonic.

Theorem 1.2. Suppose that ΩI is non-trapping and n ∈ C∞(ΩI ; (0,∞)) satisfies n|∂Ω > 1. Then
for all M > 0, N > 0 there is C such that

R(n,ΩI ) ∩ {|Reλ| > C} ⊂ {Imλ < −M or − |Reλ|−N < Imλ < 0}.
Moreover, any sequence {λj}∞j=1 ⊂ R(n,ΩI ) with |Reλj | → ∞ and | Imλj | bounded is a plasmon
resonance.
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Figure 2. The figure shows the resonances for (1.1) with n|∂Ω < 1 as x’s. The resonance
free region is determined by Theorem 1.1 or 1.8.

λL ≈ 8.4647− 1.0396× 10−2i λR ≈ 13.145− 8.5412× 10−4i

Figure 3. Lemma 5.9 in fact shows that, modulo O(|λj |−∞), all surface plasmons are as
pictured here (with ΩI = B(0, 1)). These plasmons concentrate in a |λj |−1 neighborhood
of the boundary, ∂Ω and oscillate at frequency ∼ |λj | in ∂Ω. The functions plotted here
are the real parts of the resonant state corresponding to n|B(0,1) ≡ 3 with resonance

λL ≈ 8.4647× 100− 1.0396× 10−2i (on the left) and λR ≈ 13.145− 8.5412× 10−4i (on the
right).

Remark 1.3. We prove much more than that the resonant states with | Imλj | bounded are plas-
monic in the sense of (1.2) (see Lemma 5.9 and Figure 3). We are, in fact, able to describe
their localization properties modulo |λj |−∞. For instance, one can see that for any χ ∈ C∞c (Rd),
‖χ∂αxuλj (x)‖L2(Rd) ≤ C|λj |−

1
2

+|α|, |α| ≤ 2.

The resonance free regions of Theorems 1.1 and 1.2 are pictured in Figures 2 and 4 respectively.

Finally, we determine the asymptotic number of plasmonic resonances, counted with multiplic-
ity.
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Theorem 1.4. Suppose that ΩI is non-trapping and n ∈ C∞(ΩI ; (0,∞)) satisfies n|∂Ω > 1. Then
for all M > 0,

#{λj ∈ R(n,ΩI ) : 0 < Reλj ≤ λ, Imλ ≥ −M}

=
λd−1

(2π)d−1
volT ∗∂Ω

({
(x′, ξ′) ∈ T ∗∂Ω : |ξ′|2geuc ≤ 1 +

1

n(x′)− 1

})
+ o(λd−1),

where geuc is the metric induced on ∂Ω by the Euclidean metric on Rd.

Remark 1.5. Note that Theorem 1.1 1.2, and 1.4 are the special cases of Theorem 1.8, Theo-
rem 1.9, Theorem 1.10, and Theorem 1.11 below.

Theorems 1.1 to 1.4 (and their analogs below) give a precise description of resonances near
the real axis for a wide class of negative index of refraction scattering problems. They determine
when such resonances exist, how many there are, and describe the asymptotic properties of the
corresponding resonant states. While it is often possible to obtain asymptotic upper bounds on
the number of resonances near the real axis (see e.g. [DD13, DG17, Dya19, SZ07] and references
therein), it is very rare to be able to give an asymptotic count of these resonances – celebrated
examples include scattering in one dimension [Zwo87], by convex obstacles [SZ99], by convex
transparent obstacles [CPV01], and with normally hyperbolic trapping [Dya15]. Theorem 1.4 and
its more general analog Theorem 1.11 provide another such example.

Relation with previous work on negative index of refraction metamaterials:

To the best of the authors’ knowledge, the first mathematical paper considering negative in-
dex of refraction scattering is [CS85], where the authors study materials with constant index of
refraction (i.e. n|ΩI ≡ cI ) and show that the problem (1.1) is Fredholm under certain conditions

on λ and cI . The works [BBDCC12, BBDCC13, BBDCCJ14] build on this theory, allowing n to
be variable, and study the problem in lower regularity. In Appendix A, we give a different proof
inspired by [CdV25] to show that (1.1) (or indeed the more general problem (1.5)) is Fredholm
when n|∂Ω avoids 1.

We study scattering resonances in the context of negative index of refraction metamaterials. As
far as the authors are aware, the only previous works in this context are [CdV25, CM23, DBCM24].
In [CM23, DBCM24], the authors study the case of d = 2 with ΩI having smooth boundary and
show, without further assumptions on the geometry, that there are many resonances near the real
axis in the case n|∂Ω > 1 and many negative eigenvalues in the case n|∂Ω < 1. In fact, the authors
construct a sequence of quasimodes, uj , with quasi-eigenvalue λj →∞ associated to (1.1) so that
uj are highly localised near ∂Ω. However, they do not show that the true resonant states are
highly localized. When n|∂Ω > 1 is constant,

λj =
2πj(n− 1)

n|∂Ω|
,

and, if ΩI is non-trapping, we confirm from Theorem 1.4 that this sequence of quasi-eigenvalues
captures most resonances near the real axis. Moreover, Theorem 1.2 shows that all corresponding
resonant states are highly localized. Very recently, and independently from our work, [CdV25]
considers the higher dimensional analog of [CM23].
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Figure 4. The figure shows the resonances for (1.1) with n|∂Ω > 1. Non-plasmonic
resonances are denoted with x’s and plasmonic resonances with o’s. The resonance free
regions are those determined by Theorem 1.2 or 1.9. Theorems 1.4 and 1.11 determine the
asymptotic number of plasmonic resonances.

The present article differs from and strengthens these earlier works in two substantial ways.
First, under an additional natural dynamical assumption, we describe the location of all possible
resonances near the real axis and show that if there are any, they must correspond to highly
localized resonant states, and second, we determine how many such resonances there are.

Remark 1.6. There are variety transmission problems, including by positive index of refrac-
tion materials, which are much better developed in the mathematical literature (See e.g. [PV99b,
CPV99, PV99a, CPV01, Gal19a, Gal19b, MS19]).

1.1. Inhomogeneous metrics. In this article, we study the general situation of a cavity with
a negative definite Laplacian. This corresponds to a metamaterial where the material properties
are not homogoneous and exhibit an effective negative wave-speed. To this end, let gO be a
smooth Riemannian metric on ΩO and gI a smooth Riemannian metric on ΩI . Let also ρI ∈
C∞(ΩI ; (0,∞)) and ρO ∈ C∞(ΩO ; (0,∞)). We assume that the geometry is Euclidean near
infinity. That is

gijO (x) = δij , ρO(x) = 1, for |x| � 1.

For a metric g and positive function ρ, we define the operator

∆g,ρu :=
1

ρ
√
|g|
∂xi(g

ij
√
|g|ρ∂ju(x)), |g| := | det gij |,

and note that ∆g,ρ is symmetric on L2(ρdvolg). We then define the unbounded operator P :
L2(ΩI , ρIdvolgI )⊕ L2(ΩO , ρOdvolgO )→ L2(ΩI , ρIdvolgI )⊕ L2(ΩO , ρOdvolgO ) given by

P (uI , uO) = (∆gI ,ρI
,−∆gO ,ρO

)
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with domain

D(P ) :=
{u = (uI , uO) ∈ H1(Rd) ∩

(
H2(ΩI )⊕H

2(ΩO)
)

:

ρO∂νOuOdvolgO ,∂Ω = ρI∂νI dvolgI ,∂Ω

}
, (1.3)

where ∂νI and ∂νO denote respectively the outward unit normal to ΩI with respect to gI and the
outward unit normal to ΩO with respect to gO .

The induced boundary volume forms from the exterior and interior metrics are not in general
the same, i.e. dvolgO is not necessarily the same as dvolgI . It is thus natural to define a function

on ∂Ω to measure their difference. Hence, we define τ ∈ C∞(∂Ω)

τdvolgO ,∂Ω := dvolgI ,∂Ω.

Notice that τ is positive on ∂Ω.

We assume throughout the text that

τ2ρ2
I |ξ
′|2gI − ρ

2
O |ξ
′|2gO 6= 0, (x, ξ′) ∈ T ∗∂Ω. (1.4)

Under assumption (1.4), the operator P is self-adjoint and is a black box Hamiltonian in the sense
of [DZ19, Section 4.1] (See Appendix A).

We then let RP (λ) := (P −λ2)−1 : L2(ΩI )⊕L2(ΩO)→ L2(ΩI )⊕L2(ΩO). By [DZ19, Theorem
4.4], RP (λ) : L2(ΩI ) ⊕ L2(ΩO) → D(P ) is meromorphic in Imλ > 0 and has a meromorphic
continuation to C for d odd and the logarithmic cover of C \ {0} for d even as an operator
RP (λ) : L2(ΩI )⊕ L2

comp(ΩO)→ Dloc(P ), where

Dloc(P ) :=
{
u = (uI , uO) ∈ H1

loc(Rd) ∩
(
H2(ΩI )⊕H

2
loc(ΩO)

)
: ρO∂νOuO = τρI∂νIuI

}
.

Defining (uI , uO) := RP (λ)(fI , fO), (uI , uO) satisfies

(∆gI ,ρI
− λ2)uI = fI in ΩI ,

(−∆gO ,ρO
− λ2)uO = fO in ΩO ,

uI = uO on ∂Ω,

ρO∂νOuO − τρI∂νIuI = 0 on ∂Ω,

uO is λ-outgoing.

(1.5)

Define the set of resonances of P by

R(P ) := {λ : λ is a pole of RP (λ)}.

Remark 1.7. Note that (1.1) is a special case of our general setting (1.5) with gijO = δij, gijI =

n−1δij, ρO = 1, ρI = n−
d
2 , and τ = n

d−1
2 .

We now state the analogs of Theorems 1.1 to 1.4 in the more general setting of a negative wave
speed. We begin in the case

0 > ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI , (x′, ξ′) ∈ T ∗∂Ω, (1.6)

where we show that there are no resonances close to the real axis.
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Theorem 1.8. Suppose that (ΩO , gO) is a non-trapping domain and (1.6) holds. Then for all
M > 0, there is C > 0 such that

R(P ) ∩ {|Reλ| > C} ⊂ {Imλ ≤ −M}.

Moreover, for χ ∈ C∞c (Rd),

‖χRP (λ)χ‖L2→L2 ≤ C|λ|−1, λ ∈ {Reλ > C, Imλ > −M}.

Our next three theorems consider the opposite case:

0 < ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI , (x′, ξ′) ∈ T ∗∂Ω. (1.7)

The combination of the next three theorems shows that there are many resonances resonances
superpolynomially close to the real axis, all of which are plasmonic and, moreover, any sequence
of resonances that is not superpolynomially close to the real axis must have imaginary part whose
absolute value tends to infinity.

The first theorem provides a resonances free region.

Theorem 1.9. Suppose that (ΩO , gO) is a non-trapping domain and (1.7) holds. Then for all
M > 0, N > 0 there is C > 0 such that

R(P ) ∩ {|Reλ| > C} ⊂ {Imλ ≤ −M} ∪ {−|λ|−N < Imλ < 0}.

Moreover,

‖χRP (λ)χ‖L2→L2 ≤ C| Imλ|−1|λ|−1, λ ∈ {Reλ > C, −M < Imλ < (Reλ)−N}.

Next, we show that any resonances with bounded imaginary parts are necessarily plasmonic.

Theorem 1.10. Suppose that (ΩO , gO) is a non-trapping domain and (1.7) holds. Then for any
{λj}∞j=1 ⊂ R(P ) with |Reλj | → ∞ and sup | Imλj | <∞, any 0 6= uλj ∈ Dloc(P ) satisfying (1.5)

with (fI , fO) = 0, N > 0, and any ψ ∈ C∞c (Rd) with suppψ ∩ ∂Ω = ∅, we have

|λj |N‖ψuλj‖L2(Rd)

‖uλj‖L2(∂Ω)
→ 0.

Finally, we give an asymptotic formula for the number of plasmonic resonances.

Theorem 1.11. Suppose that (ΩO , gO) is a non-trapping domain and (1.7) holds. Then for all
M > 0,

#{λj ∈ R(P ) : 0 < Reλj ≤ λ : Imλj ≥ −M} =
λd−1

(2π)d−1
volT ∗∂Ω(V) + o(λd−1),

where

V :=
{

(x′, ξ′) ∈ T ∗∂Ω : ρ2
O(x′)|ξ′|2gO − ρ

2
I (x
′)2τ2(x′)|ξ′|2gI ≤ ρO(x′)2 + ρ2

I (x
′)τ2(x′)

}
.
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1.2. Outline and ideas from the proof. We start by making a semiclassical rescaling, setting
λ = h−1(1 + z), with |z| ≤ Mh and 0 < h < 1. The goal of this article can then be rephrased in
the following way.

Let χ ∈ C∞c (Rd) with χ ≡ 1 on ΩI , L
2(Rd) 3 f = (fi, fO) ∈ L2(ΩI )⊕ L2(ΩO). Our main goal

will be to prove estimates for the solution, (uI , uO) to

(PI − z2)uI := (h2∆gI ,ρI
− z2)uI = hfi in ΩI ,

(PO − z2)uO := (−h2∆gO ,ρO
− z2)uO = hχfO in ΩO ,

uO = uI on ∂Ω,

ρOh∂νOuO − τρIh∂νIuI = 0 on ∂Ω,

uO is z/h-outgoing.

(1.8)

In section 3, using the solution of the Dirichlet problem in ΩI and the outgoing Dirichlet
problem in ΩO , we reduce these estimates to the study of

(PO − z2)vO = 0 in ΩO ,

ρOh∂νO vO − τΛI (z)vO =: g ∈ H
1
2
h on ∂Ω,

vO is z/h-outgoing,

(1.9)

where ΛI (z) is a certain Dirichlet-to-Neumann map associated with the inner problem. More
precisely, we define by ΛI/O(z)w = ρI/Oh∂νI/OuI/O , where uI/O ∈ H

2
loc(ΩI/O) solves

(PI/O − z
2)uI = 0 in ΩI/O ,

uI/O = w on ∂Ω,

uO is z/h outgoing.

After the reduction to (1.9), it becomes natural to study the Dirichlet-to-Neumann map for
operators of the form

P (ω; g, L) := −h2∆g + hL− ω,
where L =

∑d
i=1 L

i(x)hDxi , and |ω − ω0| ≤ Ch.

Our next theorem yields a parametrix for the Dirichlet-to-Neumann map in the elliptic region.

Theorem 1.12. Let ω0 ∈ R, L be a smooth vector field, and (M, g) a Riemannian manifold
with boundary. Then for all ε > 0, C > 0, and |ω − ω0| ≤ Ch there is Eω ∈ Ψ1(∂Ω) with

σ(Eω) =
√
|ξ′|2g − ω0 such that for any s ≥ 1

2 , X ∈ Ψ0(∂M) with WFh(X) ⊂ {|ξ′|g > ω0}, δ > 0,

N > 0, there is C1 > 0 such that for all 0 < h < 1,

‖X(h∂νgu− Eω(u|∂M ))‖Hs
h(∂M) ≤ C1(h−

1
2 ‖P (ω; g, L)u‖

H
s− 1

2
h (∂Mδ)

+ hN‖u‖H1
h(∂Mδ)

),

where
∂Mδ := {x ∈M : d(x, ∂M) < δ}.

Notice that Theorem 1.12 implies that ΛI (z) ∈ Ψ1(∂Ω) with principal symbol

σ(ΛI (z)) = ρI

√
|ξ′|2gI + 1 (1.10)
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and, moreover, for X ∈ Ψ0(∂Ω) with WFh(X) ⊂ {|ξ′|gO > 1}, XΛO(z) ∈ Ψ1(∂Ω) with

σ(XΛO(z)) = ρiσ(X)
√
|ξ′|2gO − 1. (1.11)

The distinction between (1.6) and (1.7) can be seen from (1.10) and (1.11). Indeed,

σ(ΛO − τΛI ) = ρiσ(X)
√
|ξ′|2gO − 1− τρI

√
|ξ′|2gI + 1, |ξ′|gO > 1,

and this symbol does not vanish in the case of (1.6), while it does in the case of (1.7). One can
also see why the existence of (x′, ξ′) ∈ T ∗∂Ω such that

τ2ρ2
I |ξ
′|2gI = ρ2

O |ξ
′|2gO

may cause problems with self-adjointness. Indeed, in this case, the symbol is not uniformly elliptic
as |ξ′| → ∞ and hence, standard elliptic regularity results will fail.

In the case of (1.6), the knowledge of the symbol of ΛI and that of ΛO at high frequency is
sufficient. However, in the case of (1.7) we need one more subtle piece of information about the
Dirichlet-to-Neumann maps.

Theorem 1.13. Let M > 0. Then there is c > 0 such that for all 0 < h < 1, |1− z| ≤Mh, and

u ∈ H
1
2
h (∂Ω),

− sgn(Im z2) Im〈τΛIu, u〉L2(∂Ω,dvolgO ) ≤ −c| Im z2|‖u‖2L2(∂Ω).

Furthermore, for all X ∈ Ψcomp with WFh(X) ⊂ {|ξ′|gO > 1}, and N > 0, there are c > 0 and

CN > 0 such that for all 0 < h < 1, |1− z| < Mh, and u ∈ L2(∂Ω), we have

sgn(Im z2) Im〈ΛOu, u〉L2(∂Ω,dvolgO ) ≤ −(c| Im z2| − CNhN )‖u‖2L2(∂Ω).

Provided that | Im z| > hN for some N , Theorem 1.13 allows us to obtain estimates where
ΛO − τΛI fails to be elliptic.

In order to finish the proofs of Theorem 1.8 and 1.9, we need to obtain estimates on |ξ′|gO ≤ 1.

For this, we employ defect measure arguments similar to those in [GMS21, GSW20, Bur02].

The proof of Theorem 1.11 relies on Theorem 1.9 and a contour integration. Let V (h) :=
[1−2ε, 1+2ε]× i[−h, h]. First, using a complex absorbing potential to reduce to operators of trace
class, one can find a compactly microlocalized pseudodifferential operator, X, with WFh(X) ⊂
{|ξ′|gO > 1 + 2ε} such that∑

λj∈V (h)

ψ̃(λj) =
1

2πi

∫
∂V (h)

ψ̃(z)(ΛO(z)− τΛI (z))
−1∂z(ΛO(z)− ΛI (z))Xdz +O(h∞),

where ψ ∈ C∞c ((1− 2ε, 1 + 2ε)) and ψ̃ is an almost analytic extension of ψ.

Then, since on WFh(X), ΛO − τΛI is a pseudodifferential operator with symbol

ρO

√
|ξ′|2gO − z

2 − τρI
√
|ξ′|gI + z2,

we will argue in this sketch as though the whole operator was such a pseudodifferential operator.
In particular, we can find E an elliptic pseudodifferential operator such that

ΛO − τΛI = E(B(z)− z2),
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where B(z) ∈ Ψ2
h with

B(z) = B0 + hB1(z), Bi ∈ Ψ2−i
h ,

and

σ(B0) =
ρ2
O |ξ
′|2gO − ρ

2
Iτ

2|ξ′|2gI
ρ2
O + ρ2

Iτ
2

.

Next, we closely follow the proof of the Weyl law for self-adjoint pseudodifferential operators.
In particular, for ∓ Im z > 0, we write

(B − z2)−1 =
i

h

∫ ±∞
0

U(t)e
i
h
tz2
dt,

where

(hDt −B(z))U(t) = 0, U(0) = I.

Then,∑
λj∈V (h)

ψ̃(λj) =
∑
±
± 1

2πh

∫ ±∞
0

∫
∂V (h)

ψ̃(z)U(t)e−
i
h
tz2
E−1∂z(ΛO(z)− ΛI (z))Wdz +O(h∞),

and, integrating by parts in z, we are able to replace the integral to time infinity by a finite
integral; i.e. for χ ∈ C∞c (−1, 1) with χ ≡ 1 near 0, we have∑

λj∈V (h)

ψ̃(λj) =
1

2πh

∫ ∞
−∞

∫
∂V (h)

ψ̃(z)χ(t)U(t)e−
i
h
tz2
E−1∂z(ΛO(z)− ΛI (z))Wdz +O(h∞).

At this point we can use an oscillatory integral approximation of U(t) to compute the integrals
and then approximate 1[1−ε,1+ε] by cutoff functions ψ, thereby finishing the proof of theorem.

1.3. Structure of the paper. Section 2 contains a review of some preliminary material includ-
ing basic notation for semiclassical operators, and defect measures as well as propagation of defect
measure results. In Section 3 we reformulate the problem as a scattering problem in the exte-
rior of the obstacle ΩI with a non-standard boundary condition. Next, in Section 4, we prove
Theorem 1.12 by implementing a factorization scheme for the Laplace-Beltrami operator near the
boundary. We apply these methods specifically to PO − z2 and PI − z2 and prove Theorem 1.13
in Sections 4.4 and 4.5. In Section 5, we prove Theorems 1.8, 1.9, and 1.10. Finally, in Section 6,
we prove Theorem 1.11. Appendix A shows that P is a black-box Hamiltonian.
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ducing them to this problem and Yves Colin de Verdière for interesting discussion around [CdV25].
Thanks also to Janosch Preuss for help with numerical experimentation. JG was supported by
ERC Synergy Grant: PSINumScat - 101167139, Leverhulme Research Project Grant: RPG-2023-
325, EPSRC Early Career Fellowship: EP/V001760/1, and EPSRC Standard Grant: EP/V051636/1.
YF was supported by EPSRC Standard Grant: EP/V051636/1.
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2. Preliminaries

2.1. Semiclassical rescaling and pseudodifferential operators. In order to prove our esti-
mates, we reformulate our problem in semiclassical language; i.e. let 0 < h < 1, z = z(h) ∈ C
with |1− z| ≤Mh and set λ = h−1z. We will also need semiclassical Sobolev spaces defined on a
Riemannian manifold (M, g), for k ∈ N by the norm

‖u‖2
Hk
h(M)

:=
∑
|α|≤k

‖(hD)αu‖2L2(M).

We then define Hs
h for s ≥ 0 by interpolation and H−sh by duality (Notice that when M has a

boundary H−sh is the space of supported distributions).

We then write f ∈ Hs
h,loc(M) if for all χ ∈ C∞c (M), χf ∈ Hs

h(M). We write f ∈ Hs
h,comp if

f ∈ Hs
h(M) and f is compactly supported.

We use the language of semiclassical pseudodifferential operators frequently in this paper. We
now briefly recall the concepts and notation (see [Zwo12] and[DZ19, Appendix E] for a complete
treatment). We will define pseudodifferential operators on Rd, the definitions on manifolds being
similar and refer the reader to [DZ19, Appendix E] for the precise definitions on a manifold.

Semiclassical Pseudodifferential Operators on Rd We say a ∈ C∞(T ∗Rd) is a symbol of
order m and write a ∈ Sm(T ∗Rd) if for all α, β ∈ Nd, there is Cαβ > 0 such that

|∂αx ∂
β
ξ a(x, ξ)| ≤ Cαβ〈ξ〉m−|β|, 〈ξ〉 := (1 + |ξ|2)1/2.

We then quantize a ∈ Sm(T ∗Rd) using the quantization

[Op(a)u](x) :=
1

(2πh)d

∫
e
i
h
〈x−y,ξ〉a(x, ξ)u(y)dydξ,

and define the class of semiclassical pseudodifferential operators of order m,

Ψm
h (Rd) := {Op(a) : a ∈ Sm(T ∗Rd)}.

We write Ψ∞h (Rd) := ∪mΨm
h (Rd) and Ψ−∞h (Rd) := ∩mΨm

h (Rd).
We next recall a few technical lemmas and definitions from the calculus of semiclassical pseu-

dodifferential operators. The first gives the basic elements of the calculus.

Lemma 2.1 (Theorem 9.5 [Zwo12]). Let a ∈ Sm1(Rd) and b ∈ Sm2(Rd). Then,

h−1(Op(a) Op(b)−Op(ab)) ∈ Ψm1+m2−1
h (Rd),

h−1(Op(a)∗ −Op(ā)) ∈ Ψm1−1
h (Rd),

h−2([Op(a),Op(b)] + hiOp({a, b})) ∈ Ψm1+m2−2
h (Rd).

The next defines the principal symbol.

Lemma 2.2 (Principal Symbol Map, Proposition E.14 [DZ19]). There is a map σm : Ψm
h (Rd)→

Sm(T ∗Rd) so that

A−Op(σ(A)) ∈ hΨm−1(Rd).
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We write T ∗Rd = T ∗Rd t Rd × Sd−1 for the fiber radially compactified cotangent bundle i.e.
the cotangent bundle with the sphere at infinity in ξ attached.

We can now define the notion of the elliptic set.

Definition 2.3. Let A ∈ Ψm
h (Rd). For (x0, ξ0) ∈ T ∗M , we say that A is elliptic at (x0, ξ0) and

write (x0, ξ0) ∈ ellh(A) if there is a neighborhood, U of (x0, ξ0) and c > 0 such that

|σ(A)(x, ξ)| ≥ c〈ξ〉m, (x, ξ) ∈ U.

Next, we define the wavefront set of a pseudodifferential operator.

Definition 2.4. Let A ∈ Ψm
h (Rd). For (x0, ξ0) ∈ T ∗M we say that (x0, ξ0) is not in the wavefront

set of A and write (x0, ξ0) /∈WFh(A) if there is a ∈ Sm such that

A = Op(a) +O(h∞)Ψ−∞h

and (x0, ξ0) /∈ supp a.

The next lemma gives the so-called elliptic parametrix construction.

Lemma 2.5 (Proposiion E.32 [DZ19]). Suppose that A ∈ Ψm1
h (Rd) and B ∈ Ψm2

h (Rd) and

WFh(A) ⊂ ellh(B). Then there is E ∈ Ψm1−m2
h (Rd) with WFh(E) ⊂WFh(A) such that

A = EB +O(h∞)Ψ−∞h
.

The final lemma concerns boundedness of pseudodifferential operators.

Lemma 2.6 (Proposition E.19 [DZ19]). Let A ∈ Ψm
h (Rd). Then, for all s ∈ R, there is C > 0

such that for all u ∈ Hs+m
h (Rd) and 0 < h < 1,

‖Au‖Hs
h(Rd) ≤ C‖u‖Hs+m

h (Rd).

Tangential Pseudodifferential operators We will also have occasion to use tangential pseu-
dodifferential operators on a domain Ω ⊂ Rd with smooth boundary. Once again, we make these
definition in local coordinates Rx1 × Rd−1

x′ , we Ω = {x1 > 0}.
We say that a ∈ C∞(R × T ∗Rd−1) is a tangential symbol of order m and write a ∈ Smt if

a ∈ C∞(Rx1 ;Sm(Rd−1)). We then define the class of tangential pseudodifferential operators of
order m by

Ψm
t,h := {Op(a) : a ∈ Smtan,h}.

We also write Ψ∞t,h := ∪mΨm
t,h(Rd) and Ψ−∞t,h (Rd) := ∩mΨm

t,h(Rd).

Notice that for any A ∈ Ψm
t,h and y ∈ R A can be restricted to an operator on {x1 = y} and

this operator lies in Ψm
h ({x1 = y}).
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2.2. The operator in Fermi Normal Coordinates. In Fermi normal coordinates x = (x1, x′),
where x1 is the signed distance to the boundary, Ω is given by x1 ≥ 0 and the metric is of the
form

g = (dx1)2 +
d∑

α,β=2

gαβ(x)dxαdxβ.

Then,

− h2∆g,ρ − z2 = (hDx1)2 + ha(x)hDx1 −R(x1, x′, hDx′). (2.1)

Here, a is a smooth function given by a = (
√
|g|ρ)−1Dx1

√
|g|ρ with

√
|g| being the Riemannian

density function. Moreover, R is a tangential differential operator of order 2. The semiclassical
principal symbol of R is given by σ(R) = r(x1, x′, ξ′) with r(0, x′, ξ′) = 1− |ξ′|2g.

2.3. Semiclassical defect measures. Semiclassical defect measures are measures associated
with a sequence (possibly subsequence) of functions {u(h)}0<h<h0 . Some well-known existence
theorem of semiclassical defect measures can be found in [DZ19, Appendix E.3] or [Zwo12, Chapter
5]. We will summarise them in the following.

• If uj := u(hj) satisfies

‖χuj‖L2(Ω) ≤ Cχ (2.2)

for some constant Cχ depending on χ ∈ C∞c (Ω) but not j, then there is a subsequence jn
and a non-negative Radon measure µ on T ∗Ω such that

〈Oph(a)(x, hjnD)ujn , ujn〉 →
∫
T ∗Ω

a(x, ξ)dµ for ∀a ∈ C∞c (T ∗Ω). (2.3)

• If uj satisfies

‖uj‖L2(∂Ω) ≤ CD, (2.4)

then there is a subsequence jn and a non-negative Radon measure υD on T ∗∂Ω such that

〈Oph(b)(x′, hjD
′)uj , uj〉 →

∫
T ∗∂Ω

b(x′, ξ′)dυD for ∀b ∈ C∞c (T ∗∂Ω).

• If uj satisfies

‖hDνuj‖L2(∂Ω) ≤ CN , (2.5)

then there exists a non-negative Radon measure υN on T ∗∂Ω such that

〈Oph(b)(x′, hjD
′)hDνuj , hDνuj〉 →

∫
T ∗∂Ω

b(x′, ξ′)dυN for ∀b ∈ C∞c (T ∗∂Ω).

• If uj satisfies (2.4) and (2.5) then in addition to measures υD and υN , there exists another
Radon measure υDN on T ∗∂Ω such that

〈Oph(b)(x′, hjD
′)uj , hDνuj〉 →

∫
T ∗∂Ω

b(x′, ξ′)dυDN for ∀b ∈ C∞c (T ∗∂Ω).

• Let uj satisfy {
(PO − z2)uj = hjfj in Ω,

(hjDνO
+ Λ)uj = gj on ∂Ω,

(2.6)
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for some fj ∈ L2
comp(Ω), ‖fj‖L2 ≤ C and gj ∈ H

1
2
h (∂Ω), ‖gj‖

H
1
2
h

≤ C, and Λ ∈ Ψ1
h(∂Ω).

Then there exists Radon measures µf on T ∗Ω and σg on T ∗∂Ω such that
〈Oph(a)(x, hjD)uj , f〉 →

∫
T ∗Ω

a(x, ξ)dµf for ∀a ∈ C∞c (T ∗Ω),

〈Oph(b)(x′, hjD
′)uj , g〉 →

∫
T ∗∂Ω

b(x′, ξ′)dυg for ∀b ∈ C∞c (T ∗∂Ω).

If uj further satisfies (2.2), then supp(µ) ∩ T ∗Ω ⊂ Σp := {p = 0}.

Notice that if uj satisfies (2.4), (2.5) and (2.6) then

υg = υDN + σ(Λ)υD. (2.7)

To obtain relationships between the interior defect measures and boundary defect measures one
uses the following integration by parts formula.

Lemma 2.7 (Integration by parts). Suppose that

P = (hDx1)2 + ha(x)hDx1 −R(x, hDx′)

is formally self adjoint with respect to the density ρdx. Let B = B0 + B1hDx1 with Bi ∈
C∞comp((−2δ, 2δ)x1 ; Ψ`i

h (Rd−1)) for i = 1, 2. Moreover, Ω is defined for x1 > 0. Then we have

i

h
〈[P,B]u, u〉L2(Ω) = −2

h
Im
(
〈Bu,Pu〉L2(Ω)

)
+

i

h
〈Pu, (B −B∗)u〉L2(Ω)

−
(
〈B0u, hDx1u〉L2(∂Ω) + 〈B1hDx1u, hDx1u〉L2(∂Ω) + 〈B1Ru, u〉L2(∂Ω)

+〈hDx1B0u, u〉L2(∂Ω)+〈[hDx1 , B1]hDx1u, u〉L2(∂Ω)+h〈[a,B1]hDx1u, u〉L2(∂Ω)+h〈aB0u, u〉L2(∂Ω)

)
,

where a = ρ−1Dx1ρ.

Proof. Using the measures ρdx in {x1 > 0} = Ω and ρdx′ on {x1 = 0} = ∂Ω, from expression
(2.1), we have

〈PBu, u〉L2(Ω,ρdx) = 〈Bu,Pu〉L2(Ω) + ih
(
〈hDx1Bu, u〉L2(∂Ω) + 〈Bu, hDx1u〉L2(∂Ω)

)
,

〈BPu, u〉L2(Ω) = 〈Pu,Bu〉L2(Ω) + 〈Pu, (B∗ −B)u〉L2(Ω) + ih〈Pu,B∗1u〉L2(∂Ω).

One also has

〈hDx1Bu, u〉L2(∂Ω) = 〈(hDx1)2u,B∗1u〉L2(∂Ω)

+ 〈hDx1B0u, u〉L2(∂Ω) + 〈[hDx1 , B1]hDx1u, u〉L2(∂Ω).
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Therefore, the boundary contributions of 〈[P,B]u, u〉L2(Ω) is given by ih multiplying with

〈Bu, hDx1u〉L2(∂Ω) + 〈hDx1Bu, u〉L2(∂Ω) − 〈Pu,B∗1u〉L2(∂Ω)

= 〈Bu, hDx1u〉L2(∂Ω) + 〈(R− ah2Dx1)u,B∗1u〉L2(∂Ω)

+ 〈hDx1B0u, u〉L2(∂Ω) + 〈[hDx1 , B1]hDx1u, u〉L2(∂Ω)

= 〈Bu, hDx1u〉L2(∂Ω) + 〈B1Ru, u〉L2(∂Ω) + 〈hDx1B0u, u〉L2(∂Ω)

+ 〈[hDx1 , B1]hDx1u, u〉L2(∂Ω) + h〈[a,B1]hDx1u, u〉L2(∂Ω) + h〈aB0u, u〉L2(∂Ω).

This completes the proof. �

When B0 = 0, we have

i

h
〈[P,B1hDx1 ]u, u〉L2(Ω) =

− 2

h
Im
(
〈B1hDx1u, Pu〉L2(Ω)

)
+

i

h
〈Pu, (B1hDx1 − (hDx1)∗B∗1)u〉L2(Ω)

−
(
〈B1hDx1u, hDx1u〉L2(∂Ω) + 〈B1Ru, u〉L2(∂Ω)

+ h〈[a,B1]hDx1u, u〉L2(∂Ω) + 〈[hDx1 , B1]hDx1u, u〉L2(∂Ω)

)
.

When B1 = 0, we have

i

h
〈[P,B0]u, u〉L2(Ω) = −2

h
Im
(
〈B0u, Pu〉L2(Ω)

)
+

i

h
〈Pu, (B0 −B∗0)u〉L2(Ω)

−
(
〈B0u, hDx1u〉L2(∂Ω) + 〈hDx1B0u, u〉L2(∂Ω) + h〈aB0u, u〉L2(∂Ω)

)
.

Using Lemma 2.7, one can obtain the results of [Mil00] (see also [GLS24]) on boundary defect
measures.

Theorem 2.8. Let uj satisfy (2.2), (2.4), (2.5), and (2.6), then suppµ ⊂ {σ(P − 1) = 0} ∩ T ∗Ω
and we have

µ(Hpa) = −2 Imµf (Re a)− 2i Imµf (Im a)

− 2 Re υg(aeven)− 2|σ(Λ)| Im υD(aeven)− υN (aodd)− υD(raodd), (2.8)

where aeven = 1
2(a(x, r

1
2 , ξ′) + a(x,−r

1
2 , ξ′)), aodd = 1

2r
1
2

(a(x, r
1
2 , ξ′)− a(x,−r

1
2 , ξ′)) and r = σ(R)

in (2.1). Let π : T ∗Ω → bT ∗Ω define as π(x1, x′, ξ1, ξ
′) = (x1, x′, x1ξ1, ξ

′). If ∂Ω is nowhere
tangent to Hp to infinite order. Then, for q ∈ C∞c (bT ∗Ω;R), we have

π∗µ(q ◦ ϕt)− π∗µ(q) =

∫ t

0
(−2 Imπ∗µf − 2δ∂Ω ⊗ (Re υDN ) + υG) (q ◦ ϕs)ds, (2.9)

where ϕt is the bicharacteristic flow and the measure υG is only supported on the glancing set.
Moreover, µf = 0 if f = o(1) and, similarly, Re υDN = υG = 0 if g = o(1).

Proof. We will briefly mention the proof. Identity (2.8) follows from identity (2.7), Lemma 2.7
and the fact that (Hpa)|S∗Rd = Hp(a|S∗Rd). Here, Hp is the Hamiltonian vector field generated
by p = σ(P ). The proof of (2.9) can be found in [GLS24, Section 2]. It is clear that f = o(1)
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implies µf = 0. For g = o(1), we know from (2.7) that υDN = −σ(iτΛI )υD, whose real part is

zero as σ(iτΛI ) is purely imaginary (see Proposition 4.20). Finally, υG = 0 follows immediately
from Re υDN = 0. �

2.4. An estimate for the Neumann Trace.

Lemma 2.9. Suppose that

P = (hDx1)2 + ha(x)hDx1 −R(x, hDx′)

is formally self adjoint with respect to the density ρdx. Then, for s ≤ 1
2 and ε > 0, there is C > 0

such that for u ∈ H1
h with Pu ∈ L2,

‖hDx1u|x1=0‖Hs
h(∂Ω) ≤ Ch−1‖Pu‖L2(0,ε) + C‖u‖H1

h(0,ε) + C‖u|x1=0‖Hs+1
h (∂Ω).

Proof. Let E ∈ Ψs
h(∂Ω) elliptic, χ ∈ C∞c ([0, ε)) with χ ≡ 1 near 0, set B1 := χ(x1)E, B0 = 0,

B := E∗Eχ(x1)hDx1 . Then, by Lemma 2.7,

‖hDx1u|x1=0‖2Hs
h(∂Ω) ≤ 〈EhDx1u,EhDx1u〉L2(∂Ω)

=
i

h
〈[P,B]u, u〉L2(Ω) −

2

h
Im〈Bu,Pu〉L2(Ω) − 〈ERu,Eu〉L2(∂Ω)

+ h〈[a, χ(x1)E∗E]hDx1u, u〉L2(∂Ω)

≤ C‖u‖2H1
h(0,ε) + Ch−1‖u‖H1

h(0,ε)‖Pu‖L2(0,ε) + ‖u|x1=0‖2Hs+1
h (∂Ω)

+ Ch2‖hDx1u|x1=0‖Hs
h(∂Ω)‖u|x1=0‖Hs−1

h (∂Ω)

≤ C‖u‖2H1
h(0,ε) + δ‖u‖2H1

h(0,ε) + Ch−2δ−1‖Pu‖L2(0,ε)

+ C(1 + δ−1)‖u|x1=0‖2Hs+1
h (∂Ω)

+ h2δ‖hDx1u|x1=0‖2Hs
h(∂Ω).

Taking δ > 0 small enough completes the proof of the lemma. �

3. Reformulation of negative index of refraction problem as an exterior
problem

In this section, we reformulate the estimates for RP (z) in terms of an exterior scattering
problem. To do this, we first review estimates for more classical resolvents.

3.1. Review of estimates for the Dirichlet resolvent in ΩO . Since ΩO is connected, PO is
self-adjoint with domain H1

0 ∩H2, and gijO (x) = δij , ρ(x) ≡ 1 for |x| large enough, the theory of
black-box scattering [DZ19, Chapter 4] implies that there is a meromorphic family of operators
RO(z) : L2

comp(ΩO)→ H2
h,loc ∩H1

0,loc(ΩO) satisfying

(PO − z
2)RO(z)f = f in ΩO , RO(z/h)f is z/h-outgoing.

Moreover, since gO is non-trapping on ΩO , combining [Bur02, Theorem 1.3] with elliptic regularity,
we have for any M > 0, there is h0 > 0 such that RO(z) is analytic in, |1− z| ≤ Mh and for all
χ ∈ C∞c (ΩO) there is C > 0 such that

‖χRO(z)χ‖L2(ΩO )→H2
h(ΩO ) ≤ Ch−1, 0 < h < h0, |1− z| < Mh. (3.1)
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By Lemma 2.9, this implies and hence also

‖h∂νRO(z)χ‖
L2(ΩO )→H1/2

h (∂Ω)
≤ Ch−1 + ‖χRO(z)χ‖L2(∂Ω)→H1

h(ΩO ) ≤ Ch−1. (3.2)

Moreover, letting EO : H
3/2
h (∂Ω) → H2

h,comp(ΩO), be an extension operator, the operator

GO(z) : H
3/2
h (∂Ω)→ H2

h,loc(ΩO) defined by

GO(z)v := EOv −RO(z)EOv,

is a meromorphic family of operators satisfying

(PO − z
2)GO(z)v = 0 in ΩO , GO(z)g|∂Ω = v, GO(z)v is z/h-outgoing.

We now obtain an improved version of [BSW16, Theorem 3.5]. The following proposition is
an improvement of [BSW16, Theorem 3.5], where we combine the method used in the proof of
[BSW16, Theorem 3.5] and Lemma 4.14.

Proposition 3.1. Let GO,h be the Dirichlet map for (PO − z2) satisfying z/h outgoing condition.

Then for all M > 0, χ ∈ C∞c (ΩO), and j = 0, 1 there are C, h0 > 0 such that for 0 < h < h0,

‖χGO,h(z)‖
H

1
2 +j

h (∂Ω)→H1+j
h (ΩO )

≤ C, for |1− z| ≤Mh, (3.3)

and
‖h∂νOGO(z)χ‖

H
1
2 +j

h (∂Ω)→H
− 1

2 +j

h (∂Ω)
≤ C. (3.4)

Proof. Let g ∈ H1/2
h (∂Ω) and w be a solution to{

− h2∆gO ,ρO
w+ − (1 + ih)2w+ = 0 in ΩO ,

w+ = g on ∂Ω.

Then Green’s identity implies

h‖w+‖2L2(ΩO ) ≤ Ch|〈h∂νw+, g〉∂Ω|,

‖w+‖2H1
h(ΩO ) ≤ C(‖w+‖2L2(ΩO ) + h|〈h∂νw+, g〉∂Ω|),

(3.5)

where the boundary contribution at infinity is zero since h > 0 implies w+ ∈ H1.

Applying Lemma 2.9, one has for s ≤ 3
2 ,

‖h∂νOw+‖Hs−1
h (∂Ω) ≤ ‖w+‖L2(Ω)‖w+‖H1

h(Ω) + ‖g‖Hs
h(∂Ω). (3.6)

Hence, using (3.6) with s = 1
2 and (3.5), we obtain

‖w+‖H1
h(ΩO ) ≤ Cε‖w+‖H1

h(ΩO ) + C(ε+ ε−1)‖g‖
H

1
2
h (∂Ω)

.

In particular, taking ε = 1
2C , we have

‖w+‖H1
h(ΩO ) ≤ C‖g‖

H
1
2
h (∂Ω)

. (3.7)

Note also that if g ∈ H3/2
h , then by elliptic regularity for −h2∆gO ,ρO

+ 1,

‖w+‖H2
h(ΩO ) ≤ C(‖w+‖H1

h(Ω) + ‖g‖
H

3/2
h (∂Ω)

) ≤ C‖g‖
H

3/2
h (∂Ω)

. (3.8)
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Let χ1, χ2 ∈ C∞0 (ΩO) χ1 ≡ 1 near ∂Ω, and supp(1− χ2) ∩ suppχ1 = ∅. Then, notice that

GO(z)g = χ1w+ −RO(z)(PO − z
2)χ1w+

= χ1w+ −RO(z)χ2[−h2∆gO ,ρO
, χ1]w+ − ((1 + ih)2 − z2)RO(z)χ2χ1w+.

The estimate (3.3) now follows from (3.7), (3.8), and the estimates

‖χROχ2‖L2(ΩO )→H2
h(ΩO ) ≤ Ch−1, ‖[−h2∆gO ,ρO

, χ1]‖H1
h→L2 ≤ Ch.

The estimate (3.4) now follows from Lemma 2.9. �

3.2. Review of estimates for the Dirichlet resolvent in ΩI . Since PI is self-adjoint with
domain H1

0 (ΩI ) ∩ H2(ΩI ) and PI ≤ Ch, for |1 − z| ≤ C0h, there is a holomorphic family of
operators RI (z) := (PI − z2)−1 : L2(ΩI )→ H2

h(ΩI ) ∩H1
0 (ΩI ) satisfying

(PI − z
2)RI (z)f = f in ΩI .

Moreover, ‖RI (z)‖L2(ΩI )→L2(ΩI ) ≤ C. Hence by elliptic regularity estimates (see e.g. [McL00,

Theorem 4.18]),

‖RI (z)‖L2(ΩI )→H2
h(ΩI ) ≤ C (3.9)

and by Lemma 2.9

‖h∂νRI (z)‖
L2(ΩI )→H

1
2
h (∂Ω)

≤ C. (3.10)

In addition, letting EI : H
3/2
h (∂Ω)→ H2

h(ΩI ) be an extension operator with

‖EI‖H3/2
h (∂Ω)→H2

h(ΩI )
≤ Ch1/2,

and defining GI (z) : H
3/2
h (∂Ω)→ H2

h(ΩI ) by

GI (z)v := EIv −RI (z)EIv.
GI (z) satisfies

(PI − z
2)GI (z)g = 0 in ΩI , GI (z)g|∂Ω = g,

and for any M > 0 there is h0 > 0 such that for 0 < h < h0, j = 0, 1

‖GI (z)g‖
H

1
2 +j

h →H1+j
h

+ ‖h∂νGI (z)χ‖
H

1
2 +j

h →H
− 1

2 +j

h

≤ C, 0 < h < h0, |1 − z| ≤ Mh. (3.11)

3.3. Reformulation of the negative index of refraction problem. It is convenient to reduce
our problem to studying the case of f ≡ 0 at the cost of placing inhomogeneous data in the
boundary condition. To do this, define vO := uO −RO(z)hχfO and vI := uI −RI (z)hfI .

Then, using (1.8) we obtain

(PI − z2)vI = 0 in ΩI ,

(PO − z2)vO = 0 in ΩO ,

vO = vI on ∂Ω,

ρOh∂νO vO − τρIh∂νI vI =: g on ∂Ω,

vO is z/h-outgoing.

(3.12)
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Notice that by (3.1),

‖χ(vO − uO)‖H2
h(ΩO ) ≤ Ch−1‖fO‖L2 , (3.13)

by (3.9)

‖vI − uI‖H2
h(ΩI ) ≤ C‖fI‖L2 . (3.14)

Next, by (3.2) and (3.10),

‖g‖
H

1/2
h

≤ C(h−1‖fO‖L2 + ‖fI‖L2). (3.15)

Finally, observe that

‖vI‖H2
h
≤ C‖vO‖H3/2

h (∂Ω)
. (3.16)

Using (3.13), (3.14), (3.15), and (3.16), Theorem 1.8 will follow from the estimate

‖χvO‖H2
h(ΩO ) + ‖vO‖

H
3
2
h (∂Ω)

≤ C‖g‖
H

1/2
h (∂Ω)

, | Im z| < Mh, (3.17)

and Theorem 1.9 will follow from the estimate

‖χvO‖H2
h(ΩO ) + ‖vO‖

H
3
2
h (∂Ω)

≤ C| Im z|−1‖g‖
H

1/2
h (∂Ω)

, −Mh < Im z < −hN . (3.18)

Since our goal is now to prove (3.17) and (3.18), we can now reduce (3.12) to an exterior
scattering problem with a non-standard Robin-type boundary condition. For this, let ΛI (z) :

Hs
h(∂Ω) → Hs−1

h (∂Ω) be the Dirichlet-to-Neumann (DtN) map defined as follows. ΛI (z)u0 :=
hρI∂νIGIu0, where νI is outward normal with respect to the metric gI . We then rewrite (3.12)
as 

(PO − z2)vO = 0 in ΩO ,

ρOh∂νO vO − τΛI (z)vO |∂Ω = g on ∂Ω,

vO is z/h-outgoing.

(3.19)

The proof of Theorems 1.8 and 1.9 will consist of proving estimates on the solution to (3.19).
Since we have eliminated vI from (3.19), we will abuse notation slightly and simply write vO = v
from now on.

4. Microlocal description of the Dirichlet-to-Neumann map

In addition to the DtN map ΛI (z), we will use the outgoing DtN map, Λo(z) : Hs
h(∂Ω) →

Hs−1
h (∂Ω) defined as hρO∂νOGO(z). In this section we provide a full description of ΛI (z) as a

pseudodifferential operator and a microlocal description of Λo(z) on |ξ′|gO > 1. In particular, we
prove Theorem 1.12.

In fact, we generalize our situation slightly, defining for L :=
∑d

i=1 L
i(x)hDxi and ω = ω0 +

hω1 + o(h2),

P (ω; g, L) := −h2∆g + hL− ω. (4.1)

Notice that

PO − ω = − h2

ρ
√
|g|
∂ig

ij
O

√
|g|ρ∂j − ω

= −h2∆gO
− hρ−1(∂iρ)gijOh∂j − ω = P (ω; gO , LO),

(4.2)
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with

LO := −ρ−1(∂iρ)gijOh∂j .

Similarly, there is LI such that

− PI + ω = P (−ω; gI , LI ). (4.3)

4.1. Semiclassical Lee-Uhlmann constructions. To the best of authors’ knowledge, the ear-
liest paper showing DtN map as a classical (i.e. non-semiclassical) pseudodifferential operator
and providing a way of calculating the full classical symbol expression of DtN map can be found
in the work of Sylvester and Uhlmann [SU88]. The method of Sylvester and Uhlmann is based on
the study of Calderón projector. A more direct approach to DtN map via factorization modulo
smoothing operators can be found in the work of Lee–Uhlmann [LU89], and their method allows
one to calculate its full classical asymptotic expansions in a simpler and more intuitive way. In
this section, we give a semiclassical version of Lee–Uhlmann approach. While the results in this
sections are considered folk-lore knowledge, we were unable to find a reference in the literature.

Remark 4.1. In the simplest form of factorization problem, say solving the equation

p(x;λ) := x2 − λ2 = 0 (4.4)

for some unknown number x, we can factorize p(x;λ) as (x − λ)(x + λ) and obtain x = λ or
x = −λ as solutions to this toy problem. To further determine which solution to be valid, we
would need more information about x. Lee–Uhlmann’s idea is essentially solving an analogue of
(4.4) for p(x;λ) being the Laplace-Beltrami operator, x being an unknown operator with some given
classical pseudodifferential operator λ and, furthermore, the right-hand-side of (4.4) is replaced by
some smoothing operator. To determine which solution of x to be the right candidate boils down
to choosing which ±λ that gives the well-posedness of the heat equation. In fact, it is due to the
nature that the heat operator e±λt is only well-posed in positive time t for −λ if we assume λ > 0
(See [LU89, Proposition 1.2]).

Our approach is essentially a semiclassical version of Lee-Uhlmann’s method, i.e. p(x;λ), x
and λ are now semiclassical pseudodifferential operators. Note that Lemmas 4.5 and 4.6 to be
proved in this section imply that depending on the sign of principal symbol of λ, the operator x−λ
enjoys different microlocal estimates. In other words, the operator x+λ and x−λ satisfy different
microlocal estimates if we fix λ. In this way, we replaces the fulfillment of the well-posedness of
the heat equation, as in Lee–Uhlmann’s construction, by microlocal estimates. See Remark 4.9 for
further details.

The following lemma gives a semiclassical factorisation of the semiclassical Laplace-Beltrami
with potentials.

Lemma 4.2. Let ω0 ∈ R and suppose that |ω0 − ω| < Ch. Then, for X ∈ Ψ0
t,h(Ω) such that

WFh(X) ⊂ {(x, ξ) :
∣∣|ξ′|2g − ω0

∣∣ > 0}, we have, in the boundary normal coordinates,

XP (ω; g, L) = X (hDx1 + hã− iE±(x, hDx′)) (hDx1 + iE±(x, hDx′)) +O(h∞)Ψ−∞t,h
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in the boundary normal coordinates, where ã = a+L1, E± ∈ Ψ1
t,h(Ω) and its principal symbols is

given by

σ(E±) = e1 :=

±i
√
ω0 − |ξ′|2g |ξ′|2g − ω0 < 0,

−
√
|ξ′|2g − ω0 |ξ′|2g − ω0 > 0.

(4.5)

Proof. Our strategy is to show E± =
∑

j≤1 h
1−j Oph(ej) for some ej ∈ Sj1,0(T ∗∂Ω). First, set

E± = Oph(e1) with e1 as in (4.5). Then it follows from equation (2.1) and definition of P (ω, g, L)
that

X+ (hDx1 + hã− iE±(x, hDx′)) (hDx1 + iE±(x, hDx′)) = X+P (ω; g, L) + hX+F1,

where F1 ∈ Ψ0
t,h. This proves our first induction step. Suppose that we have proved the k-th

induction step, i.e.

X+ (hDx1 + hã− iE+,k(x, hDx′)) (hDx1 + iE+,k(x, hDx′)) = X+P (ω; g) + hkX+Fk,

where E+,k =
∑
−(k−1)<j≤1 h

1−j Oph(ej) and Fk ∈ Ψ1−k
t,h . Then we set e−(k−1) = −1

2fk/e1 with

fk = σ(Fk).

X+ (hDx1 + hã− iE+,k+1) (hDx1 + iE+,k+1)

= X+

(
hDx1 + hã− iE+,k − ihk Oph(e−(k−1))

)(
hDx1 + iE+,k + ihk Oph(e−(k−1))

)
= X+

(
P (ω; g) + hkX+Fk + +hk(E+,k Oph(e−(k−1)) + Oph(e−(k−1))E+,k)

+ ihk[hDx1 ,Oph(e−(k−1))]
)

+O(hk+1)Ψ−k−1
t,h

= X+P (ω; g) + hk+1X+Fk+1,

which proves the (k + 1)-th induction step and hence completes the proof. �

When ω0 < 0, Lemma 4.2 gives a full factorization for P (ω; g).

Corollary 4.3. Let ω0 < 0 and suppose that |ω− ω0| < Ch. Consider operator P (ω; g, L). Then
P is strongly elliptic and we have, in the boundary normal coordinates,

P (ω; g) = (hDx1 + hã− iE±(x, hDx′)) (hDx1 + iE±(x, hDx′)) +O(h∞)Ψ−∞t,h
, (4.6)

where E± is a first order semiclassical operator whose principal symbol is chosen to be σ(E±) =

±
√
|ξ′|2g − ω0.

Proof. The proof follows immediately from Proposition 4.2 with X = I. �

4.2. Energy estimates for first order operators. The first estimate is the following basic
energy estimate, which can be applied to E±.

Lemma 4.4. Let Λ ∈ Ψ1
t,h(Ω) with Imσ(Λ) ≤ 0. Then, for all s ∈ R, and t0 < t1, we have

‖v|x1=t0‖Hs
h(∂Ω) ≤ C

(
h−1‖(hDx1 − Λ)v‖L2((t0,t1);Hs

h(∂Ω)) + ‖v‖L2((t0,t1);Hs
h(∂Ω))

)
.
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Proof. Let A = 〈hD′〉s. We work in the boundary normal coordinates as before and start with
the derivative of ‖v(x1, ·)‖L2(Rd−1) in x1. Omitting arguments x1 and Rd−1, we have

h

2
∂x1‖Av‖2L2 = − Im〈hDx1Av,Av〉 = − Im〈(hDx1 − Λ)Av,Av〉 − Im〈ΛAv,Av〉

= − Im〈A(hDx1 − Λ)v,Av〉 − Im
〈(

Λ + [Λ, A]A−1
)
Av,Av

〉
≥ −‖A(hDx1 − Λ)v‖L2‖AXv‖L2 − Ch‖Av‖2L2

≥ −h−1‖A(hDx1 + Λ)v‖2L2 − Ch‖Av‖2L2 , (4.7)

where G̊arding’s inequality is used for Im
〈(

Λ + [Λ, A]A−1
)
Av,Av

〉
. In other words,

∂x1‖v‖2Hs
h
≥ −C

(
h−2‖(hDx1 + Λ)v‖2Hs

h
+ ‖v‖2Hs

h

)
.

Let t− < t0 and ϕ ∈ C∞c (t−, t2) with ϕ ≥ 0 and ϕ = 1 in a neighbourhood of x1 = t0. Then we
have

‖v(t0)‖2Hs
h

= −
∫ ∞
t0

∂s

(
ϕ(s)‖v(s)‖2Hs

h

)
ds

≤ C
∫ t1

t0

‖v(s)‖2Hs
h
ds−

∫ ∞
t0

ϕ(s)∂s‖v(s)‖2Hs
h
ds

≤ C
(
h−2‖(hDx1 − Λ)v(s)‖2L2((t0,t1);Hs

h(∂Ω)) + ‖v(s)‖2L2((t0,t1);Hs
h(∂Ω))

)
.

�

Our next estimate allows us to both microlocalize and work in higher regularity than Lemma 4.4.
The method for microlocalization was communicated from [GL25].

Lemma 4.5. Let Λ ∈ Ψ1
t,h, ε > 0, X, X̃ ∈ Ψ0

t,h(Ω) such that WFh(X) ⊂ ellh(X̃) and WFh(X) ⊂
{(x, ξ) : Imσ(Λ)(x, ξ) < −ε〈ξ〉}. Also, let s ∈ R and 0 ≤ t0 < t1 < t2. Then, there exists
h0, c, C > 0 such that

‖Xv(t0)‖Hs
h(∂Ω) + ch−

1
2 ‖Xv‖

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ Ch−

1
2 ‖X̃(hDx1 − Λ)v‖

L2

(
(t0,t2);H

s− 1
2

h (∂Ω)

) + hN‖v‖L2((t0,t2);H−Nh (∂Ω))

+ hN‖(hDx1 − Λ)v‖L2((t0,t2);H−Nh (∂Ω))

for all 0 < h < h0.

Proof. Let A = 〈hD′〉s. Exactly as in (4.7), one has

h

2
∂x1‖AXv‖2L2(∂Ω) = − Im〈A(hDx1 − Λ)Xv,AXv〉 − Im〈

(
Λ + [Λ, A]A−1

)
AXv,AXv〉. (4.8)

By the microlocal G̊arding inequality [DZ19, Proposition E.34],

Im〈ΛAXv,AXv〉 ≤ −ε‖Xv‖2
H
s+ 1

2
h (∂Ω)

+ hN‖v‖2
H−Nh (∂Ω)

,
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Therefore, plugging into (4.8), we arrive at

h

2
∂x1‖AXv‖2L2(∂Ω) ≥ −‖(hDx1 − Λ)Xv‖2

H
s− 1

2
h (∂Ω)

+ c‖Xv‖2
H
s+ 1

2
h (∂Ω)

− hN‖v‖2
H−Nh (∂Ω)

. (4.9)

We now claim that if t0 < t1 < t2, and X ′ ∈ Ψ0
h,t(Ω) with WFh(X) ⊂ ellh(X ′), then,

‖Xv(t0)‖2Hs
h(∂Ω) + ch−1‖Xv‖2

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ Ch−1‖X(hDx1 − Λ)v‖2

L2((t0,t2);H
s− 1

2
h (∂Ω))

+ C‖X ′v‖2
L2((t0,t2);H

s− 1
2

h (∂Ω))

+ hN‖v‖L2((t0,t2);H−Nh (∂Ω)).

(4.10)

To prove this, t− < t0 and ϕ ∈ C∞((t−, t2); [0, 1]) with ϕ ≡ 1 on [t0, t1]. Then by (4.9) with v,
we have

‖Xv(t0)‖2Hs
h(∂Ω) = −

∫ ∞
t0

∂τ

(
ϕ(τ)‖Xv(τ)‖2Hs

h(∂Ω)

)
dτ

≤ Ch−1
(
‖X(hDx1 − Λ)v‖2

L2((t0,t2);H
s− 1

2
h (∂Ω))

− c‖Xv‖2
L2((t0,t2);H

s+ 1
2

h (∂Ω))

)
+ C‖Xv‖2L2((t1,t2);Hs

h(∂Ω))

+ Ch−1‖[hDx1 − Λ, X]v‖2
L2((t0,t2);H

s− 1
2

h (∂Ω)
+ ChN‖v‖L2((t0,t2);H−Nh (∂Ω)),

which implies (4.10) since ‖Xv‖2L2((t1,t2);Hs
h(∂Ω)) can be absorbed by ‖Xv‖2

L2((t0,t2);H
s+ 1

2
h (∂Ω))

for

sufficiently small h and

Ch−1‖[hDx1 − Λ, X]v‖2
L2((t0,t2);H

s− 1
2

h (∂Ω)
+ ‖Xv‖2

L2((t0,t2);H
s− 1

2
h (∂Ω))

≤ C‖X ′v‖2
L2((t0,t2);H

s− 1
2

h (∂Ω))
+ ChN‖v‖L2((t0,t2);H−Nh (∂Ω)).

Now, we will prove by induction that for t0 < t1 < t2 < t3, and X ′ ∈ Ψ0
h,t(Ω) with WFh(X) ⊂

ellh(X ′),

‖Xv(t0)‖2Hs
h(∂Ω) + ch−1‖Xv‖2

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ Ch−1‖X ′(hDx1 − Λ)v‖2

L2((t0,t3);H
s− 1

2
h (∂Ω))

+ Chj‖X ′v‖2
L2((t0,t2);H

s−j− 1
2

h (∂Ω))

+ hN‖v‖L2((t0,t3);H−Nh (∂Ω)) + hN‖(hDx1 − Λ)v‖L2((t0,t3);H−Nh (∂Ω)).

(4.11)

By (4.10) we have (4.11) with j = 0. Suppose that (4.11) holds for some j ≥ 0. Let t0 < t1 <
t′2 < t2 < t3 and X ′′, X ′ ∈ Ψ0

h,t(Ω) with WFh(X) ⊂ ellh(X ′′) and WFh(x′′) ⊂ ellh(X ′). Then, by
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the induction hypothesis (4.11) holds.

‖Xv(t0)‖2Hs
h(∂Ω) + ch−1‖Xv‖2

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ Ch−1‖X ′′(hDx1 − Λ)v‖2

L2((t0,t3);H
s− 1

2
h (∂Ω))

+ Chj‖X ′′v‖2
L2((t0,t′2);H

s−j− 1
2

h (∂Ω))

+ hN‖v‖L2((t0,t3);H−Nh (∂Ω)) + hN‖(hDx1 − Λ)v‖L2((t0,t3);H−Nh (∂Ω)).

(4.12)

By (4.10) with s replaced by s− j and (t0, t1, t2) replaced by (t0, t
′
2, t2), and (X,X ′) replaced by

(X ′′, X ′), we have

‖X ′′v‖2
L2((t0,t′2);H

s−j− 1
2

h (∂Ω))

≤ C‖X ′′(hDx1 − Λ)v‖2
L2((t0,t2);H

s−j− 1
2

h (∂Ω))
+ Ch‖X ′v‖2

L2((t0,t2);H
s−j− 1

2
h (∂Ω))

+ hN‖v‖L2((t0,t2);H−Nh (∂Ω)).

Using this in (4.12) then implies (4.11) with j replaced by j+ 1 and hence completes the proof of
the lemma. �

We also need an estimate analogous to Lemma 4.5 for estimating v in the interior.

Lemma 4.6. Let Λ ∈ Ψ1
t,h ε > 0 X, X̃ ∈ Ψ0

t,h(Ω) such that WFh(X) ⊂ ellh(X̃) and WFh(X) ⊂
{(x, ξ) : Imσ(Λ)(x, ξ) > ε〈ξ〉}. Also, let s ∈ R and 0 ≤ t0 < t1 < t2. Then, there exists
h0, c, C > 0 such that

‖Xv‖
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ C‖X̃(hDx1 − Λ)v‖

L2

(
(t0,t2);H

s− 1
2

h (∂Ω)

) + Ch
1
2 ‖X̃v(t0)‖Hs

h(∂Ω)

+ hN‖v‖L2((t0,t2);H−Nh (∂Ω)) + hN‖(hDx1 − Λ)v‖L2((t0,t2);H−Nh (∂Ω))

+ hN‖v(t0)‖H−Nh (∂Ω),

(4.13)

for all 0 < h < h0.

Proof. Let A = 〈hD′〉s. We start again from (4.8) and use the microlocal G̊arding inequality
[DZ19, Proposition E.34] to obtain

Im〈ΛAXv,AXv〉 ≥ ε‖Xv‖2
H
s+ 1

2
h (∂Ω)

− hN‖v‖2
H−Nh (∂Ω)

.

Therefore, plugging into (4.8), we arrive at

h

2
∂x1‖AXv‖2L2(∂Ω) ≤ ‖(hDx1 − Λ)Xv‖2

H
s− 1

2
h (∂Ω)

− c‖Xv‖2
H
s+ 1

2
h (∂Ω)

+ hN‖v‖2
H−Nh (∂Ω)

. (4.14)
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We now claim that if t0 < t1 < t2, and X ′ ∈ Ψ0
h,t(Ω) with WFh(X) ⊂ ellh(X ′), then,

‖Xv‖2
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ C‖X(hDx1 − Λ)v‖2

L2((t0,t2);H
s− 1

2
h (∂Ω))

+ h‖Xv(t0)‖2Hs
h(∂Ω)

+ Ch‖X ′v‖2
L2((t0,t2);H

s− 1
2

h (∂Ω))
+ hN‖v‖L2((t0,t2);H−Nh (∂Ω)).

(4.15)

To prove this, let t− < t0 and ϕ ∈ C∞((t−, t2); [0, 1]) with ϕ ≡ 1 on [t0, t1]. Then by (4.14)
with v, we have

‖Xv(t0)‖2Hs
h(∂Ω) = −

∫ ∞
t0

∂τ

(
ϕ(τ)‖Xv(τ)‖2Hs

h(∂Ω)

)
dτ

≥ −Ch−1
(
‖X(hDx1 − Λ)v‖2

L2((t0,t2);H
s− 1

2
h (∂Ω))

− c‖Xv‖2
L2((t0,t2);H

s+ 1
2

h (∂Ω))

)
− C‖Xv‖2L2((t1,t2);Hs

h(∂Ω))

− Ch−1‖[hDx1 − Λ, X]v‖2
L2((t0,t2);H

s− 1
2

h (∂Ω)
− ChN‖v‖L2((t0,t2);H−Nh (∂Ω)),

which implies (4.15) since ‖Xv‖2L2((t1,t2);Hs
h(∂Ω)) can be absorbed by ‖Xv‖2

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

) for

sufficiently small h and

Ch−1‖[hDx1 − Λ, X]v‖2
L2((t0,t2);H

s− 1
2

h (∂Ω)
+ ‖Xv‖2

L2((t0,t2);H
s− 1

2
h (∂Ω))

≤ C‖X ′v‖2
L2((t0,t2);H

s− 1
2

h (∂Ω))
+ ChN‖v‖L2((t0,t2);H−Nh (∂Ω)).

Now, we will prove by induction that for t0 < t1 < t2 < t3, and X ′ ∈ Ψ0
h,t(Ω) with WFh(X) ⊂

ellh(X ′),

‖Xv‖2
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

) ≤ C‖X ′(hDx1 − Λ)v‖2
L2((t0,t3);H

s− 1
2

h (∂Ω))

+ Ch‖X ′v(t0)‖2Hs
h(∂Ω) + Chj+1‖X ′v‖2

L2((t0,t2);H
s−j− 1

2
h (∂Ω))

+ hN‖v‖L2((t0,t3);H−Nh (∂Ω)) + hN‖(hDx1 − Λ)v‖L2((t0,t3);H−Nh (∂Ω))

+ hN‖v(t0)‖H−Nh (∂Ω).

(4.16)

By (4.15) we have (4.16) with j = 0. Suppose that (4.16) holds for some j ≥ 0. Let t0 < t1 <
t′2 < t2 < t3 and X ′′, X ′ ∈ Ψ0

h,t(Ω) with WFh(X) ⊂ ellh(X ′′) and WFh(X ′′) ⊂ ellh(X ′). Then, by
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the induction hypothesis (4.16) holds.

‖Xv‖2
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

) ≤ C‖X ′′(hDx1 − Λ)v‖2
L2((t0,t3);H

s− 1
2

h (∂Ω))

+ h‖X ′′v(t0)‖2Hs
h(∂Ω) + Chj+1‖X ′′v‖2

L2((t0,t′2);H
s−j− 1

2
h (∂Ω))

+ hN‖v‖L2((t0,t3);H−Nh (∂Ω)) + hN‖(hDx1 − Λ)v‖L2((t0,t3);H−Nh (∂Ω))

+ hN‖v(t0)‖H−Nh (∂Ω).

(4.17)

By (4.15) with s replaced by s− j − 1 and (t0, t1, t2) replaced by (t0, t
′
2, t2), and (X,X ′) replaced

by (X ′′, X ′), we have

‖X ′′v‖2
L2((t0,t′2);H

s−j− 1
2

h (∂Ω))

≤ C‖X ′′(hDx1 − Λ)v‖2
L2((t0,t2);H

s−j− 3
2

h (∂Ω))
+ h‖X ′′v(t0)‖2

Hs−j−1
h (∂Ω)

+ Ch‖X ′v‖2
L2((t0,t2);H

s−j− 3
2

h (∂Ω))
+ hN‖v‖L2((t0,t2);H−Nh (∂Ω)).

Using this in (4.17) then implies (4.16) with j replaced by j+ 1 and hence completes the proof of
the lemma. �

4.3. Estimates for the operator P . In this section, we use the factorisation, Lemma 4.2 to-
gether with the estimates from the previous subsection to prove estimates on solutions to Pu = f .

Let E± be the factorisation operators of P defined in Lemma 4.2. We have the following
microlocal estimates.

Lemma 4.7. Let X, X̃ ∈ Ψ0
t,h(Ω) such that WFh(X) ⊂ ellh(X̃), then for t0 < t1, we have

‖X(hDx1 + iE±)u|x1=t0‖Hs
h(∂Ω)

≤ C
(
h−1‖XPu‖L2((t0,t1);Hs

h(∂Ω)) + ‖X̃u‖H1
h((t0,t1);Hs

h(∂Ω))

)
+ hN‖X̃u‖L2((t0,t1);H−Nh (∂Ω)).

Proof. First note that

(hDx1 + ha− iE±)X(hDx1 + iE±)u

= XPu+ ([hDx1 + ha− iE±, X])(hDx1 + iE±)u+O(h∞)Ψ−∞t,h
(X̃u). (4.18)

Let Λ = iE±−ha, which satisfies the criteria in Lemma 4.4. Then by setting v = X(hDx1 +iE±)u,
we have

‖v|x1=t0‖Hs
h(∂Ω) ≤ C

(
h−1‖(hDx1 − Λ)v‖L2((t0,t1);Hs

h(∂Ω)) + ‖v‖L2((t0,t1);Hs
h(∂Ω))

)
.



SURFACE PLASMONIS IN METAMATERIALS 27

That is

‖X(hDx1 + iE±)u|x1=t0‖Hs
h(∂Ω)

≤ C
(
h−1‖XPu‖L2((t0,t1);Hs

h(∂Ω)) + h−1‖[hDx1 + ha− iE±, X](hDx1 + iE±)u‖L2((t0,t1);Hs
h(∂Ω))

+ ‖X(hDx1 + iE±)u‖L2((t0,t1);Hs
h(∂Ω))

)
+ hN‖X̃u‖L2((t0,t1);H−Nh (∂Ω)),

which proves the lemma. �

Lemma 4.8. Let ε > 0, X, X̃ ∈ Ψ0
t,h(Ω) such that WFh(X) ⊂ ellh(X̃) ⊂ WFh(X̃) ⊂ {(x, ξ) :

Reσ(E−)(x, ξ) < −ε}. Also, let s ∈ R and t0 < t1 < t2. Then, there exists h0, c, C > 0 such that

‖X(hDx1 + iE−)u(t0)‖Hs
h(∂Ω) + ch−

1
2 ‖X(hDx1 + iE−)u‖

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ Ch−

1
2 ‖X̃Pu‖

L2((t0,t2);H
s− 1

2
h (∂Ω))

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω))

(4.19)

for all 0 < h < h0. If Reσ(E−)(x, ξ′) < 0 on [t0, t2] × T ∗∂Ω, then we have X = X̃ = I and a
better estimate

‖(hDx1 + iE−)u(t0)‖Hs
h(∂Ω) + ch−

1
2 ‖(hDx1 + iE−)u‖

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ Ch−

1
2 ‖Pu‖

L2((t0,t2);H
s− 1

2
h (∂Ω))

+ ChN‖u‖L2((t0,t2);H−Nh (∂Ω))

(4.20)

for all 0 < h < h0.

Remark 4.9. Note that Lemma 4.7 says that both E+ and E− are good approximation to h∂x1

if we allow some H1
h-error of u. Lemma 4.8 says E− is a better approximation than E+ as the

H1
h-error of u is reduced to h∞ small for E−.

An immediate corollary of Lemma 4.8 is the following elliptic estimate.

Corollary 4.10. Let ω0 ∈ R and suppose that |ω0 − ω| < Ch and P be given as in (4.1), Then,
there exists h0, C, ω

′ > 0 such that for 0 < h < h0,

‖hDx1u(t0)‖Hs
h(∂Ω) ≤ Ch−

1
2 ‖(P + ω′)u‖

L2((t0,t2);H
s− 1

2
h (∂Ω))

+ ‖u(t0)‖Hs+1
h (∂Ω) + ChN‖u‖L2((t0,t2);H−Nh (∂Ω)),

(4.21)

and the following estimate holds,

‖hDx1u‖
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

) ≤ C‖(P + ω′)u‖
L2((t0,t2);H

s− 1
2

h (∂Ω))

+ ‖u‖
L2

(
(t0,t1);H

s+ 3
2

h (∂Ω)

) + ChN‖u‖L2((t0,t2);H−Nh (∂Ω)).
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Proof of Corollary 4.10. We only need to choose ω′ large enough such that P + ω′ makes

Reσ(E−)(x, ξ′) < 0 on [t0, t2]× T ∗∂Ω,

then estimate (4.20) holds for E−(ω′) and P + ω′. �

Proof of Lemma 4.8. Let t0 < t1 < t′2 < t2. We consider the E− factorisation of (4.18) in Lemma
4.7. In other words, we set Λ = iE− − ha and substitute v = (hDx1 + iE−)u. Let X ′ ∈ Ψ0

h,t(Ω)

with WFh(X) ⊂ ellh(X1) and WFh(X1) ⊂ ellh(X̃). Then replacing (X, X̃) by (X,X1) in Lemma
4.5, we obtain

‖X(hDx1 + iE−)u(t0)‖Hs
h(∂Ω) + ch−

1
2 ‖X(hDx1 + iE−)u‖

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ Ch−

1
2 ‖X1Pu‖

L2((t0,t′2);H
s− 1

2
h (∂Ω))

+ ChN‖X1(hDx1 + iE−)u‖L2((t0,t′2);H−Nh (∂Ω))

+ ChN‖Pu‖L2((t0,t′2);H−Nh (∂Ω)).

(4.22)

To obtain (4.19) we simply estimate

h−
1
2 ‖X1Pu‖

L2((t0,t′2);H
s− 1

2
h (∂Ω))

+ ChN‖X1(hDx1 + iE−)u‖L2((t0,t′2);H−Nh (∂Ω))

≤ Ch−
1
2 ‖X̃Pu‖

L2((t0,t′2);H
s− 1

2
h (∂Ω))

+ ChN‖X̃u‖H1
h((t0,t′2);H−Nh (∂Ω))

+ ChN‖Pu‖L2((t0,t′2);H−Nh (∂Ω)).

Now, we are left with the case Reσ(E−)(x, ξ′) < 0 on T ∗Ω. Note that by setting X = X1 = I
in (4.22), one has

‖(hDx1 + iE−)u(t0)‖Hs
h(∂Ω) + ch−

1
2 ‖(hDx1 + iE−)u‖

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ Ch−

1
2 ‖Pu‖

L2((t0,t′2);H
s− 1

2
h (∂Ω))

+ hN‖u‖L2((t0,t′2);H−Nh (∂Ω))

+ hN‖(hDx1 + iE−)u‖L2((t0,t′2);H−Nh (∂Ω)). (4.23)

Since Reσ(E−)(x, ξ′) < 0 on [t0, t2]×T ∗∂Ω implies P is elliptic in the neighbourhood of [t1, t
′
2]×

∂Ω, this means

‖(hDx1 + iE−)u‖H1
h((t1,t′2);H−Nh (∂Ω)) ≤ C‖Pu‖L2((t0,t2);H−Nh (∂Ω)) + ‖u‖L2((t0,t2);H−Nh (∂Ω)),

which can be applied to (4.23) to complete the proof. �

The application of Lemma 4.6 to E+ is given by the following.
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Lemma 4.11. Let ε > 0, X, X̃ ∈ Ψ0
t,h(Ω) such that WFh(X) ⊂ ellh(X̃) ⊂ WFh(X̃) ⊂ {(x, ξ) :

Reσ(E+)(x, ξ) > ε}. Also, let s ∈ R and t0 < t1 < t2. Then, there exists h0, c, C > 0 such that

‖X(hDx1 + iE+)u‖
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ C‖X̃Pu‖

L2

(
(t0,t2);H

s− 1
2

h (∂Ω)

) + Ch
1
2 ‖X̃(hDx1 + iE+)u(t0)‖Hs

h(∂Ω)

+ hN‖(hDx1 + iE+)u‖L2((t0,t2);H−Nh (∂Ω)) + hN‖Pu‖L2((t0,t2);H−Nh (∂Ω))

+ hN‖(hDx1 + iE+)u(t0)‖H−Nh (∂Ω).

(4.24)

for all 0 < h < h0. If Reσ(E+)(x, ξ′) > 0 on [t0, t2] × T ∗∂Ω, then we have X = X̃ = I and a
better estimate

‖(hDx1 + iE+)u‖
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)

≤ C‖Pu‖
L2

(
(t0,t2);H

s− 1
2

h (∂Ω)

) + Ch
1
2 ‖(hDx1 + iE+)u(t0)‖Hs

h(∂Ω) (4.25)

for all 0 < h < h0.

Proof. By setting Λ = iE+ − ha and v = (hDx1 + iE+)u in equation (4.13), which gives equation
(4.24). Equation (4.25) follows immediately from equation (4.24). �

Combining Lemma 4.8 and Lemma 4.11 yields the following estimate.

Lemma 4.12. Let ε > 0, B ∈ Ψ1
h(∂Ω), X, X̃ ∈ Ψ0

t,h(Ω) such that WFh(X) ⊂ ellh(X̃) ⊂
WFh(X̃) ⊂ {(x, ξ) : Reσ(E−)(x, ξ) < −ε}. Also, let s ∈ R and t0 < t1 < t2. If Reσ(E−)(x, ξ) <
−ε, then there exists h0, C > 0 such that

‖Xu‖H1
h((t0,t1);Hs

h(∂Ω)) + ‖Xu‖L2((t0,t1);Hs+1
h (∂Ω))

≤ C‖X̃Pu‖L2((t0,t2);Hs−1
h (∂Ω)) + Ch

1
2 ‖X̃u(t0)‖

H
s+ 1

2
h (∂Ω)

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω)) + ChN‖u(t0)‖H−Nh (∂Ω)

(4.26)

for all 0 < h < h0.

Proof. Let WFh(X) ⊂ ellh(X ′) ⊂ WFh(X ′) ⊂ ellh(X̃) ⊂ WFh(X̃). Combining (4.19) and (4.24)
yields

h
1
2 ‖X(hDx1 + iE−)u(t0)‖Hs

h(∂Ω) + c‖X(hDx1 + iE−)u‖
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ C‖X ′Pu‖

L2((t0,t2);H
s− 1

2
h (∂Ω))

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω))
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and
‖X(hDx1 + iE+)u‖

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ C‖X ′Pu‖

L2

(
(t0,t2);H

s− 1
2

h (∂Ω)

) + Ch
1
2 ‖X ′(hDx1 + iE+)u(t0)‖Hs

h(∂Ω)

+ hN‖(hDx1 + iE+)u‖L2((t0,t2);H−Nh (∂Ω)) + hN‖Pu‖L2((t0,t2);H−Nh (∂Ω))

+ hN‖(hDx1 + iE+)u(t0)‖H−Nh (∂Ω).

With parallelogram law on Hilbert spaces, we have

‖XhDx1u‖
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

) + ‖X(E+ − E−)u‖
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

)
≤ C‖X ′Pu‖

L2((t0,t2);H
s− 1

2
h (∂Ω))

+ Ch
1
2 ‖X ′(hDx1 + iE−)u(t0)‖Hs

h(∂Ω)

+ Ch
1
2 ‖X ′(E+ − E−)u(t0)‖Hs

h(∂Ω) + ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω))

+ ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω)) + ChN‖(hDx1 + iE+)u(t0)‖H−Nh (∂Ω).

This shows

‖hDx1Xu‖
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

) + ‖Xu‖
L2

(
(t0,t1);H

s+ 3
2

h (∂Ω)

)
≤ C‖X̃Pu‖

L2((t0,t2);H
s− 1

2
h (∂Ω))

+ Ch
1
2 ‖X̃u(t0)‖Hs+1

h (∂Ω)

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω))

+ ChN‖hDx1u(t0)‖H−Nh (∂Ω) + ChN‖u(t0)‖H−Nh (∂Ω) + h‖X̃u‖
L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

).
A similar bootstrap argument as used in the proof of Lemma 4.5 will allow us to absorb the
term h‖X̃u‖

L2

(
(t0,t1);H

s+ 1
2

h (∂Ω)

). On the other hand, estimate (4.21) allows us to kill the term

ChN‖hDx1u(t0)‖H−Nh (∂Ω). This proves the Lemma by replacing s with s− 1
2 . �

A simple elliptic parametrix estimate then yields

Lemma 4.13. Let ε > 0, B ∈ Ψ1
h(∂Ω), X, X̃ ∈ Ψ0

t,h(Ω) such that WFh(X) ⊂ ellh(X̃) ⊂
WFh(X̃) ⊂ {(x, ξ) : Reσ(E)(x, ξ) < −ε}∩ {(x, ξ) : |σ(B)− iσ(E)|(x, ξ) > 0}. Also, let s ∈ R and
t0 < t1 < t2. Then, there exists h0, C > 0 such that

‖Xu‖L2((t0,t1);Hs+1
h (∂Ω))

≤ C‖X̃Pu‖L2((t0,t2);Hs−1
h (∂Ω)) + Ch

1
2 ‖X̃(hDx1 +B)u(t0)‖

H
s− 1

2
h (∂Ω)

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω)) + ChN‖u(t0)‖H−Nh (∂Ω)

(4.27)

for all 0 < h < h0.
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Proof. Microlocal elliptic estimate says

‖Xu(t0)‖
H
s+ 1

2
h (∂Ω)

≤ C‖X(B − iE−)u(t0)‖
H
s− 1

2
h (∂Ω)

+ Ch‖X ′u(t0)‖
H
s− 1

2
h (∂Ω)

+ ChN‖u(t0)‖H−Nh (∂Ω)

≤ C‖X(hDx1 +B)u(t0)‖
H
s− 1

2
h (∂Ω)

+ C‖X(hDx1 + iE−)u(t0)‖
H
s− 1

2
h (∂Ω)

+ Ch‖X̃u(t0)‖
H
s− 1

2
h (∂Ω)

+ ChN‖u(t0)‖H−Nh (∂Ω)

≤ Ch−
1
2 ‖X̃Pu‖L2((t0,t2);Hs−1

h (∂Ω)) + C‖X(hDx1 +B)u(t0)‖
H
s− 1

2
h (∂Ω)

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω))

+ Ch‖X̃u(t0)‖
H
s− 1

2
h (∂Ω)

+ ChN‖u(t0)‖H−Nh (∂Ω).

Using the bootstrapping argument as in Section 4.2, we can replace Ch‖X̃u(t0)‖
H
s− 1

2
h (∂Ω)

by

ChN‖u(t0)‖H−Nh (∂Ω) and estimate (4.27) follows immediately from (4.26). �

Finally, we can combine the above estimates to obtain higher regularity in the normal variable.

Lemma 4.14. Let ε > 0, B ∈ Ψ1
h(∂Ω), X, X̃ ∈ Ψ0

t,h(Ω) such that WFh(X) ⊂ ellh(X̃) ⊂
WFh(X̃) ⊂ {(x, ξ) : Reσ(E)(x, ξ) < −ε} ∩ {(x, ξ) : |σ(B) − iσ(E)|(x, ξ) > 0}. Also, let k ∈ N,
k ≥ 2, s ∈ R and t0 < t1 < t2. Then, there exists h0, C > 0 such that

‖Xu‖Hk
h((t0,t1);Hs

h)
+ ‖Xu‖Hk−1

h ((t0,t1);Hs+1
h ) + ‖Xu‖Hk−2

h ((t0,t1);Hs+2
h )

≤ C
k−2∑
j=0

‖X̃Pu‖
Hk−2−j
h ((t0,t2);Hs+j

h )
+ Ch

1
2 ‖X̃u(t0)‖

H
s+k− 1

2
h (∂Ω)

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω)) + ChN‖u(t0)‖H−Nh (∂Ω)

(4.28)

and

‖Xu‖Hk
h((t0,t1);Hs

h) + ‖Xu‖Hk−1
h ((t0,t1);Hs+1

h ) + ‖Xu‖Hk−2
h ((t0,t1);Hs+2

h )

≤ C
k−2∑
j=0

‖X̃Pu‖
Hk−2−j
h ((t0,t2);Hs+j

h )
+ Ch

1
2 ‖X̃(hDx1 +B)u(t0)‖

H
s+k− 3

2
h (∂Ω)

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω)) + ChN‖u(t0)‖H−Nh

(4.29)

for all 0 < h < h0.

Proof. First note that for k ≥ 2

(hDx1)kX = (hDx1)k−2
(
X(hDx1)2 + 2[hDx1 , X] + [hDx1 , [hDx1 , X]]

)
= (hDx1)k−2 (X(P −A2) + 2[hDx1 , X] + [hDx1 , [hDx1 , X]])
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where A2 = ha(x)hDx1 −R(x1, x′, hDx′) and R ∈ Ψ2
t,h(Ω) as defined in (2.1). Therefore

‖(hDx1)kXu‖L2((t0,t1);Hs
h)

≤ ‖(hDx1)k−2XPu‖L2((t0,t1);Hs
h)

+ ‖(hDx1)k−2Xu‖L2((t0,t1);Hs+2
h )

+ Ch‖X̃u‖Hk−2
h ((t0,t1);Hs+2

h ) + ChN‖u‖Hk−2
h ((t0,t1);H−Nh )

(4.30)

implies

‖(hDx1)2Xu‖L2((t0,t1);Hs
h)

≤ ‖XPu‖L2((t0,t1);Hs
h)

+ ‖Xu‖L2((t0,t1);Hs+2
h )

+ Ch‖X̃u‖L2((t0,t1);Hs+2
h ) + ChN‖u‖L2((t0,t1);H−Nh ).

Then, together with Lemma 4.12, we obtain (4.28) for the case k = 2 and all s ∈ R. Now, suppose
(4.28) holds for k and all s ∈ R. Then (4.30) says

‖(hDx1)k+1Xu‖L2((t0,t1);Hs
h)

≤ ‖XPu‖Hk−1
h ((t0,t1);Hs

h)
+ ‖Xu‖Hk−1

h ((t0,t1);Hs+2
h )

+ Ch‖X̃u‖Hk−1
h ((t0,t1);Hs+2

h ) + ChN‖u‖Hk−1
h ((t0,t1);H−Nh ).

Moreover, (4.28) with s replacing by s+ 1 says

‖Xu‖Hk
h((t0,t1);Hs+1

h ) + ‖Xu‖Hk−1
h ((t0,t1);Hs+2

h )

≤ C
k−2∑
j=0

‖X̃Pu‖
Hk−2−j
h ((t0,t2);Hs+1+j

h )
+ Ch

1
2 ‖X̃u(t0)‖

H
s+k+ 1

2
h (∂Ω)

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω)) + ChN‖u(t0)‖H−Nh .

This implies

‖Xu‖Hk+1
h ((t0,t1);Hs

h)
+ ‖Xu‖Hk

h((t0,t1);Hs+1
h ) + ‖Xu‖Hk−1

h ((t0,t1);Hs+2
h )

≤ C
(k+1)−2∑
j=0

‖X̃Pu‖
H

(k+1)−2−j
h ((t0,t2);Hs+j

h )
+ Ch

1
2 ‖X̃u(t0)‖

H
s+(k+1)− 1

2
h (∂Ω)

+ ChN‖u‖H1
h((t0,t2);H−Nh (∂Ω)) + ChN‖Pu‖L2((t0,t2);H−Nh (∂Ω)) + ChN‖u(t0)‖H−Nh ,

which completes the proof for (4.28) and (4.29) follows similarly. �

Remark 4.15. The classical interior elliptic estimate follows immediately from Lemma 4.14.
That is, if P is a classical second-order elliptic operator, then for any V b U , we have

‖u‖H2
h(V ) ≤ C(‖Pu‖L2(U) + ‖u‖L2(U)).
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4.4. Exterior problem. In this section, we apply the results of the previous sections to PO −z2.

Lemma 4.16. Let ε0 > 0, M > 0, X,X2 ∈ Ψcomp
t,h (∂Ω) with WFh(X2) ⊂ {|ξ′|gO > 1 + ε0} and

WFh(X) ∩WFh(I − X2) = ∅. Let U be a Fermi normal coordinate neighborhood of ∂Ω in ΩO
with coordinates (x1, x′), E− as in Proposition 4.2. Then for all χ ∈ C∞c (−1, 1) with χ ≡ 1 near
0, ε > 0 small enough, all k,N ≥ 0, and ψ ∈ C∞c (ΩO), there is C > 0 such that for all 0 < h < 1,
z ∈ [1− ε0, 1 + ε0] + i[−Mh,Mh] and u ∈ L2(∂Ω) we have

‖ψ∂kz (χ(ε−1x1)v −GOXu)‖H2
h(ΩO ) ≤ ChN‖u‖L2(∂Ω),

where v satisfies

(hDx1 − Λ)v = 0, v|x1 = Xu, Λ := −i(E−X2 − (I −X2) Op(〈ξ′〉)). (4.31)

Moreover, for X ′ ∈ Ψcomp
t,h with WFh(I −X ′) ∩WFh(X) = ∅,

‖(I −X ′)∂kzχv‖HN
h
≤ CNhN‖u‖L2(∂Ω).

Proof. Let ε > 0 small enough so that {d(∂Ω, x) < 3ε} ⊂ U . We will require a few microlocal
cutoffs below. Let Xj ∈ Ψcomp

t,h (Ω), j = 0, 1, . . . , 4 such that X0 = X,

WFh(Xj) ⊂ {|ξ′|gO − 1− ε0 > 0} for j = 0, 1, . . . , 4,

WFh(Xj) ∩WFh(I −Xj′) = ∅ for j < j′.

Notice that, with Λ := −i(E−X2 − (I −X2) Op(〈ξ′〉)), we have Imσ(Λ) > c0〈ξ′〉 > 0. Define

ṽ(x1, x′) := e
c0x

1

2h v(x1, x′),

so that ṽ satisfies

(hDx1 − (Λ− i c02 ))ṽ = 0, ṽ|x1=0 = Xu. (4.32)

We claim that for any X4 ∈ Ψcomp
t,h with WFh(I − X4) ∩WFh(X2) = ∅, any k ≥ 0, and any

0 < ε′ < 3ε,

‖∂kz ṽ‖L2((0,3ε);HN
h (∂Ω)) ≤ Ch

1
2 ‖Xu‖L2(∂Ω), (4.33)

‖(I −X4)∂kz ṽ‖HN
h ((0,ε′)×∂Ω) ≤ CNh

N‖u‖L2(∂Ω). (4.34)

For k = 0, using that Imσ(Λ− i c02 ) > c0
2 〈ξ
′〉, we have by Lemma 4.6 with X replaced by I that,

‖ṽ‖L2((0,3ε);Hs
h(∂Ω)) ≤ Ch

1
2 ‖Xu‖L2(∂Ω). (4.35)

Using Lemma 4.6 again, this time with X and X̃ replaced by (I −X3) and (I −X1) respectively,
we obtain that

‖(I −X3)ṽ‖L2((0,ε′);Hs
h(∂Ω))

≤ CNhN (‖ṽ‖L2((0,3ε);H−Nh (∂Ω)) + ‖u‖L2(∂Ω)) ≤ CNhN‖u‖L2(∂Ω).
(4.36)
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Hence, using (4.32) again, many times,

‖(I −X4)(hDx1)kṽ‖L2((0,ε′);HN−k
h (∂Ω))

= ‖(I −X4)(Λ− i c02 )kṽ‖L2((0,ε′);HN−k
h (∂Ω))

≤ ‖(Λ− i c02 )k(I −X4)ṽ‖L2((0,ε′);HN−k
h (∂Ω)) + Ch‖(I −X3)ṽ‖L2((0,ε′);HN−1

h (∂Ω)).

That is
‖(I −X4)ṽ‖Hk

h((0,ε′);HN−k
h (∂Ω))

≤ ‖(I −X4)ṽ‖L2((0,ε′);HN
h (∂Ω)) + Ch‖(I −X3)ṽ‖L2((0,ε′);HN−1

h (∂Ω)).

Combining with (4.36), one has

‖(I −X4)ṽ‖HN
h ((0,ε′)×∂Ω) ≤ CNh

N‖u‖L2(∂Ω). (4.37)

Now, suppose that (4.33) and (4.37) hold for 0 ≤ k ≤ K − 1. Then, observe that

(hDx1 − (Λ + i c02 ))∂Kz ṽ =
∑

0≤j≤K−1

Aj(z)∂
j
z ṽ, ∂Kz ṽ|x1=0 = 0,

where Aj(z) ∈ Ψcomp
t,h can be computed from derivatives of Λ in z. Applying Lemma 4.6 as in

(4.35) and (4.36), we obtain respectively

‖∂Kz ṽ‖L2((0,3ε);Hs
h) ≤ C

∑
j≤K−1

‖∂jz ṽ‖
L2((0,3ε);H

s− 1
2

h )
≤ Ch

1
2 ‖Xu‖L2(∂Ω),

and ε′ < ε′′ < 3ε,

‖(I −X4)∂Kz ṽ‖L2((0,ε′);Hs
h(∂Ω)) ≤ C

∑
0≤j≤K−1

‖(I −X3)Aj∂
j
z ṽ‖L2((0,ε′′);Hs−1

h (∂Ω))

+ CNh
N

‖∂Kz ṽ‖L2((0,ε′′);H−Nh (∂Ω)) +
∑

0≤j≤K−1

‖Aj∂jz ṽ‖L2((0,ε′′);H−Nh (∂Ω))


≤ CNhN‖u‖L2(∂Ω).

Hence, arguing as we did to obtain (4.37), we have that (4.33) and (4.34) hold for all K.

Now that we have (4.33) and (4.34), we finish the proof of the lemma by understanding ∂Kz (PO−
z2)χ(x1)v. Observe that

∂Kz (PO − z
2)χ(x1)v

= ∂Kz X4(hDx1 − hã− iE−(x, hDx′))(hDx1 + iE−(x, hDx′))χ(x1)v

+ ∂Kz (I −X4)(PO − z
2)χ(x1)v +O(h∞)Ψ−∞t,h

χ(x1)v

= ∂Kz X4(hDx1 − hã− iE−(x, hDx′))χ(x1)(hDx1 − Λ)v

− ihX4∂
K
z (hDx1 − hã− iE−(x, hDx′))χ

′(x1)v

+ (I −X4)∂Kz (PO − z
2)χ(x1)(I −X3)v +O(h∞)Ψ−∞t,h

χ(x1)v.

(4.38)
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By (4.34), we have

‖(I −X3)∂Kz v‖HN
h ((0,2ε)×∂Ω) =

∥∥∥∥e− c0x1

2h (I −X3)∂Kz ṽ

∥∥∥∥
HN
h ((0,2ε)×∂Ω)

≤ CNhN‖u‖L2(∂Ω), (4.39)

by (4.31) we have for any j, and Bj ∈ Ψcomp
t,h ,

‖X4(hDx1 −Bj))χ′∂jzv‖L2(ΩO )

≤ ‖X4χ
′hDx1∂jzv‖L2(ΩO ) + h‖X4χ

′′∂jzv‖L2(ΩO ) + ‖∂jzv‖L2((ε,2ε);H1
h(∂Ω))

≤ C
j∑

k=0

‖∂kz v‖L2((ε,2ε);H1
h(∂Ω)) ≤ C

∥∥∥∥e− c0x1

2h ∂jz ṽ

∥∥∥∥
L2((ε,2ε);H1

h(∂Ω))

≤ Ce−
c
h ‖u‖L2(∂Ω),

(4.40)

and by (4.35), we have

‖∂jzv‖L2((0,3ε);Hs
h(∂Ω)) =

∥∥∥∥e− c0x1

2h ∂jz ṽ

∥∥∥∥
L2((0,3ε);Hs

h(∂Ω))
≤ Ch1/2‖u‖L2(∂Ω). (4.41)

Hence, using (4.39), (4.40), and (4.41) in (4.38), we obtain

‖∂Kz (PO − z
2)χ(x1)v‖L2(ΩO ) ≤ CNhN‖u‖L2(∂Ω). (4.42)

Taking K = 0, using that GO(z)Xu is outgiong, we first obtain for any ψ ∈ C∞c (ΩO),

‖ψ(GO(z)Xu− χ(x1)v)‖H2
h(ΩO ) = ‖ψRO(z)(PO − z

2)χ(x1)v‖H2
h(ΩO ) ≤ CNhN‖u‖L2(∂Ω).

Now, suppose by induction that for 0 ≤ j ≤ K − 1, and any ψ ∈ C∞c (ΩO),

‖ψ∂jz(GO(z)Xu− χ(x1)v)‖H2
h(ΩO ) ≤ CNhN‖u‖L2(∂Ω).

Then, observe that ∂Kz (GO(z)Xu− χv)|∂Ω = 0, and

[(PO − z
2)∂Kz (GO(z)Xu− χv)] =

K−1∑
j=0

(aj + bjz)∂
j
z(GO(z)Xu− χv)− ∂Kz [(PO − z

2)χv],

where aj , bj ∈ C. By (4.42) and the inductive hypothesis, we have for any ψ̃ ∈ C∞c (ΩO),

‖ψ̃[(PO − z
2)∂Kz (GO(z)Xu− χv)]‖L2 ≤ CNhN‖u‖L2(∂Ω).

Hence, since ∂Kz G(z)Xu is outgoing, that for any ψ ∈ C∞c (Ωi) with suppψ ∩ supp(1− ψ̃) = ∅,

‖ψ∂Kz (GO(z)Xu− χv)]‖H2
h(ΩO ) ≤ CNhN‖u‖L2(∂Ω).

�

Proposition 4.17. Let ε0 ≥ 0, M > 0, X ∈ Ψ0
h(∂Ω) with WFh(X) ∈ {(x, ξ) : |ξ′|gO > 1 + ε0}.

Then for all z ∈ [1− ε0, 1 + ε0] + i[−Mh,Mh], we have XΛo(z) ∈ Ψ1
h(∂Ω) and

σ(XΛO(z)) = σ(X)ρO

(
|ξ′|2gO − (Re z)2

) 1
2
.
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Moreover, for Xc ∈ Ψcomp
h (∂Ω) with WFh(Xc) ⊂ {|ξ′|gO > 1 + ε0}, and k ≥ 0, Xc∂

k
zΛO ∈ Ψcomp

h
with symbol

σ(Xc∂
k
zΛO) = σ(Xc)ρO∂

k
z

(
|ξ′|2gO − z

2
) 1

2
. (4.43)

Proof. In this case, we recall (4.2). In particular, by (4.19) and Lemma 4.14

‖(X(hDx1 + iE−)GO(z)u0)(0)‖Hs
h(∂Ω)

≤ ChN‖GO(z)u0‖H1
h((t0,t2);H−Nh (∂Ω)) ≤ Ch

N‖u0‖H−Nh (∂Ω),

where we have used the non-trapping estimate of ‖χGO‖H−Nh (∂Ω)→H2
h(ΩO ) ≤ Ch−1. Hence, since

ΛO(z)u0 = −ρOh∂x1u|x1=0 = −iρOhDx1u|x1=0

XΛo(z)u0 = (−XρOE− +O(h∞)Ψ−∞)u0,

and the first statement follows since σ(E−) = −
√
|ξ′|2gO − (Re z)2. The second statement follows

directly from Lemma 4.16.

�

Lemma 4.18. Let ε0 > 0 and M > 0. Then for X ∈ Ψcomp
h (∂Ω), with WFh(X) ⊂ {|ξ′|2gO >

1 + ε0} and z ∈ [1− ε0, 1 + ε0] + i[−Mh,Mh], we have

− sgn(Im z2) Im〈ΛO(z)Xu,Xu〉L2(∂Ω,dvolgO ,∂Ω) ≥ C| Im z2|‖Xu‖2L2(∂Ω) +O(h∞)‖u‖2L2(∂Ω).

for some C > 0.

Proof. First observe that, integration by parts on B(0, R) ∩ ΩO yields

− h Im〈ΛO(z)Xu,Xu〉L2(∂Ω,dvolgO ,∂Ω)

= Im z2‖GOXu‖
2
L2(B(0,R)∩ΩO ,ρOdvolgO ) + h Im〈ρOh∂rGOXu,GOXu〉L2(∂B(0,R),dvolgO ,∂B(0,R))

.

To simplify the notation, we will omit the dependence on ρO . In order to complete the proof, we
need to understand GOXu.

We now apply Lemma 4.16

−h Im〈ΛO(z)GOXu,Xu〉L2(∂Ω) = Im z2‖χ(x1)v‖2L2(ΩO ) +O(h∞)‖u‖2L2(∂Ω).
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Finally, we have, letting X ′ ∈ Ψcomp
t,h with WFh(I −X ′) ∩WFh(X) = ∅

‖Xu‖2L2(∂Ω) = −
∫ ∞

0
∂x1‖χ(x1)ṽ(x1)‖2L2(∂Ω)dx

1

= −
∫ ∞

0
2 Re

〈
∂x1(χ(x1)v(x1)), χ(x1)v(x1)

〉
L2(∂Ω)

dx1

≤ Ch−1‖χ(x1)hDx1v‖L2((0,2ε)×∂Ω)‖χ(x1)v‖L2((0,2ε)×∂Ω) + C‖v‖2L2((0,2ε)×∂Ω)

= Ch−1‖χ(x1)Λv‖L2((0,2ε)×∂Ω)‖χ(x1)v‖L2((0,2ε)×∂Ω) + C‖v‖2L2((0,2ε)×∂Ω)

≤ Ch−1‖ΛX ′χ(x1)v‖L2((0,2ε)×∂Ω)‖χ(x1)v‖L2((0,2ε)×∂Ω) + CNh
N‖Xu‖2L2(∂Ω)

≤ Ch−1‖χ(x1)v‖2L2(ΩO ) + CNh
N‖u‖2L2(∂Ω),

which completes the proof of the lemma. �

4.5. Application to the interior problem. Next, we apply our estimates to PI − z2.

Lemma 4.19. Let ε0 > 0, M > 0, U be a Fermi normal coordinate neighborhood of ∂Ω in ΩO
with coordinates (x1, x′), E− as in Proposition 4.2 with PI − z2 = −P (−z2, gI , LI ) (as in (4.3)).
Then there for all χ ∈ C∞c (−1, 1) with χ ≡ 1 near 0, ε > 0 small enough, and k,N ≥ 0 there is
C > 0 such that for all 0 < h < 1, z ∈ [1− ε0, 1 + ε0] + i[−Mh,Mh], and u ∈ L2(∂Ω), we have

‖∂kz (χ(ε−1x1)v −GIu)‖H2
h(ΩI ) ≤ ChN‖u‖L2(∂Ω),

where v satisfies

(hDx1 + iE−)v = 0, v|x1 = u.

Proof. The proof of this lemma is nearly identical to Lemma 4.16 with the caveat that all cutoffs
can be taken to be the identity, which simplifies the proof substantially. �

Proposition 4.20. Let ε0 > 0, M > 0. Then for all z ∈ [1− ε0, 1 + ε0] + i[−Mh,Mh], we have
ΛI (z) ∈ Ψ1

h(∂Ω) with principal symbol

σ(ΛI (z)) = ρI

(
|ξ′|2gI + (Re z)2

) 1
2
.

Moreover

σ(∂αz ΛI (z)) = ρI∂
α
z

(
|ξ′|2gI + z2

) 1
2
. (4.44)

Proof. The Proposition follows directly from Lemma 4.19 once we calculate the symbol of E−.

Recall that σ(E−) = −
√
|ξ′|2gI + 1. Recall that νgI is the outward normal with respect to the

metric gI and we have −∂x1
I

= ∂νgI
In particular, the DtN map with respect to gI is given by

ΛI (z)u0 = ρIh∂νIu0|∂ΩI
, which can be written as

ΛI (z)u0 = (−ρIE− +O(h∞)Ψ−∞)u0.

�
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Lemma 4.21. Let ε0 ≥ 0 and M > 0. Then for X ∈ Ψk
h(∂Ω), and z ∈ [1−e0, 1+ε0]+i[−Mh,Mh],

we have

sgn(Im z2) Im〈ΛIXu,Xu〉L2(∂Ω,dvolgI ,∂Ω) ≥ C| Im z2|‖Xu‖2L2(∂Ω),

or equivalently,

sgn(Im z2) Im〈τΛIXu,Xu〉L2(∂Ω,dvolgO ,∂Ω) ≥ C| Im z2|‖Xu‖2L2(∂Ω),

for some constant C > 0.

Proof. Observe that, from Section 3, one has

h Im〈τΛIXu,Xu〉L2(∂Ω,dvolgO ,∂Ω) = h Im〈ΛIXu,Xu〉L2(∂Ω,dvolgI ,∂Ω)

= Im〈z2GI (z)Xu,GI (z)Xu〉L2(ΩI ,ρIdvolgI ) = Im z2‖GI (z)Xu‖
2
L2(ΩI ,ρIdvolgI ).

(4.45)

We will omit the dependence of ρI to ease the notations. Now, (PI − z2)GI (z)g = 0 in ΩI ,

GI (z)g|∂Ω = g and hence, using the factorization (4.6), we have by Lemma 4.14 with X = X̃ = I,

‖GI (z)Xu‖H1
h((0,ε);L2(∂Ω)) ≤ ChN‖GI (z)Xu‖H1

h((0,2ε);H−Nh (∂Ω)) + Ch
1
2 ‖Xu‖L2(∂Ω).

Subtracting part of the first term on the left to the right-hand side and using local elliptic
regularity for PI − z2 and applying (3.11) we have

‖GI (z)Xu‖H1
h((0,ε);L2(∂Ω)) ≤ ChN‖GI (z)Xu‖H1

h((ε,2ε);H−Nh (∂Ω)) + Ch
1
2 ‖Xu‖L2(∂Ω)

≤ ChN‖GI (z)Xu‖L2(ΩI ) + Ch
1
2 ‖Xu‖L2(∂Ω),

(4.46)

where we have used that for U b ΩI , one has the interior elliptic estimate

‖GI (z)Xu‖HN
h (U) ≤ Ch

N‖GI (z)Xu‖L2(ΩI ). (4.47)

Combining (4.46) and (4.47), one obtains

‖GI (z)Xu‖H1
h((0,2ε);L2(∂Ω)) ≤ ChN‖GI (z)Xu‖L2(ΩI ) + Ch

1
2 ‖Xu‖L2(∂Ω). (4.48)

Hence, letting ϕ ∈ C∞c ([0, 2ε)) with ϕ ≡ 1 on [0, ε],

‖Xu‖2L2(∂Ω) = −
∫ ∞

0
∂x1

(
ϕ(x1)‖GI (z)Xu(x1)‖2L2(∂ΩI )

)
dx1

≤ C‖GI (z)Xu‖
2
L2(ΩI ,ρIdvolgI ) + Ch−1

∫ ∞
0
‖hDx1GI (z)Xu‖L2(∂Ω)‖GI (z)Xu‖L2(∂Ω)dx

1

≤ Ch−1
(
δ‖GI (z)Xu‖

2
H1
h((0,2ε);L2(∂Ω)) + (1 + δ−1)‖GI (z)Xu‖L2(ΩI ,ρIdvolgI )

)
≤ Ch−1(δh‖Xu‖2L2(∂Ω) + (2 + δ−1)‖GI (z)Xu‖L2(ΩI ),

where we used (4.48) in the last step. Now, choosing δ small enough in the above estimate, we
have

‖Xu‖2L2(∂Ω) ≤ Ch
−1‖GI (z)Xu‖

2
L2(ΩI ).

The lemma now follows by combining this with (4.45). �
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4.6. Combination of interior and exterior problems. Thanks to the ellipticity of the interior
problem, we have an accurate representation of ΛI (z) and so we work with ρIh∂νIuI replaced by

ΛI (z)uI . However, the exterior Dirichlet-to-Neumann map can only be accurately approximated
microlocally in |ξ′|gO > 1 (this is done in Proposition 4.17). Therefore, the difference of the ex-
terior Dirichlet-to-Neumann and the interior Dirichlet-to-Neumann can only be directly analyzed
microlocally on microlocally in |ξ′|gO > 1.

Proposition 4.22. Let e0 ≥ 0, M > 0, and X ∈ Ψcomp
h (∂Ω), with WFh(X) ⊂ {|ξ′|gO > 1 + ε0}.

Then, for all N ∈ N, there exists C,CN , h0 > 0 such that for 0 < h < h0 and z ∈ [1− ε0, 1 + ε0] +
i[−Mh,Mh],

(| Im z2|‖Xu‖2L2(∂Ω) − CNh
N‖u‖2L2(∂Ω)) ≤ C

(
|〈(ΛO − τΛI )Xu,Xu〉L2(∂Ω,dvolgO ,∂Ω)|

)
.

Proof. Observe that by Lemmas 4.21 and 4.18

| Im〈(τΛI − ΛO)Xu,Xu〉L2(∂Ω,dvolgO ,∂Ω)| ≥ C(| Im z2|‖Xu‖2L2(∂Ω) − CNh
N‖u‖2L2(∂Ω)),

which proves the proposition once relabeling the constant C. �

5. Proofs of Theorems 1.8, 1.9, and 1.10

In this section, we prove the first three main theorems on our article.

5.1. Microlocal estimates for boundary traces. Before proceeding to the proofs of the the-
orems, we require some microlocalized apriori estimates on boundary traces.

Lemma 5.1. Let Λ ∈ Ψ1
h(∂Ω),X, X̃ ∈ Ψ0

h(∂Ω) with WFh(X) ⊂ ellh(σ(R+ Λ∗Λ)) ∩ ellh(X̃), and

P := (hDx1)2 + hahDx1 −R(x, hDx′)

be formally self-adjoint. Then for all s ∈ R, ε > 0, there is C > 0 such that

‖Xu|x1=0‖Hs+1
h (∂Ω) + ‖XhDx1u|x1=0‖Hs

h(∂Ω)

≤ C‖u‖L2((0,ε);Hs−2
h (∂Ω)) + Ch−1‖Pu‖L2((0,ε);Hs

h(∂Ω)) + C‖X̃(hDx1 − Λ)u|x1=0‖Hs
h(∂Ω)

+ ChN‖u|x1=0‖H−Nh (∂Ω) + ChN‖(hDx1 − Λ)u|x1=0‖H−Nh (∂Ω).

Proof. We first claim that for any X, X̃ ∈ Ψ0
h(∂Ω) with WFh(X) ⊂ ellh(σ(R + Λ∗Λ)) ∩ ellh(X̃),

we have

‖Xu‖2
Hs+1
h (∂Ω)

≤ C‖u‖2
L2((0,ε);Hs−2

h (∂Ω)) + Ch−2‖Pu‖2
L2((0,ε);Hs

h(∂Ω)) + Chj‖X̃u|x1=0‖2
H
s+1− j2
h (∂Ω)

+ ‖X̃(hDx1 − Λ)u‖2Hs
h(∂Ω) + CNh

N‖u‖2
H−Nh (∂Ω)

+O(h∞)‖(hDx1 − Λ)u‖2
H−Nh (∂Ω)

.

(5.1)

Since σ(R+ Λ∗Λ) is real valued, we may assume without loss of generality that

WFh(X) ⊂ {±σ(R+ Λ∗Λ) > 0}
for some choice of ±.
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〈(A−B)u, (A−B)u〉+ 〈Bu,Bu〉+ 2 Re〈(A−B)u,Bu〉 = 〈Au,Au〉
Let E0 ∈ Ψs

h(∂Ω), with WFh(X) ⊂ ellh(E0) and

WFh(E0) ⊂ {±σ(R+ Λ∗Λ) > 0}.

Also, let χ ∈ C∞c (R) with χ ≡ 1 near 0 and set E = χ(x1)E∗0E0, and assume that X1,2 ∈ Ψ0
h(∂Ω)

with WFh(E0) ⊂ ellh(X1) ⊂WFh(X1) ⊂ ellh(X2). Then, define

Q(u;E) := 〈E∗0E0hDx1u, hDx1u〉L2(∂Ω) + 〈E∗0E0Ru, u〉L2(∂Ω) + h〈[a,E∗0E0]hDx1u, u〉L2(∂Ω)

= 〈E0(hDx1 − Λ)u,E0(hDx1 − Λ)u〉L2(∂Ω) + 2 Re〈E0Λu,E0(hDx1 − Λ)u〉L2(∂Ω)

〈(E∗0E0R+ Λ∗E∗0E0Λ + h[a,E∗0E0]Λ)u, u〉L2(∂Ω) + h〈[a,E∗0E0](hDx1 − Λ)u, u〉L2(∂Ω)

= 〈E0(hDx1 − Λ)u,E0(hDx1 − Λ)u〉L2(∂Ω) + 2 Re〈(ΛE0 + [E0,Λ])u,E0(hDx1 − Λ)u〉L2(∂Ω)

〈(E∗0E0R+ Λ∗E∗0E0Λ + h[a,E∗0E0]Λ)u, u〉L2(∂Ω) + h〈[a,E∗0E0](hDx1 − Λ)u, u〉L2(∂Ω).

Next, notice that

〈(E∗0E0R+ Λ∗E∗0E0Λ)u, u〉L2(∂Ω)

= 〈(E∗0(RE0 + [E0, R]) + (E∗0Λ∗ + [Λ∗, E∗0 ])(ΛE0 + [E0,Λ]))u, u〉L2(∂Ω)

= 〈(R+ Λ∗Λ)E0u,E0u〉+O(h)‖X1u‖2
H
s+ 1

2
h (∂Ω)

+O(h∞)‖u‖2
H−Nh (∂Ω)

.

Then, using the microlocal G̊arding inequality, we obtain

‖E0u‖2H1
h(∂Ω) ≤ |Q(u;E)|+ Ch‖X1u‖2

H
s+ 1

2
h (∂Ω)

+ CNh
N‖u‖2

H−Nh (∂Ω)

+ ‖X1(hDx1 − Λ)u‖2Hs
h(∂Ω) + CNh

N‖(hDx1 − Λ)u‖2
H−Nh (∂Ω)

.
(5.2)

Next, we have

|Q(u;E)| =
∣∣∣− i

h
〈[P,EhDx1 ]u, u〉L2(Ω) −

2

h
Im
(
〈EhDx1u, Pu〉L2(Ω)

)
+

i

h
〈Pu, (EhDx1 − (hDx1)∗E)u〉L2(Ω)

∣∣∣
≤
(
‖X1u‖H2

h((0,ε);Hs−1
h (∂Ω)) + ‖X1u‖H1

h((0,ε);Hs
h(∂Ω)) + ‖X1u‖L2((0,ε);Hs+1

h (∂Ω))

)
× ‖X1u‖L2((0,ε);Hs(∂Ω)) + Ch−1‖X1u‖H1

h((0,ε);Hs
h(∂Ω))‖X1Pu‖L2((0,ε);Hs

h(∂Ω))

+ ChN
(
‖u‖H2

h((0,ε);H−Nh (∂Ω)) + ‖u‖H1
h((0,ε);H−Nh (∂Ω)) + ‖u‖L2((0,ε);H−Nh (∂Ω))

)
.

Now Lemma 4.14 says

‖X1u‖H2
h((0,ε);Hs−1

h (∂Ω)) + ‖X1u‖H1
h((0,ε);Hs

h(∂Ω)) + ‖X1u‖L2((0,ε);Hs+1
h (∂Ω))

≤ ‖X̃Pu‖L2((0,ε);Hs−1
h (∂Ω)) + C‖X̃u‖L2((0,ε);Hs−1

h (∂Ω)) + Ch
1
2 ‖X̃u|x1=0‖

H
s+ 1

2
h (∂Ω)

+ ChN‖u‖H1
h((0,ε);H−Nh (∂Ω)) + ChN‖Pu‖L2((0,ε);H−Nh (∂Ω)) + ChN‖u|x1=0‖H−Nh (∂Ω),
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and
‖u‖H2

h((0,ε);H−Nh (∂Ω)) + ‖u‖H1
h((0,ε);H−Nh (∂Ω)) + ‖u‖L2((0,ε);H−Nh (∂Ω))

≤ ‖Pu‖2
L2((0,ε);H−Nh (∂Ω))

+ C‖u‖L2((0,ε);H−Nh (∂Ω)) + Ch‖u|x1=0‖2H−N+2
h (∂Ω)

+ ChM‖u|x1=0‖H−Mh (∂Ω).

Hence, the estimate for |Q(u;E)| becomes

|Q(u;E)| ≤ Ch−2‖X̃Pu‖2
L2((0,ε);Hs

h(∂Ω)) + C‖X2u‖2L2((0,ε);Hs
h(∂Ω)) + Ch‖X̃u|x1=0‖2

H
s+ 1

2
h (∂Ω)

+ ChN‖u|x1=0‖H−Nh (∂Ω).
(5.3)

Now apply Lemma 4.12 to P + ω′ for sufficiently large ω′, we have

‖X2u‖H1
h((0,ε);Hs−1

h (∂Ω)) + ‖X2u‖L2((0,ε);Hs
h(∂Ω))

≤ C‖X̃Pu‖L2((t0,t2);Hs−2
h (∂Ω)) + Cω′‖X̃u‖L2((0,ε);Hs−2

h (∂Ω)) + Ch
1
2 ‖X̃u|x1=0‖

H
s− 1

2
h (∂Ω)

+ ChN‖u‖H1
h((0,ε);H−Nh (∂Ω)) + ChN‖Pu‖L2((0,ε);H−Nh (∂Ω)) + ChN‖u|x1=0‖H−Nh (∂Ω)

and

‖u‖H1
h((0,ε);Hs−1

h (∂Ω)) + ‖u‖L2((0,ε);Hs
h(∂Ω))

≤ C‖Pu‖L2((t0,t2);Hs−2
h (∂Ω)) + Cω′‖u‖L2((t0,t2);Hs−2

h (∂Ω)) + Ch
1
2 ‖u(t0)‖

H
s− 1

2
h (∂Ω)

,

which implies

‖X2u‖L2((0,ε);Hs
h(∂Ω))

≤ C‖Pu‖L2((t0,t2);Hs−2
h (∂Ω)) + Cω′‖u‖L2((0,ε);Hs−2

h (∂Ω)) + Ch
1
2 ‖X̃u|x1=0‖

H
s− 1

2
h (∂Ω)

+ ChN‖u|x1=0‖H−Nh (∂Ω).

(5.4)

Plugging (5.3) and (5.4) into (5.2), we have

‖E0u‖2H1
h(∂Ω) ≤ Ch

−2‖Pu‖2
L2((0,ε);Hs

h(∂Ω)) + C‖u‖2
L2((0,ε);Hs−2

h (∂Ω)) + Ch‖X̃u|x1=0‖2
H
s+ 1

2
h (∂Ω)

+ ‖X̃(hDx1 − Λ)u‖2Hs
h(∂Ω) + ChN‖u|x1=0‖H−Nh (∂Ω) + CNh

N‖(hDx1 − Λ)u‖2
H−Nh (∂Ω)

,

from which (5.1) with j = 1 follows. Next, suppose that (5.1) holds for some J ≥ 1. Then, let
X ′ ∈ Ψ0

h(∂Ω) with

WFh(X) ⊂ ellh(X ′), WFh(X ′) ⊂ ellh(R+ Λ∗Λ).

Then, using (5.1) with j = J , and (X, X̃) replaced by (X,X ′)

‖Xu‖2
Hs+1
h (∂Ω)

≤ ‖u‖2
L2((0,ε);Hs−2

h (∂Ω)) + Ch−2‖Pu‖2
L2((0,ε);Hs

h(∂Ω)) + ChJ‖X ′u‖2
H
s+1−J2
h (∂Ω)

+ ‖X ′(hDx1 − Λ)u‖2Hs
h(∂Ω) + CNh

N‖u‖2
H−Nh

+O(h∞)‖(hDx1 − Λ)u‖2
H−Nh (∂Ω)

.

(5.5)
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Then, applying (5.1) with j = 1, (X, X̃) replaced by (X ′, X̃), and s replaced by s− J
2 , we obtain

‖X ′u‖2
H
s+1−J2
h (∂Ω)

≤ ‖u‖2
L2

(
(0,ε);H

s−2−J2
h (∂Ω)

) + Ch−2‖Pu‖2
L2

(
(0,ε);H

s−J2
h (∂Ω)

) + Ch‖X̃u‖2
H
s+ 1

2−
J
2

h (∂Ω)

+ ‖X̃(hDx1 − Λ)u‖2Hs
h(∂Ω) + CNh

N‖u‖2
H−Nh (∂Ω)

+O(h∞)‖(hDx1 − Λ)u‖2
H−Nh (∂Ω)

.

(5.6)
Inserting (5.6) in (5.5) then implies (5.1) with j = J+1. The proof of the lemma is then completed
by the fact that

‖XhDx1u‖Hs
h(∂Ω) ≤ ‖X̃u‖Hs+1

h (∂Ω) + ‖X̃(hDx1 − Λ)u‖Hs
h(∂Ω) + CNh

N‖u|x1=0‖H−Nh (∂Ω).

�

Estimates for the boundary traces of the transmission problem We are now in a position
to obtain apriori estimates for the problem (3.19). We start in the simpler situation when (1.6)
holds.

Lemma 5.2. Suppose that (1.6) holds. Then for all M > 0, s ∈ R, and ε > 0, there are C, h0 > 0
such that for all 0 < h < h0, |1 − z| ≤ Ch and u ∈ L2

(
(0, ε);Hs−2

h (∂Ω)
)

solutions to (3.19), we
have

‖u‖Hs+1
h (∂Ω) + ‖hDx1u‖Hs

h(∂Ω) ≤ C
(
‖u‖L2((0,ε);Hs−2

h (∂Ω)) + ‖g‖Hs
h(∂Ω)

)
for 0 < h < h0.

Proof. Recall that in Fermi normal coordinates

PO − z
2 = (hDx1)2 + ha(x)hDx1 −R(x, hDx′)

with σ(R) = 1− |ξ′|2gO .

Let Λ = i τρO
ΛI (z) and recall that σ(ΛI (z)) = ρI

√
|ξ′|2gI + 1. Then,

(hDx1 − Λ)u|x1=0 = (−i(h∂ν + τ
ρO

ΛI (z))u = i τρO
g,

and

σ(R+ Λ∗Λ) = 1− |ξ′|2gO +
(
τρ−1
O

)2
ρ2
I (|ξ

′|2gI + 1) = ρ−2
O (ρ2

O + τ2ρ2
I + τ2ρ2

I |ξ
′|2gI − ρ

2
O |ξ
′|2gO ).

In particular, (τρI )
2|ξ′|2gI > ρ2

O |ξ
′|2gO for all ξ′ ∈ T ∗∂Ω implies that there exists a positive con-

stant, c1 such that

c1|ξ′|gO < (τρI )
2|ξ′|2gI − ρ

2
O |ξ
′|2gO , for all ξ′ ∈ T ∗∂Ω.

Now we have, for some constant c2,

σ(R+ Λ∗Λ) > c2〈|ξ′|gO 〉
2 > 0.

Hence, Lemma 5.1 yields

‖u|x1=0‖Hs+1
h (∂Ω) + ‖hDx1u|x1=0‖Hs

h(∂Ω) ≤ C‖u‖L2((0,ε);Hs−2
h (∂Ω)) + C‖g‖Hs

h(∂Ω)

+ CNh
N‖u|x1=0‖H−Nh (∂Ω) + cNh

N‖g‖H−Nh (∂Ω)

≤ C‖u‖L2((0,ε);Hs−2
h (∂Ω)) + C‖g‖Hs

h(∂Ω).
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�

Next, we consider the case of (1.7).

Lemma 5.3. Suppose that (1.7) holds. Then for all M > 0, s ∈ R, ε > 0, andX, X̃ ∈ Ψ0
h(∂Ω)

satisfying

WFh(X) ∩
{
ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI = ρ2

O + τ2ρ2
I

}
= ∅

and WFh(X) ⊂ ellh(X̃), there are C, h0 > 0 such that for all 0 < h < h0, |1 − z| ≤ Mh and all
u ∈ L2

(
(0, ε);Hs−2

h (∂Ω)
)

solutions to (3.19) we have

‖Xu‖Hs+1
h (∂Ω) + ‖XhDx1u‖Hs

h(∂Ω)

≤ C
(
‖u‖L2((0,ε);Hs−2

h (∂Ω)) + ‖X̃g‖Hs
h(∂Ω) + CNh

N‖g‖H−Nh (∂Ω) + CNh
N‖u‖H−Nh (∂Ω)

)
for 0 < h < h0.

Proof. As before, we need only consider R+ Λ∗Λ with Λ = iτρ−1
O ΛI (z). Observe that if

σ(R+ Λ∗Λ) = ρ−2
O (ρ2

O + τ2ρ2
I + τ2ρ2

I |ξ
′|2gI − ρ

2
O |ξ
′|2gO ) = 0,

then

ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI = ρ2

O + τ2ρ2
I .

Hence, Lemma 5.1 yields

‖Xu|x1=0‖Hs+1
h (∂Ω) + ‖XhDx1u|x1=0‖Hs

h(∂Ω) ≤ C‖u‖L2((0,ε);Hs−2
h (∂Ω)) + C‖X̃g‖Hs

h(∂Ω)

+ CNh
N‖u|x1=0‖H−Nh (∂Ω) + cNh

N‖g‖H−Nh (∂Ω).

�

Finally, we need an estimate on the high frequencies of a solution to (PO − z2)u = 0 in terms
of the traces of u on the boundary.

Lemma 5.4. Let M > 0, N > 0, χ0, χ1 ∈ C∞c (Rd) with χ0 ≡ 1 near ∂Ω, suppχ0∩supp(1−χ1) =
∅, φ ∈ C∞c (R) with

supp(1− φ) ∩ {|ξ|gO : ∃x ∈ ΩO such that |ξ|2gO ≤ 2} = ∅, (5.7)

and define Φ := Op(φ(|ξ|gO )). Then there are C, h0 > 0 such that for all 0 < h < h0, |1−z| < Mh

and u ∈ L2
loc(Ω) satisfying

(PO − z
2)u = 0,

we have

‖(1− Φ)χ0u‖L2 ≤ C
(
h

1
2 (‖u‖L2(∂Ω) + ‖hDνO

u‖L2(∂Ω)) + hN‖χ1u‖L2(Ω)

)
.

Proof. Let ũ ∈ L2
loc(Rd) ũ := 1Ωu. Then gives

(PO − z
2)ũ = h2∂∗νO

δ∂Ω ⊗ (ρOu|∂Ω)− hδ∂Ω ⊗
(
ρOh∂νOu|∂Ω

)
, (5.8)
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where 〈∂∗νO δ∂Ω ⊗ (u|∂Ω) , ϕ〉 =
∫
∂Ω u∂νOϕdS and 〈δ∂Ω ⊗

(
h∂νOu|∂Ω

)
, ϕ〉 =

∫
∂Ω

(
h∂νOu

)
ϕdS for

ϕ ∈ C∞c (Rd).
Let χ̃ ∈ C∞c (Rd) with supp(1− χ̃)∩ suppχ0 = supp χ̃∩ supp(1−χ1) = ∅. Since WFh(I −Φ) ⊂

ellh(PO − z2), there is E ∈ Ψ−2
h (Rd) with WFh(E) ∩ supp(1− χ1) = ∅ such that

(I − Φ)χ0ũ = E(PO − z
2)χ̃ũ+O(h∞)Ψ−∞χ̃ũ

= Eχ̃(PO − z
2)ũ+ E[P, χ̃]χ1u+O(h∞)Ψ−∞χ1ũ

= Eχ̃(PO − z
2)ũ+O(h∞)Ψ−∞χ1ũ.

Since E ∈ Ψ−2
h (Rd), one has

‖(1− Φ)χ0ũ‖L2(Rd) ≤ ‖(PO − z
2)ũ‖H−2

h (Rd) + CNh
N‖χ1u‖L2(Ω). (5.9)

Using (5.8), we know that

‖(PO − z
2)ũ‖H−2

h (Rd) ≤ Ch
(
‖h∂∗νO δ∂Ω ⊗ (u|∂Ω) ‖H−2

h (Rd) + ‖δ∂Ω ⊗
(
h∂νOu|∂Ω

)
‖H−2

h (Rd)

)
≤ Ch

1
2

(
‖u‖L2(∂Ω) + ‖h∂νOu‖L2(∂Ω)

)
.

(5.10)

Combining with (5.9) and (5.10), one has

‖(1− Φ)χ0ũ‖L2(Rd) ≤ Ch
1
2

(
‖u‖L2(∂Ω) + ‖hDνO

u‖L2(∂Ω)

)
+ CNh

N‖χ1u‖L2(Ω),

which completes the proof. �

5.2. Resolvent estimates - the absence of plasmon resonances. This section will prove
Theorem 1.9. In particular, we obtain the desired resolvent estimates under the condition (1.6).

We start with a lemma that we use repeatedly to prove our estimates. It applies the relevant
propagation of defect measures results to obtain estimates.

Lemma 5.5. Let X, X̃ ∈ Ψ0
h(∂Ω) with

{ρ2
O(|ξ′|2gO − 1)− τ2(|ξ′|2gI + 1) = 0} ∩WFh(X) = ∅,

and WFh(X) ∩ (WFh(I − X̃)) = ∅. Then, for any M > 0, N > 0 and χ ∈ C∞c (ΩO), there are
h0 > 0 and C > 0 such that for all 0 < h < h0, |z − 1| < Mh, and u ∈ L2

loc(Ω) satisfying
(PO − z

2)u = 0 in Ω,

ρOhDνO
u− τΛI (z)u = g on ∂Ω,

u is z/h outgoing,

(5.11)

we have

‖hDνO
u‖

H
1
2
h (∂Ω)

+‖u‖
H

3
2
h (∂Ω)

+‖χu‖H2
h(Ω) ≤ C(‖X̃g‖

H
1
2
h (∂Ω)

+‖(I−X)u‖
H

3/2
h (∂Ω)

+hN‖g‖H−Nh (∂Ω)).

Remark 5.6. Notice that for a > 0, we have ΛI ,h(az) = a−1Λi(z, ah) and hence, by rescaling h,
we see that, provided

{ρ2
O(|ξ′|2gO − z

2)− τ2(|ξ′|2gI + z2) = 0} ∩WFh(X) = ∅,
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for z ∈ [1− ε0, 1 + ε0], Lemma 5.5 continues to hold for z ∈ [1− ε0, 1 + ε0] + i[−Mh,Mh].

Proof. We first claim it is enough to show that for any χ ∈ C∞c (ΩO),

‖χu‖L2(Ω) ≤ C(‖X̃g‖
H

1
2
h (∂Ω)

+ ‖(I −X)u‖L2(∂Ω)) + hN‖g‖H−Nh (∂Ω). (5.12)

Indeed, let χ1 ∈ C∞c (Ω) with suppχ ∩ supp(1− χ1) = ∅. By Lemmas 5.2 and Lemma 5.3, we
have

‖XhDνO
u‖

H
1
2
h (∂Ω)

+ ‖Xu‖
H

3
2
h (∂Ω)

≤ C(‖X̃g‖
H

1
2
h (∂Ω)

+ ‖χ1u‖L2(Ω) + CNh
N‖g‖H−Nh (∂Ω) + CNh

N‖u‖H−Nh (∂Ω)),

Hence, using Lemma 2.9 and Proposition 3.1 to control the normal derivative and χu, we have

‖hDνO
u‖

H
1
2
h (∂Ω)

+ ‖u‖
H

3
2
h (∂Ω)

+ ‖χu‖H2
h(Ω)

≤ C(‖X̃g‖
H

1
2
h (∂Ω)

+ C‖(I −X)u‖
H

3/2
h

+ ‖χ1u‖L2(Ω) + CNh
N‖g‖H−Nh (∂Ω)).

(5.13)

We will prove (5.12) by contradiction. Suppose that inequality (5.12) is false. That is, there
exist sequences of solutions uj = u(hj) and zj such that

‖χuj‖L2(Ω) = 1, , and |1− zj | < Mhj ,

‖X̃gj‖
H

1
2
h (∂Ω)

+ ‖(I −X)uj‖H3/2
h (∂Ω)

+ h−Nj ‖(I − X̃)gj‖H−Nh (∂Ω) = o(1). (5.14)

Let χ0, χ1 ∈ C∞c (Ω) with χ0 ≡ 1 in a neighborhood of ∂Ω and suppχ0 ∩ supp(1 − χ) =
suppχ ∩ supp(1− χ1) = ∅. Observe that

(PO − z
2)(1− χ0)uj = [χ0, PO ]χuj ,

and hence
(1− χ0)uj = RO [χ0, PO ]χuj .

So that, by (3.1)

‖(1− χ0)uj‖L2(Ω) ≤ C‖[χ0, PO ]χuj‖L2(Ω) ≤ C‖χuj‖L2(Ω) ≤ C,
where in the second-to-last inequality, we have used that by elliptic regularity,

‖uj‖H1
h(supp ∂χ0) ≤ ‖χuj‖L2(Ω).

In particular,
‖χ1uj‖L2(Ω) ≤ C. (5.15)

From Section 2.3 and the first condition in (5.14), up to extracting a subsequence, we may
assume that there is a defect measure µ associated with uj (See (2.3)). Furthermore, by (5.13),
the boundary measures also exist. Since uj is outgoing, we have

WFh(uj) ∩ {(x, ξ) : |x| ≥ r0} ⊂ S+ := {(x, ξ) : |x| ≥ r0, 〈x, ξ〉 > 0}
for some r0 > 0.

That is
µ(χ2Ψ−) = 0, (5.16)
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where supp(Ψ−) ⊂ S− := {(x, ξ) : |x| ≥ r0, 〈x, ξ〉 < 0}.
By the second condition of (5.14) and Theorem 2.8, we have

π∗µ(q(x0,ξ0) ◦ ϕt) = π∗µ(q(x0,ξ0)),

where q ∈ C∞c (bT ∗Ω;R) and WFh(q(x0,ξ0)) ⊂ B(x0,ξ0)(δ) ∩ S− with B(x0,ξ0)(δ) being the ball
centered at (x0, ξ0) with radius δ. Since ∂Ω is non-trapping, there exists t ≥ 0 and ϕt(x0, ξ0) =
(x1, ξ1) ∈ S+. This shows

µ(χ2Ψ+) = 0.

Together with (5.16), we have

µ(χ2) = 0. (5.17)

Let φ ∈ C∞c (Rd) satisfy (5.7) and Φ = φ(hD). Then, by (5.15) and (5.13) together with
Lemma 5.4, we have

‖(1− Φ)χ(u1Ω)‖L2(Rd) ≤ Ch
1
2 + CNh

N .

In particular, using (5.17),

1 = lim
j→∞

‖χ(uj1Ω)‖L2(Rd) ≤ lim
j→∞

‖Φχ(uj1Ω)‖L2(Rd) + lim
j→∞

‖(I − Φ)χ(uj1Ω)‖L2(Rd)

= µ(χ2φ2) ≤ µ(χ2) = 0,

which is a contradiction. �

The next theorem gives the estimates (3.17) and hence proves Theorem 1.8.

Theorem 5.7. Suppose that (1.6) holds. Then for any M > 0 and χ ∈ C∞c (ΩO), there are
h0, C > 0 such that for all 0 < h < h0, |z − 1| < Mh, and u ∈ L2

loc(Ω) satisfying (5.11) we have

‖hDνO
u‖

H
1
2
h (∂Ω)

+ ‖u‖
H

3
2
h (∂Ω)

+ ‖χu‖H2
h(Ω) ≤ C‖g‖

H
1
2
h (∂Ω)

.

Proof. The theorem follows from Lemma 5.5 with X, X̃ = I.

�

5.3. Resolvent estimates and plasmonic resonances. In this subsection, we prove Theo-
rem 1.9. In particular, we obtain the estimates (3.18) under the condition (1.7) and hence prove
Theorem 1.9.

Theorem 5.8. Suppose that (1.7) holds. For all M,N > 0, χ ∈ C∞c (Ω), X ∈ Ψcomp
h (∂Ω) with

WFh(I −X) ∩
{
ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI = ρ2

O + τ2ρ2
I

}
= ∅, WFh(X) ⊂ {|ξ′|gO > 1} (5.18)

there are C, h0 > 0 such that for all 0 < h < h0, |1 − z| < Mh, Im z < −hN , and u ∈ L2
loc(Ω)

satisfying (5.11) we have

‖χu‖H2
h(Ω) ≤ C| Im z|−1‖Xg‖L2(∂Ω) + C‖(I −X)g‖

H
1
2
h (∂Ω)

.
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Proof. Let Xi ∈ Ψcomp(∂Ω), i = 0, 1, 2 with WFh(Xi) ∩WFh(I −Xi+1) = ∅, i = 0, 1 and

WFh(I −X0) ∩
{
ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI = ρ2

O + τ2ρ2
I

}
= ∅, WFh(X2) ⊂ ellh(X).

Using that X2ΛO ,ΛOX2 ∈ Ψcomp(∂Ω), and the wavefront set properties of X1,

WFh([ΛO − τΛI , X1]) ⊂ ellh(X(ΛO − τΛI ))

and hence there is E ∈ hΨcomp such that

[ΛO − τΛI , X1] = EX2(ΛO − τΛI )) +O(h∞)Ψ−∞h
.

Thus, by Proposition 4.22

| Im z|‖X1u‖2L2(∂Ω)

≤ |〈(Λo − τΛI )X1u,X1u〉|+ CNh
N‖u‖2L2(∂Ω)

≤ |〈X1g,X1u〉|+ |〈[Λo − τΛI , X1]u,X1nu〉|+ CNh
N‖u‖2L2(∂Ω)

= |〈X1g,X1u〉|+ |〈EX2g +O(h∞)Ψ−∞u,X
′u〉|+ CNh

N‖u‖2L2(∂Ω)

≤
(
‖X2g‖L2(∂Ω) +O(h∞)(‖g‖H−Nh (∂Ω) + ‖u‖H−Nh (∂Ω))

)
‖X1u‖L2(∂Ω) + CNh

N‖u‖2L2(∂Ω).

Hence, using that X1 ∈ Ψcomp
h (∂Ω) for the first inequality

| Im z|‖X1u‖H3/2
h (∂Ω)

≤ C| Im z|‖X1u‖L2(∂Ω) + CNh
N‖u‖L2(∂Ω)

≤ C‖X2g‖L2(∂Ω) + CNh
N (‖u‖L2(∂Ω) + ‖g‖H−Nh (∂Ω)).

(5.19)

Now, by Lemma 5.5 with X = I −X1 and X̃ = I −X0,

‖hDνO
u‖

H
1
2
h (∂Ω)

+ ‖u‖
H

3
2
h (∂Ω)

+ ‖χu‖H2
h(Ω)

≤ C(‖(I −X0)g‖
H

1
2
h (∂Ω)

+ ‖X1u‖H3/2
h (∂Ω)

+ hN‖g‖H−Nh (∂Ω))

≤ C(‖(I −X0)g‖
H

1
2
h (∂Ω)

+ | Im z|−1‖X2g‖
H

1
2
h (∂Ω)

)

≤ C(‖(I −X)g‖
H

1
2
h (∂Ω)

+ | Im z|−1‖Xg‖
H

1
2
h (∂Ω)

,

which completes the proof. �

5.4. The plasmonic nature of resonances. . In this subsection, we show that all resonances
close to the real axis are plasmonic. In particular, we prove Theorem 1.10.

Lemma 5.9. Suppose that (1.7) holds. Then for all M > 0, χ ∈ C∞c (ΩO) with χ = 1 in a
neighborhood of ∂Ω and ψ ∈ C∞c (ΩO) (i.e. suppψ ∩ ∂Ω = ∅) the following holds. There is c > 0
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such that for all |1− z(h)| ≤Mh and u = u(h) ∈ L2
loc(Ω) satisfies

(PO − z2)u = 0 in Ω,

(ρOh∂νO − τΛI (z))u = 0 on ∂Ω,

‖u‖L2(∂Ω) = 1,

u is z/h outgoing.

then
ch

1
2 ≤ ‖χu‖H2

h(Ω) = O(h
1
2 ), and ‖ψu‖H2

h(Ω) = O(h∞).

Proof. Let Xj ∈ Ψcomp
h (∂Ω), j = 0, 1, 2, 3 satisfy (5.18) with WFh(I − Xj+1) ∩WFh(Xj) = ∅.

Then from Proposition 4.17, and the elliptic parametrix construction, there is E ∈ Ψcomp
h (∂Ω)

such that
(X2 −X0) = E(Λ0 − τΛi) +O(h∞)Ψ−∞h

.

Hence, using that

WFh([ΛO − τΛI , X1]) ⊂WFh(X1) ∩WFh(I −X1) ⊂ ellh(X2 −X0),

we have

‖(ρOh∂νO − τΛI )GOX1u‖HN
h (∂Ω) = ‖(ΛO − τΛI )X1u‖HN

h (∂Ω)

= ‖[(ΛO − τΛI ), X1]u‖HN
h (∂Ω) ≤ Ch‖(X2 −X0)u‖HN

h (∂Ω) +O(h∞)

= Ch‖E(ΛO − τΛI )u‖HN
h (∂Ω) +O(h∞) = O(h∞).

Define w := u−GOX1u. Then, we have
(PO − z2)w = 0 in Ω,

g := ρOh∂νOw − τΛI (z)w = O(h∞) on ∂Ω,

w = (I −X1)u on ∂Ω,

w is z/h outgoing.

Now, by Lemma 5.5 with X = I −X0 and X̃ = I,

‖hDνO
w‖

H
1
2
h (∂Ω)

+ ‖w‖
H

3
2
h (∂Ω)

+ ‖χw‖H2
h(Ω) ≤ C(‖g‖

H
1
2
h (∂Ω)

+ ‖X0w‖H3/2
h (∂Ω)

)

= C(‖g‖
H

1
2
h (∂Ω)

+ ‖X0(I −X1)u‖
H

3/2
h (∂Ω)

)

= O(h∞).

Using Lemma 4.16 to bound ‖χGOX1u‖H2
h(Ω), we obtain

‖χu‖L2(Ω) ≤ C‖χw‖H2
h(Ω) + ‖χGOX1u‖H2

h(Ω) ≤ Ch
1
2 .

Next, using Lemma 4.16 again, observe that ψ ∈ C∞c (ΩO), one has

‖ψGOX1u‖H2
h

= O(h∞).

Finally, observe that

‖ψu‖H2
h(Ω) ≤ ‖ψw‖H2

h(Ω) + ‖ψGOX1u‖H2
h(Ω) = O(h∞),
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which completes the proof. �

We can now complete the proof of Theorem 1.10

Proof of Theorem 1.10. Let ψ ∈ C∞c (Rd) with suppψ ∩ ∂Ω = ∅. Suppose that λj ∈ R(P ) with
Reλj →∞ and | Imλj | ≤ C and uλj satisfies (1.5) with fI = fO = 0, and ‖uλj‖L2(∂Ω) = 1.

Set hj = Reλ−1
j . Then Lemma 5.9 applies to uλj ,O and hence

‖ψuλj ,O‖H2
h(ΩO ) = O(h∞), ‖uλj‖H3/2

h (∂Ω)
≤ C.

To finish the proof of Theorem 1.10 it suffices apply Lemma 4.19 to see that

‖ψGIuλj ,I‖H2
h(ΩI ) = O(h∞).

�

6. Counting of Plasmon Resonances

In this section, we prove Theorem 1.11. We start by finding an operator that is uniformly
invertible near the real axis and approximates (ΛO(z)− τΛI (z))

−1 well.

Lemma 6.1. Suppose that Q ∈ Ψcomp(∂Ω) satisfy{
ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI = ρ2

O + τ2ρ2
I

}
⊂ ellh(Q), WFh(Q) ⊂ {|ξ′|gO > 1}. (6.1)

Then, there is ε > 0 such that for all M > 0 there are h0, C > 0 such that for 0 < h < h0,
z ∈ [1− 2ε0, 1 + 2ε0] + i[−Mh,Mh],

RQ(z) := (ΛO(z)− τΛI (z)− iQ)−1

exists and satisfies
‖RQ(z)‖

H
1
2
h (∂Ω)→H

3
2
h (∂Ω)

≤ C.

Proof. Let X0, X1 ∈ Ψcomp(∂Ω) such that WFh(X0) ⊂ WFh(I − X1), WFh(X1) ⊂ {|ξ′|gO >

1 + 2ε}, WFh(Q) ∩WFh(I −X0) = ∅, and

WFh(X0) ⊂ ellh(X1(ΛO − τΛI − iQ)),

WFh(I −X0) ∩
{
ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI = ρ2

Oz
2 + τ2ρ2

Iz
2
}

= ∅, z ∈ [1− ε, 1 + ε].

Then, the elliptic parametrix construction implies

‖X0u‖Hs
h(∂Ω) ≤ C‖(ΛO(z)− τΛI (z)− iQ)u‖Hs−1

h (∂Ω) + ChN‖u‖H−Nh (∂Ω).

Hence, by Lemma 5.5 (together with Remark 5.6) with X = I −X0 and X̃ = I, we have

‖hDνO
u‖

H
1
2
h (∂Ω)

+ ‖u‖
H

3
2
h (∂Ω)

+ ‖χu‖H2
h(Ω) ≤ C(‖Qu‖

H
1
2
h (∂Ω)

+ ‖X0u‖H3/2
h (∂Ω)

)

≤ C(‖X0u‖H3/2
h (∂Ω)

+ hN‖u‖H−Nh (∂Ω))

≤ C(‖(ΛO(z)− τΛI (z)− iQ)u‖
H

1
2
h (∂Ω)

+ hN‖u‖H−Nh (∂Ω)),
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which completes the proof after absorbing the last term on the right-hand side.

�

We now fix Q0 satisfying (6.1), let ε > 0 as in Lemma 6.1 and are interested in the number of
resonances in

Vε(h) := [1− ε, 1 + ε] + i[−h, h].

Define
Zε(h) := {z ∈ Vε(h) : (ΛO(z)− τΛI (z)) is not invertible}.

The next lemma reduces counting the number of resonances in Vε(h) to counting the number
of zeros of an analytic function and gives a crude upper bound on how many zeros there may be.

Lemma 6.2. There is h0 > 0 such that for 0 < h < h0,

Zε = {z ∈ Vε(h) : F (z) = 0},
where

F (z) := det(I + iRQ(z)Q).

Moreover,there is C > 0 such that

|F (z)| ≤ exp(Ch−d+1), z ∈ V2ε (6.2)

and
N(h) := #Zε(h) ≤ Ch−d−1.

Proof. Observe that
ΛO − τΛI = (ΛO − τΛI − iQ)(I + iRQ(z)Q).

Therefore, since (ΛO − τΛI − iQ)−1 exists for all z ∈ Vε(h), ΛO − τΛI is invertible if and only if
I+iRQ(z)Q is invertible. Since Q ∈ Ψcomp, RQQ is trace class and hence I+iRQ(z)Q is invertible
if and only if F (z) 6= 0.

Now, observe that

|F (z)| ≤ exp(‖RQ(z)Q‖Tr) ≤ exp(Ch−d+1), z ∈ V2ε(h). (6.3)

On the other hand, set zs = s+ ih, then

(I + iRQ(zs)Q)−1 = (ΛO(zs)− τΛI (zs))
−1(ΛO(zs)− τΛI (zs)− iQ) = I − i(ΛO(zs)− τΛI (zs))

−1Q.

Therefore, for s ∈ [1− ε, 1 + ε], using that ‖(ΛO(zs)− τΛI (zs)‖ ≤ Ch−1, we have

|F (zs)|−1 ≤ exp(‖(ΛO(zs)− τΛI (zs))
−1Q‖Tr) ≤ exp(Ch−d). (6.4)

Using (6.3) and (6.4) together with [DZ19, (D1.11)]

#{z ∈ [s− h, s+ h] + i[−h, h] : F (z) = 0} ≤ Ch−d, s ∈ [1− ε, 1 + ε].

Hence,
N(h) ≤ Ch−d−1,

as claimed. �

With the crude estimate on the number of resonances, in hand, we can now write an effective
formula for counting zeros.
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Lemma 6.3. Let χ ∈ C∞c ((1− ε, 1 + ε)). Then,∑
zj∈Zε

χ(Re zj) =
1

2πi

∫
∂Vε,N

χ̃(z)
∂zF (z)

F (z)
dz +O(h∞), (6.5)

where χ̃ is an almost analytic extension of χ.

Proof. First, as in [Dya15, page 375] by [Tit86, Lemma α, Section 3.9] and the estimate (6.2)
(splitting the region Vε(h) into h by h squares and applying Lemma α to each square, transformed
into the unit disk using the Riemann Mapping Theorem), we have

∂zF (z)

F (z)
=
∑
zj∈Zε

1

z − zj
+G(z), |G(z)| ≤ Ch−N , z ∈ Vε(h) ∩ supp χ̃.

Hence, applying Stokes formula in

Vε(h) \ ∪zj∈Z(h)B(zj , r),

sending r → 0, and using that supp χ̃ ⊂ {Re z ∈ (1− ε, 1 + ε)}, we obtain

1

2πi

∫
∂Vε

χ̃(z)
∂zF (z)

F (z)
dz =

∑
zj∈Zε(h)

χ̃(zj) +
1

2πi

∫
Vε(h)

∂z̄χ̃
∂zF (z)

F (z)
dz̄ ∧ dz

=
∑

zj∈Zε(h)

χ̃(zj) +O(h∞),

where the last equality follows from the bound N(h) ≤ Ch−d−1, |G(z)| ≤ Ch−N , and ∂z̄χ̃ =
O(| Im z|∞).

Finally, since by Theorem 5.8, | Im zj | = O(h∞), the lemma follows. �

In order to obtain an asymptotic formula for the integral in (6.5), we will need to have an
accurate description of (ΛO(z) − τΛI (z))

−1X, for z ∈ Γ±ε (h) := [1 − ε, 1 + ε] ± ih, for any
X ∈ Ψcomp(∂Ω) with WFh(X) ⊂ {|ξ′|gO > (1 + ε)2}.

Lemma 6.4. Let X ∈ Ψcomp(∂Ω) with WFh(X) ⊂ {|ξ′|gO > 1 + ε}. Then,

(ΛO(z)− τΛI (z))
−1X = − i

h

∫ ±∞
0

W ∗U(t, z)WXe−itz2/hdt, ± Im z2 ≤ −hN ,

where, W ∈ Ψcomp(∂Ω) and for some χ̃ ∈ C∞comp({|ξ′|gO > (1 + ε)2}; [0, 1]) with supp(1 − χ̃) ∩
WFh(X) = ∅,

σ(W ) =

√√√√ρO

√
|ξ′|2gO − z

2 + τρI

√
|ξ′|2gI + z2

ρ2
O + τ2ρ2

I

χ̃,

there is c > 0 such that for any α

‖Dα
z U(±t, z)e−itz2/h‖L2(∂Ω)→L2(∂Ω) ≤ Cαe−c| Im z|2t/h, ± Im z2 ≤ −hN , t ≥ 0,

and

(hDt −B(z))U(t, z) = 0, U(0, z) = I
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for B ∈ Ψ2 satisfying

σ(B) =
ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI

ρ2
O + τ2ρ2

I

χ2,

where χ ∈ C∞comp({|ξ′|gO > (1 + ε)2}; [0, 1]) with supp(1− χ̃) ∩ supp(χ) = ∅.

Proof. Since the analysis only happens at the boundary, we will omit the argument of Sobolev
spaces. Define

W := Op


√√√√ρO

√
|ξ′|2gO − z

2 + τρI

√
|ξ′|2gI + z2

ρ2
O + τ2ρ2

I

χ̃

 .

Now, let X1 ∈ Ψcomp(∂Ω) with WFh(X1) ∩ supp(1− χ) = ∅ and WFh(X) ∩WFh(I −X1) = ∅.
Set

B(z) := Op(χ)∗(W (ΛO − τΛI )W
∗ + z2) Op(χ).

Then,

X1W (ΛO − τΛI )W
∗ = X1(B(z)− z2) +O(h∞)Ψ−∞ ,

and, by (4.44) and (4.43),

σ(B(z)) =
ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI

ρ2
O + τ2ρ2

I

χ2, ∂αz B(z) ∈ hΨcomp.

Moreover, using Proposition 4.22,

− sgn(Im z2) Im〈(B(z)− z2)u, u〉
= − sgn(Im z2) Im〈(Op(χ)∗W (ΛO − τΛI )W

∗Op(χ)− z2(1−Op(χ)∗Op(χ)))u, u〉
≥ c0| Im z2|‖W ∗Op(χ)u‖2L2 + | Im z2|〈(1−Op(χ)∗Op(χ))u, u〉 − CNhN‖u‖2L2

= | Im z2|〈(1−Op(χ)∗Op(χ) + cOp(χ)∗WW ∗Op(χ))u, u〉 − CNhN‖u‖2L2

≥ (c| Im z2| − CNhN )‖u‖2L2 ,

where the last line follows from G̊arding’s inequality and they fact that

σ(1−Op(χ)∗Op(χ) + c0 Op(χ)∗WW ∗Op(χ)) = 1− χ2(1− c0W
2) ≥ 2c > 0.

Next, observe that, if (B(z) − z2)−1 exists (and is polynomially bounded in h), then for any
A ∈ Ψ0, with WFh(I −A) ∩WFh(X) = ∅,

(B(z)− z2)−1X = A(B(z)− z2)−1X +O(h∞)Ψ−∞ ,

and hence, since W is elliptic on WFh(X1),

(ΛO − τΛI )W
∗(B(z)− z2)−1WX = X1W (ΛO − τΛI )W

∗(B(z)− z2)−1WX +O(h∞)Ψ−∞

= X +O(h∞)Ψ−∞ .

In particular, since (ΛO − τΛI )
−1 is tempered and bounded in h,

(ΛO − τΛI )
−1X = W ∗(B(z)− z2)−1WX +O(h∞)Ψ−∞ , | Im z| ≥ hN .
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Therefore, we only need to invert B(z)− z2. For this, define U(t, z) by

(hDt −B(z))(U(t, z)) = 0, U(0, z) = I.

Then, observe that on

− sgn(Im z2)h∂t‖U(t, z)e−itz2/hu0‖2L2

= −2 sgn(Im z2) Re〈h∂t(Ue−itz2/hu0), Ue−itz2/hu0〉

= 2 sgn(Im z2) Im〈(B(z)− z2)Ue−itz2/hu0, Ue
−itz2/hu0〉

≤ −(c| Im z2| − CNhN )‖U(t, z)e−itz2/hu0‖2L2 .

In particular,

‖U(±t, z)e−itz2/hu0‖2L2 ≤ Ce−c| Im z2|t/h‖u0‖2L2 , ± Im z2 ≤ −hN , t ≥ 0.

Thus, we have

(B(z)− z2)−1 = − i

h

∫ ±∞
0

U(t, z)e−itz2/hdt, ± Im z2 ≤ −hN .

Finally, observe that

(hDt −B)DzU = (DzB)U, DzU(0) = 0.

So that for Im z2 ≤ −hN , and t ≥ 0,

‖DzU(t, z)e−itz2/h‖L2→L2 ≤
1

h

∫ t

0
‖U(t− s, z)e−i(t−s)z2/h(DzB)U(s, z)e−isz2/h‖L2→L2ds

≤ t

h
e−ct| Im z2|/h ≤ C1e

−ct| Im z2|/h.

Now, suppose

‖Dk
zU(t, z)e−itz2/h‖L2→L2 ≤ Cke−ct| Im z2|/h

is true for some Ck and k ≤ J . Now, we have

(hDt −B)DJ+1
z U =

J+1∑
k=1

(
J + 1

k

)
Dk
zBD

J+1−k
z U, DJ+1

z U(0) = 0.

Then

‖DJ+1
z U(t, z)e−itz2/h‖L2→L2

≤ 1

h

J+1∑
k=1

(
J + 1

k

)∫ t

0
‖U(t− s, z)e−i(t−s)z2/h(Dk

zB)DJ+1−k
z U(s, z)e−isz2/h‖L2→L2ds

≤ CB
h

J+1∑
k=1

(
J + 1

k

)
CJ+1−ke

−ct| Im z2|/h ≤ CJ+1e
−ct| Im z2|/h,

which proves the induction step and hence the Lemma.

�

We can now prove Theorem 1.11.
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Proof of Theorem 1.11. We start by computing,

Nχ :=
1

2πi

∫
Γ±

χ̃(z)
∂zF (z)

F (z)
dz =

∑
zj∈Zε

χ(Re zj) +O(h∞),

where
Γ± := [1− ε, 1 + ε]± ih,

oriented to the left and right respectively. Here we have used Lemma 6.3 to obtain the second
equality.

Observe first that, using cyclicity of the trace and the fact that RQQ ∈ Ψcomp, we obtain

∂zF (z)

F (z)
= Tr(I + iRQ(z)Q)−1i∂zRQ(z)Q

= −iTr(ΛO − τΛI )
−1∂z(ΛO − τΛI )RQ(z)Q

= −iTrX(ΛO − τΛI )
−1X∂z(ΛO − τΛI )XRQ(z)Q+O(h∞),

where X ∈ Ψcomp with WFh(Q) ∩WFh(I −X) = ∅.
We can now use Lemma 6.4 to write

Nχ :=
∑
±

i

2πh

∫
Γ∓

χ̃(z)

∫ ±∞
0

TrXW ∗U(t, z)WXe−itz2/h∂z(ΛO − τΛI )XRQ(z)Qdtdz +O(h∞).

We may now integrate by parts using −hDz/(2z)e
−itz2/h = e−itz2/h to see that for ρ ∈ C∞c with

1 /∈ supp(1− ρ),

Nχ =
∑
±

i

2πh

∫
Γ∓

χ̃(z)

∫ ±∞
0

ρ(t)TrXW ∗U(t, z)WXe−itz2/h∂z(ΛO−τΛI )XRQ(z)Qdtdz+O(h∞).

Applying Stokes theorem on [1−ε, 1+ε]×i[0, h]for the integral over Γ+ and on [1−ε, 1+ε]×−i[0, h],
we obtain

Nχ =
∑
±
∓ i

2πh

∫
R
χ(z)

∫ ±∞
0

ρ(t)TrXW ∗U(t, z)WXe−itz2/h∂z(ΛO − τΛI )XRQ(z)Qdtdz +O(h∞)

=
i

2πh

∫
R
χ(z)

∫
ρ(t)TrXW ∗U(t, z)WXe−itz2/h∂z(ΛO − τΛI )XRQ(z)Qdtdz +O(h∞).

(6.6)

We now use [Zwo12, Theorem 10.4] to write in local coordinates

U(t, z)e−itz2/hXu =
1

(2πh)d−1

∫
e

i
h

(ϕ(t,x,η)−〈y,η〉−tz2)a(t, x, η, z)dη(Xu)(y)dy+O
(
h∞‖u‖H−Nh (∂Ω)

)
,

where, with b = σ(B),

∂tϕ(x, η) = b(x, ∂xϕ), ϕ(0, x, η) = 〈x, η〉, a(0, x, η, z) = 1.

We can then perform stationary phase in (t, z) (6.6) with critical point t = 0, and zc(x, η) =√
b(x, η). Or equivalently,

z2
c (x, η) =

ρ2
O |η|

2
gO
− τ2ρ2

I |η|
2
gI

ρ2
O + τ2ρ2

I

.
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Moreover, σ (∂z(ΛO − τΛI )) = −z

(
ρO√

|ξ′|2gO−z
2

+
τρI√
|ξ′|2gI+z2

)
We then compute the trace by re-

stricting to the diagonal and integrating. This calculations yields

Nχ =
1

(2πh)d−1

∫
χ(
√
b(x, η))dxdη.

Taking a sequence of χ approximating 1[1−ε,1+ε] shows that

#{zj ∈ Zε} = (2πh)1−dvolT ∗∂Ω

{
(x, ξ) : (1− ε)2 ≤

ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI

ρ2
O + τ2ρ2

I

≤ (1 + ε)2
}

+ o(h1−d).

Now, set α = 1+ε
1−ε , hj := (1 + ε)λ−1αj and observe that

#{λj ∈ R(P ) : 0 < Reλj ≤ λ : Imλj ≥ −M}

=

blogα λc∑
j=0

#{λj ∈ R(P ) : α−j−1λ < Reλj ≤ α−jλ, : Imλj ≥ −M}+O(1)

=

blogα λc∑
j=0

(2πhj)
1−dvolT ∗∂Ω

{
(x, ξ) : (1− ε)2 ≤

ρ2
O |ξ
′|2gO − τ

2ρ2
I |ξ
′|2gI

ρ2
O + τ2ρ2

I

≤ (1 + ε)2
}

+ o(h1−d
j )

= o(λd−1) + volT ∗∂Ω(V)
(
(1 + ε)d−1 − (1− ε)d−1

)
λd−1(1 + ε)1−d(2π)1−d

blogα λc∑
j=0

αj(1−d)

= (2π)1−dvolT ∗∂Ω(V)λd−1 + o(λd−1),

which completes the proof. �

Appendix A. Properties of the operator P

In this section, we show that P with domain (1.3) is a black-box Hamiltonian.

We begin with a technical lemma

Lemma A.1. Suppose that M is a smooth, closed manifold (compact without boundary), m ∈ R,
and A ∈ Ψm

1 (M) (i.e. a classical pseudodifferential operator of order m) with

|σ(A)(x, ξ)| ≥ c|ξ|m, −[0,∞) ∩ {σ(A)(x, ξ) : (x, ξ) ∈ S∗M} = ∅. (A.1)

Then A is a Fredholm operator with index 0.

Proof. Let a = σ(A). (Recall that a is homogeneous degree m in ξ.)

A−Op1(a) =: R ∈ Ψm−1(M).

Let χi ∈ C∞c (R; [0, 1]), i = 1, 2 with χi ≡ 1 near 0 and suppχ1 ∩ supp(1− χ2) = ∅. For h > 0, let

Ah := Op1(a(x, hξ)(1− χ1(h|ξ|)) + χ2(h|ξ|)).
Observe that by (A.1)

|a(x, hξ)(1− χ1(h|ξ|)) + χ2(h|ξ|)| ≥ c〈hξ〉m.
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Moreover,
Ah = Oph(a(x, ξ)(1− χ1(|ξ|)) + χ2(|ξ|)) ∈ Ψm

h (M).

Thus, there is E ∈ Ψ−mh such that

EAh = I + hR−1, R−1 ∈ Ψ−1
h (M).

In particular, since
‖R−1‖Hs

h(M)→Hs
h(M) ≤ Csh,

for h small enough Ah is invertible and A−1
h ∈ Ψ−mh (M).

Now,

A−1
h hmA = A−1

h (Op1(a(x, hξ)) + hmR)

= A−1
h ((Ah + Op1(χ1(h|ξ|)a(x, h|ξ|)− χ2(h|ξ|)) + hmR) = I +K,

where K : Hs(M)→ Hs+1(M) and hence is compact. In particular,

A = h−mAh + K̃,

where K̃ : Hs+m(M) → Hs+m+1(M) ↪→ Hs(M) is compact and hence, since Ah : Hs+m(M) →
Hs(M) is invertible, A is Fredholm with index 0. �

We now use Lemma A.1 to study the operator P .

Lemma A.2. The operator P is self-adjoint.

Proof. We start by showing that P is symmetric..Notice that, integration by parts implies that
for u, v ∈ H2(ΩO),

〈∆gO ,ρO
u, v〉L2(ΩO ,ρOdvolgO )

= 〈u,∆gO ,ρO
v〉L2(ΩO ,ρOdvolgO ) + 〈ρO∂νgO u, v〉L2(∂Ω,dvolgO ,∂Ω) − 〈u, ρO∂νgO v〉L2(∂Ω,dvolgO ,∂Ω).

In addition, for u, v ∈ H2(ΩI ),

〈∆gI ,ρI
u, v〉L2(ΩI ,ρIdvolgI )

= 〈u,∆gI ,ρI
v〉L2(ΩI ,ρIdvolgI ) + 〈τρI∂νgI u, v〉L2(∂Ω,dvolgI ,∂Ω) − 〈u, τρI∂νgI v〉L2(∂Ω,dvolgO ,∂Ω).

In particular, the operator P is symmetric.

We next show that there is z with Im z > 0 such that (P − z2) : D(P ) → L2 and (P − z2) :
D(P )→ L2 are surjective. This then implies that P − Re(z2) and hence also P is self-adjoint.

To do this, recall the definitions of RO(z), GO(z), RI (z) and GI (z) from Sections 3 and 3.2,

and note that RO : L2(ΩO)→ H2(ΩO), GO : H3/2(∂Ω)→ H2(ΩO), RI : L2(ΩI )→ H2(ΩI ), and

GI : H3/2(∂Ω)→ H2(ΩI ) are analytic families of operators in Im z > 0.

In particular, ΛO(z) − τΛI (z) : H3/2(∂Ω) → H1/2(∂Ω) is an analytic family of operators in
Im z > 0. Moreover, since ΛO − τΛI ∈ Ψ1(∂Ω) (i.e. is a non-semiclassical pseudodifferential
operator of order 1) has real principal symbol is elliptic in this class Lemma A.1 implies that
ΛO − τΛI , is an analytic family of Fredholm operators with index 0 in Im z > 0. Thus, by the
analytic Fredholm theorem, (ΛO(z)− τΛI (z))

−1 is a meromorphic family of Fredholm operators
with index 0 in Im z > 0.
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Using this, we have, in Im z > 0

(P − z2)

(
I +

(
GI (z)
GO(z)

)
(ΛO(z)− τΛI (z))

−1
(
τρI∂νI −ρO∂νO

))(RI (z) 0
0 RO(z)

)
= IL2→L2 .

In particular, since the poles of (ΛO(z)− τΛI (z))
−1 form a discrete set in Im z > 0, one can find

z such that P − z2 : D(P )→ L2 and P̃ − (−z̄)2 : D(P )→ L2 are surjective. �

Lemma A.3. The operator P is a black box Hamiltoniain in the sense of [DZ19, Definition 4.1].

Proof. The conditions [DZ19, (4.1.4) , (4.1.5), and (4.1.6)] are obviously satisfied. It remains to
check that for 1B(0,R0)(P + i)−1 is compact, but this follows from the fact that (P + i)−1 : L2 →
D(P ) ⊂ (H2(ΩI )⊕H2(ΩO)) ∩H1(Rd) and the Rellich–Kondrachov embedding theorem. �
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