
IABEM 2018, Paris

A new toolbox for highly oscillatory and singular integrals
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When modelling problems of high frequency wave scattering, a common approach is to reformulate
as a boundary integral equation and approximate using a BEM with a basis enriched with oscillatory
functions. For example, in the Hybrid Numerical Asymptotic BEM of [1], it is shown that the size
of such an approximation space does not need to grow with frequency to maintain a given accuracy.
However, a consequence of such an approach is that the discrete system will contain many integrals
of the form ∫

Ω
f(x)eiωg(x) ds(x), Ω ⊂ RN , (1)

for N ∈ {1, 2, 3, 4}, where ω � 0 is proportional to the frequency of the scattered wave, f may be
weakly singular, the support Ω is over many wavelengths and the phase g may contain stationary
points inside of Ω. If a standard quadrature routine (e.g. Gaussian / Clenshaw-Curtis) is used to
evaluate (1), the number of weights and nodes required must grow like O(ωN ) to remain accurate.
Therefore beyond a certain frequency, if a standard numerical integration routine is used, this routine
is the most expensive part of the scattering model.

We present a MATLAB toolbox for evaluating integrals of the form (1) with a computational cost
that does not increase with ω, hence a wave scattering sovler which combines an oscillatory basis (as
in [1]) with this toolbox may have an overall cost which is independent of frequency. The algorithm
uses Generalised Gaussian quadrature (see e.g. [3]) to handle singularities of f , alongside numerical
steepest descent (see e.g. [2, Chapter 2]) to resolve the oscillations. Classically, computation of the
steepest descent path requires knowledge of stationary points of g, alongside g′, g−1 and (g−1)′ (which
may be multi-valued). In contrast, our toolbox requires the user to provide only g and its derivatives,
for coordinates in some complex neighbourhood of Ω. In the first step of the algorithm, the argument
principle is used to automatically determine the stationary points. The problem of computing the
components of the connecting path is decomposed into a series of initial value problems, where the
solution of each problem is a truncated steepest descent path, starting at a, b or a stationary point.
This removes the need for explicit representation of g−1 and (g−1)′. Finally, the problem of choosing
the optimal steepest descent path is solved as a shortest path problem, by considering each truncated
steepest descent path as a node on a graph.

Recent theoretical developments will also be presented, in particular error estimates which are
explicit in the number of quadrature points and in ω. Through a handful of examples, we will explore
the type of integrals currently solvable using the toolbox, alongside (if there’s time) an example using
the package to solve high frequency scattering problems.
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