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Stable implementation of embedding formulae for computation of far field patterns
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Abstract

For problems of time harmonic scattering by
polygonal obstacles, embedding formulae pro-
vide a useful and frequency-independent means
of computing the far field pattern for a large
class of incident fields, given the far field pat-
tern of a small set of canonical problems. The
number of such problems depends only on the
geometry of the scatterer. Whilst the formu-
lae themselves are in principle exact, any im-
plementation will inherit numerical error from
the method used to solve the canonical prob-
lems, leading to relatively large error at certain
points. Here we identify the cause of this prob-
lem, and present an alternative approach which
overcomes this problem.
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1 Problem statement

We consider the two-dimensional acoustic scat-
tering problem, for a time harmonic plane wave

uiα(x) := e−ik(x1 cosα+x2 sinα), x:= (x1, x2) ∈ R
2

with incident angle α ∈ [0, 2π) and wavenum-
ber k > 0, by an N -sided sound-soft polygon
Ω− with boundary Γ. It follows that the total
solution uα = uiα + usα, where usα denotes the
scattered field, satisfies the Helmholtz equation
with Dirichlet boundary conditions

(∆+k2)uα = 0 in R
2 \Ω− anduα = 0 on Γ,

whilst us must satisfy the Sommerfeld radiation
condition (see, e.g. [2, (1.3)]). An object of in-
terest in practical applications is the far-field
pattern, which describes the distribution of en-
ergy of the scattered field, measured far away
from the scatterer. Formally it is defined by

usα(x) ∼ D(θ, α)
ei(k|x|+π/4)

√

2πk|x|
, as |x| � ∞,

where D(θ, α) is the far-field coefficient at ob-
servation angle θ, (proportional to [2, (3.63)]).

2 Embedding formulae

Suppose we want to compute the far field coeffi-
cient D(θ, α) for a large range of incident angles
α ∈ [0, 2π). Given the solution for a relatively
small number of canonical problems, the em-
bedding formulae of [1, (3.4)] can do this for
any polygon for which each of the N internal
angles are a rational multiple of π. In the (sim-
pler) case where all N internal angles are equal,
we choose parameters p and q to be the small-
est integers such that q/p = (N + 2)/N , then
solve the problem of §1 and compute D(θ, αm)
for canonical incident angles α1, . . . , αM , where
M = N(q − 1) depends only on the geometry.
For a square it follows that M = 8, and for a
equilateral triangle M = 12. For general ratio-
nal polygons, p, q and M follow from [1, §3.2].
It follows from [1, (3.4)] that

D(θ, α) =

∑M
m=1Bm(α)Λ(θ, αm)D(θ, αm)

Λ(θ, α)
,

(1)
for (θ, α) ∈ [0, π)2, where Λ(θ, α) = cos(pθ) −
(−1)p cos(pα) and [Bm]Mm=1 ∈ C

M solves the
system of equations

M
∑

m=1

Bm(α)D̂(αn, αm) = (−1)p+1D̂(α, αn),

(2)
for n = 1, . . . ,M , with D̂(θ, α) := Λ(θ, α)D(θ, α).
As explained in [1], for (θ, α) ∈ [0, 2π)2 such
that Λ(θ, α) 6= 0, the representation (1) can be
evaluated explicitly to obtain D(θ, α). One ap-
plication of L’Hôpital’s rule is required for θ in
Θα := {θ ∈ [0, 2π) : Λ(θ, α) = 0}, with two
applications of L’Hôpital’s rule for θ in

Θ∗ :=

{

θ ∈ Θα :
∂Λ

∂θ
(θ, α) = 0

}

.

3 Numerical implementation

In theory, the formula (1) provides a fast method
to compute the far field pattern of an incident
wave of any angle, given the solution of a small
number (dependent only on the geometry) of
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canonical problems. We now demonstrate how
a naive implementation of (1) can lead to un-
bounded error at certain points. We denote by
PD(·, αm) a numerical approximation toD(·, αm)
for m = 1, . . . ,M , whilst [bm]Mm=1 ≈ [Bm]Mm=1

solves the system (2) with D replaced by PD.
Given the unavoidable error in the numerical
approximation of a polygonal scattering prob-
lem, the absolute error at a given point (θ, α) ∈
[0, 2π)2 is

∣

∣

∣

∑M
m=1

[

Bm(α)D̂(θ, αm)− bm(α)PD̂(θ, αm)
]∣

∣

∣

|Λ(θ, α)| .

This representation shows that even for small
numerical error, naive implementation of the
embedding formula leads to large relative and
absolute error at points θ ≈ θ0 ∈ Θα. This is
demonstrated by Figure 1, which shows the rel-
ative error in the embedding formulae for the
problem of scattering by a square of side length√
2, wavenumber k = 1 and incident angle α =

1 measured relative to one side of the square,
using MPSpack (see [3]) as the numerical sovler
P, for a range of degrees of freedom. This nu-
merical instability can be overcome by Taylor
expanding around the θ0 ∈ Θα to which θ is
closest. Truncating after nT terms, our approx-
imation reduces to D(θ, α) ≈

θ − θ0
Λ(θ, α)

M
∑

m=1

bm(α)

nT
∑

n=1

(θ − θ0)
n−1

n!

∂n

∂θn
PD̂(θ, αm),

for which the error is provably bounded, pro-
vided θ is not close to θ∗ ∈ Θ∗. By combin-
ing this with a similar approach for the case
where θ is close to θ∗ ∈ Θ∗, one can construct
an implementation of the embedding formulae
for which the absolute error is bounded on all
(θ, α) ∈ [0, 2π)2. This is demonstrated by Fig-
ure 2, which is a correction of Figure 1, solving
the same problem.
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Figure 1: Relative error for naive approach.
Here EPD denotes the naive approximation..
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Figure 2: Relative error for the combined ap-
proach described in §3, we denote the resulting
approximation by E⊛

PD.
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