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Abstract

A range of contemporary methods exist for the
efficient evaluation of highly oscillatory integrals.
These methods are very effective for model in-
tegrals, but may require expertise and manual
intervention for integrals with higher complex-
ity. The PathFinder project aims to develop
robust and fully automated numerical software
for such problems. In this paper we outline the
main algorithm, focusing on its approach for ef-
ficient handling of coalescing stationary points.
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1 Introduction

Here we consider the model integral:

Iωγ [f, g] =

∫
γ
f(z)eiωg(z)dz, (1)

where γ is a contour in C, f and g are non-
oscillatory analytic functions and ω > 0 is our
frequency parameter. Integrals of the form (1)
arise frequently in wave-based problems, how-
ever evaluation via a standard quadrature rou-
tine requires a computational cost which grows
like O(ω). In contrast, oscillatory quadrature
routines become more accurate as ω grows (for
fixed cost), when numerically stable. PathFinder
is an algorithm which in a stable manner con-
structs an oscillatory quadrature rule based on
numerical steepest descent (NSD), requiring as
inputs ω, g, g′, g′′ and endpoints of γ (available
at github.com/AndrewGibbs/PathFinder).

2 Numerical steepest descent

Steepest descent (SD) methods deform the path
of integration γ onto a region in C along which
the integrand of (1) is non-oscillatory and expo-
nentially decaying. It follows by Cauchy’s The-
orem that the value of the integral (1) remains
unchanged after this deformation.

The asymptotic behaviour of (1) for large
ω can be described by the set of critical points
Φ. For an infinite contour γ, this is simply

Φ = {z ∈ C : g′(z) = 0}, the set of station-
ary points. For polynomial g, PathFinder ob-
tains stationary points via a companion matrix.
Otherwise a global bisection method based on
the argument principle is used, requiring only
g′ and g′′. In the case where γ has one or two
finite endpoints, these are also included in Φ.

The SD paths from a critical point ξ ∈ Φ are
the solution(s) to

g(hξ,j(p)) = g(ξ) + iprξ , for p ∈ [0, Pξ,j ], (2)

for j ∈ Jξ := {1, . . . , rξ}; Pξ,j ∈ [0,∞) and rξ is
the smallest natural number such that g(rξ)(ξ) 6=
0 (see, e.g., [1, Prop. 5.6]). There are rξ solu-
tions to (2) at each ξ, hence rξ possible SD paths
(indexed by j). It follows from (2) that along
such a path z = hξ,j(p), the integrand of (1)
is exponentially decaying. If g−1 is unavailable,
we may consider the ODE

h′ξ,j(p) = iprξ/g′(hξ,j(p)), for p ∈ [0, Pξ,j ],
(3)

which follows by differentiating (2), and can be
solved numerically for hξ,j (see, e.g., [1, 5.3.1]).

We now transform the path of integration
into a series of SD paths from points in Φ, to
obtain Iωγ [f, g] =∑
ξ∈Φ,j∈Jξ

cξ,je
iωg(ξ)

ω1/rξ

∫ Pξ,j

0
f
(
hξ,j

( p
ω

))
h′ξ,j

( p
ω

)
e−p

rξ
dp,

+O(e−ωP
∗
), where P ∗ = max

ξ,j
P
rξ
ξ,j (4)

and cξ,j ∈ {−1, 0, 1} are chosen such that the
union of the SD paths in C is a deformation of
γ (with the endpoints unchanged). Algorithmi-
cally, PathFinder constructs a graph with nodes
at ξ ∈ Φ and at the valleys of g, and with edges
based on the SD paths. Deforming γ is equiva-
lent to solving this shortest path problem.

Each term in (4) can be integrated by Gaus-
sian quadrature with the appropriate exponen-
tial weight. An example is given in Fig. 1.

3 Instability for coalescing stationary points

We say a phase g has coalescing stationary points
if they are very close together; (equivalently) g
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Figure 1: SD paths in C for Iω[−1,1][f, z
3]. The

term c0,j corresponding to the dotted path is 0,
this path is not used when deforming [−1, 1].

is only a small perturbation from a phase with
fewer stationary points of higher order. An un-
welcome consequence of coalescence is that the
Jacobian h′ξ,j(p/ω) of (4) will be nearly singular
when p is small. This can lead to instabilities
in the numerical solution of the ODE (3) and
in the quadrature approximation of (4). To the
best knowledge of the authors, PathFinder con-
tains the first algorithm with a general and ro-
bust framework for coalescing stationary points.

4 A general and robust algorithm

Conveniently, in the region of C where coales-
cence occurs and h′ξ,j is nearly singular, ω|g′| is
very small and hence the integrand of (1) can
be treated locally as non-oscillatory. We exploit
this by partitioning C into two distinct regions
Ω±. Loosely speaking, in the region Ω+, the
quantity ω|g′| is bounded below, and NSD per-
forms well. Meanwhile in Ω−, we have that ω|g′|
is small, the integrand of (1) is non-oscillatory,
and standard quadrature performs well.

Formally, these regions are divided by a con-
tour, which (assuming g′ 6≡ 0) is derived from

Γ̃ξ = {z ∈ C : ω|g(z)− g(ξ)| = C},

for some constant C > 0 (we choose C = 1 in
§5) and a stationary point ξ. It follows by the
maximum modulus principle that each Γ̃ξ is a
finite union of closed contours. We choose Γξ to
be the unique closed contour of Γ̃ξ which con-
tains ξ and define Ω− as the open set enclosed
by the contours ∪ξΓξ, and Ω+ := C \ Ω−. If
required, in contrast to (2) and (3), PathFinder
traces SD paths from the edge of the contour
Γξ starting at Φ∗: the set of local minima of
Im{g|Γξ∩Ω+}. This notation-heavy explanation
is made clearer by the figure at the end of §5.

PathFinder’s approach avoids approximation
of the SD paths in regions which may be numer-

ically unstable. Fixing C and varying ω, the
number of quadrature points required to accu-
rately represent (1) is at worst O(1). Fixing
g, if rξ ≤ 2 for all ξ ∈ Φ, there exists some
ω+ > 0 such that for all ω ≥ ω+ PathFinder is
numerically robust using (3)–(4), recovering the
asymptotic order of NSD: O(ω

−2N+1
2 ) error for

N quadrature points per SD path [1, Thrm 5.7].

5 Numerical experiments

Our experiments focus on cases of coalescence,
which (as explained in §3) are unstable with a
naive implementation of (4). Below we give er-
rors for the approximation of Iω[−1,1][1, gε], where
gε(z) := z3/3 − ε2z (which has coalescing sta-
tionary points at ±ε), by 50 quadrature points:
PathFinder can handle any number of coalescing

ω \ ε 0.1 0.01 0.0001 0
1,000 3.4e-06 2.7e-07 2.9e-07 2.9e-07
10,000 1.1e-07 1.6e-07 1.3e-07 1.3e-07
100,000 1.4e-08 2.1e-08 9.3e-09 9.3e-09

stationary points, as is demonstrated in the fig-
ure below - which shows the topology for a phase
with g′(z) = (z+ε)(z−ε/2)(z+iε/2)(z−εi), for
ε = 2/5, with an infinite contour γ connecting
e9πi/10 to e21πi/10. The stars mark the stationary
points, the dashed lines are the SD paths, the
closed contours are Γξ and the crosses represent
the quadrature nodes.
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