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1 Definitions

The Levi-Civita symbol ¢, is a tensor of rank three and is defined by

0, 1if any two labels are the same
€ijk = 1, if«, 7, k is an even permutation of 1,2,3 (1)
—1, if, 7, kis an odd permutation of 1,2,3

The Levi-Civita symbol ¢, is anti-symmetric on each pair of indexes.
The determinant of a matrix A with elements a;; can be written in term of ¢;;;, as

ai; iz Qi3 3 3 3
det | a1 ag a3 | = E E E €ijkA1:A25A3% = €jkA1;A2;A3 (2)
as] a3z as3 i=1 j=1 k=1

Note the compact notation where the summation over the spatial directions is dropped. It is this
one that is in use.

Note that the Levi-Civita symbol can therefore be expressed as the determinant, or mixed
triple product, of any of the unit vectors (€, €2, é3) of a normalised and direct orthogonal frame
of reference.

€ijk = det(éi, éj, ék) =é;- (é] Xék> 3)

Now we can define by analogy to the definition of the determinant an additional type of
product, the vector product or simply cross product

é1 €y é3
axXb=det| a1 as as | = Eijkéiajbk: 4
by by b3
or for each coordinate
(G,X b)z = eijkajbk (5)



2 Properties

* The Levi-Civita tensor €;;;, has 3 x 3 x 3 = 27 components.
* 3 X (64 1) = 21 components are equal to 0.
* 3 components are equal to 1.

* 3 components are equal to —1.

3 Identities

The product of two Levi-Civita symbols can be expressed as a function of the Kronecker’s sym-
bol 9;;
€ijk€imn = T0i0imOkn + 0im0nki + 0in0;10km
—0im0j10kn — 0i10jn0km — 0in0jmOki (6)
Setting ¢ = [ gives
€ijk€imn = OjmOkn — 0jnOkm (7)

proof

€ijk€imn = 0ii(0jmOkn — 0jn0km) + Oim0inOki + 0indji0km — Oim0ji0kn — OinljmOki
= 3(5jm5kn - 5]n5km) + 5km5]n + 5]n5km - 5Jm5kn - 5kn5jm
= 5jm5kn - 5jn5km

Setting ¢ = [ and 7 = m gives

€ijk€ijn = 20k, (8)
Setting 2 = [, j = m and k = n gives
€ijk€ijk = 6 (9)
Therefore
ax(bxec)=bla-c)—c(a-b) (10)
proof

d = ax(bxc)
A, = €mnin(€nbicy)
= Cimn€ijkOnbjcy
= (OmjOnk — OmkOnj)anb;cy

= bparcy — cpna;b;

b(a-c)l,, —[c(a-b)],
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In the same way

[VX(VXa)], = €;i0j€kmnOnan
= €4ij€kmn0iOman
= 9;0:a; — 0,0;a;
= 0,0ja; — 0;0;a;
= [V(V-a)-V’a]

%

4 Properties

The cross product is a special vector. If we transform both vectors by a reflection transformation,

for example a central symmetry by the origin, i.e. v — v’ = —w, the cross product vector is
conserved.
proof
a2b3 — (l3b2
p = axb=| azb; —abs
a1b2 — Clgbl
p = axb
(—a2)(—bs) — (—as)(—b2)
= | (=as)(=b1) — (—a1)(—bs)
(—a1)(=b2) — (—az)(—b1)
= P

The cross product does not have the same properties as an ordinary vector. Ordinary vectors
are called polar vectors while cross product vector are called axial (pseudo) vectors. In one way
the cross product is an artificial vector.

Actually, there does not exist a cross product vector in space with more than 3 dimensions.
The fact that the cross product of 3 dimensions vector gives an object which also has 3 dimensions
is just pure coincidence.

The cross product in 3 dimensions is actually a tensor of rank 2 with 3 independent coordi-
nates.



proof

(G’Xb)z’j = CLibj — Cljbi = Cjj
0 albg — (lgbl a1b3 — a3b1

= G,le - a1b2 0 a2b3 — CLng

&3b1 — a1b3 G,3b2 — a2b3 0

0 —(a261 - albg) a1b3 — a3b1

= agbl — &1b2 0 —(G,gbg — a2b3)

—<G1b3 — agbl> &3[)2 — Clgbg 0

0 —C3 Co

= C3 0 —C1

—Co C1 0

The correct or consistent approach of calculating the cross product vector from the tensor
(axb);; is the so called index contraction

1 1
(axb); = 5 (ajbx — arbj)eiji = 5 (@Xb) € (1)

proof

1
(G,Xb)i = §Cjk€ijk =
1 1
= §ajbkeijk — ijakeijk

1 1
) (axb); — 2 (bxa);

= (axb),

In 4 dimensions, the cross product tensor is thus written

0 —ca —c31 —cp
C21 0 —C32 —C42
@iij = (aibj — ajbi) = (12)
€31 C32 0 —cu3
i1 Ca2 Ca3 0

This tensor has 6 independent components. There should be 4 components for a 4 dimensions
vector, therefore it cannot be represented as a vector.

More generally, if n is the dimension of the vector, the cross product tensor a; X b; is a tensor
of rank 2 with $n(n — 1) independent components.

The cross product is connected to rotations and has a structure which also looks like rotations,
called a simplectic structure.
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