LOWER BOUNDS FOR CAUCHY DATA ON CURVES IN A
NEGATIVELY CURVED SURFACE

JEFFREY GALKOWSKI AND STEVE ZELDITCH

ABSTRACT. We prove a uniform lower bound on Cauchy data on an arbitrary
curve on a negatively curved surface using the Dyatlov-Jin(-Nonnenmacher)
observability estimate on the global surface. In the process, we prove some
further results about defect measures of restrictions of eigenfunctions to a
hypersurface.

1. INTRODUCTION

The purpose of this article is to prove a positive lower bound for L? norms of
Cauchy data of Laplace eigenfunctions on curves of a negatively curved surface
(M, g) without boundary. Let {¢;}22, be an orthonormal basis of eigenfunctions
of the Laplacian,

*Ag@j = A?@j’ <§0j,50k> = 5jk )
where (f,g) = fM fgdV (dV is the volume form of the metric) Let H C M be a
smooth hypersurface. The semiclassical Cauchy data along H is defined by

(1.1) CD(g;) == {(@jla, A; ' Dupjlu)}

where D, := —i0, and v is a choice of unit normal to H. For technical reasons, we
also introduce the renormalized Cauchy data

(1.2) RCD(p;) = {(1+ X *Am)p;lm, hDopj|m)}.

Here, Ay denotes the negative tangential Laplacian for the induced metric on H.
Hence, as a semiclassical pseudodifferential operator, the operator (1 + A;QA ) is
characteristic precisely on the glancing set S*H of H and damps out the whispering
gallery components of ¢;|g.

In what follows, we use semi-classical notation h; = )\j_l, since we will be using
semi-classical pseudo-differential calculus. Our first result gives a lower bound on
the L2 norm of (1.2) along H, and in fact a lower bound for more general ‘matrix
elements’ relative to semi-classical pseudo-differential operators Opy(a) of order 0
on L*(H) with semi-classical symbol a € S%(B*H). We denote by

B'H :={(¢,;§) € T"H : |¢|m <1}

the unit co-ball bundle of H; |- |p is the restriction of g to T*H. We also denote
by vu f := f|m the restriction of f € C(M) to H.

Theorem 1.1. Let (M, g) be a compact, negatively curved surface without boundary
and H C M a smooth curve. Then there exist hg > 0 and Cyg > 0 so that,

(R Dvoi)le 32y + ll@sle 22y = Cr > 0.
1



2 JEFFREY GALKOWSKI AND STEVE ZELDITCH

More generally, this inequality can be mircolocalized: for a € S°.(H), such that
Opp(a) has principal symbol, ag(z', &), satisfying ag > 0 on B*H and suppag N
B*H # ), there exist hg > 0 and Cy, > 0 so that for 0 < h < hyg,
(Opn(a)h; Dygjla, hiDuojla) pa g
+ (Opn(a)(1 + W} Aw)p;|a, <Pj|H>L2(H) > Clap-

Note that the second inequality of Theorem 1.1 implies the same result for
Cauchy data.

Corollary 1.1. With the same assumptions and notations as in Theorem 1.1,

(Opr(a)h;Dypjlm, hiDupjla) L2y + (Opn(@)eslm, @5l ) L2y = Cay > 0-

Indeed, this follows from the statement 1 > (1 — [¢’|?) on B*H relating the
symbols of I and of (I + h?Ap). It is sufficient to consider this region since p;
concentrates on it in a strong sense (see [CHT15]).

Remark: Tt is argued in [BHT, p. 3063-3064] that the renormalized Dirichlet data
(1.2)

(L+h3Am)o5l . 5 H) L2 ()
is a closer analogue to the Neumann data ||th,,cpj||%2(H) than is the traditional
1
Dirichlet data. In fact, one can see that h; D, behaves similarly to (1+h*Ag)2u [G16].

We give two proofs of the result, by two rather different approaches whose con-
trast seems to be of some independent interest. Both are based on the Dyatlov-Jin(-
Nonnenmacher) observability estimate [DJ17, DJN19]. The first proof is based on
the Rellich identity of [CTZ13] (adapted from [Bu]) relating interior and restricted
matrix elements and microlocal lifts of eigenfunctions. The second is based on hy-
perbolic equations and is closely related to results in [GL17]. It yields the following
version of Corollary 1.1.

Theorem 1.2. Let (M, g) be a negatively curved surface and H C M a smooth
curve. Then for all 0 # by € C°(B*H), there is Cyp, > 0 and hg > 0 such that if

h.
2
||(_thg —Dpjllze = O(W)”%HL%

then for 0 < h; < hy

(1.3) 0 < CollejllLz < |0pn(bo)pjlallLzcm) + |OPh(bo)hiOvps|mll L2(a)-

Moreover, for allU C H open, there is ¢ > 0 such that for all p; satisfying
(=hjAg —1)¢; =0,

we have

(1.4) 0 < cllgjllezany < lwjlallzw) + [17;0ve;lmll L2(0)-

In Section 1.2, we state some further results on microlocal defect measures p, in
particular on the possible case where p(S3; M) > 0. Here (and hereafter) S7, M =
{(z,§) € S*M :x € H}.
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1.1. Background. The first proof of Theorem 1.1 develops the Rellich identity
approach of [CTZ13] . In that article, it is proved that a sequence of renormalized
Cauchy data (1.2) of eigenfunctions is quantum ergodic along any hypersurface
H C M if the sequence of eigenfunctions is quantum ergodic on the global manifold
M. Tt is not known whether the full orthonormal basis of eigenfunctions of a
negatively curved compact surface is quantum ergodic (QE), but a recent result of
Dyatlov-Jin(-Nonnenmacher) shows that its microlocal defect measures must have
full support, that is, they charge (give positive mass to) any open set. The Dyatlov-
Jin(-Nonnenmacher) theorem is a microlocal observability estimate for quasimodes
u of compact hyperbolic (or more generally negatively curved) surfaces: For all
u € H*(M), and all a € C§°(T*M) with a > 0, a not identically zero on S*M,
there exists a constant C(a) > 0 so that

C(a)log(1/h)

B (2 - Dyull e

(1.5)  ullze < C(a)l|Opn(a)ullr> +

In particular, if u is an eigenfunction the second term is zero and one has a lower
bound on ||Opp(a)ul|z2(ar). Theorem 1.1 gives a similar full support property for
the restricted microlocal defect measures of the Cauchy data on a curve.

The results may be stated in terms of microlocal defect measures (quantum
limits). Several are involved: the global microlocal defect measures on M, and
restricted microlocal defect measures on H, both for Neumann data, Dirichlet data
and for renormalized Dirichlet data.

We denote by p(z,&) = \§|§ the principal symbol of the Laplacian —A,. We
denote by H),, its Hamilton vector field, and by ¢; := exp(tH¢2) its Hamiltonian
flow, i.e. the geodesic flow ¢; : S*M — S*M of (M, g) on its unit cosphere bundle.

We use some notation and background on the semiclassical calculus of pseudo-
differential operators as in the references [Bu, DZ, CTZ13, Zw]. On both H and
M we fix (Weyl) quantizations a — a® of semi-classical symbols to semi-classical
pseudo-differential operators. When it is necessary to indicate which manifold is
involved, we use Fermi coordinates (2, x,) with 2’ coordinates on H (Section 2),
and we use capital letters A (x, hD) to indicate operators on M and small letters
Opp(a) = a™(2', hD,/) to indicate semi-classical pseudo-differential operators on H
(denoted by W?_(H)).

We recall that microlocal defect measures are the semi-classical limits of the
functionals a — (a"(z, hjD,)uj, u;), which are often referred to as microlocal lifts
or Wigner distributions. Let Q* denote the set of all microlocal defect measures
for an orthonormal basis {¢;} of eigenfunctions. That is, p € Q* if there exists
a subsequence S = {y;, } of eigenfunctions for which (A, ,@;.) = [g.,; oadp.
The microlocal defect measures on the global manifold M are invariant probabil-
ity measures for the geodesic flow ¢, : S*M — S*M (see e.g. [Zw, Chapter 5]).
Throughout, we denote by M(X) the space of positive measures on a metric space
X, M1(X) the space of probability measures and M;(X) the space of invariant
measures under a flow on X.

The Dyatlov-Jin observability estimate for eigenfunctions implies the following:

THEOREM 1. Let (M, g) be a compact negatively curved surface without boundary,
let {¢;} be any choice of orthonormal basis of eigenfunctions, and let A € WO (M)
be a pseudo-differential operator of order zero with a non-negative principal symbol
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o4 not vanishing identically on S*M. Then,

(1.6) inf / oadp > Cy > 0.
neQ* S* M

From (1.6), it follows that all microlocal defect measures of eigenfunctions of
compact negatively curved surfaces have full support, i.e. charge every open set of
S*M.

Given a quantization a — Opp,(a) of semi-classical symbols a € S2.(H) of order
zero (see [Zw]) to semi-classical pseudo-differential operators on L?(H), we define
the microlocal lifts of the Neumann data as the linear functionals on a € S°.(H)
given by

u;v(a) = /B . adq)jv = <Oph(a)thV@j|H7thV(leH>L2(H)-

We define the microlocal lifts of the Dirichlet date by

15 (a) ::/B Had‘I)jD = (Opn(a)p;jla, pilm)L2m)-

also define the microlocal lifts of the modified Dirichlet data by
U?D(a) = /B Had@é»v[D = (Opp(a)(1 + h?AH)QOj|H,SOj|H>L2(H).

Finally, we define the microlocal lift d@fCD of the renormalized Cauchy data to be
the sum

RCD ,_ N RD
(1.7) dPRCD .= 4ol 4 4P

The weak™ limits of the above microlocal lifts are termed microlocal defect mea-
sures, respectively, of the Neumann, Dirichlet or renormalized Dirichlet type.

The distributions M§V , ujD are asymptotically positive, but are not normalized to
have mass one and may tend to infinity. They depend on the choice of quantization,
but their possible weak™* limits as h; — 0 do not, and the results of the article are
valid for any choice of quantization. We refer to [Zw] for background on semi-
classical microlocal analysis.

Theorem 1.3. Let (M, g) be a compact surface without boundary of negative cur-
vature. Suppose H C M is a curve. Then, for any a € SO.(H),

ianEQ*(RCD) fB*Hadu > Cao >0
and therefore,
inf,uEQ*(CD) fB*Had'u > Cao >0

One should be aware of an obstruction to obtaining lower bounds on (1.2)
from lower bounds on (1.1) for hypersurfaces in a general Riemannian manifold.
Suppose that the eigenfunctions ¢; are the highest weight spherical harmonics
Y (0,y) ~ eiN0e=NYy*/2 o G2 along the equator . The normal y-derivative van-
ishes since Y3 is even under reflection across v, i.e. y — —y in Fermi normal
coordinates. But the restriction is e'V? and it is killed by (I+N‘2g—;). Hence, the
renormalized Cauchy data vanishes. As this example shows, Rellich-type identities
for renormalized Cauchy data are not necessarily equivalent to bounds on Cauchy
data (1.1) because of the effects of concentration in tangential directions to H.
Theorem 1.1 nevertheless gives a positive lower bound for curves on a negatively
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curved surface, because the Dyatlov-Jin lower bound (1.5) implies that restrictions
of eigenfunctions on such surfaces cannot concentrate entirely in the tangential
directions.

Remark: The proof of Theorem 1.1 using the Rellich identity is a continuation of
the proof in [CTZ13] in the case where the microlocal defect measure of a sequence
is Liouville measure py. Since the calculations in the case of a general microlocal
defect measure of independent interest, we present most of the details in all dimen-
sions and in more detail than is strictly necessary for the proof of Theorem 1.1. We
only specialize to curves in a negatively curved surface at the end of the proof.

1.2. Results on microlocal defect measures. In the process of proving The-
orem 1.1 via the Rellich formula we will obtain some facts about the collection of
defect measures for eigenfunctions that are of independent interest. First, we study
the restrictions of u € M N M; to a hypersurface H

Theorem 1.4. Let H C M be a hypersurface and p € My (S*M) N M;(S*M)
where the relevant flow is ¢y. Then,

o ulsym = pls m:

o the support of u|s~m is is contained in the null-space of the second funda-
mental form Q(0,2',€'), i.e. Q(0,2/,€') = 0 for (2',&') € Supp(uls-u).

o Hence, p|g~g is supported on the subset of S*H where the Hamilton vector
field H, coincides with the Hamilton vector field H. of the submanifold

: . o Pls*u
metric norm, gH(x ¥3 ) = |§ 9H "

In fact, we will see in Section 4 that such measures have p|g«py supported where
H, is tangent to H to infinite order.
The following immediate corollary was mentioned in [TZ17].

Corollary 1.2. If the second fundamental form of H is non-degenerate, u|5;1M =
0.

Finally, we obtain an expression for y € Q*(RCD).

Theorem 1.5. Suppose that ¢ has defect measure p and that its renormalized
Cauchy data has defect measure P € Q*(RCD). Then, for a € C(T*H),

/ a(w () (Ol (0)
53 M\S*H

RCD(a) _

7

where for A C S M\ S*H,

vy = tim (U ea),

[t|I<T
and m: S;;M — B*H denotes the orthogonal projection.

1.3. Outline of the article. Section 2 contains some preliminary facts about the
Laplacian. This is followed by Section 3 which reviews the basic calculations for
Rellich’s formula. Section 4 then contains the study of invariant measures and in
particular, the proof of Theorem 1.4. Section 5 contains the proof of theorem 1.5
and the proof of Theorem 1.1 to from Theorem 1.5. Finally, Section 6 contains the
proof of Theorem 1.2 via a factorization method.
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2. LAPLACIAN IN FERMI NORMAL COORDINATES ALONG A HYPERSURFACE

Let (M, g) be any Riemannian manifold. We recall that in any coordinate system,
1 0 , i 0
Ag = —= Z (glj\/g )a
NG o ox; Oz

where g = det(g;;). Here g;; = g(a%i, a%j)

Let H C M be a hypersurface, and let = (21, ..., n—1,2n) = (2’,2,) be Fermi
normal coordinates in a small tubular neighbourhood H (€) of H defined near a point
xg € H. Thus, H = {x; = 0} with coordinates 2’ on H. Fermi coordinates use the
charts exp,, z,v where v is a choice of unit normal field. In these coordinates we

can locally write
(2.1) H(e) :={(2',2,) € U xR, |x,| < €}.
Here U C R" ! is a coordinate chart containing zq € H and € > 0 is small but for
the moment, fixed. We also denote by &,, £’ the symplectically dual coordinates on
T*H (e).
In Fermi normal coordinates, the metric is given by
g = gu(z,dx’) + da?.

where gy (x, dz’) is a metric in 2’ depending on x,,. In particular, the metric induced
on H is g (0,2, dx’). Therefore,

and ¢ is the inverse matrix.

1
9(x)
(2.2) _ 1 /
= ( )thn Vg(@)hDy, + R(h, 2, xpn, hDy)
glx
= (hDy,)? + R(h, 2,2, hDy) + hri,(z,hD,.))

where R is a second-order h-differential operator along H with coefficients depend-
ing on x,, r1, is a first order normal operator, and

R = Ry(x', 2, hDy) + hri(z', 2, hDyr)
where 71 (z,,2’, hD,) is a first order operator along H with coefficients depending
on x,, and
(23) RZ(II7 Ly th’) = RQ(xlv 07 th/) + 21'77,@(.’,5/, T, hDZ")?
Here, Q(2',0,¢’) is the second fundamental form of H and Ry (2',0,hD,/) = —h?*Ay
(the induced tangential semiclassical Laplacian on H). The semi-classical principal
symbol o(—h?A,) of —h?A, is given by
(2.4) p(a,€) =& + €],
We recall that the second fundamental form II(X,Y) of a hypersurface H is the
symmetric tensor on TH defined by IT1(X,Y) = VMY — VLY where VM is the

—h*Ag = (hDg,,/ 9(x)h Dy, + thigg(x) Vg(x)hDy;)
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covariant derivative for (M, g) and V# is the covariant derivative for (H, g|z). The
second fundamental form defines a quadratic form on T},  H for every 2’ € H. Hence
it is given by a quadratic polynomial Q(0,z’,¢’) in & at each 2.

The first order terms rq, 71, play no role in the calculations of this paper since
they only contribute to the O(h) remainder.

2.1. Calculations on a surface. Although z,, denotes the nth Fermi coordinate
in dimension n, we often use the same notation on a surface when we want to have
uniform notation in all dimensions, since x,, also indicates ‘normal coordinate’. In
the case of a curve H in a surface M, we use the notation (s,y) = (z1,,,) for the
Fermi normal coordinates along H, with z,, = y, 2’ = s (where s is arc-length); the

symplectically dual coordinates are denoted by (o,n). The metric components are

given by ¢ = g(#%, &), 9" = 9(&, &) and ¢"' = ¢'° = g(£, &) = 0. Since

the vector fields a% are tangent to unit speed geodesics, ¢g'' = 1 and in particular,

0,, g't = 0. The Taylor expansion of g°°(s,y) around y = 0 has the form,
9% (s,y) = 1+ 2y, (s) + Ci7(s)y” + O(y?),

where &, (s) is the geodesic curvature of H, and where 7 is the scalar curvature of
(M, g).

3. RELLICH IDENTITY

The result of Theorem 1.1 is local on H, and with no loss of generality we may
assume that H is the boundary of a smooth open domain M, C M, H = OM,
and x, > 0 in M. We then use a Rellich identity to write the integral of a
commutator over M, as a sum of integrals over the boundary (of course the same
argument would apply on M_ = M \ M ). We follow the exposition of [CTZ13] in
the following and continue to use the notation ¢y, for a sequence of eigenfunctions
and allow H C M to be a hypersurface in a manifold of any dimension.

Let A(z,hD,) € W2,(M) be an order zero semiclassical pseudodifferential oper-
ator on M (see [Zw]). Also denote by vy the restriction operator vy f = f|g. If
¢y, is a Laplace eigenfunction of eigenvalue —h~2, then by Green’s formula,

(3.1) f% /M ([=h*A,, A(x, hD.)] on(x)) on (@) do
+

= / (vir (hDy A2, @, hDo)pn) Phpg dor
H

+/ (A2, 2y, hDy) vien) (YHhDyp) dog .
H

Here, D, = %%, Dy =(Dy,y...; Dy, ), Dy = %8,, where 0, is the interior unit
normal to M. Henceforth we often abbreviate D, by D’. Also, doy is the surface
measure on H.

Let Opp(a) = a*(2',hD,) be a semi-classical pseudo-differential operator on
L?(H). We wish to choose A(x, hD,) to so that A(z’,0, hD,) is close to a* (x', hD,)
and so that [—h%A,, A(z, hD,)] has good positivity properties when a® (2, hD,/) >
0.

We let x € C§°(R) be a cutoff with x(z) = 0 for |z|] > 1 and x(z) = 1 for
|z] < 1/2. Given a € S®°(T*H x (0, hg)]), we define the pseudo-differential operator
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A on M by,

(3.2) A2, 2, hDy) = x (22 hD,, a® (2!, hD').
€

We now calculate the two sides of (3.1) following [CTZ13], in particular showing
that matrix elements of the commutator [—h?A,, A(x, hD,)] of this ‘extension’ of
a” (', Dy ) with —hQAg have good positivity properties. Of course, A is not truly
an extension because it is not totally characteristic, i.e. it also contains normal
derivatives hD,, .

3.0.1. The right hand side. Since x(0) = 1, the second term

- T w I
/ vu (A2, 2, hDy) on) (YHhDyon) dog = / fny(?) hD,, a"(z',hD")pp)hDyppdoy
H H
on the right side of (3.1) is the Neumann data matrix element,

(33) (aw(x',hD')thncph|H7thngph|H> .

We now show that the first term on the right hand side of (3.1) is the renormalized
Dirichlet data. Using that x/(0) = 0 and —h2A ¢, = ¢y, the first term equals

/ it (hDo(X(i0n /€)hDpa® (z!, kD' Yon) (varw) doa
H
= / vX(xn/e)a” (@', hD")(hDy)* onyaPrdon
H

h
+ / %xl(:cn/e)tha“’ (2, hD’)goh)'yH@daH
b4

(3.4) w ! / / ! —_—
- /H Yot (X(n/)a® (&', hD')(1 = R(an, o', hD')) o1y Zndon

+ Oc(R)([lvaenll” + v h D, on%)
:/ a¥(2',hD")(1 — W Au)yaen - yuendog
o
+ O (IIyaenl? + IverhDe, onll?)-

In the last line we use that x(0) = 1 and the expansions (2.2)-(2.3) together with
the fact that, since ¢y, is a Laplace eigenfunction

veri (2,0, hDy)enll L2y < CllvaenllLe-

3.0.2. Left hand side of (3.1). Since the semi-classical principal symbol of +[—h?Ag, A(z, hD,)]
equals the Poisson bracket {€2 4+ Ry (2n, ', &), x(£2)&na(2’, &)}, we have

(3.5

~—

/M ([_h2Ag’ Az, hDy)] Wh(x)) on(x) dz

>

= —(({& + Rolw’ 0. &) x(2Nnale €)}) s n) |+ OLR).

L2 (M)
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3.1. Some Poisson bracket calculations. Since £2 is only non-trivially paired
with x,,

_{£n+R2(z In,g) (%)fn ( ,{)}

(3.6) ’ /
where P, = —{Ry (a2, x,, &), fna(z , )} In general dimensions,
(37) P2 = %ﬁnma(fﬂvgl) - gn{RQ(xnvxlvg)va(x/agl)}'

When restricted to S*H the second term is zero and one gets

w|zn:0 a(xlafl) = 2Q(O,x’,§')a(x',§’).

Oz,
In the case of a curve H and in Fermi normal coordinates,
0
(3.8) Ps(s,0,0,n) = 2k,(s)a(s,0) — 2077%.

The first term vanishes when y = 0, since g*°(s,0) = 1, while %Wa(s,a) =
2k, (s)a(s, o). Hence, The second term vanishes when 1 = 0, i.e. on S*H

3.2. Semi-classical limit of the Rellich formula. We consider any sequence
{¢n} with a single microlocal defect measure pr € Q*. It will be convenient to

extend some integrals from M, to M. For this, we introduce a cutoff x € C*(M)
such that

(39) X/(x'n/e)‘MJr = )zl(afn/da supp (1 - )2) Nz, >0= 0
Also recall that P, is defined in (3.7).

Proposition 3.1. Let (M, g) be a compact Riemannian manifold and let H C M
be a smooth, embedded, orientable hypersurface. Then,

(Opn(a)hDyspn|, hDypn|a) 2
i Io(a, €, 1)
h—0

(3.10) +(Opn(a)(L + h*Agr)pnlir, onli) oy
< Ilo(a, € ).
where
Io(a, €, 1) == =2 [ py X/ (&) E2a(a’, & )dp,
(3.11)

IIy(a, e, 1) \/fx (£2)2P3 (!, p, & )dp

Proof. The Rellich identity and the calculations (3.1)-(3.4)-(3.6) in Section 3.1 show
that, for any hypersurface H C M,

(Opn(a)hDyon| i, hDyon|m) L2 (i)

(3.12) = Iy(a,€) + I[In(a,e) + Oc(h)
+(Opn(a)(1 + W2 Am)gnl i onlm) oy "
where
2 Zn) AN
(313) <(e € 5)) Phs S0h>L2(M+)

IIh - <( (%)P2(m xnag gn))w¢ha§0h>L2(M
and P, is given by (3.7) - (3.8).

+)
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Now, x'(@n/€)|am,. = X'(xn/€) where X is as in (3.9). Therefore, Since ¥’ and x’
are supported inside M,

(X Eala )" o on) = (V) Gale &) on on)

Sending A — 0 in the right hand side yields Iy(a, €, ).
Next, observe that by Cauchy-Schwarz,

Iy (a,€) = {(x(Z)Pa(2', 2, €)) " on, <Ph>L2(M+)
< H(X(%")Pz(wl,$n7f/))w<Ph||L2(M)-
Then,

}llii% H(X(‘%)Pg(x’,xn,él))w<ﬂh||2L2(M) = /X(%)QPQQ(Z‘/,JSmf/)dM-

This completes the proof.

4. DECOMPOSITIONS OF MICROLOCAL DEFECT MEASURES

The next two sections are devoted to the calculation of the limits Iy(a, €, i) resp.
Ily(a,e, i) ((3.11)) as € — 0. We first make the decomposition

(4.1) = ptlsy a4 p, where pt (S5 M) =0,

and where plsz pr = 1g:z mp is the restriction of p to S M. Here, Sj; M is the
set of unit co-vectors to M with footpoint on H and S*H C S} M are those (co-
)tangent to H. In this section, we first study the measure |s: rs, showing that it is

supported in in S*H at points which are ‘nearly’ totally geodesic (See Lemma 4.3
and Corollary 4.4). We then calculate the limits of (3.11) in Proposition 5.1.

4.1. Disintegration of ;1 with respect to the geodesic flow. We next briefly
recall the theory of disintegration of measures along a fibration [Dul9, Theorems
2.1.22, 4.1.17].

Proposition 4.1 (Disintegration Theorem). Suppose that (Y, Y, 1) is a probability
space, X is a Borel subset of a complete separable metric space, endowed with the
Borel sigma algebra, and 7w : Y — X is measurable. Define v := w,u. Then there
is a v a.e. unique family of probability measure {pi;}zex on'Y such that

(i) for all Borel ACY, x> ug(A) is measurable.

(i) po (Y \ 7 (2)) =0
(iii) for any Borel measurable function f:Y — Ry,

(42) LﬂWM@A(A%ﬁ@mwowm.

In the case of interest, we fix § > 0 small and define
Y = FLs(SiM) := ] exp(tH,)(SiM),
t|<s
and the map
TS - FL(;(S;IM) — 65 = Y/ ~
where ~ denotes the relation of belonging to the same orbit. Then, let u and v°
be the measures guaranteed by Proposition 4.1.
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Note that the quotient space &5 is not equal to S M; e.g. H = v is a closed
geodesic, then S*v is a single orbit and a single point in the quotient. There
is, however, a large subset of &5 which can be easily identified with S};M. In
particular, if an orbit in &; intersects S3; M only once, we may identify this orbit
with its intersection with S%; M.

Lemma 4.2. Suppose that p is invariant under exp(tHy,) and py € S} M such that
there is a neighborhood, U of pg such that for p € U

U exp(tHp)(p) N SEM = p.

[t]<s
Then, identifying p € St M with its orbit in Gs, for all p € U, using [—9, 0] x
U >t — exp(tHpy)(p) € FLs(S;M) as coordinates on their image, ui(t,{) =
2—151[,5’5]dt5p(() and in particular, for A C U Borel,

v(A) = (| explth,)(4)).

<o

Proof. First observe that the given coordinates are valid. Next, uf, is clearly sup-
ported on 771 (p) and is Borel measurable. Therefore, we need only check that (4.2)
holds with f supported in

FLs(U) := | exp(tH,) (V).
|t|<6

For that, observe that on FLs(U), u = v*+({)dt for some v*. Therefore, for all
0<T <6,

I _ 1
vH(A) = 5o U expltH,)(4)) = 5507(4),
[t|I<T
and the lemma follows. O
For future use, we define
Loay e X osiay -t L
(4.3) vH(A) = 55 (4) = lim zT“( U exp(th)(A)>.

[t|I<T

4.2. Disintegration of i with respect to the normal fibration. It is also
possible to disintegrate p with respect to the Fermi normal fibration over H. Let

S*H(e) == {(2', 2, &) € S*M | |z| < €}.

Let He, = % be the Hamilton vector field of &, on |z,| < e. Its Hamilton
flow is given by ¢ (2, zp, &, &) = (', 20 + ¢, &, &) In these coordinates S§; M is
defined by z,, = 0 and the integral curves of v, define a fibration over S;; M. Given
(z,€) € SxM with « € T5(H), parallel translate £ along the normal geodesic from
x to H. Denote the result by Pff. Define

75 S*Ts(H) — S5 M, ws(x!,x,,€) = (2, P¥'E),
(4.4)
(i = Toxdp
For § very small, this map is well-approximated by the map,

(45) %5 : S*H(G) — TITIM’ %5(33/71:71’5/7571) = (‘/E/’Oaf/afnL .

S*H(e)-
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which however is not normalized so that the image lies in S*M
Applying Proposition 4.1 there exist finite fiber measures dug, on the fiber of
(4.4) over p € S}; M such that

(4.6) [ = < / fdu;> iy
S*H(e) M \Jx7t(p)

The principal defect of this disintegration is that the Fermi normal fibration is
not invariant under ¢, and thus the disintegrated measures are more difficult to
compute. For instance, if i = 6, is a periodic orbit measure, the fiber measure dji¢
is singular with respect to Lebesgue measure along the Fermi normal fibers, and
does not possess a derivative at z,, = 0.

This type of fibration could be used in Section 5 for the proof of Lemma 5.3, but
we find it simpler to use the geodesic fibration.

4.3. The behavior of p
Theorem 1.4

sz,m and p|s: ar. The purpose of this section is to prove

Proof. The proof consists of several Lemmas which yield stronger versions of the
conclusions.

Lemma 4.3. The measure p

sz, M satisfies

K S;{M(T-&-) =0

where
Ty ={peSyM | Ts-u(p) > 0}, Ts«p(p) :=1inf{t > 0] p1(p) € S*H}.

Moreover,

|{t € [min(0,T), max(0,T)] | p—:(ANS*H)NANS*H}|
" < .
sz M (A) llmjgf i

Proof. Let A C S;; M Borel measurable. Then, for any 7" > 0

1 T
*/ Ly ,(a))dt = Tu(/o 1¢,t(A)(P)dt>d#(P)

I

pilszar(A) = p(A) =
(4.7) Ll Tmo}( )NA# D}
< LT[ o(A) N SHM # 0}
Now, define .

(SpM)s ={¢ € SyM : Ts: m(C) > 26},
where
Ts: m(C) = gg{%(o € SyM}.

Then, since Tsx s is lower semincontinuous, (S M) s is open and hence measurable.
Therefore by (4.7)

sz ((SgrM)s) =0

and hence

m({¢ | Tszne(¢) > 0}) = 0.
Note that S;; M \ S*H C {C | Tsz,m(¢) > 0} and hence,

% S*H

SyM = [
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Therefore, arguing as in (4.7),
(4.8)
[{t € [min(0,T), max(0,T)] | o—e(ANS*H)NANS*H}|
T

" < limi
sz v (A) < 11§1n_151f

Now, with Ts+ g as above, define
(8"H)s :={C € SgM | Ts~u(¢) > 6}

Then (4.8) implies y S;IM(TS*H >0) =0.

O

Corollary 4.4. Define

G = {p € SyM | [HEw,)(p) # 0, [Hizal(p) = 0,j < k}.
Then,
iz S;IM< U Qk) =0.
k=0
In particular,
Hlsy M = Hls=H
and
2 S%M({(Oax/7§/) | Q(Oa I‘/75/) # 0}) = 0.
Proof. Observe that if p € G*, then,
|2 (2e(p))] = et + O )
and in particular, Tz (p) > 0. Therefore, G¥ C T, and the claim follows. O
This concludes the proof of Theorem 1.4.

O

4.4. A conjecture. Theorem 1.4 and accompanying Lemmas leave open some
purely dynamical questions concerning the the restriction p|sy v = pls-g of an
invariant measure. We state a conjecture which we hope to explore in the future.
We denote by « a geodesic of (M, g) and also (by abuse of notation) the corre-
sponding orbit of the geodesic flow in S*M. When (and only when) « is a periodic
geodesic, we denote by d, the normalized periodic orbit measure d,(f) = L—lw f,y fds

where L. is the length of ~.

Conjecture 4.1. Suppose that u is an invariant probability measure for the geo-
desic flow of a compact Riemannian manifold. Suppose that H C M is a smooth
hypersurface and that u(S*H) > 0. Then u|s-g is supported on a union of periodic
geodesics v such that v N S*H has positive arc-length measure and p|s-pny < 0y
(i.e. is absolutely continuous).

The conjecture is simplest in dimension two, when dim H = dim~. In that
case one consequence of the conjecture is that if u(S*H) > 0, then H has positive
measure intersection with a periodic geodesic. In the case where (M, g) is of negative
curvature, each invariant measure is an orbital averaging measure over the orbit
through a quasi-regular point. This orbit may touch S*H repeatedly, in a quasi-
periodic fashion, or it may spiral in to S*H over a part of the orbit. If the orbital
average charges S*H, we conjecture that it must contain a periodic orbit measure
as an ergodic component.
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5. RELLICH PROOF OF THEOREM 1.1

We can now state the main ingredient in the proof of Theorem 1.5. Once that
theorem is proved, we will finish the section by proving Theorem 1.1.

Proposition 5.1. Let H C M be a hypersurface in a Riemannian manifold and
Iy(a, 6, ) and I1y(a,d, 1) be as in Proposition 3.1. Then

()l int Io(a,8.) = [ alQ)n(Oldv ()

EH]u
1“][[') a 4; “ - ()
(ZZ) 510 ( » )
wh67€ 1% 18 deﬁned m (4.3)

5.1. Proof of Proposition 5.1(ii). By (3.11), Proposition 5.1(ii) asserts the fol-
lowing:

Lemma 5.2. Let H C M be a hypersurface. For any fized € > 0,
lims_,o fS*M Xz(%)PZQ(xlaflvxn)d,Ud =0.

Proof. Note that by the dominated convergence theorem,

. In
(%lm X2(—)P22(:C/, 5/’ x")d/“" = /QQ(O, xlv fI)QQ(:C/, gl)dﬂls*H =0
—0 S*H 6
where the last equality follows from Corollary 4.4. (|

The following lemma completes the proof of Proposition 5.1.

Lemma 5.3. We have
lim Iy(a, e, ) = / |€nla(m(q))dv(q).
e—0 Sy M\S*H

where v+ is defined in (4.3).

Proof. Let x1 € C°(—2,2) with x; = 1 on [—1,1]. Then, observe that by the
dominated convergence theorem, for any J > 0,
. 1_,rzny 2 -1 1ol _
lim ooy X (7)§nxl(56 En)a(a’, & )dp = 0.
since the integrand is bounded by =2 on S* M. Next, observe that for (z(t),£(t)) =
eXp(th)(xéh 03 5{)7 §H)7
(5.1) Tp(t) = 26, (1), ‘gn(t) - fn(O)‘ < Cilt], Ch = ;P]\% ‘prn"
Therefore, the map
U(t,¢) € {(t,¢) € Rx Sy M | [t| < CTE(Q} = exp(tH})(¢) € S*M
is one to one. Suppose that (o € S*M with 0 < |z,({o)| < w%l|§n(§0)|2. We will
1
show that (y lies in the image of W. Since the arguments in other cases are the
same, we assume 2, (o), &,(Co) > 0. Then with (z(t),£(t)) = exp(tHp (o)),

Tn(t) = zn(Co) + 2/0 En(s)ds,  [&n(s) = &n(Co)] < Chls].

Therefore, for —ﬁ|§n(C0)| <t<0,
2a(t) < 2n(Co) + &n(Go)t
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In particular,

xn<—3—él\sn<<o>|\> < 20 (Go) — 3%,1|sn<<o>|2 <0,

and there is t € [fﬁmn(@)\, 0] such that x,,(t) = 0 and &,(¢) > &,(¢o)/2. There-
fore, {p lies in the image of W. In particular, (¢,{) — (¢, () can be used as
coordinates on

1
{|xn| < 3701|§n|2}'
Choosing ¢ > 0 small enough these coordinates are valid on
1_, 2z, 1
supp ¥ () €21 = xa (6 ¥ &, )a(a, €).

Next, recall that by Lemma 4.2 in these coordinates p = dtdv(().

[ (@) - s telate €

g €

= / / %X/(M)[fn(taoﬂl—X1(5€_%§n(t,C)]a((x',é')(t,())dtdul(g)
“ M JR

Now, since on the support of the integrant c|&,(0)] < |&.(¢)] < Cl€,(0)], and
2, (t) = 2£,(t), we can change variables w = e 1z, (¢, q) to obtain

/S*M ¥ (E)en - a@e tela,¢)du

_1 v (w cw - 67% ew al(z'. € (ew wdvt
‘2/;1M/RX< )én(ew, Q)11 = x1 (36 2&n (ew, Ola((a, &) (ew, ) dwdv™ (C).

Then, sending ¢ — 0 and applying the dominated convergence theorem, we obtain
Tn

lim ~'(
e—=0t Jgx s €

:% *M/RX’(w)|€n(C)|1|§n\>0a(7r(C))dwdyl(§)

)i =10 Fg)a(a’, €y

1
- _2/S;IM/RKn(OHgn|>oa(7r(§))dyi(o

where 7 : S}, M — B*H denotes the orthogonal projection map. O

Completion of the proof of Theorems 1.5. Observe that by Proposition 3.1,

(Opn(a)hDypn|m, hDypnlm) 2
B0 ( + (Opp(a)(1 4+ h*Ag)enl, @h|H>L2(H)> —Ip(a, e, p)
< Ily(a,ep).
Therefore, since by Lemma 5.2, IIy(q, €, 1) — 0,
lim lim ( (Opn(a)hDypnlis hDypn|m) 12y ) (e =0
=0 h—0 +(Opn(a) (1 + W Am)nla, onlm) 1o gy ne et
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and, since the term in parentheses is independent of ¢,
) (Opn(a)hDypnlm, hDypnlm) 2o
im
h—0 —|—<Oph(a)(1+h2AH)80h|H7§0h|H>L2(H)

= lg% IO(av € :u’)

- / Eula(m () (C).
S M\S*H

where the last equality follows from Lemma 5.3. This completes the proof of The-
orem 1.5. 0

5.2. Completion of the proof of Theorem 1.1. To complete the proof of
Theorem 1.1 we need to combine Theorem 1.5 the Dyatlov-Jin(-Nonnenmacher)
theorem. Suppose Theorem 1.1 is false. Then, there exists a € C°(T*H) with
a >0 and suppaNB*H # 0, h; — 0 such that #n, is a Laplace eigenfunction with
eigenvalue h]—_2 and

j11>1£10<017h,~ (a)(1+ h?AH)sOhj s @n;) L2 () + {Opn; i Dyon,, hiDyon, ) 2y = 0.

Now, we can extract a subsequence such that u has defect measure p and its
renormalized Cauchy data has defect measure p*“?. Then, by Theorem 1.5

jlggowphj (a)(L+ R3A)Pn, s on,) 2y + (Opn,hiDypn,, hiDyn, ) 2 (ar)

_ / adyRED — / a(m () |n ()™ (C).
5%, M\S*H

The proof of Theoerm 1.1 will be completed by the following lemma.

LEMMA 2. Let (M,g) be a negatively curved surface, and let H C M be a smooth
curve. Then for any a € C(B*H) satisfying a > 0 and a # 0, there exists Cy g > 0
so that

[ lelatm@)at(©) > Ca >0
S% M\S*H

Proof. By the Dyatlov-Jin(-Nonnenmacher)theorem, the support of p is S*M.
Hence, jt # jt|s+p, and the support of put is also S*M. It then follows from the
invariance of 1 under the geodesic flow that the support of dv* is equal to SyM.
Since a is continuous, there is ¢ € suppa with [£,(¢)| > 0. In particular, there is
an open neighborhood U of ¢ such that a(m(¢))|£,(¢)| > ¢ > 0 In particular, since
a >0,

/ enla(x(Q)dv* () > v (U)Car > 0
S5 M\S*H

6. PROOF OF THEOREM 1.2 VIA HYPERBOLIC EQUATIONS

In this section, we use hyperbolic equations to prove Theorem 1.2. The idea is
that H is a Cauchy surface for a hyperbolic problem. In particular, when geodesics
intersect H transversally, we can think of H as a Cauchy surface for the problem

((hDg,)? = R(x,hDy))u = 0,
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where H = {x,, = 0}. Therefore, microlocally in this region, (u|g, hD,u|g) — u is
a continuous map.

We start by factoring the operator —hQAg — 1 in the hyperbolic region. This
lemma is a semiclassical version of [Holll, Lemma 23.2.8].

LEMMA 3. For all e >0 and § > 0 small, there are
As = Ay € C%((—5,8); womP(RM1)),
Ay = As(x,hDy) with
o(8) = o(R) = VI—r(@, &),  rlg)<1-é
such that for all b € C°°((—4,8); S©™P(T*R"~ 1)) with suppb C {r(x,&') <1 — €},
b(z, hDy)(—=h*Ag — 1) = b(z, hDy)(hDy, — A_)(hDq, + Ay) + O(h™) 212
= b(w, hDy)(hDy,, + Ay ) (D, — A )+ O(h™) 2, 12

Proof. Fix x = x(z,¢') € C2°(R*"~1) with

x=1on {r(z,¢&)<1-é}, suppx C {r(z, &) <1 - ;}
and set
Ao =xV1-—r(z¢g), Ao = Xo(z, hDy).
Recall that
~h2Ay — 1 = Opp(|€n)? + 7(2,€') — 1) + h(a(zx)hD,, + e(a, hDy)).

Then,

b(x,hDyr)(hDs, — Ao)(hDy, + Ao)

= b(w, hDy)(hD3, — AG + [hDx,, Ao])

= b(x,hDy)(—h*A, — 1 — ha(z)hD,, — hro(z,hDy)) + O(R™) 12 pe.
To obtain a finer factorization for (—h?A, — 1), we put

2 2
- ToX + _ Tox
1 _a(x)+72>\0’ 1 2

and write

AT = Ao+ R\ (2, hDy), A = Xo+hA (2,hDy).
Then, we have
b(x, hDy)(hDy,—A7 ) (hDy, +AT) = b(z, hDy ) (—h*Ay—1—h*r1 (2, hDy ) +O(h™) 2 2.
Define r;j(z,£), j > 1 iteratively by
b(x, hDyr)(hDy,, —A; ) (hDy, +AF) = b(w, hDy ) (—=h* Ag—1—h/ 17 (2, hDyr ) ) +O (™) 12, 2.
Then, for j > 2, define A}t by

2
. r.
AF = AE |+ W@, hDy),  Nj(a, hDy) = 32;: .
Letting Ay ~ 327, hj)\ji(x, hD,), the claim is proved for the first factorization.
The proof is nearly identical for the other factorization.
[
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Next, we use the factorization from Lemma 3 to produce propagation estimates
for the Cauchy problem posed on {z, = 0}.

LEMMA 4. Let by € C°(T*H) with suppby C B*H := {(2',¢) | r(0,2/,¢&") < 1}.
Then there is 6 > 0 such that if a € C°(T*M) with

suppaNS*M C U ee(m ({|bo| > 0}))
[t]<é

where m: ST M — T*H denotes the projection and ¢, 1= exp(thg), we have the
estimate

10pn(a)ul| L2 (ary < Cl|Opn(bo)ulw || L2y + CllOpn(bo) ROy ulr || L2
+ Ch7H[(=h* Ay — 1)ul12) + O(R™)|[ul| 2.

Proof. Fix by as above and let € > 0 such that suppby C {r(z,{’) <1 — €}. Next,
let Ay, At asin Lemma 3 and A = /1 — r(z,¢’). Finally, let by € C°(T*H) with
suppE C supp by, and ¢ > 0 such that

(6.1) suppa N S*M C | ou(n ' ({[B] > ¢/2})).

[t|<6
We start by defining b= € C°°((—38, 309); S©™P(T*R"~ 1) such that
(6.2) WFL([Opp(b™), Dy, — A_] N {|zn| < 260} = 0.
and b= (0,2/,¢') = b. To do this, define by = bo(x,£’) by
(6.3) bo(0,2',¢") = b, (O, — Hx)bo = 0,

Next, define iteratively for j > 1,

-1 (02, — Nbj = ¢;

1 -1 k7 Tn J Jo
O e L O L | A
k=0 AN -

Then, putting b~ ~ >, hibj, we have (6.2).

Note that there is o > 0 depending only on € > 0 such that a solution to (6.3)
exists for |z,| < Jp and,

suppb™ N {|x,| < 38} C {r(z, &) <1 -},

By standard energy estimates (see e.g [Holll, Lemma 23.1.1])

167 (2, hDyr) (R Dy, + Ay )ul| L2
< C(|10pn(0) (D, +A1 )| 21y +h ™ [ (R, —=A-)b™ (2, hDor ) (hDg,, +-Act Yull 2 (0 <50)-
Next, observe that by (6.2), for x € C°((—2d0,2d))

X(@n) Dy, — A, b~ (2, hDy)] = O(h™) 12—y 12
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and hence

167, hDa) (h Dy, + A a2

< C|OpB)AD., + Ay + h~ b (@, hDer) (hDs, = A_)(hDs, + A Yu] 2
+O(h®)|[(hDy,, + Ay )ul 12

= C(|Opn(b)(hDx,, + M)l 2cry + b~ (=h*Ag — Dul| L2
+ O(h®)||(hDs, + Ay )ul[r2 + O(R™)[[ul 22

Next, by the elliptic parametrix construction

I(hDs,, — A)ullr2 < Cll(=h*Ag + Dull s < CI(=h*Ag = Dul|z2 + [[ul| 22)
Therefore,
(6.4) [[b” (2, hDqg:)(hDg, + Ay)ul 2

< C(Opn(0)(hDs,, + A )ull 2y + h™H[(=h*Ag = Dul| 2 + O(h™)[Jul] £2)-

Next, we construct b™ € C°°((—38p, dp); S©™PT*R"~1), such that defining b+
such that

(6.5) WE([Opn(bT), Dy, + Ay N {]2a] < 280} = 0.
In particular, we start with by = EO(I,E’ ) such that
(6.6) bo(0,2',&) =b,  (Du, + Hy)bo =0

and proceed as in the construction of b~.
We then obtain the estimate

(6.7) b7 (@, hDyr)(h Dy, — A )ul| 2
< C(|0pn(b)(h Dy, = A-yull ey + h ™| (=h*Ag = Dul L2 + O(h>) |lul| 2).
Next, observe that on {F¢, > 0} N S*M,
(O, £ Hy) = (&0 FA) " Hig2 1.

Therefore, by (6.3) and (6.6), o(b*) is locally invariant under the geodesic flow on
S*M N {FE, > 0}. In particular, there is §; > 0 such that

{{p5]>c>01nS*M D (] wil{(x,€) € S;M | F& > 0, [b(w,&')| > ¢/2 > 0},

[t] <81

Therefore, there is ¢ > 0 such that

BH (En=NP+b AN >e>0  on | ei({(z,€) € S5M | [b(x, &) > ¢/2}

[t] <41

In particular, by the elliptic parametrix construction and (6.1) there are e; €

C*(T*M), i =1,2,3 such that

(6.8)  Opn(a) = Opy(e1)bT (2, hDy)(hD,, — A_)

+ Opp(e1)b™ (,hDy)(RD,, + Ay) + Opp(ea)(—h*Ay — 1) + O(h™) 2, pe.
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Therefore, by (6.4), (6.7), and (6.8)

|Opn(a)ul| 2 < Cl|Opp(b)(hDa, + Ay )ull 2y + CllOpn (b)(hDa,, — A )ul| 2 sy
+ ChH|(=h*Ay = V)ul| 2 + O(h™)||ul| .2
Finally, note that
|Opn(b)(hDa,, + Ay )ull L2y < 110pa(B)RDyull L2y + [Opn (D) Ayl 2 )
< |Opr(bo)hDyul| 2y + |Opr(bo)ull L2z + O(h™)|lullL2 ()
< [|Opn(bo)hDyull L2y + |Opn(bo)ull 2 (my
+Oh®)(I(=h*Ag = Vull L2 + [|ul £2)

where in the next to last line we use that suppE C supp bp and in the last line, we
use that Sobolev embedding. Similarly,

10p1 (8) (h D, — A )ull2(r) < Opn(bo) Dyl 2 iy + O (bo)ull L2 (i)
+Oh=)(I(=h*Ag = Dyul 2 + fJull2),
which completes the proof. ([
Proof of Theorem 1.2. Suppose (1.3) does not hold. Then,
Lim [|Opn(bo)ul || 2(ar) + |Opn(bo) Oy ul || L2y = 0.
In particular, by Lemma 4, there is a € C°(T*M) with a N.S*M # 0 such that
Lim [|Opn(a)ullr2ar) = 0.

But, this contradictions the results of [DJ17, DJN19].
To prove the second claim, observe that by unique continuation, see e.g. [GL17,
Theorem 1.7], there is ¢ > 0 such that for all A > 0,

(6.9) ullz2(ary < Ce“"(lulull 2@y + 1hOvulm | L2 @))-
Combining (6.9) with (1.3) proves (1.4). O
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