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Instabilities of the fractionalized Dirac semimetal in the Kitaev-Kondo model
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We study a honeycomb Kondo lattice model in which Dirac conduction electrons are coupled to a spin-1/2 Ki-
taev quantum spin liquid. For weak Kondo coupling, the spins fractionalize into Majorana fermions comprising a
gapless Dirac mode and three gapped visons. In second order perturbation theory, the Kondo coupling gives rise
to local Hubbard repulsions and spin-spin interactions between conduction electrons, as well as a vertex coupling
electron to gapless Majorana fermions. We analyze the resulting low-energy field theory using a perturbative
renormalization group (RG) scheme, accounting for additional density-density interactions generated under RG.
At criticality, electrons decouple from Majorana fermions but all three electron interactions acquire positive
values. An analysis of susceptibility exponents reveals that the fractionalized Fermi liquid becomes unstable
toward antiferromagnetic order and that superconductivity is disfavored.
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I. INTRODUCTION

Quantum spin liquids (QSLs) represent one of the most
striking manifestations of many-body quantum physics. In
these states, local magnetic moments fail to order even at
zero temperature, remaining in a highly entangled and dy-
namic quantum state. This phenomenon arises from geometric
frustration and strong quantum fluctuations, producing a “liq-
uidlike” magnetic phase in which fractionalized excitations
and gauge fields naturally emerge [1,2].

In fractionalized Fermi liquids, dubbed as FL* phases, con-
duction electrons coexist with a QSL background. Such exotic
states were originally proposed as phases of Kondo lattice
models [3,4]. While for strong Kondo coupling the electrons
that initially form the local moment spins hybridize with the
conduction electrons, resulting in a heavy Fermi liquid with a
large Fermi surface, for sufficiently weak Kondo coupling the
tendency of spin fractionalization dominates over the Kondo
screening. Since the emergent fractionalized quasiparticles
don’t carry electrical charge, the resulting FL* state has a
small Fermi surface of the conduction electrons alone, leading
to an apparent violation of Luttinger’s theorem [5].

More recently, fractionalized Fermi liquids have been
proposed to underlie the pseudogap regime of underdoped
cuprate superconductors [6–8], motivated by the experimen-
tal observation of small Fermi pockets and Fermi arcs, and
reviving the early proposal by Anderson that the cuprates may
be understood as doped quantum spin liquids [9].

However, the physics of the cuprates is extremely rich. It
is therefore important to first understand fractionalized Fermi
liquids and their superconducting pairing instabilities on the
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level of simple toy models. One such setting is a Kondo-lattice
model in which tight-binding electrons on the honeycomb
lattice are coupled to local moment spins that form a Kitaev
QSL [10,11].

The spin-1/2 Kitaev model on the honeycomb lattice is
one of the very rare examples of an exactly solvable QSL
model [12]. The spins are found to fractionalize into a set of
Majorana fermions, one spinon mode with a gapless Dirac
dispersion and three dispersion-less vison modes that en-
code local excitations of Z2 gauge fluxes. Although the exact
solvability is broken by the Kondo coupling to conduction
electrons, the vison gap guarantees that the QSL, and hence
the FL*, state remain stable against sufficiently weak Kondo
coupling.

Utilizing Majorana-fermion mean-field theory, it was
found that for a ferromagnetic Kitaev model a nematic triplet
superconductor (SC) forms at intermediate Kondo coupling,
sandwiched between the FL* state and the heavy fermion
liquid, suggesting that the itinerant Majorana fermions act as
“pairing glue” for unconventional superconductivity [10]. The
extent of the SC region was found to crucially depend upon
the conduction electron filling, being maximum for fillings
close to the van-Hove singularity and shrinking almost to zero
at half filling where the Fermi level is located at the Dirac
points of the conduction electron spectrum. An alternative
mean-field treatment based on Abrikosov fermions found a
first order instability of the FL* phase toward the formation
of a ferromagnetic topological superconductor [11].

In a very recent investigation [13] the local moment de-
grees of freedom were integrated out, resulting in a Hubbard
repulsion and spin-spin interaction between the conduction
electrons to second order in the Kondo coupling. The induced
electronic spin-spin interaction has the same sign and bond-
directional dependence as the Kitaev exchange. The resulting
interacting electron problem was then analyzed using func-
tional renormalization group (fRG). While near the van Hove
filling the FL* was found to become unstable toward the
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formation of a spin-density wave (SDW), at smaller fillings a
transition from the FL* state to a superconductor was found,
in the antiferromagnetic case with chiral d + id symmetry, in
the ferromagnetic case of spin-triplet p-wave type. Unfortu-
nately, the momentum resolution in the fRG was insufficient
to investigate the behavior for electron fillings close to the
Dirac point.

In this paper we use a complementary method to inves-
tigate the instabilities of the fractionalized half-filled Dirac
semimetal of the Kitaev-Kondo model. Treating the Kondo
coupling in second-order perturbation theory, we derive an ef-
fective low-energy continuum field theory of the gapless Dirac
Majorana fermions coupled to Dirac conduction electrons. It
contains a Hubbard on-site repulsion and a spin-spin interac-
tion between conduction electrons, as well as a four-fermion
vertex that couples Majorana fermions and conduction elec-
trons. We use a perturbative parquet RG analysis [14–17] to
first obtain the scale dependence of the various interaction
parameters, and as a second step determine the susceptibility
exponents of different order parameters from the RG flow of
the conjugate fields at the critical fixed point.

Our analysis shows that irrespective of the sign of the
Kitaev coupling and the ratio of Fermi velocities of Majo-
rana fermions and conduction electrons, the critical behavior
is always controlled by the same fixed point at which the
conduction electrons decouple from the Majorana fermions
and all electron-electron interactions, including an additional
density-density repulsion that is generated under the RG, have
finite positive values. The renormalization of various fields
conjugate to potential order parameters shows that the leading
instability is toward an antiferromagnetic SDW state.

Our paper is organized as follows. In Sec. II we introduce
the Hamiltonian of the Kitaev-Kondo model on the honey-
comb lattice and the action of the corresponding path-integral
over Grassmann fields. By integrating out the gapped vison
modes, in Sec. III, we derive the effective low-energy contin-
uum field theory. In Sec. IV the RG equations of the rescaled
interaction parameters are obtained. With these results, we
identify the critical fixed point for the symmetry-breaking
instability of the FL∗ phase and analyze the RG flow along the
critical surface. To understand the type of symmetry break-
ing, in Sec. V, we compute the susceptibility exponents for
different order parameters from the field scaling exponents at
the critical fixed point. Finally, in Sec. VI we summarize and
discuss our results.

II. MODEL

Our starting model is the S = 1/2 Kitaev model on the
honeycomb lattice with Kondo coupling to conduction elec-
trons that could either live on the same lattice or an adjacent
honeycomb layer, as illustrated in Fig. 1. The Hamiltonian of
this model is given by

Ĥ = K
∑

γ=x,y,z

∑
〈i, j〉γ

Ŝγ

i Ŝγ

j − t
∑
〈i, j〉

∑
ν=↑,↓

(ĉ†
iν ĉ jν + H.c.)

+ JK

∑
i

∑
γ

∑
ν,ν ′

Ŝγ

j ĉ†
iνσ

γ

ν,ν ′ ĉ jν ′ . (1)

KŜx
i Ŝx

j

KŜz
i Ŝz

j

KŜy
i Ŝy

j

JK Ŝi · ŝi

−tĉ†iν ĉjν

a1

a2

AB

+ H.c.

FIG. 1. Illustration of the Kitaev-Kondo model on a honeycomb
lattice. The top layer illustrates the S = 1/2 Kitaev QSL model with
bond-directional Ising exchanges K . The bottom layer corresponds to
tight-binding electrons with hopping amplitudes t between neighbor-
ing sites of the honeycomb lattice. The local moments of the Kitaev
quantum spin liquid are coupled to the conduction electrons via the
conventional Kondo interaction JK . A possible unit cell spanned by
lattice vectors a1,2 = ( 3

2 ,±
√

3
2 ) is shown in green.

Here K denotes the Kitaev coupling, which could be antifer-
romagnetic (K > 0) or ferromagnetic (K < 0), t the hopping
amplitude of the conduction electrons between neighbor-
ing lattice sites, and JK the Kondo coupling between local
moment spins Ŝi and conduction electron spins ŝi with com-
ponents ŝγ

i = ∑
ν,ν ′ ĉ†

iνσ
γ

ν,ν ′ ĉ jν ′ (in units of h̄/2), where σγ

denote the standard spin Pauli matrices. In the above Hamil-
tonian, nearest-neighbor bonds are denoted by 〈i, j〉 and
distinguished by the subscript γ = x, y, z to express the bond-
directional Ising exchange of the Kitaev model (see Fig. 1).

The tight-binding dispersion of the conduction electrons is
given by ε±(k) = ±t |λ(k)|, where

λ(k) =
∑

γ

eikδγ (2)

with δx = a1, δy = a2, and δz = 0. The lattice vectors ai and
corresponding unit cell are defined in Fig. 1. In this work we
will focus on the case of half-filling, where the Fermi level is
located at the Dirac points K± = 2π

3 (1,±1/
√

3). Linearizing
the dispersion near the Dirac points, k = K± + q, we obtain
ε±(q) = ±v|q| with Fermi velocity v = 3

2 t .
The Kitaev model is exactly solvable in terms of a set of

four Majorana fermions η̂i, ξ̂ x
i , ξ̂

y
i , ξ̂ z

i [12], which satisfy η̂
†
i =

η̂i, (ξ̂ γ
i )† = ξ̂

γ
i , and the Clifford algebra {ξ̂ γ

i , ξ̂
γ ′
j } = 2δi jδγ γ ′ ,

{η̂i, ξ̂
γ
j } = 0. In terms of the Majorana fermions, the spin 1/2

operators (in units of h̄/2) are expressed as

Ŝγ

i = iη̂iξ̂
γ

i , (3)

where the local constraint η̂iξ̂
x
i ξ̂

y
i ξ̂ z

i = 1 ensures that the
Hilbert space is not artificially enlarged and that the spin-
commutation relations [Ŝα

i , Ŝβ
j ] = 2δi jεαβγ Ŝγ

i follow from the
fermion anticommutation relations.

Although the resulting Hamiltonian is initially quartic in
terms of the Majorana fermion operators, it can be solved

155101-2



INSTABILITIES OF THE FRACTIONALIZED DIRAC … PHYSICAL REVIEW B 113, 155101 (2026)

analytically since the local bond operators Âγ
i j = iξ̂ γ

i ξ̂
γ
j and

corresponding plaquette operators, given by the product of
bond operators around each hexagon, commute with the
Hamiltonian. This results in a free-fermion Hamiltonian
with Dirac dispersion ε0(k) = ±K|λ(k)| of the η̂ Majorana
fermions (spinons) and three flat bands εγ (k) = ±
 for the
localized ξ̂ γ Majorana fermions (visons) with an energy gap

/|K| ≈ 0.525 [13,18,19]. Note that by definition, the Majo-
rana fermions are always at half-filling.

To study the effects of the Kondo coupling JK between
Kitaev Majorana fermions and Dirac conduction electrons, we
employ the coherent state, imaginary-time path integral for-
malisms. After Fourier transform to frequency k0 and spatial
momenta k, the action is given by S = S0[ψ̄,ψ] + S0[η] +
S0[ξ] + Sint[ψ̄,ψ, η, ξ] with

S0[ψ̄,ψ] =
∑

ν=↑,↓

∫
k
ψ̄ν (k)

(
−ik0 −tλ∗(k)

−tλ(k) −ik0

)
ψν (k), (4)

S0[η] =
∫

k
η†(k)

(
−ik0 −iKλ∗(k)

iKλ(k) −ik0

)
η(k), (5)

S0[ξγ ] =
∫

k
(ξγ )†(k)

(
−ik0 −i
e−ikδγ

i
eikδγ −ik0

)
ξγ (k), (6)

Sint = iJK

∑
s=A,B

∑
γ

∫
k1,...,k4

δk1+k2−k3+k4

×ηs(k1)ξγ
s (k2)ψ̄s(k3)σγ ψs(k4). (7)

Here k = (k0, k) and
∫

k = ∫ ∞
−∞

dk0
2π

∫
BZ

d2k
VBZ

, for brevity. Note
that while the conduction electrons are represented by in-
dependent Grassmann fields ψ̄sν (k), ψsν (k), the Majorana
fermions are represented by a single Grassmann field, and
η†

s (k) = ηs(−k) and (ξγ
s )†(k) = ξ

γ
s (−k).

III. EFFECTIVE LOW-ENERGY THEORY

To derive an effective low-energy field theory, we use
second order perturbation theory to obtain the effective in-
teractions ∼J2

K between conduction electrons, as well as an
interaction between the gapless Majorana fermions and the
conduction electrons.

Using that the fermion Green functions are given by the
following 2×2 matrices in sublattice space,

Gψ
ν (k) = 1

k2
0 + t2|λ(k)|2

(
ik0 −tλ∗(k)

−tλ(k) ik0

)
, (8)

Gη(k) = 1

k2
0 + K2|λ(k)|2

(
ik0 −iKλ∗(k)

iKλ(k) ik0

)
, (9)

Gξγ (k) = 1

k2
0 + 
2

(
ik0 −i
e−ikδγ

i
eikδγ ik0

)
, (10)

and that the Majorana fermion Green functions satisfy
Gη

s,s′ (k) = −Gη

s′,s(−k) and G
ξγ

s,s′ (k) = −G
ξγ

s′,s(−k), we obtain
an on-site Hubbard repulsion U and a nearest-neighbor spin-
spin interaction J between conduction electrons,

SU [ψ̄,ψ] = U
∑
s,ν

∫
k1,...,k4

δk1−k2+k3−k4

×ψ̄sν (k1)ψsν (k2)ψ̄sν̄ (k3)ψsν̄ (k4), (11)

SJ [ψ̄,ψ] = J
∑
s,γ

∫
k1,...,k4

δk1−k2+k3−k4

×(ψ̄s(k1)σγ ψs(k2))(ψ̄s̄(k3)σγ ψs̄(k4)), (12)

where ν̄ =↓ if ν =↑, s̄ = B if s = A, and vice versa.
To obtain the above long-wavelength expression for SJ

we have performed an expansion around the Dirac points.
Note that the original vertex contains additional exponential
factors ei(k3−k4 )δγ . This means that the electron spin-spin in-
teraction inherits the bond-directional dependence from the
Kitaev model [13]. However, taking the continuum limit, the
directional dependence is lost at zeroth order in the gradi-
ent expansion. We drop the next order terms quadratic in
(k3 − k4)δγ since the resulting vertex is irrelevant under the
renormalization group.

The strengths of the interactions U and J are given by the
frequency-momentum integrals

U = 3J2
K

2

∫
q

q2
0(

q2
0 + K2|λ(q)|2)(q2

0 + 
2
) ≈ 0.409

J2
K

|K| , (13)

J = J2
K

6

∫
q

K
|λ(q)|2(
q2

0 + K2|λ(q)|2)(q2
0 + 
2

) ≈ 0.060
J2

K

K
, (14)

where the numerical results are obtained using 
/|K| ≈
0.525 [18,19]. While U is always positive, the sign of J is
set by the sign of the Kitaev coupling K , and |J|/U ≈ 0.146.
This is in perfect agreement with Ref. [13], when taking into
account their different definition of U and J .

In addition to the interactions between conduction elec-
trons, the low-energy theory contains a vertex that couples the
conduction electrons to the gapless Majorana fermion,

S�[ψ̄,ψ, η] = i�
∑
s,ν

χs

∫
k1,...,k4

δk1−k2+k3+k4

×ηs(k1)ψ̄sν (k2)ηs̄(k3)ψs̄ν (k4), (15)

where χA = 1 and χB = −1 and the coupling constant � is
given by

� = J2
K

∫
q

t
|λ(q)|2(
q2

0 + t2|λ(q)|2)(q2
0 + 
2

) . (16)

While the ration |J|/U is fixed, regardless of the strength
of the Kondo coupling, the ratio �/U depends on the ratio
c/v = |K|/t of Fermi velocities of Majorana fermions and
conduction electrons. The evolution of the interaction strength
U , |J|, and � in units of J2

K/|K| as a function of c/v is shown
in Fig. 2.

In general, the Kitaev exchange between local moment
spins is mediated through a super-exchange mechanism and
therefore expected to be weak compared to typical electronic
energy scales. For example, ferromagnetic Kitaev exchanges
in the range 5–20 meV have been estimated for α-RuCl3

[20,21] and Na2IrO3 [22], while certain Co-based honeycomb
materials were found to exhibit an antiferromagnetic Kitaev
exchange of 2–3 meV [23]. For comparison, the nearest-
neighbor tight-binding parameter for graphene is t ≈ 2.7 eV
[24]. In real materials one should therefore expect a Fermi-
velocity ratio c/v of the order of 10−3−10−2, implying that
� � U . However, we will theoretically explore the full range
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FIG. 2. Interaction U , |J|, and � in units of J2
K/|K| and as a

function of the ratio of the Fermi velocities c and v of Majorana
fermions and Dirac conduction electrons, respectively.

of c/v and demonstrate that even in the regime of very strong
coupling � between Majorana fermions and conduction elec-
trons, the critical behavior will remain the same.

In addition to the interactions U , J , and � we will also
include a density-density interaction ρ between conduction
electrons on neighboring sites,

Sρ[ψ̄,ψ] = ρ
∑

s

∫
k1,...,k4

δk1−k2+k3−k4

×(ψ̄s(k1)ψs(k2))(ψ̄s̄(k3)ψs̄(k4)). (17)

Although this interaction is initially zero, it will be generated
by the other interactions under the RG.

IV. RENORMALIZATION-GROUP ANALYSIS

The quantum criticality of interacting Dirac semimetals is
usually analyzed using a Gross-Neveu-Yukawa field theory
that describes the coupling of a dynamical order parameter
field to gapless Dirac fermions [25,26]. However, in a metallic
system with competing interactions it is often unclear what the
leading ordering instability is. We therefore use a perturbative
parquet RG analysis [14–17] to understand the scale depen-
dence of the interaction parameters U , J , ρ, and �. Under the
RG, interaction parameters can depart significantly from their
bare initial values. This can lead to attraction in unconven-
tional superconducting pairing channels, as discussed in the
context of iron-based superconductors [15,16].

The four interactions U , J , ρ, and � form a basis set for
the subspace of interactions explored under the RG since it
is not possible to express one of the interactions as a linear
combination of the other three. However, by using a Fierz
identity one may express the density-density interaction ρ in
terms of the spin-spin interaction J and an additional pair-
hopping vertex. Such ambiguities could lead to biased results

(a)

(b)

gi gj

gi
gj

gi gj gi gj

Γ Γ Γ Γ

Γ Γ
giΓ Γ Γ

FIG. 3. Second-order, one-loop diagrams that renormalize (a) the
electron-electron interactions gi ∈ {U, J, ρ} and (b) the coupling
vertex � between conduction electrons and Majorana fermions. Con-
duction electron fields ψ̄, ψ correspond to black, Majorana fermion
fields η to red lines.

when carrying out a Hubbard-Stratonovich or mean-field de-
coupling but wouldn’t affect our perturbative RG analysis.

To focus on the long-wavelength behavior and impose
a momentum cut off, |k| � �, where k measures the dis-
tance for the Dirac points K±. Under the perturbative RG
scheme we integrate out modes with momenta from the
infinitesimal shell �e−d� � |k| � �, followed by a rescal-
ing of frequency, k′

0 = k0ezd�, momenta, k′ = ked�, and
fields, ψ′(k′) = ψ(k)e(
ψ/2)d�, η′(k′) = η(k)e(
η/2)d�. Since
the inverse fermion propagators are not renormalized by con-
tractions of the interaction vertices we can keep them scale
invariant by setting z = 1 and 
ψ = 
η = −(d + 2), where
d is the spatial dimension. The resulting scaling dimensions
of the interactions are equal to [U ] = [V ] = [ρ] = [�] =
−d + 1.

The above scaling analysis shows that in d = 2 the inter-
actions are irrelevant perturbations at the noninteracting FL∗

fixed points. This is expected because of the vanishing density
of states at the Dirac points. Strictly speaking, the perturbative
RG is controlled in d = 1 + ε where the interaction strengths
at the critical fixed points will be of order ε.

The one-loop diagrams that renormalize the electron-
electron interactions gi ∈ {U, J, ρ} and the coupling vertex �

between conduction electrons and gapless Majorana fermions
are shown in Figs. 3(a) and 3(b), respectively. The required
shell integrals can be easily calculated in d = 2,

∫ >

q
Gψ

ss̄(q)Gψ
s̄s(q) = 1

8π

�

v
d�, (18)∫ >

q
Gψ

ss(q)Gψ

s′s′ (q) = − 1

8π

�

v
d�, (19)∫ >

q
Gη

ss̄(q)Gψ
s̄s(q) = iχs

1

8π

2�

c + v
d�, (20)∫ >

q
Gη

ss(q)Gη

s′s′ (q) = − 1

8π

�

c
d�, (21)
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FIG. 4. (a) RG flow of the rescaled interactions Ũ , J̃ , ρ̃, and �̃. The initial interaction strengths are derived from the microscopic Kitaev-
Kondo model with Fermi-velocity ratio c/v = 0.2 and for both FM (dashed) and AFM (solid) Kitaev couplings. The Kondo coupling is tuned
very slightly above the critical value in both cases. (b) Same as in (a) but for c/v = 1.5. In all cases the critical behavior is controlled by the
same critical fixed point with �̃c = 0 and Ũc, J̃c, ρ̃c > 0, corresponding to the plateau values. (c) Fixed points and critical surface for �̃ = 0.
The trajectories show the RG flow within the critical surface. The symmetry-breaking phase transition of the Kitaev-Kondo model is controlled
by the critical fixed point P(1)

c .

where v and c denote the velocities of Dirac electrons and
Majorana fermions, respectively, and we have defined∫ >

q
= 1

(2π )3

∫ ∞

−∞
dq0

∫
�e−d��|q|��

d2q, (22)

for brevity. The resulting RG equations for the rescaled inter-
actions g̃i = 1

8π
�
v

gi and �̃ = 1
8π

�
v
� read

dŨ

d�
= −Ũ − 4ρ̃2 + 12J̃2 + 4Ũ (ρ̃ + 3J̃ ), (23)

dJ̃

d�
= −J̃ + Ũ 2 − ρ̃2 + 7J̃2 + 2J̃ (2Ũ + ρ̃) + v

4c
�̃2,

(24)

dρ̃

d�
= −ρ̃ + Ũ 2 + 3ρ̃2 + 3J̃2 − 2ρ̃(3J̃ + 2Ũ ) + v

4c
�̃2,

(25)

d�̃

d�
= −�̃ + 2v

c + v
�̃2 + 2�̃(ρ̃ + 3J̃ ). (26)

As a first step we numerically integrate the RG equations,
starting with different initial values g̃i(0) and �̃(0). As dis-
cussed in Sec. III, the ratio |J̃ (0)|/Ũ (0) ≈ 0.146 is fixed while
the ratio �̃(0)/Ũ (0) is a function of the velocity ratio c/v (see
Fig. 2). The bare value of the density-density interaction is
zero, ρ̃(0) = 0. The sign of J̃ (0) can be positive or negative,
depending on the sign of the microscopic Kitaev exchange.
The overall energy scale of the bare interactions can be tuned
by the Kondo coupling JK . For small JK , all interactions will
renormalize to zero, corresponding to the FL∗ phase. For JK

above a critical value at least some interactions will diverge,
indicative of symmetry breaking.

In Figs. 4(a) and 4(b) we show the scale dependent in-
teractions for different values of c/v and both positive and
negative signs of J̃ (0). In all cases we use bisection to find JK

slightly above and infinitesimally close to the critical value.
This means that over a large range of scales � the trajectories
will be stalled very close to a critical fixed point, correspond-
ing to plateaus of g̃i(�), �̃(�).

We find that �̃(�) always renormalizes to zero, even for
large c/v where �̃ is initially the largest interaction. This
means that the Majorana fermions decouple from the conduc-
tion electrons. Moreover, a positive interaction ρ̃ is generated
under the RG. Interestingly, the critical behavior is always
controlled by the same fixed point, irrespective of the ratio
c/v and the initial sign of J̃ . At the critical fixed point we
obtain �̃ = 0, Ũc ≈ 0.1027, J̃c ≈ 0.053, and ρ̃c ≈ 0.011 from
the plateau values.

To better understand the critical behavior we analyze the
RG equations for �̃ = 0. In addition to the trivial noninteract-
ing FL∗ fixed point P0, the coupled RG equations for Ũ , J̃ , ρ̃

exhibit three nontrivial fixed points P(1)
c , P(2)

c , and Ps, which
are all in the domain ρ̃ > 0 and J̃ � 0 [see Fig. 4(c)]. The
nontrivial fixed points are located on the critical surface that
separates the FL∗ phase at weak interactions from the phases
where interactions diverge under the perturbative RG scheme,
signaling some form of symmetry breaking. P(1)

c and P(2)
c are

located on different sheets of the critical surface, shaded in or-
ange and purple in Fig. 4(c), and are stable fixed points along
the tangential directions. They are the critical fixed points
that correspond to different types of symmetry breaking. The
metastable fixed point Ps is located on the separatrix between
the two sheets.

From the plateau values of g̃i(�) [see Figs. 4(a) and 4(b)], it
is clear that the critical fixed point that controls the symmetry
breaking transition of the Kitaev-Kondo model is given by
P(1)

c at

Ũc = 2
√

3 − 1

24
, J̃c = 3 − √

3

24
, and ρ̃c = 2 − √

3

24
.

(27)

V. FIELD RENORMALIZATION AND SUSCEPTIBILITY
EXPONENTS

Since all three electron-electron interactions are finite at
the critical fixed point P(1)

c it requires a more careful analysis
to identify the type of symmetry breaking that occurs at the
phase transition. While sufficiently strong positive ρ̃ and Ũ
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gi
gi

hSDW

hCDW

hSC

(a) (b)

FIG. 5. Diagrams that contribute to the renormalization of the
fields (a) hCDW, hSDW, and (b) hSC to linear order.

favor CDW and SDW orders, respectively, it was found that a
positive J̃ can lead to an instability toward d + id supercon-
ductivity, at least away from half-filling [13].

The susceptibility exponent γ for a given order parameter
can be obtained from the field scaling exponent yh of the
conjugate field h, using the relation γ = (2yh − D)ν, where D
is the dimension and ν the correlation-length exponent [27].
For the quantum critical point of the Kitaev-Kondo model,
D = 2 + 1.

The correlation length exponent ν can be obtained from
the divergence of the interaction parameters. Consider for ex-
ample a simple situation where all interactions diverge in the
same way, corresponding to linearized RG equations δ′

i (�) =
bδi(�) for δi = g̃i − g̃i,c with some coefficient b > 0, result-
ing in δi(�) = δi(0)eb�. We can define the correlation length
ξ ∼ e�∗

from the scale �∗ where the interactions become of
order one, δi(�∗) � 1. This results in ξ ∼ δi(0)−1/b and hence
ν = 1/b.

In the present situation, linearizing the RG equations (23)–
(25) for g̃i ∈ {Ũ , J̃, ρ̃} near P(1)

c leads to coupled linear
equations, δ′

i (�) = ∑
j = Ai jδ j (�), where the matrix A is

completely determined by the critical values (27). The corre-
lation length ν is given by the inverse of the largest eigenvalue
of A, resulting in ν = 1.

We first investigate how the fields conjugate to CDW and
SDW order renormalize. The corresponding field terms in the
continuum field theory are given by

Sh,CDW[ψ̄,ψ] = −hCDW

∫
k
ψ̄k (τz ⊗ 1)ψk, (28)

Sh,SDW[ψ̄,ψ] = −hSDW

∫
k
ψ̄k (τz ⊗ σz )ψk, (29)

where τz and σz denote Pauli matrices in sublattice and spin
space, respectively. The diagrams that contribute to the field
renormalization to linear order are shown in Fig. 5(a), result-
ing in

dhCDW

d�
= (1 − 4Ũ + 8ρ̃ )hCDW, (30)

dhSDW

d�
= (1 + 4Ũ + 8J̃ )hSDW. (31)

It was found that for an antiferromagnetic J̃ , the leading
SC instability of the lattice model away from half filling is in
the spin-singlet channel across neighboring sites with a spatial
d + id structure, described by the pairing term [13]

ĤSC =
∑

γ=x,y,z

∑
〈i, j〉γ


γ

∑
ν,ν ′

ĉ†
iν (iσy)νν ′ ĉ†

jν ′ + H.c.

=
∑
k,γ


γ eikδγ

∑
ν,ν ′

ĉ†
Aν (k)(iσy)νν ′ ĉ†

Bν ′ (−k) + H.c., (32)

with SC order parameter �
 = 
 �d ,

�d = �dx2−y2 + i �dxy = 1√
6

⎛
⎝−1

−1
2

⎞
⎠ + i√

2

⎛
⎝ 1

−1
0

⎞
⎠. (33)

To obtain the effective pairing term in the low-energy con-
tinuum field theory, we expand around the Dirac point K+
and keep only the leading term,

∑
γ 
γ eikδγ ≈ √

6
. The
resulting SC field term is given by

Sh,SC[ψ̄,ψ] = −hSC

∫
k
{ψ̄k[τx ⊗ (iσy)]ψ̄

T
−k

+ψT
k [τx ⊗ (−iσy)]ψ−k}, (34)

and the renormalization of hSC to linear order obtained from
the diagrams in Fig. 5(b), resulting in

dhSC

d�
= (1 + 6J̃ − 2ρ̃)hSC. (35)

Evaluating the field RG equations (30), (31), and (35) at the
critical point P(1)

c we obtain the field scaling exponents yh, and
from the relation γ = 2yh − 3 the susceptibility exponents

γCDW = −1 − 8Ũc + 16ρ̃c = − 2
3 (2

√
3 − 1), (36)

γSDW = −1 + 8Ũc + 16J̃c = 2
3 , (37)

γSC = −1 + 12J̃c − 4ρ̃c = − 1
6 (2

√
3 − 1). (38)

Since only γSDW is positive, we conclude that the FL∗ phase
at half filling becomes unstable toward the formation of SDW
order.

The Landau free-energy analysis of different SC order pa-
rameters of Ref. [13] is fairly general and should also apply to
electron fillings close to the Dirac point. One would therefore
expect that the chiral d ± id state remains the supeconducting
state with the lowest free energy at half-filling. However, for
completeness, we have checked superconducting states with
other pairing symmetries. As one might expect, we found
that triplet pairing is disfavored by antiferromagnetic J , while
on-site singlet pairing is strongly suppressed by the Hubbard
repulsion U .

VI. DISCUSSION

We have analyzed the instabilities of the fractionalized
Fermi liquid that arrises in a Kondo lattice model of Dirac
conduction electrons on the half-filled honeycomb lattice
coupled to a Kitaev QSL. After fractionalizing the spin-1/2
operators into Majorana fermions, we have used second-order
perturbation theory to obtain the interactions between the
gapless fermion modes in the effective low-energy, contin-
uum field theory. The bare theory contains three different
interaction vertices, a Hubbard repulsion U and a spin-spin
interaction J between Dirac electrons, as well as a coupling �

between conduction electrons and Dirac Majorana fermions.
We have analyzed the scale dependence of the interactions,
using perturbative parquet RG. In addition to the aforemen-
tioned interactions, an electronic density-density repulsion ρ

is generated.
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Regardless of the ratio of Fermi velocities and the sign
of the Kitaev coupling, the RG flow is always controlled by
the same critical fixed point, at which the Dirac electrons
decouple from the Majorana fermions and all three electron-
electron interactions have finite positive values. This result
suggests that it is justified to integrate out the Majorana
fermions entirely, as done in Ref. [13]. However, we stress that
the velocity ratio c/v could potentially renormalize beyond
one-loop order, resulting in a different flow of the coupling �

between conduction electrons and Dirac Majorana fermions.
Velocity renormalization is a well known phenomenon of
strongly coupled GNY theories, and perturbative RG, even
beyond one-loop order, cannot unambiguously rule out the
existence of a GNY critical fixed point with finite coupling
to Majorana fermions.

To determine the type of symmetry breaking, we have de-
rived the RG equations of the fields conjugate to CDW, SDW,
and SC order, from which we determined the field scaling ex-
ponents at the critical point and the susceptibility exponents.
For the SC order parameter we have focused on singlet pairing
across neighboring sites with a spatial d + id form factor [13].
While the antiferromagnetic spin-spin interaction J stabilizes
antiferromagnetism and SC in almost equal terms, the AFM
ordering is strongly enhanced by the Hubbard repulsion U ,
whereas SC is destabilized by the repulsive density-density
interaction ρ. Our results show that the only divergent suscep-
tibility is toward antiferromagnetic (SDW) order.

While the perturbative parquet RG is the method of choice
to identify the leading symmetry-breaking instability in the
presence of multiple competing interactions [14–17], the crit-
ical exponents for the correlation length ν = 1 and SDW
susceptibility γ = 2/3 obtained this way are only crude es-
timates. Ultimately, the SDW transition at half-filling should
fall into the Gross-Neveu-Heisenberg universality class in
2+1 dimensions. From interpolation between series expan-
sions near lower and upper critical dimensions [28] with
previous results from fourth-order 4 − ε [29] and second-
order 1/N [30] expansions, functional RG [31,32], as well as
quantum Monte Carlo simulations [33–42] estimates of 1/ν ≈
0.83 for the inverse correlation length exponent and ηφ ≈ 1.01
for the anomalous dimension of the order parameter field were
obtained for N = 4 (valley and spin) two -component Dirac
fermion fields [28]. Assuming hyperscaling, this would imply
γ = (2 − ηφ )ν ≈ 1.19.

Our analysis is based on an effective continuum field the-
ory and neglects lattice effects. According to the Landau cubic
criterion, threefold clock terms, relevant for the honeycomb
lattice, would render the transition first order. While such
lattice terms are indeed relevant at the Wilson-Fisher fixed
point, they turn irrelevant at fermion-induced critical points
described by GNY field theories [43,44]. This does not rule
out however, that fluctuations from shorter length scales in-
duce first-order behavior before the coarse grained continuum
description becomes applicable.

Our results are not in direct contradiction with previous
studies of the Kitaev-Kondo model on the honeycomb lattice.
Mean field investigations [10,11] found that for a FM Kitaev
coupling and electron fillings away from the Dirac point, a
p-wave SC state forms between the FL∗ phase and the heavy
FL. On approaching half-filling, the FL∗/SC transition moves

toward stronger coupling and the region of superconductivity
shrinks to almost zero [10]. At half filling one would expect
that fluctuations beyond mean-field theory play a crucial role.
The strong renormalization of the interactions parameters in-
deed confirms this. Most notable are the fluctuation-driven
generation of the density-density repulsion ρ, which disfavors
SC, and the sign change of the spin interaction J from FM to
AFM.

In a recent study [13] of the AFM Kitaev-Kondo model, all
degrees of freedom associated with the Kitaev sector were in-
tegrated out and the resulting electronic Hamiltonian analyzed
using functional RG (fRG). The fRG found an instability
toward a SDW at electron fillings close to the van Hove
singularity and a transition to a d + id SC state at lower
fillings, but still far above the Dirac points. Unfortunately, it
was not possible to analyze the behavior at fillings close to
the Dirac point, due to finite momentum resolution [13]. It is
likely that the AFM state only exists very close to half-filling
and that lattice effects, which are included in the fRG, play an
essential role in stabilizing exotic superconductivity at larger
fillings. On the lattice, the electronic spin interactions inherit
the bond-directional dependence of the Kitaev exchange. This
frustration is likely to destabilize AFM order.

To better understand the instabilities of different types of
fractionalized Fermi liquids toward exotic superconductivity
and other broken symmetry states it will be important to inves-
tigate other toy models that host fractionalized FL∗ phases. In
a very recent study [45] it was demonstrated that when the so
called “Yao-Lee model” [46], a spin-orbital generalization of
the Kitaev model, is Kondo coupled to conduction electrons,
the exchange of Majorana spinons can drive a (fractionalized)
topological d + id pairing instability in the weak-coupling
regime. In future studies it would be interesting to allow for
Kondo coupling not only to the SU(2) symmetric local mo-
ment spins but also to the Kitaev orbital pseudospin sector and
to systematically investigate the dependence on the electron
filling.

A frustrated Kondo lattice model with an FL∗ phase that
is amenable to sign free auxiliary-field quantum Monte Carlo
simulations was constructed [5] by coupling Dirac electrons
on the honeycomb lattice to spin-1/2 degrees of freedom on
the Kagome lattice. The interactions between the spins are
chosen along the lines of the Balents-Fisher-Girvin model
[47] which is known to host a Z2 spin-liquid and a ferromag-
netic phase. While the authors characterized the FL∗ phase in
great detail through spectral functions and mutual information
between electrons and spins, they did not investigate possible
superconducting instabilities.

Studies of various toy models have shown that fractional-
ized Fermi liquids naturally arise when quantum spin liquids
are weakly coupled to conduction electrons in a Kondo lattice
setting. The emergent fermions in such FL∗ phases mediate
effective electron-electron interactions that can drive insta-
bilities toward exotic superconductivity or other symmetry-
broken phases. The emergent fermions therefore act as pairing
glue similar to the phonons in conventional BCS supercon-
ductivity. Our work shows that at the quantum critical point
of the FL∗ phase of the half-filled Kitaev-Kondo model, the
emergent Majorana fermions decouple from the conduction
electrons. It remains an intriguing question wether this
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behavior is generic or if certain models can support quantum
critical points at which emergent fermions and conduction
electrons remain strongly coupled, opening up the possibility
for the formation of even more exotic quantum phases.
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