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Two nucleation theorems are proved using small system thermodynamics. The first is well known
and has been used before to determine the number of molecules in the critical nucleus controlling
the nucleation of droplets from supersaturated vapours. The second appears to be new, and relates
the temperature dependence of the nucleation rate to the excess internal energy of the critical cluster.
An analysis of measured homogeneous nucleation rates can therefore provide the size, internal
energy, free energy, and entropy of the critical cluster, which should provide important guidance for
the construction of theoretical models of the process. This is illustrated using wdttetanol and
n-nonane nucleation data. While there is often a close correspondence between the droplet free
energy and the form suggested by classical theory, the excess internal energy seems to show a linear
dependence on molecular number, rather than the classical 2/3 power behaviod©96©
American Institute of Physic§S0021-960606)50642-2

I. INTRODUCTION mental data. It would be an important goal to understand
why the classical treatment of tiny droplets is as successful
The nucleation of a phase change often involves the forgs it is, and also where and why it fails.
mation of a critical molecular cluster. This is an agglomerate  However, in order to investigate the failings of classical
of the new phase which is in equilibrium with the original theqry it is necessary to question the underlying approach,
phase under the prevailing conditions: it is just as likely tonamely the application of continuum thermodynamics to

grow as it is to decay back into the old phase. Although thesmaII clusters of molecules. In fact, this problem was ad-

homogeneous nucleation of liquid droplets from supersatu(—jresseol more than thirty years ago by HIE2 His insight

rated vapours is the focus of attention in this paper, there are )
many systems where similar phenomena occur, such Jas that even though the methods of continuum thermody-

freezing in undercooled liquids, and phase transformaltiong"’u_“'CS cannpt be used to analyse a small cluster, they are
and growth processes in solid state matefials. valid for treating a large ensemble of such systems. The ther-

The study of phase equilibria involving spatial scalesModynamic relations whic_h emerge are in terms of averages
which are large compared to molecular sizes has long been® System thermodynamic quantities over the ensemble.
principal application of the methods of continuum thermody-These relations can differ from those expected for large sys-
namics. However, since critical clusters can often contairiems, although in the continuum limit they coincide. Further-
only a few tens of molecules, the use of continuum thermosmore, the questionable introduction of a well-defined cluster
dynamics to describe such systems is of doubtful validity. Asurface area can be avoided.
continuum approach also requires a cluster surface area to be The method of small system thermodynamics deserves
defined, which is uncertain for such small structures. An apto be reviewed solely for the ease with which an expression
proach often used instead is to apply the methods of statistior the work of formation of a critical cluster can be derived.
cal mechanics, since the molecular nature of the system cafhjs is done in Section Il. However, it also allows a general
then be taken mtp_ account. in constructing the relevant €M3nalysis of the thermodynamics of droplets to proceed. The
semtl)lles and p()jartmon fun_ct|c|:ns. H?]wgver, th?se_ approachg,cieation theoren® according to which the supersatura-
usuatly 2|3ntro uce particular —choices of interaction dependence of measured nucleation rates is related to
potential;” or require definitions of what precisely consti- . "

6 : : . the number of molecules in the critical cluster, can be proved
tutes a clustet=® The generality of thermodynamic predic- _ . . .
: o quite easily. Furthermore, an analogous relation between the
tions can be missing. X
temperature dependence of the nucleation rate and the cluster

Classical nucleation theory builds on the continuum; ) ) ) . .
thermodynamics treatment of droplets by imposing the Cap|_nternal energy can be derived. This result is described in

illarity approximation, according to which small droplets are S€ction Il and is then applied in Section IV using experi-
considered to have the same properties as bulk condensBiental data for the homogeneous nucleation of droplets of
phases, with bulk surface properties. This additional conwater, n-butanol andn-nonane from their vapours. Conclu-
tinuum assumption has also been viewed with suspicion, angions from this work are given in Section V. Finally, to dem-
other models have been proposed which introduce more mpnstrate that the nucleation theorems are not restricted to the
croscopic feature§:X° However, classical nucleation theory small system treatment, the basic results are also proved us-
compares well with these others in accounting for experiing continuum methods in the Appendix.
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Il. SMALL SYSTEM THERMODYNAMICS and similar expressions fdlg and Sg, with the suffix s

. , ) denoting surface terms. We can then write a relation similar
Statistical mechanical models of clusters typically pre-i, Equation(2) for the surface properties:
dict droplet free energies with various terms proportional to

powers and logarithms of the number of molecules in the E. =TS+ oA+ uNg, (4
cluster®’ For bulk materials the linear terms dominate, but

for small clusters the non-linear terms are also importantwhich can be considered to be a definition of the surface
However, the thermodynamics of clusters has often been déensione. It is a function of the dividing surface condition in
veloped according to the Gibbs treatment, which assumestich a way as to make etc. independent of this unphysical
that the condensate and vapour can be modelled as thougiement of the model.

they were homogeneous bulk phases with extensive internal The work required to form the cluster from a uniform
energies and entropies, proportional to the numbers of moMapour phase is given by the change in internal energy of the
ecules in each. An additional surface phase is introducegystem in going from a vapour systeat differentT, p, and
with an excess free energy which carries the non-lineaxt in general to the critical droplet plus vapour state just
terms. This is defined on an arbitrary dividing surface sepaconsidered, with the total number of molecules, volume and
rating the condensed and vapour phases. The well-know@ntropy all constant? Equivalently, this can be written as
Tolman prediction of the size dependence of the surface terihe change in grand potential in going from a bulk vapour
sion emerges from this formalist!® However, the Gibbs state to the droplet plus vapour state at constan¥ and
treatment is likely to be a poor approximation to real clustersu:*

when the number of molecules is small. The thermodynam-

ics of small systems was developed by Hifi? in order to AQ=0-0=E-TS-uN+p,V, ®)

describe systems for which the free energy, entropy and ir\ivherer: —p,V is the grand potential for the system con-

ternal energy are not extensive quantities. Model continuungaining a uniform vapour phase. Summing Equatie®sand
phases and a surface phase do not appear in this treatmerth)' using Equatior(3) and its analogues, and using the sym-

Itis useful to compare the two approaches briefly. In theboI € to denote the droplet work of formation, we obtain
Gibbs treatment we consider a spherical condensed phase

droplet held within a h_omogeneou§ vapour phase, with total  e=AQ=0A—(p,—p,)V;=0A—NAp, (6)
system volumeV, and in contact with particle and heat res-
ervoirs. We shall use the terms droplet and cluster interwhereAu=u— u. and the last result has been obtained us-
changeably. The temperatufeand chemical potentiak are  ing the Gibbs—Duhem relation for the condensed phase, as-
constant throughout. The internal energy, number of molsuming it to be incompressiblg.,(T) is the chemical poten-
ecules and entropi, N andS characterising the whole sys- tial for equilibrium at temperatur& between bulk condensed
tem are divided into contributions associated with the conand vapour phases. The critical cluster is the size which is in
densate and vapour separatétpnsidered to be occupying unstable thermal equilibrium, which means that the work of
volumesV, and V, respectively withv=V,+V,), and a formation is at a maximum with respect i andN;.
third phase defined on a notional dividing surface of akea In Hill's treatment, a similar system containing a cluster
separating the two. A condition for the position of the divid- of the new phase surrounded by vapour is considered, with
ing surface must also be chosen. For a change in phase etetal volumeV and environmental variablés and . How-
tropy, volume and molecular content, the first law of thermo-ever, the internal energy and entropy are not separated into
dynamics gives the associated changes in internal energy ebntributions from each phase. The crucial step taken is to
the liquid and vapour phases: consider an ensemble o2 such systems with a total inter-
nal energy, entropy and number of molecules labelled by a
dB=TdS—pdVi+udN, suffix t. sihange%{ system conditions, which includes var))//—
dE,=TdS,—p,dV,+ udN,, @ ing the number# of what now may be denoted subsystems

' - in the ensemble, gives a first law in the form
where the suffices denote liquid and vapour, angdenotes d

the pressures within the condensate and vapour phases. The dg,=TdS—p,.ZdV+ udN,+Xd. 7, (7)
important continuum assumption is then made that the inter-

nal energy, entropy and volume of each phase are propowherep, is the pressure exerted at the outer surface of the
tional to the numbers of molecules in each. This is the asvolume V, and X:(aEt/a'//Z)St,V,N[ is a new generalised
sumption which fails for small systems. Then the equationgressure associated with the variabtg. It is the subsystem

integrate according to Euler’'s theorem to work of formation since it is the change in internal energy
CTo_ required to create an additional subsystem of voluhat
E=TS—pV,+uN
! i b (2)  constant total entrop$, and number of moleculay,. For a
E,=TS,—p,V,+tuN,. large ensembleE, and S; are proportional to.7, X is a
The thermodynamic properties of the surface are then aé:_o?sta_nt, and so Equatid¥) integrates at constakt, T and
signed using p to give
E~E-E,~E, (3) X=E-TS-uN, ®
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whereE=E,/ .7, S=S;/.# andN=N,/ 7. X is therefore  about the mean valu@é, andE_ . This reflects the stochastic
also the grand potential for a single subsystem, written imature of properties of clusters of such small size. For larger
terms ofE andN which are theensemble averagedilues of  systems and clusters the variations become negligible, and
the internal energy and molecular number in each dropletve pass into continuum thermodynamics. Nevertheless, the
plus vapour subsystem. They are the analogues of the quaprocedure clearly indicates that small clusters will exhibit a
tites E and N in the Gibbs treatment. The entropy is not variation in properties. Fortunately, it is the mean properties
given an overbar sinc&, is a property of the entire en- which determine the work of formation, the fluctuation prob-
semble: each subsystem has the same entBopyEquation  ability and hence the cluster populations in equilibrium,
(8) is valid for all states of the subsystem, not just equilib-which in turn control the rate of nucleation.
rium states.

We are interested in the work of formation of the cluster
alone, and not a subsystem which also contains surrounding. TWO NUCLEATION THEOREMS
vapour. This can be found by considering a state of the sub-
system which contains just vapour at the sama/ and u From the theory of small system thermodynamics, we
and with a grand potential denotét},. To be specific, we have seen that the work of formation of a droplet in contact
could take the subsystem volume to be small enough so thaith heat and particle reservoirs at temperafli@nd chemi-
to a good approximation the vapour consists entirely of uncal potentialu is
clustered molecules, although this restriction is not neces- —E ~TS— MNca (10)
sary. Recall thaX describes the same subsystem when an
additional cluster is included, and so the droplet work ofwhere EC, S. and N are the internal energy, entropy and
formation € is given as before by a difference in grand po- number of molecules characterising the droplet. The critical

tentials: cluster is identified by de/dN¢)t ,=0. Hill's formalism
o o also yields the first law of thermodynamics for the droplet
e=X—Xp=E—E;—T(S—S5) — u(N—Np) variables by the substitution of Equatid8) into Equation
_ — ():
=E.~TS—uNc, 9 — —
dE.=TdS+ udN,, (12)

whereE,, S, andN, correspond to the pure vapour system,yhich leads to the fundamental relation
and E., S; and N, are now the thermodynamic variables —
associated with the cluster. They are the mean thermody- de=—SdT—Ncdu. (12)

namic properties of the clustéacross the ensembleninus The work of formation of the critical cluster is central to
those of the vapour displaced in forming it. However, themost theories of nucleation. We shall therefore focus on the
latter are small and can usually be neglected. The criticahroperties of this cluster, and denote associated properties
cluster is identified by requiring to be at a maximum with  with an asterisk. We make the usual assumption that the rate
respect toN, i.e. (de/dN¢) ,=0. of nucleationJ is proportional to the population of critical
We shall see later on how Equati¢®) can be made to clusters, and is given by

correspond more closely to Equatig®) without assuming

incompressibility of the condensed phase. It is the starting J=Jo exp(— €*/kT), (13
point of a procedure by which two important theorems canwherek is Boltzmann’s constant and}, is a kinetic prefac-

be derived, which is pursued in the next section. tor. We can write for the general case
First, it is worth reflecting briefly on some important d

conceptual points. A bulk vapour phase contains populations d(i _ 2 _ezd-r

of molecular clusters with a range of sizes. The state of ther- KT) kT kT

mal equilibrium of such a system in contact with particle and N (E_— N
) . L . - c c— mN¢)

heat reservoirs has a cluster size distribution which mini- =— —du— ————dT, (14
mises the system grand potential. In statistical mechanics, kT kT
this corresponds to choosing a cluster size distribution whiclusing Equationg10) and (12). The chemical potentigh is
maximises the system partition functibhin the present pro- related to the properties of the vapour by
cedure we calculate the change in grand potertiaf two
systems which differ through the presence dfirgle addi- K= petkTINS,, (15
tional cluster. The formation of the cluster is considered towith u.(T) the chemical potential of the vapour when in
occur with a probability proportional to exp/kT). The two  equilibrium with bulk condensate at temperatdreand S,
pictures are equivalent, and we can take the cluster populdhe vapour supersaturation defined®y=p, /p,(T) where
tions in the bulk vapour phase in equilibrium to be propor-p, is the vapour pressure amg,. the vapour pressure at
tional to the probabilities of the associated fluctuations inequilibrium with a plane surface of its condensate at tem-
grand potential. peratureT. A suffix v is attached to the usual symbol for

It is also worth reflecting on the ensemble of small sub-supersaturation to avoid any confusion with the droplet en-
systems. The clusters in the ensemble vary in size and enerdropy.
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It is more convenient to use 1§ instead ofw as the whereB=1/kT.
environmental variable, so with It is also possible to simplify Equatiofi0) using some
, of the results so far obtained. Defining the excess entropy of
dp=(pe(T)+kIn S,)dT+kTd(n S, ), (16) the cluster byS,=S.—s/N., and using Equatiofl5) (once
where the prime denotes a derivative with respecttave  again neglecting terms of ordef/v,), we can write
obtain o o
e=E,~TS—NKkTInS,=F,—NkTInS,, (23)

€\ — 1 — —
d( - —) =N.d(In S))+ —= (Ec—(e— Tu)N)T.
kT ¢ kTeH e ¢ ee which now defines the cluster excess Helmholtz free energy
17 F.. This is the result which corresponds most closely to the

Applying this relation to the critical cluster, and using Equa-usual Gibbs treatment result, given in Equatié and in-
tion (13), this relation immediately yields the nucleation deed the two are identical, if the Gibbs equimolecular divid-

theorem*>14 ing surface is chosen such thdt=N, and F, is identified
with oA. The excess quantities are precisely those which are
(M) —N* (18  associated with the surface of the droplet in the Gibbs treat-
ans,) |/, ¢ ment of droplet thermodynamics. In Hill's treatment, they

. . arise more naturally without the introduction of a surface
which, once an expression fdg has been chosen, allows the . ; :
: o .~ phase, without modelling the condensate and vapour using
number of molecules in the critical cluster to be obtained : . .
bulk thermodynamic phases, and without the assumption that

from the supersaturation dependence of measured nucleatign o .
rates] e condensate is incompressible.

Furthermore, Equatiofl7) yields a second nucleation Apart from the assumption of Equati¢h3) as the form

. taken for the nucleation rate, the results obtained so far are

theorem which concerns the temperature dependendeadf ) :
. L : . model independent. In order to make use of experimental
constant supersaturation. This is the main result of this paper — —

e ” o
and is believed to be new. In order to obtain this result in thedata forJ to determineN; andEc for the Cr't,'cal cluster, a
most useful form, we need to simplify Equatiéti) further model for the temperature and supersaturation dependence of

Since u, characterises a bulk vapour phase, we can use t \@ has to be introduced: Sinqé/kT dgminates ther and
continuum Gibbs—Duhem relatios,dT—v,dp,+du=0, n S, dependence al defined in Equatior{13), the expres-

wheres, andv, are the molecular entropy and volume in the sion chosen :N'" nhot ha;/e a Tajor :nflueml:le :)ntour cI(:)ncItuh-
vapour phase. This leads to sions, except perhaps for extremely small clusters. For the

nucleation of single component condensed phases from the
L, _v,(h,—hy) 1g Vapour phase, we take the classical kinetic prefactor for a
Me=UVoPye™Su= T(v,—v)) ~Sus (19) spherical droplet;? corrected by a factor of §/, for consis-

. . ) tency with the law of mass actiofi:
after using the Clausius—Clapeyron equatibp.andh, are

the molecular enthalpies of bulk vapour and liquid at the 12 02
. 20 Svpvevl
temperaturd and pressur@, , andv, is the molecular vol- Jo=| — , (24)
o : o=l m/)  (kT)2
ume of bulk liquid. Noting thaju.=h,—Ts,, these results
lead to

whereg is the bulk liquid surface tension amdthe molecu-
te—Ture=h+0(v,/v,)~e€, (20 lar mass. The derivative of I with respect to Ir§, is unity,

. . . - and theT derivative is well approximated b
whereg, is the molecular internal energy in the bulk liquid at PP y

equilibrium with saturated vapour at temperature and
terms of ordew, /v, have been dropped. Hence we obtain a
second nucleation theorem:

(‘9“”(‘]/‘]0))) _i ANk X whereL=h,—h; is the latent heat of evaporation.

- Z(Ec eINc)_ 2 (21) v . .
aT ns KT KT These results can be used with the nucleation theorems

’ to obtain an expression for the temperature dependence of

whereE} is the excess internal energy of the critical cluster:the critical supersaturatiof®™ (the supersaturation required
the amount by which its internal energy differs from the to produce nucleation at a particular raté/e have
internal energy oN} molecules of a bulk condensed phase.
Once a form forJy has been chosen, this relation allows the _ 1 (Eg —e,N_g)
internal energy of the critical cluster to be determined from  d(In J)=(N} +1)d(In S,) + o e —
the temperature dependence of the nucleation rate. An
equivalent, but more compact expression of this theorem is

(auae*)) e
In'S,

T Tk (25

a(ln(JO))) ~2(|_ )
In'S, ,

*
X

+2

w1
k—_l_—l dT. (26)

(22)

d X . )
P Settingd(In J) equal to zero we find that
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6710 200 : :
] X n-nonane, J=10"cm"s” R - E 0 F .
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temperature T /K number of molecules in critical cluster N,
FIG. 1. Experimental critical supersaturations for nucleation of wéef- G- 2. Various thermodynamic properties of critical clusters of water de-
erence 19 n-butanol(Reference 20and n-nonane(References 2123t rived from nucleation rate measureme(feference 1Pagainst size of the
the prescribed rates, as a function of temperature. critical clusterN? . E} is the excess internal enerdy; is the excess Helm-

holtz free energy an& the excess entropy.

diin ™ (Ef+2(L—KT)) . ' .
T a7 T . (27)  course, if the pressure effect is real, then the nucleation theo-
(Ne+1) rems would provide us with some information about the
If measurements of the supersaturation dependence of ttiessure dependence of the cluster thermodynamic quanti-
nucleation rate at constant temperature are available, this rées. _
sult offers the most practical method for extracting informa- ~ The number of molecules in the critical clustsf at
tion on the cluster internal energy from experimental data. leach temperature is found using Equati®8). Equation(27)
is used in the next section to study homogeneous nucleatids then used to extract the excess internal energy for the

data for watern-butanol andh-nonane. critical clusterE} using values of the latent heat found
from the Clausius—Clapeyron equation and expressions for
IV. ANALYSIS OF EXPERIMENTAL DATA the equilibrium vapour pressure for each substance taken

from Reference 8. At the same time, the work of formation

A large body of homogeneous nucleation measurementss the critical clusteie* is obtained using Equatior13) with
has been accymulated recently, principally using expansiothe classical prefactal, given by Equatior(24), again using
chambers which can study steady state droplet nucleatiogreyiously compiled physical dafaThe excess free energy
under carefully controlled conditions. In several cases, datgs the critical dropletF} is then obtained from Equation

have been gathered for a range of vapour supersaturations@s), and the excess entroij (timesT) found by subtract-
a constant temperature in order to make use of the first nucle;ﬁg F* from EX . Each of these quantities is plotted in Fig-
ation theorertf* to determine the number of molecules in the ures X2_5 for >§Natern-butanol and the three data sets for

critical cluster. The second nucleation theorem can be usegl,onane respectively, in convenient units kT, with
to analyse of the temperature dependence of the critical sq—0:_273'15 K, against the measured size of the critical clus-

persgt_ttj_ratllon througt]h thua“‘ﬁm)- have b otted in Figt€ N Each thermodynamic quantity is a functionand
rical supersaturation curves nave been plotted In Figy, S,, and so isNg . Uncertainty in these plots arises from

~ 0 _ 1-23
ure 1 from data for watef’, n-butanof® and n-nonané, statistical errors in the data, in addition to errors in measur-

and for different choices of the constant nucleation rate; » - .
ing the slopes of the critical supersaturation curves. It is es-
J=10" cm 3s™! for water and n-butanol; andJ=10" 9 P P

o . - s timated that these sources introduce an uncertainty of about
cm 3512 J=10f cm 3s %?2andJ=10"! cm 3s ! Zfor . * y o
; 5% in the values oE} /kT, and the same order of magnitude
n-nonane.(The wholen-nonane data set is actually taken —

from Figure 5 in the paper by Huret al?®) The data are of for NG ’ F_or the tW_O oldest and smallest data Sefs, the
high quality, with one possible question mark. In the Hunguncertalnne_s are hlgher.

et al. data sef® which was taken using a diffusion chamber,  ~\ccording to classical theo_r23//3, the excess free eneray ofa
an unexplained dependence upon the total system pressif&!Ster atT and InS, is oA;N:™ where A; = (36mv) ™™
was noted. This has not been reproduced in other experf-Utting_  this  into  Equation (23) and  imposing
ments. Although there is therefore some suspicion attached’€/ Nc)t,ns =0 we obtain the classical critical size given
to this data set, we have nevertheless proceeded to analyséit Ng =(20A,/3kT In S)® with excess free energy
using the nucleation theorems. Conclusions based on thisy 4= ocA;(N% .)?2. This excess free energy is also plotted

data set alone should perhaps be accepted with caution. @f the figures, against values &f; corresponding to the
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FIG. 3. Various thermodynamic properties of critical clustersvdfutanol
derived from nucleation rate measuremefiReference 2Dagainst size of
the critical clustemN?

FIG. 5. As Figure 4, fon-nonane data taken from Reference 23.

NY® and constant terms which have sometimes been

suggested. These terms would also ensure that the critical
sameT and InS,. There are often large discrepancies be-size satisfying Qel IN.) 1 ;ns =0 differs from the classical
tween this quantity and the actual excess free enérfy resultN?* . ’
which lead to errors in the predictions of classical theory.  The construction of nucleation models, particularly us-
However, it is interesting to note that the quantity ing statistical mechanics, could be greatly aided by using
oA (N¥)?Ris often in better agreement wif . This com-  such thermodynamic information derived from experimental
parison is illustrated for all the data in Figure 6: the values ofdata. For example, the simple model suggested by Ford
aAl(N:)ZB shown previously as points are now shown aset al® makes use of a square well potential to describe the
slightly smoothed curves(The curves are jagged since confinement of non-interacting point-like molecules within a
oA, is a function of T which varies across the range of cluster volume of a prescribed size. The depth of the well
NZ%.) This shows that the classical excess free energy for the is designed to reproduce the classical excess free energy,
true number of molecules in the clusteather than the clas- and_in the simplest model considered it is equal to
sical cluster sizeprovides a good first order approximation 0'A1N§/3—3NCKT/2. The excess cluster internal energy is
to F,. Differences betweef, and ¢A;N2° correspond to then found from the partition function of the model, which is

corrections to the classical free energy such as thé¥,Jn proportional to kT)3N¢? exp—U/KT. By the usual proce-
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] n-nonane * F., T —-— Classical theory (n-nonane)
-1 OO | T T | T | T T I T T T T O 1 T | L | L I L I L | L I L I L
5 10 15 20 o5 10 20 30 40 50 60 70 80

number of molecules in critical cluster N,
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FIG. 4. Various thermodynamic properties of critical clustersrafonane
derived from nucleation rate measureme(ieferences 21 and p2against
size of the critical clusteN? .

FIG. 6. The excess Helmholtz free energy for all the data sets against cluster
sizeN;. Ty is equal to 273.15 K. The curves correspond to the classical
expressionrA;NZ¥kT,.
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dure, the excess internal energy is then found to be

oANZ3(1— (T/o) (de/dT)) + 3NKT/2. This result, or oth- P07 st s
ers arising from similar statistical mechanics approaches, T © mrenone (hagner it 7
could be compared with experimental data Egr vs N* . A 400 T e o el
much earlier model due to Abrah&hconsiders molecules 3 lassioal theory (outanc) /'/ « %
interacting through two-body square well potentials which in 300 - sy N, e)/_/'/
combination produce an effective square well for the entire E E //' XZ
cluster, and leads to similar conclusions. o E P X
Another example is the model suggested in Reference 200 /./ a5 A
25. Motivated by the reasonable agreeméhbugh inad- g e AAA
equate in detailbetween the classical critical size and the 1003 /./ uj Eah o
values ofN deduced from EquatiofiL8) it was suggested E o uls
that the forme* =(1/2)N} kTIn S,—D(T) was a possible E
expression for the critical cluster work of formation, with (U B B B AL B L I AL I L I I
D a function of temperature only. Clearly the expression 0 10 20 30 40 50 60 70 80
must fail for large InS, since €* should go to zero in this number of molecules in cluster N,
limit, but it could be a reasonable ansatz for smallegland
larger critical sizes. Using Equatiq@1) we derive FIG. 7. The excess internal energies of watebutanol and-nonane clus-
ters against cluster siZ¢. . The curves correspond to classical predictions
Er 3 . Tdo d(D/(KT)) for each substance, according to Equati28).
ﬁZENC'C(l_Eﬁ)'” L
AL T do d(D/(KT)) numper. The excess internal energies per molecule according
ZW(NC,CD 1I-2 37 —aTr (28)  to this description for waterp-butanol andn-nonane are

about 0.096, 0.12 and 0.132 eV, respectively.
This result is similar to that obtained from the square well

cluster model examined in the previous paragrapliT) vy CONCLUSIONS
could be fitted to nucleation rates and so a test of the model

against the measurdgt; is possible Droplet thermodynamics is usually developed using the
Finally, we examine the classical excess internal energ§Bibbs formalismi,® a basic assumption of which is that the
for a cluster ofN.. molecules: cluster surrounded by vapour can be represented by con-
c :

tinuum phases separated by a sharp interface which carries
an excess free energy. This is a good approximation for large
droplets, where the deviations from continuum properties are
physically associated with the interfacial region. Results

which is sif]ply Equation(28) with D=0, and usingN.  ;;ch as the Tolman equation for the radial dependence of the
instead ofN¢ ;. As we found withFy, we might expect this 206 tensiof® and indeed classical nucleation theory,
to be a reasonable first approximation to the cluster eXCeS$ould hold in this limit.

internal energy deduced from the second nucleation theorem. For small critical clusters of only a few tens of mol-

In Figure 7 the values di; /kT, from Figures 2-5 are once ojjes, the similarity between the real structure and notional
again plotted again${; . The curves correspond to Equation pk phases is weaker, and the deviations away from such a
(29) for water,n-butanol anch-nonane. The figure is analo- model are not spatially associated with the interface: for ex-
gous to the comparison betweBi)/kT, and the classically ample the density even at the centre of the cluster can fail to
motivated expressionrA;(N%)#¥kT, in Figure 6. Each reach the bulk condensed phase density. These difficulties in
curve, which is slightly smoothed, illustrates the classicaldeveloping the thermodynamics of small clusters can be
predictionE, o« N2”. Forn-butanol, the slope and magnitude overcome if Hill's formalism is use#-'2 Instead of treating
of the classical curve are in reasonable agreement with the single cluster surrounded by vapour, this approach consid-
data. For water, the magnitude of the classical prediction igrs an ensemble of such systems. Thermodynamic relation-
good, but the slope seems wrong. fremonane, the correla- ships are then derived in terms of the mean thermodynamic
tion is poorer still. In fact for all the datasets, including quantities over the ensemble of individual clusters.
n-butanol,E, « N. seems a much better description. Such a  Hill has proved that his approach is equivalent to the
fit goes through the origin, as it must. Gibbs treatment for large systersHowever, the formalism

It would therefore appear that for these substances anig really designed to describe small systems, and in particular
cluster sizes, the excess internal energy is, in continuum pate make contact with statistical mechanical models of clus-
lance, a volume effect rather than a surface effect. Howeveters. An expression for the work of formation of a cluster,
this is inappropriate terminology for clusters as small as thisEquation (23), emerges easily from Hill's formalism. The
a better conclusion is that the energies of the clustered mokxcess Helmholtz free energy of the cluster is simply the
ecules are affected more or less equally by the clusteringlifference between the actual free energy of the cluster,
and so the excess internal energy is proportional to theiwhich could be derived from statistical mechanics or from

PP DL PR S (29
X, cl dT 1"Ne
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simulation, for example, and the free energy of the sam®f n-butanol both the classical and linear fits seem possible.
number of molecules in a bulk condensed phase at the santiewould appear that it is this failure of classical theory which
temperature and pressure. It is not necessarily associateaderlies the poor temperature dependence of classical
with the surface area, which suffers from difficulties of defi- nucleation rates. The excess entropy, however, adds a con-
nition. The approach also provides thermodynamic relationgribution such that the excess free energy is well approxi-
which do not involve the ill-defined cluster volume. mated by the classical behaviour, as we have seen.

The work of formation of the critical cluster is related to Finally, the analysis of nucleation rate data to study the
the nucleation rate, according to Equatid8), and so we properties of small clusters is not restricted to vapour-gas
can derive two nucleation theorems, Equatit® and(21), systems: the nucleation of clusters growing on surfaces or
by which the number of molecules in the critical cluster andwithin materials could also be addressed, as long as the pro-
its excess internal energy are given by derivatives of theess is controlled by a single critical cluster size, and that the
nucleation rate with respect to supersaturation and temperinetic prefactor can be estimated.
ture respectively. The first has been derived previously, us-
ing different methods, but the second appears to be new. The
critical cluster excess Helmholtz free energy and entropy cahCKNOWLEDGMENTS
also be obtained. Nucleation rate data therefore provide a
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different temperatures and vapour supersaturations can be

plotted against measured critical cluster size. These relation-

ships are proposed as stringent tests of theoretical models @bpenpix

clusters. While it may be possible to construct a model which

is consistent with the measured excess free energy, it may be Equation(12) can also be proved using a Gibbs treat-

more difficult to achieve the same for the measured excesment of a critical cluster, and therefore the two nucleation

internal energy and entropy separately. This is equivalent ttheorems given in Section Ill can be derived from continuum

requiring that the nucleation rate should have the observedrguments. This is in fact how Equatid®8) was derived

dependence on temperature and supersaturation, but we hagueviously** However, the procedure involves some concep-

demonstrated that the correct behaviour is linked to the thettual difficulties, largely due to the need to take account of the

modynamic properties of the critical cluster. defining condition for the position of the dividing surface.
In addition, in molecular dynamics or Monte Carlo The starting point is an expression for an incremental change

simulations it is often easier to calculate the excess internah grand potential of the droplet plus vapour systém:

energy rather than the excess Helmholtz free energy. It

would be straightforward to test a molecular cluster model  dO=—p,dV,—p,dV,—SdT+cdA+

by relating this quantity for a critical cluster to values ob-

tained via Equationf27) from the experimental temperature —Ndg, (A1)

dependence of the critical supersaturation. i ) , . . o
Experimental nucleation rates for wateebutanol and 1N the notation used in the main text. This expression is for-

n-nonane have been analysed. The excess Helmholtz fréB&lly valid for a system in thermodynamic equilibrium. The
energy of the critical clustef? is often quite well approxi- Par ovgrl\{ has been dropped since this is a ?ontlnuum ap-
mated by the classical excess free energy associated with tRE°ach;a is the radius of the dividing surface; and the de-
number of molecules in the clustecompare F* with rivative in square brackets represents the changedaused

X

aAl(Wg)% in Figures 2—, even for clusters as small as by a change in the dividing surface condition. It is given by

seven molecules. The classical excess free energ&he generalised Laplace equation:
20

Fi o= 0A1(N} )#3 associated with the classical critical
size N7  is in most cases a much poorer representation. It il a (A2)

would appear that the classical dependencd=pfon the ) ,
number of molecules is a reasonable first order approximaNow consider the change i brought about by a change in

tion but that additional terms in the excess free energy shiffemperature with an associated change in droplet volume
the critical size away fromN? . These terms are often a With » held constant.

Ada

Jdo
Jda

Jo
Ja

feature of semi-empirical models of the droplet free ETo) av, IA

energy’~** The differences betweeR} and the classical (ﬁ) =—(P—py) ﬁ) —Sto ﬁ)

expression ought to suggest the form that should be taken by s w s

these extra terms, although uncertainties in the data might dol [ oa

make this difficult. “alAloT (A3)
The excess internal energy of the critical clusters seems m

to show a linear dependence on the number of moleculedflost of the right hand side cancels using Equatiag) and
rather than the classical 2/3 power law, although in the casdV,=Ada, leaving
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