FRACTAL WEYL LAWS AND WAVE DECAY
FOR GENERAL TRAPPING

SEMYON DYATLOV AND JEFFREY GALKOWSKI

ABSTRACT. We prove a Weyl upper bound on the number of scattering resonances in strips for manifolds
with Euclidean infinite ends. In contrast with previous results, we do not make any strong structural
assumptions on the geodesic flow on the trapped set (such as hyperbolicity) and instead use propagation
statements up to the Ehrenfest time. By a similar method we prove a decay statement with high probability
for linear waves with random initial data. The latter statement is related heuristically to the Weyl upper
bound. For geodesic flows with positive escape rate, we obtain a power improvement over the trivial Weyl
bound and exponential decay up to twice the Ehrenfest time.

1. INTRODUCTION

In this paper, we study asymptotics of scattering resonances and linear waves on a d-dimensional non-
compact Riemannian manifold (M, ¢g) with Euclidean infinite ends (see §2.1). Resonances are the spectral
data for the Laplacian on non-compact manifolds analogous to eigenvalues in the compact setting. They
are defined as poles of the meromorphic continuation of the L? resolvent (see §3.1)

o a2y-1 ) LA(M) = L2(M), Im A\ > 0,
@ RBy(N) = (~8 — V) .{LamdM)%léJM% >0

Our results involve the structure of the homogeneous geodesic flow

(1.2) o =exp(tHp) : T*"M\0—T"M\ O, p(,8) = €]g(a)-

1.1. Weyl bounds. Our first result is an upper bound on the number of resonances in strips,
(1.3) N(R,B) :=#{)x € [R,R+ 1] +i[—f3,0]: X is a resonance}, >0, R— oo
We first state the following simple corollary of the main result:

Theorem 1. For all § > 0 we have

(1.4) N(R, B) = O(RT).
Moreover, if the trapped set K C T*M \ 0 of ¢; has volume zero (see (2.6)), then
(1.5) N(R,B) = o(R*"™") as R — cc.

The bound (1.4) has previously been established in various settings by Petkov—Zworski [PZ99, (1.6)],
Bony [Bon01], and Sjéstrand—Zworski [SZ07, Theorem 2].

To state a more precise bound, we use Liouville volume of the set of trajectories trapped for time ¢

(1.6) V(t) = u(S"MNOT(),  T)=n""(B)Np_(r""(B)),
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FIGURE 1. (a) A plot of the exponent m(/3,+) from (1.11) in the case of positive classical
expansion rate v, as compared to the standard Weyl law m = d — 1 and to the exponent
m/(5,0) from [Dyalba] in the case of hyperbolic manifolds. (b) A plot of the typical
behavior of the norm ||9U (t)yugrl/r2 from Theorem 3.

where 7 : T*M \ 0 — M is the projection map, S*M = {|{|, = 1} is the cosphere bundle, and B is a large
compact set with smooth boundary, see (2.12). We also use the Ehrenfest time at frequency R > 0,

log R ) 1
(1) e(R) = g8 A= limsup o log  supdgu(a,€)].
2 lt—oo [t (@&)eT(r)

Here Apmax € [0,00) is the maximal expansion rate and if Ap.x = 0, we may replace Ay by an arbitrarily
small positive number and accordingly take ¢t.(R) = C'log R for any fixed constant C.

The following is our main Weyl bound, which immediately implies Theorem 1 since V(t) is always
bounded and lim;—, o V() = 0 when K has volume zero. A connection between the function V(t) and
resonance counting has previously been used heuristically in the literature, see [Zwo99b, (10)].

Theorem 2. For each f >0, € > 0, there exists a constant C' > 0 such that
(1.8) N(R,B) < CR* ! min [V((l — s)te(R)),eXp (2,8te(R)) . V(Q(l — €)te(R))}.

The proof of Theorem 2 follows the strategy of [Dyal5a]. We first construct an approximate inverse for
the complex scaled version of the operator —A,—\? which shows that if ) is a resonance, then I—A(\) is not
invertible, where A(\) is a pseudodifferential operator whose symbol is supported in a small neighborhood
of the trapped set. By Jensen’s inequality, the number of resonances can be estimated using bounds on the
determinant of I — A(\)?, which is controlled by the Hilbert—Schmidt norm || A()\)||gs. The latter norm can
be bounded by the right-hand side of (1.8). The operator A(A) is defined using the dynamics of the flow for
time t.(R), and due to Egorov’s theorem up to Ehrenfest time it lies in a mildly exotic pseudodifferential
calculus.

The expression (1.8) can be bounded in terms of the classical escape rate

(1.9) v = —limsup % log V(t) > 0.

t—o0
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Theorem 2 implies that (see Figure 1(a))

a-1-120 0<p<l,
(110) N(R, 6) — O(Rm(ﬁ”Y)‘F)’ m(ﬂ,’)’) — max
d—1-—2_ g>7
2Amax7 -2

where O(R™7) stands for a function which is O(R™"¢) for each € > 0. Note that the change in behavior for
m(B,~) happens when § is equal to half the classical escape rate, which is the depth at which accumulation
of resonances has previously been observed mathematically, numerically, and experimentally — see §1.3.

Under the assumption that the trapped set is hyperbolic, there exist several previous results giving bounds
on N(R, 8) which are stronger than (1.10), see §1.3. For instance, in the case of d-dimensional convex co-
compact hyperbolic quotients with limit set of dimension § € [0,d — 1) we have [Dyal5a, Theorem 1]

(1.11) N(R,B) = OR™PD%), m/(8,6) = min(26 + 28 + 1 — d, 8).

Since in this case vy =d — 1 — § and Apax = 1, the bound (1.11) corresponds to (1.10) with Ap.x replaced
by %Amam or equivalently t.(R) replaced by 2t.(R). The lack of optimality of (1.8) is thus due to the fact
that without the hyperbolicity assumption we can only propagate quantum observables up to the Ehrenfest
time (rather than twice the Ehrenfest time as in [Dyal5a]). Upper bounds on N (R, 3) are also available
in the case of normally hyperbolic trapping — see §1.3.

On the other hand, little is known on resonance bounds in strips for smooth metrics when ¢; is not
hyperbolic or normally hyperbolic on the trapped set, and Theorem 2 appears to give the first general
upper bound depending on the dynamics of ¢;. (For operators with real analytic coefficients, a bound
depending on the volume of an R~1/2 sized neighborhood of the trapped set was proved by Sjéstrand [Sj690,
Theorem 4.2].) In particular, if the escape rate is positive then Theorem 2 gives a power improvement
over O(R?~1!). The most promising potential example of such systems which are not hyperbolic/normally
hyperbolic is given by uniformly partially hyperbolic systems, see [CP14] and [You90, Theorem 4].

An example with zero escape rate is given by manifolds of revolution with cylindrical or degenerate
hyperbolic trapping, where Theorem 2 gives an improvement which is a power of log R — see §7. See
the work of Christianson [Chrl13] for a related question of resolvent bounds on more general manifolds of
revolution.

1.2. Wave decay for random initial data. Our next theorem concerns high probability decay estimates
for the half-wave group

U(t) := exp(—ity/—Ay).
We apply U(t) to a function chosen at random using the following procedure. Let B be the large smooth
compact subset of M given by (2.12), Ag be the Dirichlet Laplacian on B with respect to the metric g,
and {(ex, A\x)}32; be an orthonormal basis of L?(B) with

(—Ap — A2)ep, = 0.
Fix small ¢’ > 0. For R > 0 consider the subspace of L?(B)
(1.12) Er = { Z arer(z), ax € (C}, Ir :={k: A, € R[1 —¢',1+¢]}.
kelg
By the Weyl law [Hor09, Theorem 29.3.3], £g has dimension cR? + O(R?~!) for some ¢ > 0. Let
up € Sp:={uecér: |ullz =1}

be chosen at random with respect to the standard measure on the sphere. As before, denote by K C T*M\0
the trapped set. Then our result is as follows:



4 SEMYON DYATLOV AND JEFFREY GALKOWSKI

Theorem 3. Suppose that K # 0 and ¢» € C°(B°). Fiz Cy,a,e > 0. Then there exists C > 0 such that
for allm > C,

(1.13) IP[HwU(t)quHLz < m\/V((l —&)min(t, 2tc(R))) for all t € [alog R,CoR]| > 1— Ce ™ /€,

A related result in the setting of the damped wave equation was proved by Burq-Lebeau [BL13, page 6].

In terms of the escape rate v from (1.9), Theorem 3 gives the following bound with high probability for
each € > 0 (see Figure 1(b)):

O(e~t/2+et), alog R <t < 2t.(R);

1.14 Ul(t 2 =
( ) ||'l/} ( )quHL {O(R—fy/(QAmax)-‘rE)’ QtG(R) <t< COR

The bounds (1.10) and (1.14) (and more generally Theorems 2 and 3) are related by the following heuristic.
To simplify the formulas below assume that Ap.x = 1. Take small 8 > 0, then by (1.10) the number of
resonances in

Q={\: R/2<|Re) <R, Im\>-3}
is O(R=7*A*). Suppose that U(t) has a resonance expansion up to Im A = —3 (similar to [DZ, Theo-
rem 3.9] but with infinitely many terms in the expansion; such resonance expansions are quite rare which
is one of the reasons why the argument below is heuristic). Then we expect for some N,

(1.15) YU Yur = Y e "M ug,va)pwy + O(RNe ) + O(R™).

AEQ
A resonance

Here resonances with ImA > —f8 and |Re\| ¢ [R/2,2R] would contribute O(R~°°) because the corre-
sponding coresonant states live in a different band of frequencies than Yug.

If we additionally knew that the resonant and coresonant states wy, vy are bounded in L120c and form

approximately orthonormal systems on supp, then with high probability we would have (Yug,vy) ~
R~4/2. Estimating the norm of the sum on the right-hand side of (1.15), we then expect that

19U (8)$ug| 2 < O(R™TF) + O(RNe ),

For t > 4 log R and C large enough, the first term on the right-hand side dominates and we recover (1.13)
(given that 8 can be chosen small). Note that (1.13) also holds for ¢t < C;log R, but this cannot be seen
from the resonance expansion because the error term in this expansion dominates for short times.

We remark that while the above heuristic is useful to relate Theorems 2 and 3, the proof of Theorem 3
does not rely on it. Instead, by a concentration of measure argument we reduce to estimating the Hilbert—
Schmidt norm of the cutoff propagator U (t)y restricted to a range of frequencies. The latter norm is
next bounded in terms of the volume V(¢). As in the proof of Theorem 2, this strategy can only be used
up to time 2t.(R) so that the resulting symbols still lie in a mildly exotic calculus.

1.3. Previous results. We now briefly review previous results on Weyl bounds for resonances in strips,
referring the reader to the reviews of Nonnenmacher [Nonll, §§4,7] and Zworski [Zwo16, §3.4] for more
information.

When the trapping is hyperbolic, upper bounds on N(R, 3) have been proved in various settings by
Sjostrand [Sj690], Zworski [Zwo99a], Guillopé-Lin-Zworski [GLZ04], Sjéstrand—Zworski [SZ07], Datchev—
Dyatlov [DD13], and Nonnenmacher—Sjéstrand—Zworski [NSZ14]. These bounds take the form
(1.16) N(R. ) = O(R™)

where 20+ 1 is the upper Minkowski dimension of K N.S*M, and R** can be replaced by R? if KN.S*M has
pure Minkowski dimension. The bound (1.16) is stronger than the one in Theorem 2. Indeed, p_; /(7 (t))
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contains an e~ (Amaxte)t/2 gized neighborhood of the trapped set K, which implies that (assuming that the
upper and lower Minkowski dimensions of K agree)

V(L e)t) > Ol Amand=1-00
Therefore

R !min [v(u — &)t(R)),exp (26t.(R)) - V(2(1 — e)te(R))} > C 'min (R*3, ROTA/Amax),

See also the discussion following (1.11).

In the setting of hyperbolic quotients, Naud [Naul4], Jakobson-Naud [JN16], and Dyatlov [Dyal5a]
have obtained bounds which improve over (1.16) when § < v/2; here v > 0 is the escape rate defined
in (1.9). See also the work of Dyatlov—Jin [DJ15] in the case of open quantum maps. Concentration of
resonances near the line {Im A = —~/2} has been observed numerically (for the semiclassical zeta function
in obstacle scattering) by Lu-Sridhar—Zworski [LSZ03] and experimentally (for microwave scattering) by
Barkhofen et al. [BWP13].

For r-normally hyperbolic trapped sets (such as those appearing in Kerr—de Sitter black holes), Dyat-
lov [Dyal5b] obtained an upper bound of the form (1.16). In this setting K is smooth and 4 is an integer.
Under a pinching condition, it is shown in [Dyal5bh, Dyal6] that resonances in strips have a band structure
and the number of resonances in the first band with |A\| < R grows like R*1.

1.4. Structure of the paper.

e In §2 we review geometry and dynamics of manifolds with Euclidean ends (§2.1) and semiclassical
analysis (§§2.2, 2.3).

e In §3 we perform analysis of the scattering resolvent and the wave propagator near the infinite

ends of M to reduce to a neighborhood of the trapped set.

In §4 we construct dynamical cutoff functions used in the proofs.

In §5, we prove Theorem 2.

In §6, we prove Theorem 3.

In §7, we estimate the quantity V(¢) for two examples of manifolds of revolution.

Acknowledgements. The authors would like to thank Maciej Zworski, Nicolas Burq, Stéphane Nonnen-
macher, and Andras Vasy for many useful discussions. This research was conducted during the period
SD served as a Clay Research Fellow. JG was partially supported by an NSF Mathematical Science
Postdoctoral Research Fellowship DMS-1502661.

2. PRELIMINARIES

2.1. Manifolds with Euclidean ends. Thoughout the paper we assume that (M, g) is a noncompact
complete d-dimensional Riemannian manifold which has Euclidean infinite ends in the following sense:

e there exists a function r € C*°(M;R) such that the sets {r < ¢} are compact for all ¢, and

e there exists ro > 0 such that {r > 7o} is the disjoint union of finitely many components, each
of which is isometric to R?\ B(0,7,) with the Euclidean metric, and the pullback of r under the
isometry is the Euclidean length function.

The connected components of {r > rg} are called the infinite ends of M. We parametrize each of them
by a Euclidean coordinate y € R\ B(0,r() so that g = Z;l:l dy?. We lift r to a function on T*M and
parametrize the cotangent bundle of each infinite end by (y,7n) € T*(R%\ B(0,7)).
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As in (1.2), put p(x, &) := [£|4(z) and ¢; := exp(tH,). Then on each infinite end, we have

(2.1) ply,n) =Inl, Hy,= <n|,n8y>.

Define the directly escaping sets in T*R? by
Exr = {(y,n) € T'R: |y| > ro, £(y,n)ra > 0},
g;,R = {(y?n) € T*Rd: ‘y| > To, :|:<ya77>Rd' > 0}7

and pull these back by the Euclidean coordinates in the infinite ends of M to

(2.2)

(2.3) Er, €Y C {r>r} C T"M.
It follows from (2.1) that for x € T*M \ 0,
(2.4) x€€r = pux)e€&y, r(psi(x)) >/r(x)2+t2 forallt>0,

in particular 7(p¢(x)) — oo as t — +o00. Arguing by contradiction, this implies that for all x € T*M \ 0
(2.5) r(x) > 1o, T(pxi,(x)) < r(x) for some tg >0 = E(y(x),n(x))ga > 0.

Therefore, if a trajectory of ¢; starting on {r < ro} enters some infinite end, it escapes to infinity inside
this end.

Define the incoming/outgoing tails I'y and the trapped set K by
(2.6) Ty ={xeT*M\0: r(p(x)) A ooast— Foo}, K:=T NT_.
The next lemma establishes basic properties of I'y and K; see [DZ, §6.1] for a more general setting.
Lemma 2.1. 1. The sets 'y, K are closed in T*M \ 0 and
(2.7) K c{r<ro},

in particular K NS*M is compact.

2. We have locally uniformly in x,

(2.8) xely = d(p(x),K)—0 ast— Foo.

3. Let U be a neighborhood of K and V. C T*M \ 0 be compact. Then there exists T > 0 such that
(2.9) o_t(V)Nps(V) Cc U forallt,s>T.

4. Assume that V. C T*M \ 0 is compact and V N T+ = (). Then there exists T > 0 such that

(2.10) ot (V) C 5%0{7“2«/r§+(t—T)2} for all t > T.

Moreover, the set ;o :(V) is closed in T*M.

Proof. 1. We first show that I'_ is closed in T*M \ 0. Assume that xg € T*M \ 0 and x¢ ¢ I'_. Then
r(pi(x0)) — o0 as t — oo, thus by (2.5) there exists to > 0 such that ¢y, (xo) € £5. Since £ is open, we
have ¢, (x) € £ for all x which are sufficiently close to xo. By (2.4), we have x ¢ I'_, showing that x
does not lie in the closure of I'_. A similar argument shows that I', and thus K, is closed.

It remains to show (2.7). Assume that x € T*M \ 0 and r(x) > ro. If (y(x),n(x))re > 0, then by (2.4)
we have x ¢ I'_. Similarly if (y(x),7(x))gs <0, then x ¢ T,
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2. We consider the case of I'_; the case of I'} is handled similarly. Assume (2.8) is false. Then there
exists &€ > 0 and sequences x; € I'_, t; — oo such that x; lie in a compact subset of T*M \ 0 and
d(pt, (xx), K) > e. By (2.4) and (2.5), x; € T'_ implies that r(¢¢, (xx)) is bounded, specifically

(o, (xk)) < max(r(xg),ro) when ¢, > 0.

By passing to a subsequence, we may assume that

V1, (XE) = Xoo € T*M \ 0.
We have X, ¢ K; however, since I'_ is closed and invariant under the flow, X, € I'_. Therefore xo, ¢ I';.
By (2.5), there exists T' > 0 such that ¢_7(Xs) € £2. Then for large enough k, ¢¢, —7(x;) € £2. Tt
follows from (2.4) applied to ¢, —7(x)) that as k — oo,

r(xk) = r(@- -1 (Pu-1(xx))) = \/r§+ (= T)* — oo,
contradicting the fact that xj; varies in a compact set.
3. Assume (2.9) is false. Then there exist sequences
ty Sk = 00, Xk €0y, (V)N (V), xi ¢ U.

By (2.4), assuming t, si > 0, we have

r(x) < max(maxy r,79).
Passing to a subsequence, we may assume

Xp — Xoo € T*M \ 0.

We have X ¢ K, thus xo ¢ I't or xoo ¢ T'_. We assume xo, ¢ I'_, the other case being handled
similarly. By (2.5), there exists T' > 0 such that ¢7(x) € €. Therefore, for £ large enough we have
or(xx) € £9. It follows from (2.4) applied to o7 (x}) that as k — oo,

r(ee, (xi)) = (oo -r(er(xn))) = (/g + (te = T)? — o0
contradicting the fact that ¢, (x) € V.

4. We assume VNT'_ = ), the case VNI, = () being handled similarly. Arguing as in part 1, we see that
each xg € V has an open neighborhood U (xg) such that for some T' = T'(xg) > 0 and all x € U(xq), we
have @7 (x) € £5. By (2.4) applied to ¢r(x),

pr(x) € €7 N {r > \/7“8 +(t— T(xo))Q} for all x € U(xg), t > T(xp).

To show (2.10), it remains to cover V by finitely many open sets of the form U(xg) and let T be the
maximum of the corresponding times T'(xq).

To show that (J,~q @¢(V) is closed, take sequences x; € V, t; > 0, and assume that ¢, (x;) converges
to some yo, € T*M. Then (g, (x;)) is bounded, so by (2.10) the sequence t; is bounded as well. Passing
to subsequences, we may assume that t; — toc > 0, X; = Xoo € V. Then yoo = @1 (Xoc) € Upsg @t (V),
finishing the proof. B |

Following (1.6) we define for B ¢ M

Va(t) = pp(S*M N Ts(t), Ta(t):=x""(B)Nne_(r ' (B)).

By (2.9), if 771(B) contains a neighborhood of K and B’ C M is compact, then there exists 7" > 0 such
that

Te(t+2T) C ¢-r(Ts(t)), t=0,



8 SEMYON DYATLOV AND JEFFREY GALKOWSKI

thus in particular
(2.11) Ve (t+2T) < Vp(t), t>0.

Since Theorems 2 and 3 use quantities of the form V((1 — ¢)t) where t > C~!log R, by slightly changing ¢
and using (2.11) we see that these theorems do not depend on the choice of B, as long as m~*(B) contains
a neighborhood of K. We henceforth fix v > rg and put

(2.12) B:={r<mr}.
By (2.4), the set B is geodesically convex, therefore

Ta(t +to) C o4, (T5(t)) for all ¢,to > 0,
implying that

(2.13) Vi(t +to) < Vg(t) forall t,tg > 0.
Moreover, if K NS*M # ), then we have for each A > Ay,
(2.14) V() > C e 2d=DA 4 >,

Indeed, if (z9,&) € K NS*M, then Tg(t) N S*M contains an e~ sized neighborhood of (g, &) for all
s €]0,1].

2.2. Semiclassical analysis. We next briefly review the tools from semiclassical analysis used in this
paper, referring the reader to [Zwol2] and [DZ, Appendix E] for a comprehensive introduction to the
subject.

For an h-dependent family of smooth functions a(z, £; h) on T* M, we say that a lies in the symbol class
St (T*M) if it satisfies the following derivative bounds on 7* M, uniformly in h:

0505 aly, n; h)| < Cagh™UIHED (ym=161.
Here v € [0,1/2) and m € R are parameters; y is any coordinate system on M which coincides with the
Euclidean coordinate in each infinite end. Note that we require the bounds to be uniform as y — oo.

We fix a quantization procedure Op;,, mapping each a € S,’[fl,(T*M ) to an h-dependent family of
operators
Op,(a): S (M) — S (M), S (M)— .S (M).
Here . (M) denotes the space of Schwartz functions and .’ (M) the space of tempered distributions on M,
defined using Euclidean coordinates in the infinite ends. In case M = R¢, Op,, () is defined by the standard
formula

(215) Opy (@u(a) = (2nh) [ ehleafa, u(y) dyde.

R2d
and for general M it is constructed from (2.15) using coordinate charts (taking the Euclidean coordinate in
each infinite end of M) and a partition of unity, see for instance [DZ, Proposition E.14]. We also arrange
so that

(2.16) Op,,(1) = I.

This gives a class of operators (which is independent of the choice of coordinate charts; see below for the
definition of h>°W¥~>°(M))

o (M) ={Opy,(a) + O(h™)g—e(ar): a € Si7, (T M)}
The principal symbol map
op s Wi (M) = S, (T*M) /R 28" "N (T* M), 04(Opy(a)) = a,
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is independent of the choice of local coordinates and satisfies for A € ¥} (M), B € \I/Z’;(M)

(2.17) on(A*) =op(A4) + O(hl_QU)S;T;l,
(2.18) on(AB) = oy,(A)on(B) + O(hlfb)sﬁm/_l,
(2.19) on([A,B)) = —ih{on(A),0n(B)} + ORI 7)) (s o

h,v

We have 01,(A) = 0 if and only if A € hl_QVWﬁgl(M). Every A € W) (M) is bounded uniformly in % as

an operator
A:H} (M) — Hffm(M), s € R,

where H} (M) is the (global) semiclassical Sobolev space, defined using Euclidean coordinates in the infinite
ends (see [DZ, §E.1.6]). See for instance [Zwol2, Theorems 4.14, 9.5, 14.1, 14.2] for the proofs in the case
v = 0, which adapt directly to the case of general v (see [Zwol2, Theorems 4.17, 4.18]). We also have for
all A € ) (M),

(2.20) Al L2(ary—L2(ar) < sup |on(A)| + O(RY27Y).

See for instance [Zwo12, Theorem 5.1] whose proof adapts to operators in \IJ?W. Using the explicit formula
for the integral kernel of Opy,(a), we also have the Hilbert—Schmidt bound

(2.21) | Opy,(a)|fs < C*h~¢Vol(suppa), a € Shu-
where C' is some S}OW seminorm of a.
The residual class for Sj", (M), denoted by h*W=>°(M) or O(h™)y-(us), is defined as follows:
Aeh™T=2(M) = [ Alg-~yomyan < CnyhY  for all N.
We also use the class of compactly microlocalized operators
Uy, P (M) = {A =Opy(a) + O(h™)y-= | a € CZ(T"M)}.
The standard classes of symbols and operators are given by the case v = 0:
SpH(TM) = Sylo(T™ M), U (M) = Wi (M), WP (M) = W20 (M).

We have the following improvement of (2.19) when M = R?, the quantization (2.15) is used, and one of
the symbols in question is in S}*:

(2.22) a€ SP(T*RY),be S (T*RY) = [Op,(a), Op,(b)] = —ih Op,({a,b}) + O(hQ—QV)%H,,L,,Z(Rd).
This follows immediately from the asymptotic expansion for the full symbol of Opy,(a) Op,,(b), see [Zwol2,
Theorems 4.14, 4.17].

For A € W} (M), the wavefront set WF,(A) C T M is defined as follows: (x0,&) € T M does not lie
in WF,(A) if and only if A = Opy(a) + O(h*)y-~ for some a € S}*, (M) such that a = O(h*>(£)™°) in
a neighborhood of (x¢, &) in T'M. Here T M is the fiber-radially compactified cotangent bundle, see for
instance [DZ, §§E.1.2, E.2.1]. For A, B € ¥}? (M) and some h-independent open set U C T'M, we say

A =B+ O(h*™)g-« microlocally in U,

if WF,(A—B)NU = 0. For A € W} (M), the elliptic set ell,(A) C T M is defined as follows: (z,¢) €
ellp(A) if (€)"™0oxr(A) is bounded away from zero in a neighborhood of (z,£).
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2.3. Functional calculus and the half-wave propagator. By the functional calculus of self-adjoint
operators in W' (M) (see for instance [DS99, §8]), for each ¢ € C°(R) the operator
B(=h?A,) : L*(M) — L*(M)
lies in W, V(M) for each N. Moreover,

on((=h*Ag)) = ¥ (I€]7),  WER(W(=h*Ag)) C {|€]; € supp v},
and for each open set U C R,

(2.23) Yp=1lonU = o(—h*Ay) =TI+ O(h™)g-= microlocally in {|{|2 € U}.
This makes it possible to describe the square root \/ng microlocally in T*M \ 0:
Lemma 2.2. Assume that A € W;°"P (M), WF,(A) C T*M \ 0. Then for each N, with p(x,&) = |&|g().
B A, Ay, € BN, ouhny/ g A) = o (Ahy ) = p-on(A):
WE) (hy/=A4A), WFy(Ahy/=A,) C WF(A).
Proof. We consider the case of the operator hy/—AgA. Fix C > 0 such that WF,(A4) c {C~! < [¢[2 < C}.
Choose 1) € C2°((0,00)) such that 1) = 1 near [C~1,C]. Then by (2.23)
A=Y(=h*A)) A+ O(h™®) .

Put o(A) = VAp(A), then ¢ € C°(R) and

hy/=AgA = p(=h*Ag) A+ O(h*) g
and (2.24) follows. O

(2.24)

We next prove a Egorov theorem for the half-wave propagator
U(t) = exp(—ity/—A,) : L*(M) — L*(M).
Recall that ¢; = exp(tH)) is the homogeneous geodesic flow on T%M \ 0.

Lemma 2.3. Assume that a € S%V(T*M) for some v € [0,1/2) and suppa is contained in an h-

independent compact subset of T*M \ 0. Then there exists a smooth family of symbols compactly supported
inT*M\ 0

ar € S, (T*M), t€R; suppa; C p_i(suppa), a;=aop;+ (’)(hl_Q”)S}oL K
such that, with constants in the remainder uniform as long as t is in a bounded set

U(=t) Op,(a)U(t) = Opp(ar) + O(A™)y—oe.

Proof. Since U(t) is bounded on all Sobolev spaces, it suffices to construct a; such that
(2.25) ao =a, di(U(t)Opy(ar)U(-t)) = O(h*)y-=.

Using a partition of unity for a, it suffices to consider the case when suppa is contained in a coordinate
chart on M. Moreover, by induction on time we see that it is enough to study the case when ¢ is small and
thus ¢_s(a) lies in a fixed coordinate chart for all s between 0 and ¢. We thus reduce to the case when
M =R? and Op,, is given by (2.15).

The differential equation in (2.25) can be rewritten as

(2.26) Op4 Q) + 7101 (00), b/ ~Bg] = O(h®) g
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We construct a; as an asymptotic series

(2.27) ag ~ Zagj), agj) € hj(k?”)SgyV(T*Rd), supp a( D w_t(suppa).

To satisfy (2.26) it suffices take a(j ) such that for some symbols
b € W2I8) (T*RY),  suppb” C p_i(suppa), b =0,

we have
(2.28) Op,, (0:a?) + Oph al?), hy/=A,] + Op, (b)) = Op,, (B9 ) + O(h™) -
) )

We construct a(J ) bgj +b) by induction, assuming b;”’ is already known. Since a;”’ is compactly supported
in T*M \ 0, by Lemma 2.2 and (2.22) the left-hand side of (2.28) is

Op,, (atagj) _ Hpagj) + bgj)) + O(h(j+1)(1—2u)) ()

hu

Then (2.28) holds for some bgﬂ_l) € h(j“)(l*z”)Sg’y(T*Rd) if a,Ej) satisfies the transport equation
(2.29) dial) = Hya{?) — 0.

We now put
agj) = vjo(a o) — / b9 o gy, ds.
0

Then (2.29) is satisfied and thus (2.28) holds for some choice of bng). The support condition on a(])
follows from the support condition on bgj ). The support condition on bgj ) follows from this and the fact
that the asymptotic expansion for the full symbol of the left-hand side of (2.28) at each point only depends
on the values of all derivatives of atj ) b(J at this point. With a; given by (2.27) we also have ag = a and

a; = a o @ + O(h'=%), finishing the proof. O
Lemma 2.3 gives us the following approximate inverse statement for the semiclassical Helmholtz operator
fthg — w?, which is a version of propagation of singularities used in the proof of Lemma 3.4.

Lemma 2.4. Assume that a,b € Sg,y(T*M) are supported in an h-independent compact subset of T* M\ 0,
B' € V9 (M) is compactly supported, and for some T > 0,

T
(2.30) w_r(suppa) Nsupp(l —b) =0, WF,(I — B')n U w_t(suppa) = 0.
t=0
Then for any constant C and w € [C™1,C] + ih[—C, C], we have
(2.31) Opp(a) = Z(w)B'(=h*A, — w?) + e“T/" Op, (a)U(T) Opy, (b) + O(h™) g

where Z(w) 1is holomorphic in w and satisfies the estimate for all N,

1Z(w )||H N(M)—HY (M) < Cnh7Y|supal.

Proof. Observe that

hDy (e FU(t)) = e F U(t)(—hy/—Ry +w),  U(0) =1.
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Therefore,

iwT ] T iwt
I:e%U(T)Jri/ e Ut)(hy/—Ay —w)dt
(2.32) hJo

A T
=e'n U(T) +%/ e U(t)(hy/=Ay + w) " H(—h*A, — w?)dt.
0

By (2.16), Lemma 2.3, and (2.30), we have
Opy,(a)U(T)(I = Opy, (b)) = O(h™ ) g—=,
Op,(a)U(t)(hy/=Ay +w) Y (I = B') = O(h™)gy-~ forallte[0,T],

where U(—t) Op,(a)U(t)(hy/—A, +w) ™! is a pseudodifferential operator similarly to (2.24). It remains to
apply Opy,(a) on the left to (2.32) and put

. T
Z(w) :21/0 et Opy, (a)U(t)(h —Ay+w) tdt. O

We finally establish properties of certain spectral cutoffs of width h for the operator h2A:
Lemma 2.5. Assume that ¢ € C°(R) is bounded and its Fourier transform 1/3 satisfies for some Ty, Ty € R
(2.33) supp ¥ C (Tp, T1).

For w € C wvarying in an h-sized neighborhood of 1, define B(w) := zp(w) : L2(M) — L*(M),
where ¥ extends to an entire function by (2.33). Then:

1. If A1, Ay € \Ilg’V(M) satisfy
(2.34) ep? (WFy,(A2)) NWF, (A1) =0 for all t € [Ty, 1],

and at least one of Ay, Ay is in W,77P (M), then AsB(w)Ar = O(h™)g—o.

2. If additionally ¢ € Z(R) and a € SBW(M) is supported in an h-independent compact subset of
T*M, then we have the Hilbert—Schmidt norm bound with the constants depending only on 1, some S,?}V
seminorm of a, and a fized compact set containing supp a,

(2.35) | Opy(@)B(w)lfis: [| B(w) Opy(a)l[fis < Ch'~pr(S*M Nsuppa) + O(h™).
Proof. We write B(w) using the Fourier inversion formula:

1ot .
B(w) — %/T w(t)e—ztw?’/he—ithAg dt.
0

Then (2.34) follows from the wavefront set properties of the Schrédinger propagator e~*"s (see for
instance [DG14, Proposition 3.8]). The estimate (2.35) follows from the proof of [DG14, Lemma 3.11). O

3. REDUCTION TO THE TRAPPED SET

In this section we review the global properties of the scattering resolvent and the half-wave propagator
and prove several statements which reduce the analysis to a neighborhood of the trapped set K.
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3.1. Scattering resolvent. The L? resolvent
Ry(\) = (=A, = X)) LA(M) —» L*(M), ImA>0
admits a meromorphic continuation

Ry(\): L2, (M) — LE (M), XeC\ (—00,0].

comp loc

In fact, when the dimension d is odd, R4(A) continues meromorphically to A € C, and when d is even, Rg(\)
continues meromorphically to the logarithmic cover of C. One way to prove meromorphic continuation is
by constructing an approximate inverse to —A, — A2 modulo a compact remainder which uses the free
resolvent in RY — see for instance [DZ, §4.2] or [SZ91, Theorem 1.1]. (When M has several infinite ends, we
need to include the free resolvent on each of these ends.) Another way is by using the method of complex
scaling which is reviewed below.

To study resonances in the region (1.3), we put h := R~! and use the semiclassically rescaled resolvent
Ry(w) = 2Ry (h™'w), we T\ (=o,0]

which is a right inverse to the operator —hQAg —w?. For A = h™'w, the region in (1.3) corresponds to

(3.1) w € Q:=[1,14h]+i[—Bh,0].
For resonance counting, it is convenient to prove estimates in a larger region,
(3.2) Q:=[1 —2h, 1+ 2h] +i[-Bh,2h], B> B.

We next review the method of complex scaling, following [Dyal5b, §4.3]. Fix small 6 > 0 (the angle of
scaling) and r; > 7o (the place where scaling starts). Consider the following totally real submanifold:
Ty := {y+zf9(|y|)|—z| HNTRS Rd} c ¢
where fy € C°°([0,00)) is chosen so that
fg(T):O, TSTl; fg(r)zrtanﬁ, TZQTl;
fo(r) =0, r=0; {fo(r) =0} = {fo(r) = 0},

Define the complex scaled differential operator Py on M as follows:

(3.3)

e on {r <ri}, Pyisequal to —h%A;
e on each infinite end of M with Euclidean coordinate y, Py is the restriction of the semiclassical
Euclidean Laplacian —h2A to I'y parametrized by y; in polar coordinates y = rp,

B 1 a (d—1)i op  B2A,
PQ‘(mf;(r)"Dr) i+ i) DT Tt if(n)?

with A, denoting Laplacian on the round sphere RA-1,

Then Py € ¥% (M) is a second order semiclassical differential operator on M with principal symbol
po = on(Fp)
given by pe(x,€) = p(x,£)? on {r < 71} and on each infinite end, in the polar coordinates y = ry,

1y T |77<p|2
L+ify(r)?  (r+ife(r))*
As shown for instance in [DZ, Theorems 4.36 ~amd 4.38] (whose proofs extend directly to the case of several
Euclidean ends), for h small enough so that  C {Im(e®w) > 0} and all s € R

Py — w? is a Fredholm operator of index zero H*Y2(M) — H*(M), weQ,

(34) Do (T7 ©5 Mrs nga) = (
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FIGURE 2. An illustration of Lemma 3.1, showing trajectories of ¢, on S*M. The shaded
regions show places where Py —i(Q) —w? is elliptic: the darker shaded region is {77, (Q) > 0}
and the lighter shaded region is {fg(r) # 0}.

and the poles of (Py —w?)~! in Q coincide with the poles of Ry(w), counted with multiplicities.
The next statement uses the structure of the complex scaled operator together with propagation of
singularities to show existence of a nontrapping parametrix (see Figure 2):
Lemma 3.1. Assume that Q € W;""P (M) is supported inside {r < ro} and its principal symbol is inde-
pendent of h and satisfies
on(Q) >0  everywhere;

(8:5) on(Q) >0 on KNS*M.

Then for h small enough and w € , the operator Py —iQ —w? is invertible H2(M) — L*(M). The inverse

(3.6) Ro(w) == (Py —iQ —w?)~' : L*(M) — H*(M)
is holomorphic and satisfies for each s
(3.7) ||RQ(W)||H,§(M)—>H,§+2(M) <Ch

Moreover, the operator Rq(w) is semiclassically outgoing in the sense that Ay Rq(w)A1 = O(h™)y—o ()
for all compactly supported Ay, Ay € W9 (M) such that

(3.8) WEFp, (A1) NWFy,(A2) = eH? (WF,(A1)) NWF,(A2) NS*M =0 for all t > 0.

Proof. We follow [Dyalbb, §4.3], see also [DZ, §6.2.1]. We use semiclassical elliptic and propagation
estimates for solutions to the equation

Pu=fec H* (M), wuecH" (M)
where
P:=P)—iQ—w? € U} (M), on(P)=ps—ion(Q)— 1.
The operator P is elliptic for r > 2ry, since

[n|?

on(P)(y,n) = AT itand)? 1 for |y| > 2ry.
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Moreover, P is elliptic near the fiber infinity of M, that is for large enough |£|. By the elliptic estimate in
the class W% (M) (see for instance [Zwol2, Theorem 4.29], [DZ16, Proposition 2.4], or [DZ, §E.2.2]) there
exists x € C°(M) such that for all N,

(3.9) (1 — X)u||HZ+2(M) < C||f||H;';(M) =+ O(hoo)Hu”H;N(My
It remains to estimate w in a compact set. By (3.3) and (3.4) the operator P is elliptic outside the set
S*M N {fe(r) =0} N {on(Q) = 0}. By the elliptic estimate, we have for all N
1Bullgrs+2(ary < CIIB fllag ary + Ol gy (a1
(3.10) for all compactly supported B, B’ € W9 (M) such that
WF,L(B)NS*M N {fo(r) =0} N{on(Q) =0} =0, WF,(B) C ell,(B’).

To estimate || Aul|| for general A, we use the following statement: for each (z,§) € T*M, there exists
Tize)y >0 such that

(3.11) exp(—T(z,6)Hre o)) (7,6) & S*M N {fo(r) =0} N{on(Q) = 0}.
Indeed, assume the contrary, and put y(t) = exp(tHge o, p))(z,§). Clearly (z,£) € S*M. For all t <0, we
have v(t) € {fy(r) = 0} and thus (using that fj(r) = f5'(r) = 0 on {fe(r) = 0})

V() = exp(tHp2)(z,§) = par(, §).

Now, if (z,€) € Ty, then ¢_7(z,§) € {on(Q) > 0} for some T' > 0, by (2.8) and (3.5). If (z,€) ¢ T';, then
r(x,€) € {r >2r1} C {fo(r) # 0} for some T' > 0. In either case we reach a contradiction, finishing the
proof of (3.11).

y (3.4) and (3.5),
(3.12) Imo,(P) <0 everywhere.

Using semiclassical propagation of singularities (see for instance [DZ, Theorem E.49] or [DZ16, Proposi-
tion 2.5]) and (3.10), we deduce that

Al g2 ary < CHM A Ptz oy + Ol oy
(3.13) for all compactly supported A, A" € U9 (M) such that WF(A) C ell,(A4’) and
(,O_Qt(.lf,f) € ellh(A’) for all (Z‘,f) eS*M ﬂWFh(A), t e [OvT(a:,ﬁ)]~
Indeed, by a pseudodifferential partition of unity we may reduce to the case when WF},(A) is contained
in a small neighborhood of some (z,£) € T M. If (z,€) ¢ S*M, then we use (3.10). Otherwise we use

propagation of singularities and (3.11), (3.12), and bound the term on the right-hand side of the propagation
estimate by (3.10).

Together (3.9) and (3.13) imply that
(3.14) ull gr+2 0y < Ch™Pullgg (ary + Oh™)ull 2 ary - for all w € HF2(M).
As a compact perturbation of Py — w?, P is a Fredholm operator H**2(M) — H*(M), therefore (3.14)

implies that for h small enough, P : H52(M) — H*(M) is invertible and (3.7) holds. The restriction of
the inverse to C2°(M) does not depend on s.

It remains to show that under the condition (3.8), we have AyRq(w)A1 = O(h™)y—co(ar). I WF(A1)N
S*M = 0 or WF,(A2) N S*M = 0, this follows from the elliptic estimate; thus we may assume that
Ay, Ay € UMP(M). Take f € H V(M) and put

fi=Af, u:=P7lf.
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By (3.8), we may find A’ € ¥9(M) such that WF,(A;) N WF,(A’) = 0 and (3.13) holds for A := A,
and A’. Then
||A2UHH;+2(M) < Ch71|‘A,A1fHH;(M) + O(hoo)”U”H;N(M) = O(hoo)”J;HH;N(M)a
finishing the proof. |

We now prove two corollaries of Lemma 3.1, which in particular imply estimates on solutions to
(3.15) (Py—wPu=f, ufelL*M), we
The first statement implies that
Vvl 52 ary < O Fllrgory + OB ull v gy when WEL(A2) NI (1 S*M = 0.
Lemma 3.2. Assume that A, € \Ilgw(M) is compactly supported and WF, (A1) NTTNS*M = 0. Then
there exists a neighborhood U of K N S*M such that for all Q satisfying (3.5) and WF(Q) C U, we have
(3.16) AT = Ro@)(Py = w?)) = O(h®)g-, we.

Proof. Choose U such that

UNWF (A1) =UnN -t (WF (A1) N S*M) =0,
t>0

This is possible by part 4 of Lemma 2.1. Now
Ai(I = Ro(w)(Py — w?)) = —iAIRo(w)Q = O(h™)y-
by the semiclassically outgoing property in Lemma 3.1 (inserting an operator in ‘112 (M) between A; and
Rq(w))- O
The second corollary of Lemma 3.1 implies the following bound for solutions of (3.15):
lull yo+2 < ClIBully + Ch™| Iz + O(h>)|Jull v when K 1 S™M C elly(B).
Lemma 3.3. Assume that B € W%(M) is compactly supported and elliptic on K N S*M. Then for all Q
satisfying (3.5) and WF,(Q) C ell,(B), there exist By, By, By € U;"P(M) such that
(3.17) I = (By +hRg(w)B2)B 4+ Ro(w)(I — By)(Py — w?) + O(h®)g-, w e

Proof. Take By such that
WFh(Q) n WFh(I — Bo) = @, WFh(B()) C ellh(B)
Then
I — By = Ro(w)(Py —w? —iQ)(I — By)
implies that
I =By +Row)(I — Bo)(Py — w?) — Re(w)[Ps, Bo] + O(h™)g-ce.
It remains to use the elliptic parametrix construction to find By, By so that
ByB = —h [Py, By] + O(h®)g-~, B1B=By+OMh™)g
and (3.17) follows. O

The next statement, which is an important technical tool in the construction of the approximate inverse
in §5.1, is obtained by iteration of Lemmas 2.4 and 3.2. See Figure 3.
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FIGURE 3. An illustration of Lemma 3.4, showing the supports of ¢a;, (1 — 9)a;, and
(1aj) o ¢y, (dashed), as well as ¢y, (V) (shaded). The arrows correspond to ¢¢,. At each
step of the iteration, (1 —v)a; is expressed using Lemma 3.2 and ta; is reduced to a;;
using Lemma 2.4.

Pty (V)

Lemma 3.4. Fiz v € [0,1/2) and assume that a sequence of symbols
a; € Sy ,(T*M), j=0,1,...,L=L(h), 0<L(h)<Clog(1/h)

is supported in a fized compact subset W C T*M \ 0 and each Sg’y seminorm of a; is bounded uniformly
in j. Assume moreover that |a;| < 1 and the following dynamical conditions hold for some t; > 0 bounded
independenly of h and some fized open neighborhood V of 'y N S*M:

(3.18) ¢w_t,(suppa;) Nsupp(l —aj11) NV =0 forallj=0,...,L—1,
(3.19) o_t(W)C {r<mri} forallte]|0,t].

Then we have for all w € 0, on H2(M)

(3.20) Opy,(ag) = Z(w)(Py — w?) + J(w) Opy(ar) + O(h™) g

where Z(w) : L2(M) — H2(M), J(w) : HN(M) — HN(M) are holomorphic in w € Q and satisfy the
bounds for each 1 >0

(3.21) 12(@) sy pre+2 < Coesh ™ exp (Bt + 1)),
Imw
(3.22) 1@l iy < Crveyexp (= =2t +21) L)

Finally, if ag = 1 on some h-independent neighborhood of KNS* M, then a decomposition of the form (3.20)
holds with Opy,(ag) replaced by the identity operator.

Proof. Fix h-independent ¢ € C2° (¢, (V);]0,1]) such that
supp(l — )N NS*MNW = .

Then supp((1—1)a;) is contained in an h-independent compact subset of T* M not intersecting I'y N.S* M,
thus by Lemma 3.2 for an appropriate choice of @) we have for j =0,...,L —1

(3.23) Opy, (1 —)aj) = Op,, (1 —¥)aj)Ro(w)(Py — w?) + O(h™)g-o.
Next, by (3.18) we have
©—t, (supp(pa;)) Nsupp(l — a;i1) = 0.
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Therefore by Lemma 2.4, using (3.19) and the fact that Py = —h2A, on {r < r1},
(3.24) Opy,(va;) = Zj(w)(Py = w?) + ¢/ Opy, (¥a;)U (t1) Oy (aj41) + O(h™) g =
for all w € Q, where Z;(w) is holomorphic in w € Q and satisfies

1Z; @)l g~ Ly < Cwb™

and the constant Cy, as well as the constants in O(h*°) -, is independent of h and j.
Adding (3.23) and (3.24) and iterating in j, we obtain (3.20) with

Zw) =Y ein /(T Opy(waU(h)) (Opy (1 = ¥)a;)Ra(w) + Z3(w)),
j=0 £=0

L-1

J(w) = e/ TT Opy(va;)U(t).

3=0
The bounds (3.21) and (3.22) follow from here and estimate on the operator norm following from (2.20):
max || Opy, (Va;)|| 22 < 140(1) ash—0.
J
To show the last statement of the lemma, assume that ag = 1 on an h-independent neighborhood U of

KN S*M. Take B € U;°™P (M) elliptic on K N S*M and satisfying WF(B) C Y. Then by Lemma 3.3,
we have for an appropriate choice of Q, By, By, B> € ¥;°"P (M),

I =Rg(w)(I — Bo)(Pp — w?) + (B1 + hRg(w)B2) B Opp(ag) + O(h™®)g—o.
Combining this with the representation (3.20) of Op;,(ag), we obtain (3.20) with the identity operator on
the left-hand side. O

3.2. Wave propagator. We next study the long time behavior of the half-wave propagator U(t) =
exp(—it\/—A,). We first prove a microlocal estimate on the free half-wave propagator on R?,

Uo(t) = exp(—ity/—A¢) : L*(R?Y) — L*(RY),
where Ay is the flat Laplacian.
Lemma 3.5. Let A1, Ay € V¥ (R?) such that there exists R > 0 with
WF, (A1) UWFL(42) C {ly| < R},
at least one of WF, (A1), WF,(As) is a compact subset of T*R4\ 0, and

(3.25) (y',n) € WFh(AL), n£0, t >0 = (y + t|—Z|,n> ¢ WF)(As).
Then we have the following version of propagation of singularities which is uniform in t > 0:

(326) AQUO(t)Al = O(hoo)\p—oo(]Rd).

Proof. Write A; = Opp(a1)* + O(h*®°)g-«, Az = Opp(az) + O(h*)y-~ for some aj,az whose sup-
ports satisfy the conditions imposed on WF,(A;), WF;(Asz), including (3.25). The Schwartz kernel of
Op;,(a2)Uy(t) Opp,(a1)* is compactly supported and given by

(3.27) K(y.y') = (2rh) 2 /Rd et W=y m=tD gy (y. n)ay (', 7) dny.
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Put ® = (y — ¢/, n) — t|n|. Then there exists ¢ > 0 such that on the support of as(y,n)a1(y’,n),

(3.28) 10,0 = |y — 3/ —t-L| > e(t) > 0.

n]

Indeed, since g,y vary in a compact set and 7 is bounded away from zero, it is enough to consider the case
of bounded ¢. Then (3.28) follows from (3.25).

Now, repeated integration by parts in 7 gives that for each IV,
IKllow @eay < Cnh™(t)™.
This completes the proof. O
We next use Up(t) to write a parametrix for the propagator U(t). For 1y € C°(M) with supp(1—1g) C
{r >ro} and u € L?(M), we define
(1 —2po)Uo(t)(1 — vo)u € L*(M)

as follows: we pull back the restriction of (1—1g)u to each infinite end to R? using the Euclidean coordinate,
apply (1 —10)Up(t), and take the sum of the resulting functions pulled back to M. This gives an operator

(3.20) (1= o)Us(t)(1 — o) : L2(M) — L2(M).

Recall the sets £1,&3 defined in (2.3).

Lemma 3.6. Suppose that Ay € W;°™P(M), 1o € C(M) satisfy for some ro > 1o (see Figure /)
WFL(Ay) CEXN{r >ra}, suppeo C {r <ra}, supp(l —1h) C {r>ro}.

Then we have uniformly in 0 <t < Ch™!

(3.30) U)A+ = (1= 90)U(t)(1 — 1ho) Ay + O(h>)g—=

(3.31) U(=t)A- = (1 = o)Uo(—t)(1 = o) A~ + O(h™) g—c.

Proof. We prove (3.30), with (3.31) established similarly. For simplicity of notation, we present the argu-
ment in the case when M is diffeomorphic to R%. The general case is proved in the same way, reducing to
the case when A, is supported on one infinite end and treating 1 — g on this infinite end as an operator
L*(M) — L*(R%) and L%(R?) — L?(M). We identify M with R? and use the quantization (2.15).

Since Uy(t), U(t) are bounded uniformly in ¢ on all Sobolev spaces and WF}, (A ) N supp g = 0,
Ut)Ay =Ut)(1 = 10)* A + O(h™) g
Therefore it remains to show that uniformly in 0 <t < Ch™1!,
(3.32) W(t) = O(h™) g,
where the operator W (t) on L?(M) is defined by
W (t) == ((1 = 1o)Uo(t) — U()(1 — ) (1 — o)Ay

Using the wave operator O, = 87 — A, we write

B39 W) = costty/ By wi0) + LBy [PIUEEV R gy g
- 0

V=4, V=4,

We compute

(3.34) W(0) =0.
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FIGURE 4. An illustration of Lemma 3.6 when 0 < vy < 1, showing the regions ¢y = 1
and 0 < ¢y < 1 (shaded) and the projection of WFp(A,) onto M. The points (x,&) in
WF},(A), pictured by arrows, give rise to trajectories escaping to infinity in the future and
never entering supp .

Next,

(3.35) ihW'(0) = ((1 = 4o)hy/=Ag = hy/=A, (1 = 1)) (1 — o) Ay = O(h™) g

Indeed, by (2.24) both (1 — ¢g)hyv/—Ao(1 — o) A4 and hy/—A,(1 — ho)? A are in U) (M). As explained
in the discussion following [DS99, Theorem 8.7], the asymptotic expansion for the full symbol of each of
these operators at some point can be computed using only the derivatives of 1y and the full symbols of
AL, Ay, Ay at this point. Since Ag = Ay and 19 =0 on {r > r2} D WF, (A4 ), we obtain (3.35).

Finally, since Ag = Ay on {r > 79} D supp(l — ¢p), we have
h*O,W () = [h* Ay, 1ho]Uo(1)(1 = o) A
Now, with Ag := [h?Ag, 1]
WF,(Az) C suppdyy C {ro <r <ra}.
Then Ay and A; := A, satisfy (3.25), thus by Lemma 3.5
(3.36) R2O,W (1) = O(h™®) g
Now (3.32) follows from (3.33)—(3.36), the bound ¢t < Ch~!, and the fact that for each s, the operators
cos(t —Ag),smﬁ\/?) L H3 (M) — Hi (M)

V=2

are bounded in norm by C(t). ]

The next lemma shows that for times ¢ = O(log(1/h)), the cutoff wave propagator A;U(t)A;, where
Aj; € U7 (T* M) and WEFy, (A;) lies near S*M, can be expressed in terms of cutoff wave propagators for
bounded time. It relies on Lemmas 3.5 and 3.6 and is a key component of the proof of Lemma 6.1 below.
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Lemma 3.7. Let Ay € W;°MP(M), Ay € W) (M), and x € Sp(T*M;[0,1]) satisfy for some eg > 0
and ro > Tg
(3.37) WF, (A1) UWF,(Ag) Usuppx C {r <72}, WFy(A1) C{[¢]} € (1 —ep, 1 +ep)},
(3.38) supp(1 — x) N{|¢2 € [1 —ep 1+ ex]} N {r <o} =10.
PutT := \/W and let C' be an h-independent constant. Then for each sequence of times

t1,...,tp >T, L<Ch™' t;<C,

we have

AU (ty + - +tr)Ar = AU (t1) Op, (X)U (t2) - - - Op, (x)U (tL) A1 + O(h™) g-oo.

Proof. We may assume that A; € ¥;""P(M), Ay € W¥)(M). Indeed, otherwise we may take A} €
UMP (M), A, € U9 (M) such that (I — A})A; = O(h™®)g-o, As(I — Ay) = O(h™®)g-o, and WF,(A}),
WFy, (A) satisfy (3.37), and apply the argument below with Aj, As replaced by A}, Aj.

We have

L—-1
AU(ty + -+ )AL — AU (t1) Opy, (X)U (t2) - - Op,, (X)U (t) Ay = > By,
=1

By := AsU(t1) Opy,(x) -~ U(te—1) Op, (x)U (te) Opp (1 = X)U (teg1 + -+ + 1) A

Therefore it suffices to show that By = O(h*°)p2_, 2 uniformly in ¢. Since U(¢) is unitary and Op,(x)
satisfies the norm bound [Zwo12, Theorem 13.13]

(3.39) I Opy, () 1 »1; <14 O(h),

it is enough to show the following bounds uniform in ¢ (in fact (3.40) is used only for £ = 2,...,L — 1
and (3.41) is used only for £ =1)

(3.40) Op, (X)U(te) Opp (1 = X)U (te1 + -+ + 1) A1 = O(h%)g-o,
(3.41) AU (t0) Opp (1 — x)U (g1 + - - +tr) A1 = O(h™) g-co.
We show (3.40) with the same proof giving (3.41) as well. Take 11 € C°(R) such that

suppty C (1 —ep,1+¢eg), WFy(A1r) Nnsupp (1 —41(|¢2)) = 0.
We can replace A; by 11 (—h?A,)A; in (3.40) since

(I = ¢1(=h*Ag)) A1 = O(h) g -

Since U(tr42 + -+ + t) commutes with 11 (—h2A,), it suffices to show that
(3.42) AU (tppa + - +tr)A1 = O(h™)g-o,

where

A= U(~tg = try1) Op, 0OU (te) Opy, (1 — x)U (tes1)th1 (—h2Ay).
By Lemma 2.3, we have A € U} (M) and
WFh(A) C (p*tzft£+1(supp X) n P—toga (Supp(l - X)) N {‘5'3 € (1 —€ep, 1+ EE)}

Take x € ¢y,,, (WFL(A)). By (3.38) we have x € {r > r} and by (3.37) we have ¢y, (x) € {r < r2}.
By (2.4) and since ¢, > T we see that x € £2. Applying (2.4) again and using that t,11 > T we see that
Oty ,—s(x) € E2 N {r > ry} for all s > 0. Therefore

(3.43) WFL(A) C E° N {r > 1o},
(3.44) o o(WF,(A)) N WFp, (A1) =0 for all 5 > 0.
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Denote ty :=tyyo+---+tr € [0,Ch~!]. By (3.43) we may apply Lemma 3.6 to get for some 1)y € C2°(M;R),
supp(1 — o) C {r > 1o}

U(—te) A" = (1 = 4po)Un(—te) (1 — o) A" + O(h™) g -
Taking adjoints, we get

(3.45) AU (tr) = A(1 = %0)Uo(te) (1 — tho) + O(h*) -

By Lemma 3.5 and (3.44) we have

(3.46) AL = 9o)Uo(te)(1 = 9ho) Ay = O(h™) g~

Combining (3.45) and (3.46), we obtain (3.42), finishing the proof. O

Using Lemma 3.7, we also obtain the following estimate used in §6.3:

Lemma 3.8. Assume that Ay € W;""P (M), Ay € U9 (M) satisfy for some r1 > 1o and egp > 0

(3.47) WF (A1) C {r <m}n{l¢ e (1—cp,1+¢p)}, WFs(Ay) C{r<r}
Put Ty := /7% — 13 and assume that X' € C°(M) satisfies
(3.48) supp(l — x') N {r <7 +To} = 0.

Fiz Cy > 0. Then for all t € [Ty,Coh™1], s € [0,Coh™1], and u € L?*(M) we have
[ 42U (s + 1) Arul| 2 < || Azllz2s 2 - XU () AvullL2 + O(h%)Jul 2.

Proof. We first consider the case s > Ty. Fix x € C°(M;]0,1]) such that
suppx C {r <ri}, supp(l—x)N{r<ro} =0.
We write
t=ty 4+ +tr, s=s1+-+sp, t;s;€[To,20), L,L <Coh™'.
By Lemma 3.7 (with (r1,Tp) taking the place of (r2,T)) we have
AsU(s+t)A1 = AU (s1)x -+ U(sp)xU(t1) - - xU(tp) A1 + O(h™)g-
Therefore
[A2U (s + 1) Arul[2 < [[Azllp2 2 - XU (t1) - xU(tL) Arull L2 + O(h™) [[ul| L2
Another application of Lemma 3.7 gives
IXU(t1) - xU(tr)Aru — xU(8) Ayul| 2 = O(h™) [ul| L2,
finishing the proof since x = xx’.

We now consider the case 0 < s < Tp. Fix ¢ € C(R;[0,1]) such that suppy; C (0,00) and
supp(l — 1) N[l —ep, 1 +epg] = 0. Since U(t) commutes with ¢1(—h?A,), we have
) A

AU(s + U(5+t)1/11( Ag)Ar + O(h™)g-=
U(s)¢r(=h*Ag)U(t) Ay + O(h™)g-=.
Therefore
[42U (s + ) Avull 2 < [[U(=5) AU ()91 (=h* Ag)U (t) Avull 2 + O(h>)|full 2.
By (3.47) and (3.48) we have (T*M \ 0) N¢_s(WFp(As2)) Nsupp(1l — x’) = . Therefore by Lemma 2.3
U(=5)A2U (s)1h1(=h*Ag)(1 = X) = O(h>) g =
Therefore
1U(=8)A2U (8)d1 (=h*Ag)U(t) Avul 2 < [[A2llamszz - X U®) Avullp2 + O(Rh)||ul| 2
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finishing the proof. |

4. DYNAMICAL CUTOFF FUNCTIONS

In this section, we construct families of auxiliary cutoff functions which localize to smaller and smaller
neighborhoods of I'y and are the key component of the proofs of Theorems 2 and 3. These functions are
defined by propagating a fixed cutoff function for a large time.

Fix constants
0<p<2vr<l.

We propagate up to time pt. where t. is the Ehrenfest time from (1.7) in the semiclassical scaling:

(4.1 to = BN,

Fix a cutoff function

(4.2) X € C(T*M \ 0;[0,1]), supp(l —x)NKNS*M =0.

Define the following functions living near I'y:

(4.3) X =x(xop—t), xi =x(xowr), t=0.

By the derivative estimates for the flow ¢; (see for instance [DG16, Lemma C.1]) we have uniformly in ¢,
(4.4) Xi € Sy (T* M), 0<t< pte.

By (2.9), there exists T' > 0 such that

(4.5) @, (supp x) N @_t, (supp x) Nsupp(l — x)NS* M =0 for all t;,t5 > T.

This implies the following
Lemma 4.1. Let x,T satisfy (4.2), (4.5). Then for all to > T,t >0,

(4.6) Pt (supp X)) Nsupp(x — Xiy4,) N S*M =0,
(4.7) ©—to—7(SUPP Xz ) N SUPD(X — Xypgy) N S™M =0,
(4.8) ¢—to(supp x) Nsupp(l —x) NI NS*M =0,
(4.9) o1, (supp x) Nsupp(l —x) NT_NS*M =0

Proof. For (4.6) it is enough to show that
Pitto+T (SUPP X) NSUPP X N Perr, (supp(l — x)) NS M =0
which follows immediately by applying @4, to (4.5) with t; = T',to =t + to.
For (4.7) it is enough to show that
@ t—to—7(SUpp x) Nsupp x N ¢, (supp(l — x)) N S*M =0
which follows immediately by applying ¢_;_t, to (4.5) with t; =t 4+ tg,ta = T.

To show (4.8), choose (z,&) in the left-hand side of this equation. Since (z,£) € T';, by (2.8) we have
(z,€) € w4, (supp x) for all t; > 0 large enough depending on (z, ). Then

(7,€) € p_t,(supp x) N @z, (supp x) Nsupp(l — x) NS*M

which is impossible by (4.5) with ¢ = to, as soon as t; > T.
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Finally, to show (4.9), choose (z, ) in the left-hand side of this equation. Since (z,£) € I'_, by (2.8) we
have (x,&) € ¢_t,(supp x) for all t3 > 0 large enough depending on (z,£). Then

(2,£) € @1, (supp x) N @4, (supp x) Nsupp(l — x) N S*M
which is impossible by (4.5) with ¢; =ty as soon as to > T. O

5. PROOF OF THE WEYL UPPER BOUND

In this section, we prove Theorem 2, following the method of [Dyalba]. We use the function x and
the constant T satisfying (4.2), (4.5). We also assume that x is chosen to be homogeneous of degree 0
near S*M and supp x C {r < ro} N{|¢|; < 2}. We fix h-dependent

1 1
(5.1) prp €10,1),  gmax(p,pf) <v <3, ple,p'te = Co,

with Cp a large constant, p, p’ chosen at the end of the proof, and v independent of h, and define the
following functions using (4.1) and (4.3):

X+ 7= Xptos X— 5= Xprps
which both lie in S};%"P(T*M) by (4.4). We also use a function

xe € L[R), xp(0)=1, suppxe C (-1,1).

5.1. Approximate inverse. We first construct an approximate inverse for the complex scaled operator
Py — w? (see §3.1), arguing similarly to the proof of [Dyal5a, Proposition 2.1] and using the results of §4.
See (3.2) for the definitions of €, S.

Lemma 5.1. Fiz gy > 0. Then there exist h-dependent families of operators holomorphic in w € 0

(5.2) Z(w): LA(M) = HX (M), |Z2@)]lz2)om an) < Ch™lePreoesedte
(5.3) J(w): HA(M) = HA (M), [T @)l (ary sz ary < Cel T meteolste

)

such, that for all w € Q and the constant Cy in (5.1) chosen large enough, we have on H2(M)
—h2A, — w?
(5.4) 1= Z(w)(Py — ) + 7 () Opp(x-) Oy () (—————

and the remainder R(w) is O(h™)g-oo.

>+R@)

Proof. Throughout the proof we will assume that w € Q; the operators we construct are holomorphic in w.
Fix €1 > 0 to be chosen at the end of the proof. We first show that

(5.5) I=7Z_(w)(Ps = w?) + J_(w) Opy(x-) + O(h™) g,
(5.6) 1Z- @)l g ez < Cserh ™ exp ((1+e1)Bp'te),
Imw =

(5.7) W= @)Ly 5y < Covey exp (= = +218) p'te).
For that, fix ty bounded independently of i and such that

2T 'te

to>—, L:= d eN.
€1 t()

We apply Lemma 3.4 to
aj:X;jj, t1:=tog+T.
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Indeed, we have ag = x? = 1 in an h-independent neighborhood of KNS*M and ar, = x_. To verify (3.18),
we first write by (4.7) with t = toj,

(5.8) ¢©_¢,(supp a;) Nsupp(x — aj+1) N S*M = 0.
On the other hand, by (4.8)
(5.9) supp a; C supp X, w—_t; (supp x) Nsupp(l —x)NTL NS*M =0
Since x is independent of h, a;, x are homogeneous of order 0 near S*M, and
supp(l — aj11) C supp(l — x) Usupp(x — a;+1),

we see that ¢_y, (supp a;) Nsupp(l — aj4+1) is contained in an h-independent compact set not intersecting
'y NS*M and (3.18) follows by making V the complement of this compact set. Finally, to satisfy (3.19),
we take r; large enough depending on ty. Now Lemma 3.4 applies and gives (5.5)—(5.7).

We next show that

(5.10) Opy,(X) = Z+(w)(Pp — w?) + Opy,(x+) + O(h™) g,
(5.11) ”Z+(w)||Hf;—’Hi+2 < Cyeih ™ exp (14 €1)Bpte).
For that, we fix ty bounded independently of A and such that
o> 2L Lo Ple e
€1 to

We apply Lemma 3.4 to
_ + .
a5 =X = Xio(L+1—5)> t1:=tg+T.

Then ag = x — x+ and ar, = x — Xzf)- By (4.8), we have suppay, NT'; N S*M = ; since ay, is independent
of h, by Lemma 3.2 we have for an appropriate choice of @

(5.12) Opy,(az) = Opplar)Ro(w)(Py — w?) + O(h™®) g .

To verify (3.18), (3.19) we argue as in the proof of (5.5)—(5.7) above, using (5.8) (which follows from (4.6)
with ¢t = to(L — 7)) and (5.9). Now Lemma 3.4 applies and, combined with (5.12), gives (5.10), (5.11).

We also have
(513)  Opp(x-) = Zy(@)(Ps — ) + Opp(x-) Opy () + Oh™)g . 1 Z(@)lrs o2 < Culi™.
Indeed, choose Cy in (5.1) large enough so that Cy > 27'. Similarly to (4.5) we have for some &’ > 0
supp(x-) N supp(l — x) N {1 —&" <[], < 1 +€"} C p_r(supp x) N supp(1 — X)-

The right-hand side is a compact set which by (4.8) does not intersect I'y N .S*M. Now (5.13) follows by
Lemma 3.2 applied to the operator Op,(x—) Op, (1 — x).

Finally, put

—h2A, - W 1 xe(\ .
Zow) = b () gy = EAEN g (o)
Then
_hQA 2
(5.14) I = Zp(w)(~h?8y = w?) + x5 (=), 1|Z5()|m—n; < Ch™"

By (2.34) and the fact that Py = —h?A, on {r < r1}, we see that as long as r; > ry + 10, we have
—hQAg —w?

(5.15) Oy (x+) = Opw(x+)Zi (@) (P = ) + Opy (x4 Jxir (——

) + Oy~
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Combining (5.5), (5.13), (5.10), (5.15), we obtain (5.4) with
2(w) = Z-() + J- (@) (Ze(w) + 0Py (x-) (Z4() + Opa(x+) Z6(w)) ),

J(w) = J-(w),
and (5.2), (5.3) follow from (5.6), (5.7), (5.11), (5.13), (5.14) as long as we choose €1 < £¢/. O
5.2. Proof of Theorem 2. Fix g > 0 and let
h2A, — w?
A(w) = T (@) Oy, (x-) Opp (s I (——2—=) + R(w)
be the operator featured in Lemma 5.1. Then A(w) is a Hilbert-Schmidt operator on HZ(M) and its
Hilbert—Schmidt norm is estimated by (2.35) and (5.3):
—h2A, —w?\ |2 o

lA@)Is < 1Tz - || 0P () 0w ()| +0()

(5.16) < Chl=de2(=h™ Imwteo)pte . wr(S*M Nsupp x4+ Nsupp x—) + O(h™)

< Chl=de2(=h™ " Imwteo)p'te -V((p—i—p')te) + O(h™®) =: p7pr,€07h(—h_11mw)
where we use (1.6) and the fact that
supp X+ Nsuppx— C @, (T((p+ p)te)).
Consider the Fredholm determinant
F(w) = det(I — A(w)?), we
We have by (5.16)
(5.17)  IF@)] < exp (JAW) ) < exp (JA@)IEs) < exp (Vyreon(B)) for all w € .

On the other hand, if we put wo := 1+ ik € €2, then by (5.3) the norm [ A(wo) |l 772 2 is bounded above

by 3 as long as the constant Cy in (5.1) is large enough. Therefore, we have ||(I — A(wO))AHHgaH,% <2
and thus

|F(wo)| ™ = | det(I — A(w)*) ™Y = |det (I + A(wo)*( — A(wo)z)_1)|

(5.18) i i
< exp ([[A(wo)* (I = A(wo)*) ™ ler) < exp (2] Alwo)lfis) < exp (2Vp,p 01 (8))-
By (5.4) we have

(Pp—w?)™ = (I — AW)?) " (I + Aw)) Z(w).
Therefore, the poles of (Py —w?)~! in O are contained in the set of poles of (I —.A(w)2?)~!, that is in the set
of zeroes of F(w), counting with multiplicity. (The multiplicities are handled using Gohberg-Sigal theory,
see for example [DZ, §C.4].) By (5.17), (5.18), Jensen’s bound on the number of zeroes of F(w) (see for
instance [DJ15, Lemma 4.4]; we dilate the regions (3.1), (3.2) by h~!), and the relation of the poles of
(Pp — w?)~! with resonances of A,, we see that the bound

(5.19) N(R,B) < CR exp (206 + 20)p'te(R)) - V((p + p)te(R)) + O(R™)

holds for all p, p’ € [0,1) satisfying (5.1), € > 0, and 3 > 3, with t.(R) defined in (1.7). We assume that
K N S*M # (), since otherwise there is a resonance free strip of arbitrarily large size (see for instance [DZ,
Theorem 6.9]). Then by (2.14), we may remove the O(R™°°) remainder in (5.19).

Now, put p’ := Cy/t.(R), where Cjy is the constant in (5.1), and p := 1 — eo, 5 := 8 + £o. Then (5.19)
implies (using (2.13))

(5.20) N(R,B) < CR*™ - V((1—eo)te(R)).
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If we instead put p := p/ := 1 — 28" 1eg, B := B + €0, then (5.19) implies
(5.21) N(R,B) < CR*'exp (28tc(R)) - V(2(1 — 287 "eo)te(R)).
Choosing ¢ small enough, we see that (5.20) and (5.21) imply the bound (1.8), finishing the proof of

Theorem 2.

6. PROOF OF WAVE DECAY ON AVERAGE

6.1. Hilbert—Schmidt bound. We first use the results of §3.2 to obtain a Hilbert—Schmidt bound for
the wave propagator. Assume that x € SP(T*M; |0, 1]) satisfies for some 72 > ro and e > 0,

suppx C {r <72}, supp(l—x)N{[¢[; € [l —ep, 1+ep]} N{r <re}=0.
Put T := \/r3 — r3. By (2.4) the following stronger version of (4.5) holds:

(6.1) @, (supp x) N, (supp x) Nsupp(l — x) N{[E] € [l —ep, 1 +ep]} =0 forall 1,6, > T.
Take an energy cutoff function ¢ € C°(R) such that

(6.2) suppte C (1 —eg, 1 +¢€g).

Fix constants 0 < p < 2v < 1 and denote by t. the Ehrenfest time, see (4.1).

Lemma 6.1. Fiz ey > 0. Then for each t € [5ey T, pte],

(6.3) | Op), (X*)U (2t)1h2(—h2A,) Op, (x?)|Is < Ch™V(2(1 — g0)t) + O(h™).
Proof. Fix t; bounded independently of h and such that
T
>t p=ten L>s
€o tl

Put tp :=t1 — T > 0. Fix ¢35 € C(R; [0, 1]) such that for some ég < ep
supp¥s C (1 —eg,1+eg), supp(l—3)N[l—¢Eg,1+Ep] =0, suppts C(1—Ep,1+¢Eg).
Put
Xo=Us(€2)x,  Xa = X(x 0 Ps)-
Similarly to (4.4), Xt € Sy P (M) for |s| < pte. Using (6.1), the proof of (4.6), (4.7) gives for all s > 0
(6.4) . (supp XI) N supp(X = X)) = 0,
(6.5) 1, (supp X ) Nsupp(X — Xy p4,) = 0.
We have 19(—h2A,) Op,, (x? — Xg) = O(h*°)y-~. Moreover, since 15(—h%A,) commutes with U(2t)
Op, (x* = Xo JU (2)1h2(=h*Ag) Opy(Xg ) = O(h™) .
It follows that
(6.6) Opy, (x*)U (2)92(=h*Ag) Opy, (x*) = Opy, (Xg )U (2)1h2(=h*Ag) Opy (Xg ) + O(h™) o=
From (6.6) and Lemma 3.7 (taking £ in place of eg) we get
Op;, (x*)U (2t)¢h2(=h*Ag) Opy (x*)
~ - 201 - o
= Op, (Xo)U (1) (Opn (XU (1))~ 2(—h*Ag) Op (X ) + O () g~

We next transform the right-hand side of (6.7) into an expression involving the cutoffs Xi. First of all, we
claim that

68)  ((OpaRIU ()" = Opu (R JU(11) - Op (R U (1) ) —h2A) Opy () = O(h< ).

(6.7)



28 SEMYON DYATLOV AND JEFFREY GALKOWSKI
Indeed, the left-hand side of (6.8) is equal to Zngl B} where
~ L—t -~ o~ ~ ~
Bf = (Op,(X)U(11))" Opp(X = Xy U (1) OPp (X194, )U (11) - - - Opyy (X, )U (#1)3h2(—h2 Ag) Opy, (X7)-
By Lemma 2.3 and (6.4) with s := (¢ — 1)ty we have
by (X — Xis U (12) Opy (1)U (1) = O(h)g-
for £ =2,..., L and a similar argument with s := 0 gives
Opy, (X = Xt U (t1)th2(=h*Ag) Opy, (X5 )U (—t1) = O(h™)u -
Therefore B, = O(h*)y-«~ and (6.8) follows.

‘We next claim that

0P, (X5)U (1) (Opn (U (81)) " Opp(X,)
— 0Py (R U (t1) -+ OPn (K1) U (1) Oy, (X (X © 9 110)) = O(h=) -

Indeed, the left-hand side of (6.9) has the form Ze 1 B, where

B, = 0p,,(Xg)U(t1) -+~ Opp (X1, ) U (t1) OP (X = Xig, )U (1) (Op, (X)U (1))
for{=1,...,L —1 and

(6.9)

L—¢—1 ~
OPh(X—Li_to)

By = 0p,(Xo)U(t1) - Opn(X (1)1, )U (1) OPy (X = Xp40) (X © 0—-14))

By Lemma 2.3 and (6.5) with s := (¢ — 1)tg, £=1,...,L — 1, we have
U(=t1) Oby (Rip_110,)U (1) Ob (X — Tiny) = Oh™)-
and a similar argument with s := (L — 1)ty gives
U (=t1) OPp (X1 _1y2,)U (t1) Oy, (X = X1) (X © 90— L0)) = O(h™) gy
Therefore B, = O(h*)y-« and (6.9) follows.
Combining (6.7)—(6.9), we obtain
O0p (U (20 ~h2A,) Op,(x3) = A-AA + O(h™)y
A_ = Op,(Xg U (t1) -+ Opn (X1 1y, )U (t1),
A= Opy, (Xzs (X 0 9-Lt0))
Ay = U(t1) Oy (X1 194, )U (t1) -+ Opy (X U (t1)02(—h*Ag) Opy (X )-

In fact the remainder is O(h*)yg since its range consists of functions supported in {r < ro}. By (2.20)
and since 0 < X¥ < 1, we have as h — 0

ALl = O(1).
Therefore
(6.10) | Op, (X*)U (2t)h2(—h*Ay) Opy, (x*) us < C||Allus + O(R>).
Finally, we have by (2.21)
HAH%IS < Ch~?%Vol (supp% N @rt, (supp x) N ¢ e, (Supp X)) < C’hidV(2Lt0) < C’hidV(Q(l — 60)t)
where in the last inequality we use (2.13). Combined with (6.10) this gives (6.3). O
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6.2. Concentration of measures. Let £ C L%*(B) be as in the introduction, in particular for some
constant ¢ > 0

Ng :=dim&r = cR? + o(RY).

Denote by Sgr the unit sphere in £z. Let ug € Sr be chosen randomly with respect to the standard
measure on the sphere.

Lemma 6.2. Let A: Eg — L?(M) be a bounded linear operator and take R large enough so that Nr > 10.
Then for all m > 10,

(6.11) P(|| Augl|2(ary > mNg 2| Allus) < 2e77°/16,

Proof. Denote by p the standard probability measure on Si and let ey, ..., en, be an orthonormal basis
of £r. Consider the function f(u) = ||Aul[z2(ar), u € Sr. We have

E(f(ur)?) = / (Aup(a), Aup(a)) ., du(a)

Sr
N

R
/S Z (arAey,a;Aej)  , du(a)

R kj=1

L 1
Ngr Z ||A€k||2 = FR||A||%S'
k=1

The function f is Lipschitz continuous; indeed, for u,v € Sg

[l Aullzz — [ Av]L2| < |A(w =)Lz < [Alleg—sre - lu—vllen < [Allns - lu = vlleq-

By the Levy concentration of measure theorem [Led01, (2.6)]

(6.12) P(|f(ur) — M(f)| > |Allus - 1) < 2~ Ve=27°/2 < 92¢=Nen'/4 - for all > 0
where M(f) is the median of f(ug), namely the unique number with the properties
1 1
P(f(ur) = M(f)) = 5, P(f(ur) SM(f)) = 3.

We next estimate the difference between M(f) and E(f(ur)). By (6.12)

[E(f(ur)) = M(H)| <Elf(ur) = M(f)| = /0 P(|f(ur) = M(f)| > ) dr
e NRT2

<2 exp| — ——— ) dr
<2, v (- i)
< 4| Allas Ny .

Since |E(f(ugr))| < VE(f(ur)?) by Jensen’s inequality, we have

M(f) < 5| Allus Ny /.
Using (6.12) with 7 := (m — 5)]\71;1/2 > llegl/z, we obtain for m > 10

P(f(ur) > mNg?|Alus) < B(|f(ur) — M(f)| > n]|Allus) < 2e7™/16
finishing the proof. |
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6.3. Proof of Theorem 3. Recall from (2.12) that B = {r < r1} for some r; > rg. With & > 0 the
parameter from (1.12), fix eg > 0 such that

(6.13) [(1-N 1+ Cc(l—ep,1+ep)
and fix 1o € C°(R) such that
(6.14) supptpy C (1 —ep, 1 +¢eg), supp(l —¢)N[(1—¢)? (14+£)%] =0.

Let ¢ € C°(B°) be chosen in Theorem 3. Without loss of generality we assume that || < 1. We assume
that R is large and put
h:=R""
We use the definition (1.12) of the space £g to show the following microlocalization statement:
Lemma 6.3. We have for all u € Eg
(6.15) (I = 2 (=h*Ag))pull L2 = O(h™)|[ull 2

Proof. Let {ex} be an orthonormal basis of L?(B) with (—Ag — A})ex, = 0. Then it suffices to show that
for each k such that hX; € [1 — &', 1+ £'], we have

(I = 2(=h*Ag))er] 12 = O(h™).

Let ¢/ € C2°(B°) satisfy supp¢ Nsupp(l —¢’) = 0. Then (1 — ¢')(I — 2(—h*Ay))Yp = O(h™®) g,
therefore it suffices to show that

(6.16) |Bexllzs = Oh=),  Bi= /(I — ha(—h2A,))b € WH(M),
The Schwartz kernel of B is compactly supported in B°. The function ey solves the equation
(=h%A, — (hAp))er, =0 in B°

and the operator —h?A, — (hAg)? € W7 (B°) is elliptic on WFy,(B) due to (6.14). Then (6.16) follows from
the semiclassical elliptic estimate, see for instance [DZ, Theorem E.32]. O

Let x' € C°(M) satisfy (3.48) and fix ro > r1 such that suppx’ C {r < r2}. By Lemma 3.8 combined
with (6.15) we have for all u € Sg
19U (s + t)gull 2 < [[U (s + t)2(=h*Ag)ypul 2 + O(h™)

< IIX'U@)a(=h*Ag)tpull 2 + O(h™)

for all ¢ € [Ty, Coh™, s € [0, Coh™ 1], where T := /17 — 2.

Using (6.17) and Lemmas 6.1-6.2, we now give

(6.17)

Proof of Theorem 3. With €,a > 0 the parameters in the statement of Theorem 3, take £q, p, v such that

1 1
0<€0<min<€ o, ———— ), <p<22v <1

4777 10Amax 10
Let t.(R) be defined in (1.7). Fix a sequence of times
eologR =19 < t1 <~--<tL=2pte(R), ti§(1+€0)ti71, 1>1

1+¢9

with the following bound on L (seen by rewriting the inequality above as logt; < log(1l + ¢g) + logt;—1)

log(goAmax)

1<L<1-— .
- log(1 + €9)

Fix x = x(z) € C°(M;]0,1]) such that
(6.18) supp X C {r <72}, supp(l—x) N {r <r} =10, supp(l—x)Nsuppx = 0.
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We view x as a function of (z,£) € T*M and note that x, . satisfy the assumptions of §6.1. Then
Lemma 6.1 (with ¢ :=¢;/2) gives for all 4 =1,...,L
DU (1) (=h*Ag)x[Ifis < Ch™V((1 — e0)ti)
where we remove the O(h™) remainder by (2.14) using the assumption K # (. Furthermore, %y’ = x’
and x2y =, so
(6.19) IX'U(t:) b2 (=1 Ag) s < Ch™2\/V((1 = eo)ts).

Write tr41 := CoR. Suppose that t € [gglog R,CoR]. Then there exists ¢ > 0 so that t € [t;,t;11].
By (6.17) with (¢;,t — t;) taking the role of (¢, s)

(6.20) P[|vU(t)bunl e < my/V((1 — 220) min(t, 2. (R))) for all ¢ € tistisa]| 2

P[INU(t)a(~h2 Ay purlze < T \/V((1 = 260) min(tir1, 2. (R)))

where we again use (2.14) and the monotonicity (2.13) of V(t) to remove the O(h*) error. Now, since
tiv1 < (I+eg)t; fori=0,...,L —1 and 2t.(R) < (1+ &)z,

(1 — 250) min(tiH, Qt@(R)) § (1 — 260)(1 + 5O)ti S (]. — EO)ti.
Using (6.19) and the monotonicity of V(t), we have
N 2N U ()02 (=h? A )¢ lus < CV/V((1 — e0)ta) < c\/v(u — 2e0) min(ti41, 2te(R))).
Lemma 6.2 applied to A := x'U(t;)2(—h?A,)y then implies for all m > C
m . —m?2
PINU (ta(—h2A)bunlrs > T/ V(1 - 2e0) min(tia, 2t (R)) | < 267777,
Therefore, by (6.20)

IP’[||1/;U(t)¢uR||L2 < m\/V((l — 2¢0) min(t, 2t,(R))) for all t € [ti,tiﬂ]} >1 - 2e~m/C.

Taking an intersection of these events for ¢ = 0,..., L then gives

IP’[HwU(t)quHLz < m\/V((l — 2e0) min(t, 2t.(R))) for all ¢ € [gglog R, COR]] >1—4Le™/C,

finishing the proof. |

7. EXAMPLES

7.1. Manifolds of revolution. Consider the warped product M = R, x ngl with metric
g =dr* +a(r)?go(6,do)
where go is the round metric on the sphere, o € C°°(R; R, ), and there exists C' > 0 so that
a(r)=|rl, |r|>C.
Then M is a manifold with two Euclidean ends so Theorems 2 and 3 apply. The symbol of the Laplacian
is given
PP =p"+ o 3(r)po, po:i= |77|§0(0)
where p,n denote the momenta dual to r, 6. We compute

2pH, = Hp» = 200, + 20&73(7‘)0/(7")1708;) + 0472(7“)Hp0.
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Therefore, for a geodesic (r(t),w(t), p(t),n(t)),

i=plp
p=pta3(r)a’(r)po
Po = 0.

Throughout this section, we assume that

(7.1) +a'(r) >0 for £7r>0.

Notice that

(7.2) i =p~2a”3(r)d (r)po.

To understand trapping on M, we use

Lemma 7.1. For any geodesic (r(t),0(t), p(t),n(t)) € {p = 1}, we have for allt >0
(7.3) p(0)r(0) 20 = [r()] = [r(0) + |p(0)t],
(7.4) p(0)r(0) <0 = [r(=t)] = |r(0)[ + [p(0)¢].

Proof. We prove (7.3) under the assumption r(0) > 0, p(0) > 0, with the other cases handled similarly.
By (7.1) and (7.2), we have r(t)#(t) > 0 for all ¢. Moreover, 7(0) > 0. This implies that r(¢) > 0 for all
t > 0 and thus 7(t) > 7(0) = p(0) for ¢ > 0. This immediately gives (7.3). O
Denote by K C T*M \ 0 the trapped set, see (2.6). Lemma 7.1 implies that
K c{d(r)=0, p=0}.
On the other hand, if p(0) = 0 and o/(r(0)) = 0, then r = r(0) and hence
(7.5) K ={d(r)=0, p=0}.

7.2. Example with cylindrical trapping. We now consider two special examples of manifolds of revo-
lution. First, let M be given as above with (see Figure 5)

1 <2
oy {1 s
rl, Il = 4.
such that ra/(r) > 0 when |r| > 2. Then by (7.5),
K={r<2 p=0}.
We estimate V(t) when ¢ > 1. Fix
B = {|r| <3}.
Since p = 0 for |r| < 2, we have
{Irl <1, |pl < p/t} C Ts(t).
On the other hand, suppose that |p(0)| > 4p/t. Then by Lemma 7.1,
max([r(t)], [r(=t)]) = 4.
Therefore,
o-+(Ts(2t)) C{Ir| <3, |p| < 4p/t}.
In particular, this shows that there exists C' > 0 so that

cltt <y <ot
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FIGURE 5. Examples of surfaces of revolution studied in §7.2 (left) and §7.3 (right).

7.3. Example with degenerate hyperbolic trapping. Next, we study a less degenerate situation. Fix
an integer n > 2 and let M be given as above with (see Figure 5)

2n
L+ -+ 007, | <1;

7], |r| > 4.

a(r) =

such that ra/(r) > 0 for r # 0. Then by (7.5)
K={r=0, p=0}.
Fix small 7 > 0 to be chosen later and let
B={lr| <7}
We consider the flow on {p = 1} = S*M, so that
p*=1—a(r)*py > 1 - po.

Recall that pg is constant on each geodesic.

We henceforth assume that ¢ > 1. Observe that if py < 1—7, then |p(0)| > 7/2 and hence by Lemma 7.1
max(|r(t)], |r(—t)|) > /7 > 7. Therefore

p-e(Ts(20) N S™M C {Jr| <7, po 21—}

By symmetry considerations, to understand the set ¢_.(7g(2t)) N S*M it suffices to consider the set of
trajectories which satisfy

(7.6) p=1 po=1-7, 7(0)=0, p(0)=0, rit)<r

Lemma 7.2. Under the assumption (7.6), for 7 > 0 fized small enough and large t we have

(7.7) r(0) < Ct™ 7,

(7.8) p(0) < Ct~ =T,

Proof. Note that 0 < 7(0) < r(t) < 7. Moreover, we have «(r(0)) > \/po. Since © = p = /1 — a(r) 2po,
we have

— <

. /T“) dr /T dr
r0) V1I=a(r)2p = Jro) V1 —a(r)2py
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Using the inequality a(r) — a(s) > C71(r — s)r*»=1, 0 < s <r < 7, we have
’ a(r(0))?y~1/2 /T ~1/2
tg/ 11— — dr < C a(r) — a(r(0 dr
o %) [, () —aon)

0)
< c/ (r — 7(0))~Y/2p1/2= gy < 07«(0)1*”/ (= 1)~1241/27 gy, < COp(0)1".
r(0) 1

This implies (7.7).
Next if pg > 1 then
p(0)* <1—a(r(0)) < Cr(0)*"
and in this case (7.7) implies (7.8).

Finally, consider the case py < 1. Since for 0 <7 <7, 1 —a(r) %py > 1 — po + ir2”7 we have

/T dr /°° dr

t < — < .
0o V1—a(r)2pg 0o V1—po+rn/4
Making the change of variables r = (4(1 — po))ﬁu, we get

1 1—n

<

—n [ du
t < CO(1—py) = < C(1-py) =
< C(1=po) /0 = = (=)

which impiles
2n
1—py <Ct -1,
We now have by (7.7)
p(0)* = 1= a(r(0)) po < 1 —po + Cr(0)*" < Ct ™71
which gives (7.8). O

Applying Lemma 7.2, we obtain the volume bound pr(¢—:(S*M NTp(2t))) < Ct~ 1 and thus

_nt1
V(t) < Ot
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