DOMAINS WITHOUT DENSE STEKLOV NODAL SETS

OSCAR BRUNO AND JEFFREY GALKOWSKI

ABSTRACT. This article concerns the asymptotic geometric character of the nodal set of the eigen-
functions of the Steklov eigenvalue problem

—A¢y; =0, onQ, Ovto, = 0jo, on OQ

in two-dimensional domains €. In particular, this paper presents a dense family A of simply-
connected two-dimensional domains with analytic boundaries such that, for each Q € A, the nodal
set of the eigenfunction ¢,; “is not dense at scale Jj_l”. This result addresses a question put forth
under “Open Problem 10” in Girouard and Polterovich, J. Spectr. Theory, 321-359 (2017). In fact,
the results in the present paper establish that, for domains Q € A, the nodal sets of the eigenfunc-
tions ¢,; associated with the eigenvalue o; have starkly different character than anticipated: they
are not dense at any shrinking scale. More precisely, for each Q2 € A there is a value r1 > 0 such
that for each j there is x; € Q such that ¢, does not vanish on the ball of radius r1 around ;.

1. INTRODUCTION

Let (M, g) be a compact Riemannian manifold with piecewise smooth boundary OM. The Steklov
problem is given by

4 {—quﬁo =0 inM

0y, = 0, on OM.

There is a discrete sequence 0 = og < 01 < 02 < ... of values of o, with 0; — o0 as 7 — o0,
for which non-trivial solutions satisfying (1.1) exist [HLO1]. These are the Steklov eigenvalues and
the corresponding functions ¢, are the Steklov eigenfunctions. This paper studies the asymptotic
character of the nodal set of the eigenfunctions of the Steklov eigenvalue problem in the case M
equals a bounded open set € R?. In particular the results in this paper show that the nodal set of
the eigenfunction ¢, is not dense at scale O'j_l for some such sets {2—or, more precisely, that there
is a dense family A of simply-connected two-dimensional domains with analytic boundaries such
that, for each Q € A, the eigenfunction ¢,; in the domain ) remains nonzero on a j-dependent
ball of j-independent radius. This result addresses a question put forth under “Open Problem 10”
in [GP17].

The behavior of both the Steklov eigenvalues (see e.g. [GP17, GPPS14, LPPS17]) and eigen-
functions (see e.g. [PST, GT19, BL15, Zhul6, Zell5, SWZ16, Sha71l, HL0O1]) have been a topic of
recent interest. When M has smooth boundary, the Steklov eigenfunctions ¢, |srs behave much
like high energy Laplace eigenfunctions with eigenvalue 0]2. In particular, they oscillate at frequency
o;. References [PST, BL15, Zhul6, Zell5, SWZ16, WZ15, GRF17, Zhul5] study the nodal sets of
b0, |Mm, giving both upper and lower bounds on its Hausdorff measure similar to those for Laplace
eigenfunctions. In fact, most results regarding Steklov eigenfunctions in the interior of M extract
behavior similar to that of high energy Laplace eigenfunctions.

The purpose of this article is to show that, away from the boundary of M, Steklov eigenfunctions
behave very differently than high energy Laplace eigenfunctions. Not only do they decay rapidly

1991 Mathematics Subject Classification. 35P20.
Key words and phrases. Steklov, high frequency, nodal set.
1



2 OSCAR BRUNO AND JEFFREY GALKOWSKI

(see [GT19, HLO1]) but, at least for a dense class of analytic domains, they oscillate slowly over
certain portions of the domain. Girouard—Polterovich [GP17, Open Problem 10(i)] raise the ques-
tion of whether nodal sets of Steklov eigenfunctions are dense at scale aj_l in M. One consequence
of the results in the present paper is a negative answer to this question. We show that arbitrarily
close to any simply-connected domain with analytic boundary Qg C R?, there is a domain Q; for
which the nodal sets are not o{l dense and, indeed, that there is a region within €27 where the
nodal set density does not increase as o; — 0o. Moreover, the Steklov eigenfunctions oscillate no
faster than a fixed frequency in this region. These results are summarized in the following theorem.

THEOREM 1. Let Qy C R? be a bounded simply-connected domain with analytic boundary, and let
k>0 and e > 0 be given. Then there exist a set Q; C R? with analytic boundary given by

(1.2) o ={z +vg(z) |z € 0}, l9ller a0 < €

(where v denotes the outward unit normal to Qg and where g is an analytic function defined on
00 ), a point xg € Q1 and numbers 0 < r1 < 1o, (B(zo,r0) C Q1) such that: for each Steklov
eigenvalue o for the domain § there exists a point x, € B(xo,19) such that B(xy,r1) C B(xo,10)
and each Steklov eigenfunction ¢, of eigenvalue o for the domain 21 satisfies

|ps| > 0 on B(zs,r1) C Q.
Additionally, “p, has bounded frequency on B(xg,70)” (a precise statement follows in Theorem 2).

AL
@1S

FIGURE 1. Fixed-sign sets for Steklov eigenfunctions over the elliptical domain €2 =

A

z? + T 012 = 1. The yellow and blue regions indicate the subsets over which the
eigenfunctions are positive and negative, respectively. The left and right images
correspond to the eigenvalues 99 = 9.9502 and 039 = 14.9253, respectively. For a
circle the nodal lines coincide with a set of j uniformly arranged radial lines from
the center to the boundary: they are dense at scale aj_l = j~! over the complete
domain, including the origin. Under the barely-visible perturbation of the unit disc
into the slightly elliptical domain 2, regions of asymptotically fixed size on which
the eigenfunction does not change sign open-up within €2. Indeed, the nodal set
corresponding to o3 (right image) shows such an opening, whereas the nodal set
corresponding to o9 (left image) does not; cf. also Remark 1.2.

Theorem 1 is a consequence of the more precise results presented in Theorems 2 and 3 and
Corollary 2.2. In particular, these results establish that, for each domain €2 in a dense class A of
two-dimensional domains, an estimate holds for the truncation error in certain “mapped Fourier
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expansions” of the eigenfunctions ¢, (i.e., Fourier expansions of ¢, under a change of variables).
This estimate is uniformly valid over a subdomain of 2 for all eigenfunctions ¢, with o large
enough. To state these results we first introduce certain conventions and notations, and we review
known facts and results from complex analysis.

In what follows, and throughout the reminder of this article, R? is identified with the complex
plane C, €2 C C denotes a bounded, simply-connected open set with analytic boundary, and D :=
{z € C| |z] < 1} denotes the open unit disc in the complex plane. Under these assumptions it
follows from the Riemann mapping theorem [BK87] that there is a smooth map f : D — C such
that f|p : D — € is a biholomorphism and |3,f| > 0 on D—that is to say, f|lp : D — Q is
a biholomorphic conformal mapping of 2 up to and including 9€2. We call such a function f a
mapping function for 2. Note that, denoting by 9, and J, the radial derivative on the boundary

of D and the normal derivative on the boundary of 2, respectively, we have 9, = |0,f|0, and
|0, f| > 0. Thus, for z € 9D the function

(1.3) Ug; := ¢g; O f

satisfies,

Oruo, (2) = 10:£(2)|0v 9o, (f(2)) = |0:f(2)|0j00; (f(2)),
and, hence, the generalized Steklov eigenvalue problem
{—Augj =0 in D

(1.4)
Orttg; = 050 f|ug; on dD.

Finally we introduce notation for the relevant Fourier analysis. For v € C(D) we let
(15) o) =
. (k) = —
27

denote the “boundary Fourier coefficients”, namely, the Fourier coefficients of the restriction v|,,,
of v to dD. Where notationally useful, we write F[v] = 0.

2w
/ v(cos 0, sin 0)e~*% 0
0

DEFINITION 1.1. We say that the Steklov problem on ) satisfies the tunneling condition if there is
mo > 0 and a mapping function f for Q, such that for all K > 0 there is Cy > 0 satisfying for any

m
m-+mg

il <Y lsOF) Kl < Ko

{=m—mg

Lemma 4.1 shows that any tunneling Steklov problem there exist og > 0 so that for each m € Z
there is a constant C' > 0 such that for ¢ > oy,
mo 1
(1.6) lalle < (D latk)?)*.
k=m—mg
This estimate and its connections with similar results in quantum mechanics motivate the “tun-
neling” terminology introduced in Definition 1.1. To explain this, recall that u is an eigenfunction
of the Dirichlet to Neumann map which is a pseudodifferential operator on 92 with symbol ||,
where g is the metric on 992 [Tay11, Sec. 7.11, Vol 2|. Therefore, the classical problem correspond-
ing to the Steklov problem is the Hamiltonian flow for the Hamiltonian |£|, on T*02 at energy
|€|g = o—which describes the motion of a free particle on 092. The allowable energies for this
classical problem are given by {|{|;, = o} which, in the Fourier series representation correspond
to o = |{|y ~ |k|. Thus, the classically forbidden region is ’a‘l\kz| - 1| > ¢ > 0. Equation (1.6)
tells us that, in cases for which the Steklov problem on (2 is tunneling, Steklov eigenfunctions carry
positive energy even in the classically forbidden region o~!|k| < 1, with an energy value that is
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no smaller than exponentially decaying in o. (Using the estimates of [GT19] one can also see that
Steklov eigenfunctions carry at most exponentially small energy in the forbidden region.)

THEOREM 2. Assume that the Steklov problem on ) is tunneling and let o denote a Steklov eigen-
value for the set ). Let

o0

(1.7) lg,s = Uo|B(0,6) = Z ﬁgj(k)r‘k‘eike, U 5,m = Z ﬁaj(k)ﬂk'eike.

k=—o0 |k|<m

Then, there exist a constant ¢ > 0 such that, for each integer N > 0, there are constants Cy, o9,
do, and mg > 0 so that for all 0 < 6 < dg, m > mg, and oj > oqg the inequality

.6 — tosmllon(B(0,5)

(18) ) < CN((SmfN*mofl _‘_efco)

.6l L2 (B(0,6))
holds.

Letting {¢; 521 denote an orthonormal basis of Steklov eigenfunctions and calling uy; = ¢, f,
Theorem 2 shows in particular that

r2k+1 )

_ ~ k| jiko m—mo—1 —coj ~
(1.9) g, = Y g, ()M O((rm 0 o) | g, (WP

|k|<m |k|<m

In other words, for r small, us; is well approximated by a function with finitely many Fourier
modes. If there is ¢ > 0 such that

lao, ()] = ¢ | D lao, ()P,

0<|k|<m

then we obtain
o, = i, (0) + O((r + =) i, (0)

and u,; is nearly constant on small balls centered around 0. In general, however, finitely many
Fourier modes are necessary to capture the lowest-order asymptotics, as indicated in equation (1.9).

One of the main components of the proof of Theorem 1, in addition to Theorem 2, is the
construction of a large class of domains ) for which the Steklov problem is tunneling. To this end,
we introduce some additional definitions. A function v € C'(D) will be said to be boundary-band-
limited provided (k) = 0 except for a finite number of values of k € Z. We say that a mapping
function f is boundary band limited conformal (BBLC) if |0, f| is boundary band-limited. If in
addition, |0, f||ap is non-constant, we will write that {2 is BBLCN. Finally, we say the domain 2
is BBLC (BBLCN) if and only if a BBLC (BBLCN) mapping function, f: D — 2 exists. We now
present the main theorem of this paper.

THEOREM 3. Assume 2 is BBLCN. Then the Steklov problem on § is tunneling.

REMARK 1.2. It is not clear whether the elliptical and kite-shaped domains (equations (6.1)
and (6.2)) considered in Figures 1, 4 and 5 satisfy the BBLCN condition or, more generally, whether
they have tunneling Steklov problems (we have not as yet been able to establish that the tunneling
condition holds for domains that are not BBLCN). However, domain-opening observations such
as those displayed in Figure 1 and Section 6, suggest that these domains may nevertheless be
tunneling. This and other domain-opening observations provide support for Conjecture 1.3 below.
(Steklov eigenfunctions on a domain which satisfies the BBLCN condition, and, therefore, in view
of Theorem 3, is known to be tunneling, are displayed in Figure 2.)

In view of Remark 1.2 we conjecture that every Steklov problem on an analytic domain is
tunneling unless the Steklov domain 2 is a disc:
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CONJECTURE 1.3. Let Q C R? be a bounded, simply-connected domain with real analytic boundary
that is not equal to B(xz,r) for any x € R%, r > 0. Then the Steklov problem on € is tunneling.

Outline of the paper. This paper is organized as follows. Section 2 shows that arbitrary analytic,
bounded, simply-connected domains can be approximated arbitrarily closely by BBLCN domains.
Then, Sections 3 and 4 provide proofs for Theorems 3 and 2, respectively. The numerical methods
used in this paper to produce accurate Steklov eigenvalues, eigenfunctions, and associated nodal
sets are presented in Section 5. Section 6, finally, illustrates the methods with numerical results for
elliptical and kite-shaped domains.

REMARK 1.4. Throughout this article we abuse notation slightly by allowing C' to denote a positive
constant that may change from line to line but does not depend on any of the parameters in the
problem. In addition C is a positive constant that may change from line to line and depends only
on the parameter N.

2. APPROXIMATION BY TUNNELING DOMAINS

This section shows that any analytic domain can be approximated arbitrarily closely (in a sense
made precise in Corollary 2.2) by a BBLCN domain. To do this, first let M > 0, a; € C\ D for
i=1,....,N,and let N; > 1,7=1,... M, and let us seek approximating BBLCN domains whose
mappings f : D — C take the form

. M
z) = wa z) = z—aiNi,
£(2) /op”d’ vl =TTt

In words: f is the integral of the square of a polynomial with roots outside D. It follows that

M M
o.f = [ =)™, jo.f1 = [z - ™.
i=1 =1

In particular,
M

0. 1) = T](1 — €7 — e, + fauf2)
i=1
which manifestly shows that |0, f| is boundary-band-limited. o
We next show that an arbitrary non-vanishing analytic function on D can be approximated by
the square of a polynomial.

LEMMA 2.1. Let g : D — C smooth with g|p analytic and |g| > 0 on D. Then, for any eg > 0 and
k >0, there are M > 0, ag, {(ci, Ni)}M, with |;| > 1,3=1,..., M such that

M
lg — a0 [T (z = @)* [l er ) < 0-
=1

Proof. Define h: D — C by

z

g'(w)

hz) = / dw + og(9(0))
0 g(w)

Then, since U is simply-connected and |g| > 0 on D, h is analytic in D with smooth extension to

D. In addition,

w(z) = e2h(2)



6 OSCAR BRUNO AND JEFFREY GALKOWSKI

is an analytic function on D such that w?(z) = g(z) and w extends smoothly to D. Then, for all
€ > 0, there is a polynomial p. such that

lw(z) = pe(2)llcrpy < emin((jw(z)llcrp)s 1)

In particular, since |g| > ¢ > 0 on D, for 0 < € small enough, p. has no zeros in D. Hence,
M
p==Bo [J(z = BN
i=1

for some |Gy| > 0, |5;] > 1,7 =1,..., M. Multiplying by w + p., we have
l9(2) = D2l x5y = 1w = pe)(w + pe)ll cr )
< Cill(w — Pl eyl + Pl )
< Cee2 + )lJwll or (py

Choosing € = é—i min( , 1) proves the result with ap = 52 and a; = f3;. O

1
This result can be used to approximate any analytic domain by a BBLCN domain:

COROLLARY 2.2. For any analytic, bounded, simply-connected domain 2, k > 0, and g > 0 there
is a BBLCN domain Qg, and g-, € C*(9N) such that with v the outward unit normal to €2,

(2.1) 00y = {z +vge,(2) | x € 0N}, 1geollcr a0y < €0-

Proof. Since 2 is analytic, there is f : D — C analytic such that f|p: D — Q is a biholomorphism
and |0,f| > 0 on D. Moreover, by [BK87], 0,f has a smooth extension to D. Then, applying
Lemma 2.1 with g = 9, f(2) gives

a polynomial with no roots in D such that

10:f(2) = P2(2)l| gmaxce (B < €

Note also that adjusting p if necessary we may assume that the restriction of |p;| to 9D is not
constant. Then, defining

(2.2) o= [ pRw)du+ £0)
we have
||f€ - f||cmaX(k+1,2)(ﬁ) <g, azfs = pga

so that ’(‘L f8| |,p is non-constant and band limited. Moreover, since f is a biholomorphism, for e > 0
small enough, f. is also a biholomorphism. We next show that since || f; — f||Cmax(k+1,2>(5) < e, for
€ > 0 small enough the curve

00 = {fe(2) | 2] = 1}
can be expressed in the form (2.1). To do this let

P(t,0,w,s) = f(e) = tfo( ) — (1= ) f(“F0)) — £/ ()
and note that F(1,0,w,s) =0 if and only if
Fo(e0) = F(e%) = s1.(0).
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Therefore, we aim to find s = s(f) and w = w(#) such that F(1,0,w(#),s(8)) = 0. Note that
OsF = —f'(e")e'®
o,F = _iei(w+9)(f/(ei(w+9)) + t(far(ez‘(wre)) _ f/(ei(w—l—e)))
In particular,
0w F =i0,F 4+ O(g) + O(|w)).

Therefore, there is 6 > 0, 9 > 0 such that for 0 < € < eq, |wo| < 9§, to € (—1,2), and 59 € [—1,1]
if F(to,00,wo, s0) = 0, then for |wp| < d§ and |t — tp| < I, w = w(t,0) and s = s(t, s) are the unique
solutions of F(t,0,w,s) = 0. In particular, since F'(0,0,0,0) = 0, the solutions s = s(t,6) and
w = w(t, ) can be continued as functions of ¢ as long as |w(t,#)| remains small.

We next note that

0, _
<at::> = (0uF 0F) " 0F = O(|f- — fllze=) = Oe),
and, therefore,
t
lw(t,0)] + |s(t,8)] < / 0,0 (r, 0)| + |0ys(r, 0)|dr < Cte.
0

Hence for € small enough the solutions w(¢,#) and s(¢,6) continue to ¢ = 1 and satisfy
lw(1,0)] + |s(1,0)] < Ce.

Again, using the implicit function theorem, this implies that w(f) := w(1, 6) and s(0) := s(1,60) are
2m-periodic. Differentiating k times now yields

|9%s| < Che,

finishing the proof by setting g., = £s and shrinking € > 0 as necessary. (Here the £ corresponds
to whether f(e*) is positively (=) or negatively (+) oriented.) O

REMARK 2.3. Since the map f. in equation (2.2) may send 0 to a point 2 close to the boundary,

it is interesting to see how the Steklov eigenfunctions rearrange their nodal sets in such a way that

Theorems 1 and 2 are satisfied on the image of f.. To demonstrate this let |a| < 1, consider the
zZ—a

biholomorphic function f(z) := £=%, and let f. denote the approximant of f given by equation (2.2)
with

N
(2.3) pe(z) =i/T—]a?) (aw)’ with N =20 and a = 0.8.

J=0

(This polynomial was obtained as the N-th order Taylor polynomial of 1/9, f.) In this case, accord-
ing to Theorems 1 and 2, the Steklov eigenfunctions should be slowly oscillating in a ¢ independent
neighborhood of zg. Figure 2 displays corresponding Steklov eignfunction or various orders as well
as a typical eigenfunction for the exact disc. Note the dramatic change that arises in the Steklov
eigenfunctions from a barely visible boundary perturbation of the disc.

3. BBLCN DOMAINS AND TUNNELING STEKLOV PROBLEMS

This section presents a proof of Theorem 3. In preparation for that proof, let Q2 C C be a BBLCN
domain, and denote by f the corresponding mapping function. Define

1 2m )
Fllo-f|] (n) :=an, neZ <a0 = 27T/0 0. f ()] do > O) :
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FIGURE 2. Steklov eigenfunctions on the domain §2 whose mapping function, which
is given by equation (2.3), maps the center of the disk to the point zy = (0.8,0)
(marked by red asterisks in the figures). The corresponding Steklov eigenvalues are
given by 016 = 7.9642 (top left), o4o = 19.8173 (top right), and ogp = 29.8197
(bottom left). Note that, according to Corollary 2.2 the set €2 is a BBLCN approx-
imation to the disk. As predicted by Theorem 2, oscillations avoid a region around
zp for high o. The bottom-right image displays a typical eigenfunction on the exact
disc. Note the dramatic change that arises in the Steklov eigenfunctions from a
barely visible boundary perturbation of the disc.

Since 2 is a BBLCN domain, the function ‘8Z f‘ |,p is band limited and ‘BZ f“ op is not identically
constant. It follows that

mo = sup{|n| : |an| # 0}

satisfies 1 < mg < oc.

Denoting by @(n) the boundary Fourier coefficients of an eigenfunction w, the corresponding
boundary Fourier coefficients of d,u are given by |n|a(n). Thus, a solution to (1.4) is uniquely
determined as an #? solution to the equation

(3.1) Inlé(n) = oF [u|d.f|] (n) n€Z.

In what follows we may, and do, assume that solutions @ have £2-norm equal to one.
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Proof of Theorem 3. Since

‘8 f| Z amt(n —
it follows that (3.1) can be re-expressed in the form
(3.2) |n|a(n Z ocamu(n —
From (3.2) we obtain

a—mol(n +mp) = %u(n) - Z amt(n —m),

and, then, for all |n| < Ko,

= ool + 32 fanlfitn - m))

m#0,—mo

[+ mo)| < Ja—m, ™! (

mo

< oo (P2 4 S0 o fatn - m))

m=—mg+1
m#0

n+mo—1

< Ja—mo| ™ max(K, lamle=) Y [a(k)].

k=n—mg
The second inequality follows from the fact that a,, = 0 for |n| > mg, while the third one results
from the relation ag > 0 and the positivity, o > 0, of all nontrivial eigenvalues o, which imply that

[In] = oao| < max(|n[, olao]) < o(max(K, [|am||e>)).

Making an identical argument, but solving for @(n —myg), and using that |am,| = |a—m,| # 0, we
have for all |n| < Ko,

n+mo—1

[+ mo)| < Jamo| ™! max(2, llamle<) Y la(k)],

(3.3) h=n-—mo

n+mo

|a(n —mo)| < lam| " max(2, amlle<) Y la(k)
k=n—mo+1

We now use equation (3.3) to prove the first half of our tunneling estimate.

LEMMA 3.1. Letm e Z, K > 0, and

m-+mg

Am::< 3 \a@oﬁ)?

k=m—mgo

Then, there exists Co > 0 so that for all 0 > 0 and for —Ko <n+m < Ko we have

(3.4) li(n +m)| < M A,,
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Proof. We will assume m > 0 since the other case follows similarly. The cases of n = —my, ..., mo
are clear if we take Cy > 1. Suppose (3.4) holds for —my < n < £ with my < ¢. Then, by (3.3),

l
j@(m + £+ 1)] < am, |~ max(K, amle) Y la(k+m))|
k:€—2m0+1

14
< Jamo| " max(K, amlle=) > ClA

k=0—2mo+1
Now, if mg < £ < 2myg, then
l 2mo—~f—1
[m -+ €+ 1) < Jamg |~ max(K, lamlle) (Do CE+ Y. Ch)4
k=0 k=1
1 2mo—~{+1
< | (K, ) (2 LA

In particular, taking
Co > 2|am, | max (K, ||am||e<) + 1
we have
la(m 4 £ +1)| < CETA.
Next, if 2mg < £, then
C£+1 _ g—2m0+1
Cop—1
Taking Cy > 2|am, |~ max(K, ||am|le=) + 1 completes the proof for —mg < n < Ko —m.
An almost identical argument gives the —Ko —m < n < 0 case. (|

[l +m +1)] < |am, |~ max(K, [lam|e~) A

4. ANALYSIS OF TUNNELING STEKLOV PROBLEMS

The proof of Theorem 2 now follows in two steps. First, we show that, for eigenfunctions of any
tunneling Steklov problem, the boundary Fourier coefficients of low frequency contain a mass no
smaller than exponential in ¢. To finish the proof, we use the fact that the harmonic extension of
e decays exactly as r/™l. Examining the solution on the ball of radius § > 0 for some § small
enough, it will be shown that the low frequencies dominate the behavior of w.

LEMMA 4.1. Suppose that Q0 has tunneling Steklov problem. Then there exist og > 0 so that for all
m > 0 there is C' > 0 such that for o > oy,

mo

1
lallp < (> a))* = An.

k=m—myo
Proof. First, note that by e.g. [GT19, Corollary 1.3], for 0 > 3m there is C' > 0 so that
Yo k)P = [alf(1 - Cem/9)).
|[k—m|<20
By Lemma 3.1

a(k)[? < o3k A2 (g2, <9200 = g
Z |’LL( )| = Z 0 Amt Z 0 m = Cc? -1 m
0

|k—m|<20 0<k—m<20 —20<k—m<0
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In particular,

Ci -1 2 c 2 i 2
—— e il —Ce™™7) < AL = [a(k)|”.
2(2C,° ™ - 1) ko
Taking o¢ large enough so that Ce=¢7 < %, finishes the proof. g

Proof of Theorem 2. In what follows we utilize the definitions (1.7) for a given eigenvalue o; = o,
and, for that eigenvalue we denote (k) = i, (k) = iy (k). Then, applying the relation

) D SRS SN e
. ke k
B0 % 21kl +2"

which is valid for all sequences {bx}rez C C, to the rlght—hand equation in (1.7), for m > mgy we
obtain

42 Vol = X 2O i 2 2 S itk = m
el < k<o
To estimate the error in approximating us s by s sm, first note that
U kl giko k| ik
H 2 k)l H B(0,5)) < > lalk)] - e on g0y
k=20 |k|>20
a(k)?)? k| k0 3
Ik|>20 |k|>20
< (X0 amR) (X g
|k[>20 |k|>20

< Oyl 2o NoV o2,

Applying Lemma 4.1 with m = 0, and absorbing the o into the exponential factor we then obtain

H |k§UU(k)rkek9HCN(B(O 5 < OndN§27eC7 4
Where
mo %
A=Y lamP)?,
k=—mo

We can now estimate

1> a)r™e™ | ongosy < D Na®)r™e* lonpeay + 1 D> wlk)r™e™ | on po.s)

|k|>m m<|k|<20 |k|>20
< D> fa)] - MM on go,sy) + Cnd N6 e A
m<|k|<20

Thus, using the definition of tunneling (Definition 1.1), we obtain
I Z ﬁ(k)rm'eikgHCN(B(O,&)) < Cno™ N A Z C(|]k|’k|N6|k|—m + Oy N§20C07 4
|k|>m m<|k|<20
< OnO™NA+ COno N5 e A
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provided that § < 1Cy !, Therefore, using (4.2),

Hﬁo,é - ﬁo,é,m”cN(B(o,a)

_ ) < CNdm_N_mO_l + CN(SQU_N_mO_leCU.
||Uo,6”L2(B(0,6))

Thus, choosing 6 > 0 such that § < e~ 2¢ and taking o9 > N+mg + 1 the claim follows. O
We can now present a proof of Theorem 1.

Proof of Theorem 1. From Corollary 2.2 we know that there exists a tunneling domain Q; C C
satisfying (1.2) for the given value ¢ > 0. Let og be as in Theorem 2. Clearly, it suffices to prove
the statement of the theorem for o > o, since for o < o the statement follows from the fact that
there are finitely many Steklov eigenvalues below oy and that 1, cannot vanish in any open set.
Therefore, we may and do assume o > og along with the other assumptions in Theorem 2, so that,
in particular, inequality (1.8) holds. In what follows we write

(4.3) L*(B(0,6)) = L and L*™(B(0,6)) = L§°

Fixing m > mo+2, and letting @, s and U, be given by (1.7) (with u, related to ¢, via (1.3))
we note that ~
[l 2

[to,6,mllLge > NG
It follows that there exists xg € B(0,0) such that
Haa,d,mHLg
Ve
Now, since ||ty5m|lct < Cm.sllto,sml 12, it follows from (4.4) that there is 1, 5 € R, 0 < rpp 5 < 0
(in particular, independent of o) such that

(4.4) |, 5.m(20) =

Hao,é,m H L2

(4‘5) |aa,6,m($)‘ > 2\/77‘_5 )

But, since m > mg + 2, the estimate (1.8) with N = 0 yields

x € B(xo,7m,s)-

(4.6) |tao.m (%)| < |tio,s(2)| + |tio,5(2) = tio,sm ()] < Co(6 + €™)|tosl 2 + |tio,s(x)]
and
A7) Naogllzz < Nosmliz + ios = dosmlliz < losmllzz + VASCo(S + ) ling 2.

(To establish the rightmost inequality in (4.7) the relation ||ty — g 5m || 2 < VT ||tig 5 — o 5m | L3
was used before the inequality (1.8) was applied.) From (4.7) we obtain

(4.8) ltosmliLz = lltosl L2 — vVmdCo(d + )|l sl 2-
It follows from (4.5), (4.6) and (4.8) that
(4.9)
- 5 [to,5mll 2 ltosllz  C .
Co(0+e™)|tios 12 +tio,5(z)| > N o= 2\/%55*70(5+€_w)|\%,5HL§7 z € B(0,7m,s),

and, therefore

5 . 1 3Cy o
(4.10) nslo)] > el (575 = 52 0+¢)) . o€ Blaormo)
Taking §; sufficiently small and ¢ < §; the inequality
3C o 1
o O <55
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holds, and it therefore follows that for a certain constant D > 0 we have

D||ﬂa,6”L§

5 for x € B(xo,"m.s)

|ugs(x)| >
provided ¢ < 1. In particular,

|¢0‘($)| > 0, KRS f(B(J;OaTm,&))'

Since the derivative of f never vanishes, for § < 41 and for a certain £ > 0 there is a ball B of
radius Er,, s such that ¢, does not vanish on B. The proof is now complete.
O

FIGURE 3. The function A for an ellipse (left) and a kite-shaped domain (right).

5. NUMERICAL FORMULATION

5.1. Integral representation. Let Q2 C R? denote a domain with, say, a C? boundary, and let

Sl6l(w) = [ Gla)ow)dS(), =€ B, Glay) =~y loglo — o],
o0

denote the Single Layer Potential (SLP) for a given density ¢ : 922 — R in a certain Banach
space H of functions. Both Sobolev and continuous spaces H of functions lead to well developed
Fredholm theories in this context [Krel4, MMOO]. It is useful to recall that, as shown e.g. in the
aforementioned references, the limiting values of the potential S and its normal derivative on 952
can be expressed in terms of well known “jump conditions” that involve the single and double layer
boundary integral operators

0G(zx,
Sl@ = [ Glaswse)  and Tl = [ T2 Do), o eon,
0 oa Ov(zx)
respectively.
In view of the jump conditions for the SLP [Krel4], use of the representation
(5.1) u(z) = Sl)(z), =€,

for the eigenfunction u, the Steklov boundary condition in equation (1.1) gives rise to the generalized
eigenvalue problem

(5.2) (GI+T)6]=08lg) for zeon.
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Unfortunately, however, the single layer operator S on the right side of this equation is not always
invertible. In order to avoid singular right-hand sides and the associated potential sensitivity to
round-off errors, in what follows we utilize the Kress potential

(5.3) u(z) = Sold](x) = / Glx.y) (B(y) — 8) dS(y) + 6. w9
o0

(where ¢ denotes the average of ¢ over dQ), which leads to the modified eigenvalue equation [Akh16]

(5.4) (%I+ T)[¢—0| =0 (S[¢p—9]+0¢) for xec .

The right-hand operator in this equation is invertible [Krel4, Thm. 7.41], as desired. For either
formulation, the evaluation of a given eigenfunction u requires evaluation of the SLP, in accordance
with either (5.1) or (5.3), for the solution ¢ of the corresponding generalized eigenvalue problem (5.2)
or (5.4), respectively, at all required points z € (.

REMARK 5.1. Note that for a given harmonic function u in €, ¢ in (5.2) and that in (5.4) are not
the same.

5.2. Fourier expansion and exponential decay. In terms of a given 2m-periodic parametriza-
tion C(t) of 99, the Steklov eigenfunction u corresponding to a given solution (¢, o) of the regular-
ized eigenvalue problem (5.4), which is given by the single layer expression (5.3), can be expressed,
for a given point x = (z1,z2) € §,

27

(5:5)  u(wr,32) = $+$ / log [ (21 — C1(6))? + (w2 — C2(0))*] [0 (C(1) = 9] |C(1)| dt,
0

where C(t) = (Cy(t), Ca(t)) and where ¢ denotes the average of ¢ over the curve 9€). Unfortunately,
a direct use of this expression does not capture important elements in the eigenfunction within
), such as the nodal sets, since, for analytic domains, the eigenfunctions decay exponentially
fast within Q as the frequency increases [PST, GT19]. In regions where the actual values of the
eigenfunction may be significantly below machine precision the expression (5.5) must be inaccurate:
this expression can only achieve the exponentially small values via the cancellations that occur as
the the solution ¢ becomes more and more oscillatory. But such cancellations cannot take place
numerically below the level of machine precision. In order to capture the decay explicitly within
the numerical algorithm we proceed in a manner related to the construction used in [PST].

To accurately obtain the exponentially decaying values of the Steklov eigenfunction we proceed
as follows. We first consider the Fourier expansion

(5.6) [6(C() = 8] |C1)] = D Ane™.
nez
n#0

of the product [gb(C(t)) - 5] ‘C(t)‘, note that, as is easily checked, the n = 0 term in the Fourier

expansion (5.6) is indeed equal to zero. Inserting this expansion in (5.5) we obtain

u(z1,22) = ¢+ Z AnBY(21,22), where

ne”Z
n#0

2
1 .
Bg(zlaxQ) = in /IOg {(xl — Cl(t))Q + (22 — Cg(t))Q e gt
0
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Then, assuming an analytic boundary, as is relevant in the context of this paper, and further
assuming, for simplicity, that C(t) is in fact an entire function of ¢ (as are, for example, all
parametrizations C(t) given by vector Fourier series containing finitely many terms), we introduce,
for x = (21, z2) € Q, the quantities

Az) =sup{s > 0: 2 # C(t +ir) for all r with |r| < s and for all ¢ € [0, 2]}
and
(5.7) Bp(z1,22,8) = —

2
% /log [(951 — Cy(t +issgn(ns)))? + (x2 — Ca(t + is sgn(ns)))ﬂ e dt.
0

Using Cauchy’s Theorem for x = (z1,z2) € 2 and any s € R satisfying |s| < A\(z), we obtain

(5.8) BY(z1,x5) = 6_|"S|Bn(:v1,x2, s),
and, thus, letting s = aA(z) for any « € R satisfying |a| < 1, the eigenfunction w is given by
(5.9) u(xy, ) = ¢ + Z Ape PR @nz) B () 2o a1, 22))

nez

n#0
LEMMA 5.2. There is C' > 0 such that for all n > 0,

| By, (z1, 22, A1, 22))| < ¢
n(T1, T2, A(T1, T2 ST

Moreover, there is ¢ > 0 and a sequence {ny}3>, with |ng| — oo such that

C
(5.10) |Bp, (z1, 2, M1, 22))| > e

A proof of Lemma 5.2 is given in Appendix B. It follows from Lemma 5.2 that equation (5.8)
optimally captures the exponential decay of the B,, terms as ¢ — oco. Note that this setup does not
capture the exponential decay of the coefficients A,, below machine precision away from |n| ~ o, and,
therefore, the accuracy of the resulting interior eigenfunction reconstructions does not exceed that
accuracy level. But the function A(x1,x2) does capture the exponential decay and the geometrical
character of the eigenfunction as long as the (spatially constant) coefficients A,, for low n remain
above machine precision.

For general curves C(t) no closed form expressions exist for the function A(x), and a numerical
algorithm must be used for the evaluation of this quantity, as part of a numerical implementation
of the eigenfunction expression (5.9). In our implementation the function A was evaluated via an
application of Newton’s method to the nonlinear equation

h(z) = (33'1 — C’l(z))2 + (ZL‘Q — CQ(Z))Q =0.

Explicit expressions can be obtained for circles and ellipses, however:

Az, x9) = —log (y/x% + x%) .

(2) For an ellipse of semiaxes a > b:

a x1 + 129
5.11 A(x1,x2) = arcosh | — ) — Re< arcosh | —= .
(510 (o1 2) < a2—62> { (\/aQ—b?)}

The derivation of the expression (5.11) is outlined in Appendix A.

(1) For a circle of radius 1:
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5.3. Exponential decay and verification of Cauchy’s theorem. Tables 1 and 2 demonstrate
the validity of equation (5.8) (since in both cases the results in the second and third columns closely
agree with each other for n < 50), as well as the exponential decay of the exact coefficients BY—as
born by the results in the third column of these tables. The disagreement observed for n > 50 is
caused by the lack of precision of the results in the second column beyond machine accuracy, a

OSCAR BRUNO AND JEFFREY GALKOWSKI

g31 = 9.7279 053 = 16.8616 055 — 17.5101
057 — 18.1587 og1 — 25.9409

/ \\\\\\||MM
Wﬁ%@ / T

FIGURE 4. Density-plots (first and third rows) and fixed-sign sets (second and forth
rows) for Steklov eigenfunctions over the elliptical domain (6.1). The eigenfunctions
of orders 57 and 81 demonstrate the onset of the asymptotic character. In particular,
regions of asymptotically fixed size open up.

090 = 6.7031 o040 = 13.4375 o060 = 20.1879  ogg = 26.9548

J CAL

; )

FIGURE 5. Density-plots (first row) and fixed-sign sets (second rows) for Steklov
eigenfunctions over the kite-shaped domain (6.2).

.Q

problem that is eliminated in the third column via an application of the relation (5.8).
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n | |BY(x1,29)| | |e7"O 8B, (21, 29,0.8))| | Absolute BY error | Relative BY error
1 5.62e-03 5.62e-03 3.82e-16 6.79e-14

10 2.29e-06 2.29e-06 4.39e-17 1.91e-11

50 6.40e-16 6.57e-16 3.85e-17 5.86e-02
100 | 3.05e-17 1.30e-28 3.05e-17 2.35e+11
150 1.33e-16 5.95e-41 1.33e-16 2.23e+24
200 | 2.65e-16 6.58e-53 2.65e-16 4.02e+36

TABLE 1. Verification of the Cauchy-theorem-based identity (5.8) for the domain

Q2 bounded by the elliptical curve (6.1) with a =2 and b = 1.

n | |BY(x1,29)| | |e7"O8AB,, (21, 22,0.8)\)| | Absolute BY error | Relative BY error
1 5.83e-03 5.83e-03 4.25e-16 7.29e-14

10 5.97e-06 5.97e-06 7.18e-18 1.20e-12

50 2.33e-14 2.34e-14 3.32e-17 1.42e-03
100 1.14e-16 3.05e-25 1.14e-16 3.75e4-08
150 1.27e-16 6.78e-36 1.27e-16 1.88e+19
200 | 2.42e-16 3.05e-45 2.42e-16 7.93e+4-28

17

TABLE 2. Same as Figure (1) but for the kite-shaped domain © bounded by the curve (6.2).

6. NUMERICAL RESULTS

Figures 4 and 5 present density plots and fixed-sign sets for Steklov eigenfunctions over domains
bounded by the elliptical and kite-shaped curves parametrized by the vector functions

(6.1) C(t) = ((acos(t),bsin(t)) (0 <t < 2m)
with a =2 and b =1, and
(6.2) C(t) = (cos(t) + 0.65 cos(2t) — 0.65, 1.5sin(t))

respectively. These figures demonstrate, in particular, domain-opening and non-density of nodal
sets as discussed in Remark 1.2.

(0 <t<2m),
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APPENDIX A. FUNCTION A(z) FOR AN ELLIPSE OF SEMIAXES a > b

Let v = va? —b? and poy = arcosh(a/v). Using elliptical coordinates with foci (+7,0) to
represent the point x = (x1,x2), so that z; = ~ycosh(u)cos(7) and z9 = ~ysinh(u)sin(r), and
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letting the boundary of the ellipse be given by C1(t) = vy cosh(uo) cos(t), Ca(t) = ysinh(uo) sin(t),

in view of the relations x1 + ize = 7 cosh(u + i7) and C1(t) 4+ iCa(t) = y cosh(ug + it) we obtain
(z1 — C1(t +1i5))%+(xo — Co(t +i5))? = 4% |cosh(pu + i1) — cosh(uo + i(t + is))|?

(A1) i+ (t+i5) [ o+ (T — (t+i5) [
s 0 1 (i) ‘Smhu o +itr = (i)

It follows that the left-hand side of this equation vanishes for some value of ¢ if and only if either
s = (puo—p) or s = (po+ ). Thus, A\(x) equals the smallest of these two positive numbers, namely
Az) = (po — p), which is equivalent to the desired relation (5.11).

APPENDIX B. PROOF OF LEMMA 5.2

First, let
h(z,x1,x9) := (21 — Cl(z))2 + (29 — CQ(Z))Q.

Then, for |Im z| < A(x1,x2), the expression

log h(z) := /0 ’ ’;L/((j)) ds + log h(0)

defines the principal branch of log h(z)—which is, then, an analytic function in the strip |[Im z| < A.
On +Im z = A, we define
logh(z) := lim h(z Fie).

e—0t

LEMMA B.1. Let h(z) denote an analytic function defined on an open neighborhood of the set
{z : [Im z| < A} which does not vanish for |Im z| < A, but which vanishes to order k at zo = to+iA.
Then,

lim Im logh(zo+¢e1) — lim Imh(zg —e2) = km.
e1—0t ea—0t

Similarly, if h vanishes to order k at zg = tg — i\,

lim Imlogh(zo+e1) — lim Imh(zg —e2) = —km.

e1—0t go—0t

Proof. Note that for £ > 0 small enough {h(z) = 0} N {|z — 29| < €} = 2p. Therefore

h'(2)

log h(Zo + 51) — log h(ZO - 62) = /
r h(z)
where I' is any contour starting at zp — €2, ending at 2y + €1, and lying in

{Im z < A} N B(zp,¢).

dz

In particular, let
Ty = {z0+eoe’ |t € [m2n]}, To:={z+ (1 —t)ey+te}
and I' =I'1 UT's. Then, since
(z)  k
h(z) z—2

(1+0(]z = 20l)),

log h(zg + €1) — log h(zp — e2) = kmi + logey — logea + O(|e1 — e2]) + O(e2)

Letting €1 and €5 tend to zero completes the proof for the case zg = tg+iA. The proof for zp = tg—iA
follows by substituting z by —z. O
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LEMMA B.2. Let h(z,x1,22) denote an analytic function on |Im z| < X which vanishes to order k
at zo = to + i\. Then for x € C°(S') supported in a sufficiently small neighborhood of to, with
X = 1 near tg, we have

. ok .
/ x(t) log h(t + i\)e™dt = —‘%emto +0(n%)  forn > 0.
S1

Similarly if h vanishes to order k at zy = tg — i\, we have

/ x(t)log h(t —i\)e™dt = —|7T—|emt° +0(n%)  forn <0.
g1 n
Proof. We consider the first case, the second follows similarly.
Selecting x(t) with sufficiently small support we ensure that, within the support of x, h(t + i)
vanishes only at ¢ = 3. We then have

(B.1) / X(t) log[h(t +iX)]e™ dt = / X(t) (log |h(t +iX)| + ilm log[h(t + iX))]) e dt
and
(B-2) / X(t)log [h(t +iX)|e™ dt = / x(t) (klog [t — tol +log!t—to\*k|h(t+m|) emtdt.

Since |t — to|~*|h(t + i\)| is smooth and bounded away from zero on the support of x, the second
term in (B.2) is O(n™%°).
Taking real parts in the asymptotic formula [BO99, p. 381] we obtain

1
(B.3) / log [t|e™!dt = —ﬁ +0(z7?), x — 00.

1 X
Then, using (B.3) together with the fact that log1 = 0 we may approximate the first term on the
right-hand side of (B.2) by

; iy 1
/X(t) log |h(t 4 i\)|e™dt = —mke™ — + O(n™?),

7]

Let us now estimate the second term on the right-hand side of (B.1). We have
/X(t)ilm log[h(t 4 i\))]e™ dt

= / ) ix(t)Im log[h(t +iX))le™ dt + / v ix(t)Im log[h(t 4 i)))e™ dt
0 to
to ) 27 )
= | 0(x(®)Im logla(t +iNDe™dt + | 0 (x(B)m log[h(+ — iA))e"dt)
—n7 ™0 (lim Tm log[h(t +i))]) — lim Im log[h(t 4 i\)])

+ —
t—t] t—tg

= —n 1™ (lim Im log[h(t 4 i\)]) — lim Im log[h(t + i)\)]) + O(n™2)

t—td t—ty
= —kan teo 4 O(|n|_2)
where in the last equality Lemma B.1 was used. O

We may now complete the proof of Lemma 5.2. Let 0 < t; <ty < --- < tjy < 27 denote the
zeroes of h(t 4 i\) as a function of ¢, and let k; (0 < j < M) denote the vanishing order at ¢ = ¢;.
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Then, by Lemma B.2, for x; supported close enough to t; with x; = 1 near ¢;, and n > 0,

27T]€j €mtj
[n

/Xj (t)log h(t +iX\)e™dt = — +0(n7?).

By shrinking the support of x;, we may assume that supp x; Nx; = 0 for £ # j. Then, since x; = 1
near t;, (1 —3_,x;(t)))logh(t +iX) € C>(S') and hence

/ (1 _ZXJ ) log h(t +iX\)e™dt = O(n™"°).

Thus in view of equation (5.7) we obtain

M

- 2
By (21, 22, M(71,22)) = /log h(t +iX)e™dt = T Z e™i + O(n?)
Proceeding by contradiction, assume that
(B.4) lim sup n| By (21, x2, A(z1,22))| = 0.
n—~+00
Then in particular,
M
lim kje ti = 0.
n—-+4o0o
j=1

But we note that

| N-1 M , M
- int — in(t;—
RIS 31 D o B o RS w1
n=0 j=1 j=1 j#L n=0
M _ iN(t—te) M )
:Z +1\}5an2ka it —te) ij>0
Jj=1 J#L Jj=1
Recalling that
1 Nl
lim sup — an, <limsupa
NﬁoopNT;) " nﬁoop "
we obtain
M
int;
nh_{glo 1 ke # 0.
j=

which contradicts (B.4).
If h(t+1iX) does not vanish anywhere, then h(t—i\) vanishes at some 0 <) <ty <--- <ty < 2w
and we may repeat the argument this time considering

B, (x1,x2, N(x1,22)) = /log h(t —iX)e™dt, n < 0.

and taking the limit as n — —oc.



[Akh16]

[BK87]
[BL15]

[BO99)

[GP17]
[GPPS14]
[GRF17]
[GT19]
[HLO1]
[Krel4]
[LPPS17]
[MMO00]
[PST]
[Sha71]
[SWZ16]
[Tay11]
[WZ15]
(Zel15)

[Zhul5]
[Zhul6]

DOMAINS WITHOUT DENSE STEKLOV NODAL SETS 21

REFERENCES

Eldar Akhmetgaliyev. Fast numerical methods for mized, singular Helmholtz boundary value problems and
Laplace eigenvalue problems-with applications to antenna design, sloshing, electromagnetic scattering and
spectral geometry. PhD thesis, California Institute of Technology, 2016.

Steven R. Bell and Steven G. Krantz. Smoothness to the boundary of conformal maps. Rocky Mountain
J. Math., 17(1):23-40, 1987.

Katarina Bellova and Fang-Hua Lin. Nodal sets of Steklov eigenfunctions. Calc. Var. Partial Differential
Equations, 54(2):2239-2268, 2015.

Carl M. Bender and Steven A. Orszag. Advanced mathematical methods for scientists and engineers. I.
Springer-Verlag, New York, 1999. Asymptotic methods and perturbation theory, Reprint of the 1978
original.

Alexandre Girouard and Iosif Polterovich. Spectral geometry of the Steklov problem (survey article). J.
Spectr. Theory, 7(2):321-359, 2017.

Alexandre Girouard, Leonid Parnovski, losif Polterovich, and David A. Sher. The Steklov spectrum of
surfaces: asymptotics and invariants. Math. Proc. Cambridge Philos. Soc., 157(3):379-389, 2014.

Bogdan Georgiev and Guillaume Roy-Fortin. Polynomial upper bound on interior Steklov nodal sets.
arXiv:1704.04484, 2017.

Jeffrey Galkowski and John A. Toth. Pointwise bounds for Steklov eigenfunctions. J. Geom. Anal.,
29(1):142-193, 2019.

Peter D. Hislop and Carl V. Lutzer. Spectral asymptotics of the Dirichlet-to-Neumann map on multiply
connected domains in R?. Inverse Problems, 17(6):1717-1741, 2001.

Rainer Kress. Linear integral equations, volume 82 of Applied Mathematical Sciences. Springer, 3 edition,
2014.

Michael Levitin, Leonid Parnovski, Iosif Polterovich, and David A Sher. Sloshing, steklov and corners:
Asymptotics of sloshing eigenvalues. arXiv preprint arXiv:1709.01891, 2017.

William McLean and William Charles Hector McLean. Strongly elliptic systems and boundary integral
equations. Cambridge university press, 2000.

Tosif Polterovich, David Sher, and John Toth. Nodal length of Steklov eigenfunctions on real-analytic
Riemannian surfaces. to appear in J. Reine Angew. Math.

S. E. Shamma. Asymptotic behavior of Stekloff eigenvalues and eigenfunctions. SIAM J. Appl. Math.,
20:482-490, 1971.

Christopher D. Sogge, Xing Wang, and Jiuyi Zhu. Lower bounds for interior nodal sets of Steklov eigen-
functions. Proc. Amer. Math. Soc., 144(11):4715-4722, 2016.

Michael E. Taylor. Partial differential equations II. Qualitative studies of linear equations, volume 116 of
Applied Mathematical Sciences. Springer, New York, second edition, 2011.

Xing Wang and Jiuyi Zhu. A lower bound for the nodal sets of Steklov eigenfunctions. Math. Res. Lett.,
22(4):1243-1253, 2015.

Steve Zelditch. Hausdorfl measure of nodal sets of analytic Steklov eigenfunctions. Math. Res. Lett.,
22(6):1821-1842, 2015.

Jiuyi Zhu. Geometry and interior nodal sets of Steklov eigenfunctions. arXiv:1510.07300, 2015.

Jiuyi Zhu. Interior nodal sets of Steklov eigenfunctions on surfaces. Anal. PDE, 9(4):859-880, 2016.

DEPARTMENT OF COMPUTING AND MATHEMATICAL SCIENCES, CALTECH, PASADENA, CA USA
Email address: obruno@caltech.edu

DEPARTMENT OF MATHEMATICS, NORTHEASTERN, BOSTON, MA USA
Email address: jeffrey.galkowski@northeastern.edu


http://arxiv.org/abs/1704.04484
http://arxiv.org/abs/1510.07300

	1. Introduction
	Outline of the paper

	2. Approximation by tunneling domains
	3. BBLCN domains and tunneling Steklov problems
	Proof of Theorem 3

	4. Analysis of Tunneling Steklov Problems
	5. Numerical Formulation
	5.1. Integral representation
	5.2. Fourier expansion and exponential decay
	5.3. Exponential decay and verification of Cauchy's theorem

	6. Numerical Results
	Appendix A. Function (x) For an ellipse of semiaxes a>b
	Appendix B. Proof of Lemma 5.2
	References

