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Chapter 1

From the Harmonic Oscillator to
Phonons

In this chapter, we start with a review of the harmonic oscillator and its description using
raising and lowering operators. We note in particular how all of its properties - expectations
of operators in arbitrary states or even thermal distributions - can be calculated in terms of
these raising and lowering operators without ever having to write down the wavefunction
explicitly.

Next, we will proceed to couple two such oscillators and then a whole chain. The
latter provides a simple model for quantum oscillations of a lattice - known as phonons. In
working through this problem, we will have introduced the central ideas of quantum field
theory. These will be formulated as a book-keeping tool to describe many-particle quantum
systems in chapter 2 and we will use them throughout the course.

1.1 The Harmonic Oscillator

Consider a quantum particle whose motion is described by the Hamiltonian
- 1
=L —mw?i?, (1.1)

where T and p are the position and momentum operators, respectively. These operators are
hermitian (real eigenvalues), # = 27 and p = p', and are subject to the commuter relation
[Z,p] = @p — p& = ih. The non-zero commutator implies that it is not possible to have
perfect knowledge about both the position and momentum of the quantum particle, which
is known as the Heisenberg uncertainty principle.

Rather than computing the wavefunctions of the ground state and excited states by
solving the Schrodinger equation, we can solve the problem by introducing raising and
lowering operators,

it — %(f_zi) and a— %(+i> (1.2)

It is easy to verify that the raising and lowering operators (ladder operators) satisfy the
bosonic commutator relation [a,a!] = 1,



D D 1
la,a'] = ”;;J [i+infw,i _ infw] = o (-i[e. 6] +ip,a]) = 1. (1.3)
=1ih =—1th

In terms of the ladder operators the Hamilton takes the form (homework problem)
H = hw(afa+1/2), (1.4)

where 7 = a'a is the number operator with eigenstates |n), 7|n) = n|n). The occupation
number states form and orthonormal basis, (n|m) = 0,,,. Obviously, these states are
eigenstates of the Hamiltonian, H|n) = E,|n) with energies E, = hw(n + 1/2).

The quantum mechanical groundstate |0) has the zero-point energy Ey = hw/2. It
follows directly from the Heisenberg uncertainty principle, since the classical groundstate
is forbidden as it would give perfect knowledge about both the position and momentum of
the operator.

Excitations are created by the action of the raising operator on the groundstate. Using
that

a'ln) = vn+1|n + 1),

we can write the state with n excitations as

@y
vl

n) = 0)- (1.5)

Calculations with Raising and Lowering Operators:

We can calculate all of the observable properties of the harmonic oscillator using the above
relations and without ever having to obtain explicit expressions for the wavefunctions v, ().
The following are a few instructive examples:

a) Average in the n' excited state:

(@) = (n]2%|n)
h

_ e+ athy?
(@ + @)l

h
Using (n|a?|n) o< (njn —2) = 0 and (n|a'a’|n) o< (n|n +2) =0
h
_ sl + at
v (n|(aa" +a'a)|n)
Using aa' = 1+a'a
L {nl2ata + i) =~ (n+172)
= ——(n|(2a'a n) =—-;(n
2mw mw
Note that a similar calculation (homework) gives (), = funw(n+1/2) and hence (Hiin)n =
<Hpot>n = %En



b) The partition function :

Z = Tre M= (nfe 1))
n=0
= —Bhw(n+1/2) _ —Bhw/2 = —Bhw\™ e P2
B Zoe — ¢ Zo(e ) T ] e B

Here the factor e#™/2 arrises from the zero-point energy Aw/2. Note that this factor
drops out when calculating thermal averages of observables,

Tr Ae=Phw(+1/2)  o=BhetZ Ty fp—Bhw
Tr ¢ Bha(it1/2)  o—BRafZ Ty o Bhwn

It is therefore convenient to drop the zero-point energy when calculating thermal averages,
as the following example shows:

(A)) = 2Tr A% =

c¢) Finite temperature average of the number operator:

1 ’ 1 . R
((n)) = zTr ne Pt = ZTr ne ™" (where Z = Tre ™" =1/(1— e ™))

L1l 9 g 1102 1 0l 2
_ 119 __tloz 1
hwZ 03¢ hwZ 08 hw 0B
1 0 ¢ Bhw 1
_ - _ —BhwY _ _ _
- maﬁln(l e )*1_6—13%*65%_1*”3(%)’

where in the last step we have defined the bose function np(e) = 1/(e* —1).

1.2 Two Coupled Oscillators

Up to now this has hopefully been revision. Now let’s turn to something new. We will
consider a simple problem of two coupled quantum harmonic oscillators. In doing so, we
will see many of the techniques that underpin quantum field theory. Consider two coupled
quantum mechanical oscillators as illustrated in the following figure:

Iy T2

S - S
jrwwm/vyv\mrwvf
K K K

The Hamiltonian of this system is given by

~9 A9 ~
D1 ok ol

- K
H=21 4 2a2 4 22 4 2224 (3 — d)?, 1.6
om T8 T g Tt TRl d) (1.6)
where the position and momentum operators of the two particles satisfy [2;,p;] = ihd;;.

All other commutators vanish, e.g. [p;, p;] = 0.

Sum and Difference Coordinates:
Our physical intuition about this situation suggests two types of periodic motion or normal
modes:



—> —> — —

symmetric normal mode anti-symmetric normal mode

Accordingly, we make a change of variables to the mean displacement and difference in

displacement;
L T+ 2o . I — Io
X = and T = 7
V2 V2

with conjugate momenta

p:ﬁl‘i‘ﬁQ and ﬁ:ﬁl_ﬁz
V2 V2
In the position representation, p; = —ih0,, and py = —ihd,,. The expressions for the

momenta P and § — in particular the factors of 1/v/2 — follow from these.

Preservation of Commutation Relations:
These definitions imply the commutation relations

(1, 1] = [0, p0) =ih < [X,P]=[2,p] = ih.

The requirement that the commutation relations take this form — ¢.e. that their form is
preserved by our change of variables — can be used to fix the expressions (including the
factors of 1/4/2) for P and p.

Ao T1+Tg P1+D A NN A A .
(X, P = [ PLEP2) i 501/2 + [, Do) /2 + [#1, Do) /2 + [f62, 1] /2 = i
\/§ \/§ —_—

=0 =0

[%P] = [ . 27p1 pz] = [%;])1]/2‘1” [$2ap2]/2 - [xlap2]/2_ [$27p1]/2 = ih.
N e N’

V2 V2

=0 -0
Substituting into the Hamiltonian(1.6), we find
; L |(P+p)?  (P=p)|  r|(X+8)?  (X—2)?2| .,
H = om 5 + 5 +§ 5 + 5 + KT
P2 R P>
= — 2 X%+ — 2+ k) &2
om b 82 XA+ (524 R)E
—Llmw? — L2
-2 s 2 a

We have reduced the motion to two independent harmonic motions with mass m, and
frequencies
K K+ 2K

ws =4/— and w, = )
m m

This method of separating — or diagonalising — a Hamiltonian into independent har-
monic oscillators is more general. As we shall see in the next section, it is related to a
Fourier transform for a translationally invariant system; for a 2-site chain, the allowed
Fourier components have wavevectors k = 0 and k = 27/2a, corresponding to in-phase and
anti-phase oscillation.



1.3 The Harmonic Chain

We now consider a chain of N quantum particles of mass m with harmonic spring with
spring constant x between them. The equilibrium spacing (lattice constant) between the
atoms is a.

Tn_1 T, Tn+1 Ln42

- — —
m m m

ANV MW TTL IV
K K K

In terms of momentum and position operators the Hamiltonian of the harmonic chain
is given by

— + _K<xn - xn—l)Q 9 (17>
where the operators are subject to the canonical commutator relation [;, p;| = thd;;. We
further impose periodic boundary conditions corresponding to taking o = Z. In the end,

we will take the thermodynamic limit N — co. Our solution is going to follow essentially
the same steps as we used for two coupled oscillators.

1.3.1 Diagonalising by Fourier Transform

The first step is to reduce the problem to a set of independent harmonic oscillators. We
achieve this by using a discrete Fourier transform. Many problems in physics are transla-
tionally invariant (or can be treated as such) and in these cases the Fourier transform takes
us much of the way towards diagonalising our system.

The Fourier components of the particle displacements are given by
. 1 ikna ~ o . 1 ikna -
Tp = —— ez, with inverse 7, = — e "I, (1.8)
e Vv 2
for the position operators and
D = L Z e~*nap  with inverse p, = 1 Z ethnap, (1.9)
VN = VN =

for the momentum operators. Details of the Fourier transform can be found below (box
A). As a result of the periodic boundary conditions, Z,, = 4, the momentum & can only

take N discrete values which are integer multiples of Ak = %,
1 Ze—ikna‘%k _ 1 Z e—ik(n—f—N)a:i,k — e Nae _ | 5 | = 2_7T]
VN £ VN 4 Na”’
where we could restrict j to the integer values j = 0,..., N — 1, or a range shifted by any
integer. This is because a wavevector k' = k + 27 /a leads to the same displacements of
the particles; e¥'"@ = giknati2mn — cikna  The standard convention is to restrict momenta

to the range —m/a < k < 7/a, which is known as the first Brillouin zone.

8



Note that could have written the Fourier transform in terms of cos and sin rather
than complex exponentials. Since Z,, and p, are hermitian, in momentum space we obtain
Z, = &_; and ]32 = p_g. This fixes the number of degrees of freedom to be correct —
otherwise there would appear to be twice as many components of Z; due to the real and
imaginary parts. Also note the opposite sign of wavevector k in the transformations of z
and p. The reasons for this will become clear shortly.

Commutation relations:
Just as in the case of the two coupled oscillators, the commutation relations are preserved
by our Fourier transformation (see box B):

[jmﬁm] = Zhén,m = [fi'p,]aq] = Z.h(an

The Hamiltonian expressed in terms of these transformed operators is given by

k

A detailed derivation can be found below (box C). Except for the presence of both py
and p_; (and 2 and Z_j) this a Hamiltonian for one independent oscillator for each value
of k. We can make it look exactly like independent harmonic oscillators by separating
and pi into parts that are symmetric and anti-symmetric in k;

T+ X s Lk — Ty o Dkt Dk s Pk — Dk
—— and I, = ———, and pk:T =

and ="
V2 NG N

As implied by the notation, these are the coefficients of cos(ka) and sin(ka) in a real Fourier
expansion. In terms of these

~c
X =

PRDR : ono
H= Z {Qk_mk + 2k sin?(ka /2)29 47 (1.11)

k,o=c,s

The system has been reduced to a set of independent harmonic oscillators with frequencies
given by mw?/2 = 2k sin®(ka/2) or wy = 2+/k/m|sin(ka/2)|, which in the limit of small
frequencies reduces to wy & ka\/k/m. This corresponds to an acoustic phonon with sound

velocity ¢ = ay/k/m.



Details of Fourier Transform
A. Forwards and Backwards Transforms

This can be verified using the identity

1
— (n— m)a
Ongm = N Z
k
Substituting into the Fourier transformed operators, we find
3 _ 1 Z efiknaj:k

_ —ikna zkma A

- X (ze )

_ —ik(n—m) as

- N Z

= Z(Sn,m:ﬁm

= Ip

We can also verify the relationship between the forward and backward transforms
using the wavevector version of the delta function summation formula

1 —i1(k—q)na
OrgrG = N Ze (k=q)

where G = 27 X integer/a is a reciprocal lattice vector. This extra contribution of G
effectively allows us to fold back contributions of wavevectors outside of the Brillouin
zone into the Brillouin zone, since they give the same displacements. The calculation
takes the form

By = \/_:lﬁ Z eiknai,n
. 1 ikna < —igna z, >
= — € (& xz
rE e (e
_ 1 —in(qg—k)a
= — (& xz
R
= Y bqudy
k

= b

10




B. Fourier transforming the commutation relations

The Fourier transform of the commutation relations proceeds in a very similar manner
to the Fourier transform of the Hamiltonian

(£ 0e) = % S, 3 e b

m

§ n—qm)a [z
= = ep 1 xnapm]

72ﬁ5n D

= mﬁze“f’—q)"a = ihd,,

n

C. Fourier transforming the Hamiltonian

The Fourier transformation of the Hamiltonian is most easily achieved by splitting
it into the kinetic and potential energy parts.
i. Kinetic Energy

%)
7 b
Hin - —
K ~ 2m
1 1 ikna 1 iqna
= — — > e | | —= ) €7
() (o)
1 1 , - 1 .
= 5D 2 M by = 5D Pk
k,q n k

ii. Potential Energy

7-[pot - _E _xnl

11




1.3.2 Raising and Lowering Operators

Just as in the case of a single harmonic oscillator, we can now calculate properties of the
harmonic chain by introducing ladder operators for each k-mode. These create or destroy
quanta of energy in each of the normal modes of oscillation of the harmonic chain,

N mwy (. Pk At mwg . Pk
= d = k=1 . 1.12
ag 57 (:Ek + szk) , and a, 5% (:B k Zka) (1.12)

Notice the opposite momentum labels in Z; and p_g, and the relative signs of k between
a and a'. This is required to obtain the usual commutation relations for the raising and
lowering operators;

Ak, al] = Orq (1.13)

It is straight forward to check the commutator relations:

D. Checking the commutation relations

m. /W, [ D_ h
g, af] = L (ﬁ:ﬁz’ﬂ),(f;q—z’ Pq )1

2h MWy mw,

M, /WrWy 7

- 2h MWy Lp_k,’_/m_q] - mwy ka,’_/pq]
=—ifiby g =ihdy 4

= Okgq

)

J

As you will show in a homework problem, in terms of the creation and annihilation
operators the Hamiltonian takes the form

Ho= ) hwi(aja +1/2)
wr = 2v/k/m|sin(ka/2)| (1.14)

Particle Interpretation/Fock Space:

Just as for the harmonic oscillator, armed with these tools we can describe the state of the
harmonic chain in terms of the number of quanta — or occupation number n, — of each
mode k. These quanta of lattice vibration are quasiparticles, known as phonons. A general

state may be written
(a))"
1) = [ngys ngys Ngg--) = H

q

where |0) is the vacuum state with no quanta in any mode. The collection of all such states
with arbitrary occupations forms a space known as Fock space.

Observables:
One can evaluate the observable properties of the harmonic chain by first translating into

12



ay and EL};. For example, the mean squared displacement of a particle in the chain at finite
temperature is given by

1

-2 _ ~9

e ()
Fourier transform - allows us to use the properties of independent k-modes
1 L

= — TpT_

¥ (-l
Express in terms of ladder operators

_ % 3 ﬁ«(ak +al ) (@ +ab)))

1 h o . At A .
= Nz (((ara_y + aka,t —l—aT_ka_k—l—aT_kaL)»
k — T

2mwy, | N——~ ~~
-0 =ata+1=ng+1 =f_g —0
_ ZQH () + () + 1)

muwg
h 1

1/2).
Ek:mwk <6Mﬁ—1+ /)

Note that in the thermodynamic limit (N — o) the sums over N discrete momenta with

spacing Ak = 12\,—7; can be converted into integrals over the Brillouin zone,
1 a a (™
— k)= — Ak f(k) ~ — dk f(k).
OGRS DI o I
This generalises straightforwardly to d dimensions with N = N; - Ny -...- Ny and a

hyper-cubic Brillouin zone BZ = [—7/a, 7 /al?,
1 a\d a\d
Nzk:f(k) = (52) Zk:(Ak)df(k) ~ (5-) /keBZ % f (k).

Note that in general, e.g. for other lattices. the prefactor is equal to 1/Vzz, where Vgz is
the volume of the Brillouin zone.

Zero-point Energy and Normal ordering:
Just as for the harmonic oscillator, the Hamiltonian for the harmonic chain has a constant
term hwy /2 for each wavevector. This implies a minimum energy proportional to N,

7:[Zero—point = Z hwk‘/2
k

This energy cannot usually be extracted (except by changing boundary conditions c.f. the
Casimir effect) and so is often ignored in field theory. For an infinite system the zero-point
energy — oo. In the continuum limit, the situation is even more severe and the energy
density — oo. This is the first infinity that we have encountered. Quantum field theory

13



is plagued by them. To deal properly with all of the infinities that occur, one needs the
renormalisation group.

The infinite zero-point energy can be dealt with rather straightforwardly by normal
ordering. The infinite zero-point energy arises from the form of the Hamiltonain H =
S, hwg(ahay, +agal) /2, when we use the commutation relations to reorder the second term
so that it can be written in terms of number operators. Similar infinities can arise from
interaction terms — terms higher than quadratic order — in Hamiltonians. The trick to
dealing with these is to find a consistent way to ignore them! Basically, we define the
operation of normal ordering to consist of ordering the creation and annihilation operators
so that the creation operators are on the left and the annihilation operators on the right:

Calay + apal = 24l ay, (1.15)

Applied to quadratic terms, normal ordering essentially ignores zero-point energy. Applied
to interaction terms, it ignores self-interaction of particles that can lead to other unphysical
divergences.

1.4 Specific Heat of Phonons in the Harmonic Crystal

We now consider a harmonic crystal in d dimensions, e.g. a hyper-cubic lattice of atoms
with elastic springs between them.

Neglecting the zero-point energy, the Hamiltonian in terms of phonon creation and
annihilation operators in momentum space is given by

H=> hwila. (1.16)
k

with momenta k = (kq,...,kq) on a d-dimensional momentum grid within the Brillouin
zone BZ = [—n/a,w/a]®. For simplicity, we will use a linearised phonon dispersion wy =
c|k|, where ¢ is the speed of sound of the acoustic phonon. In order to compute the specific

heat per atom,
Cy 1 (OF
A 1.17
=S N(GT)V, (1.17)

~

we first need to compute the energy F = ((H)),

1 « ; 10 ; 102 0
E Tr He a5Tre Z 5 a5 InZ (1.18)

14



The partition function is equal to

Z = Tre¥" = Z o= B i helklnic _ Z Hefﬁhc|k|nk

{ni} {nk} k
= 1
_ —Bhelkln | _
= 11 (Ze > =11 1 — o BhdK]" (1.19)
k n=0 k
Inserting Z into Eq. (1.18)) and dividing by the number of lattice sites, we obtain
E 10 1 helk|
- - = _ o~ Bhck]y _ — i
N = N33 D> In(l—e )= > e (1.20)
k k S—_——

=hwy np (hwy)

Let us first evaluate the sum for a one-dimensional harmonic chain by converting the
momentum sum to an integral for N — oo,

E w/a helk m/a hek T2 hwp /T
N 21 ) ., ekl —1 7 J efhck — 1 hwp er —1

—T

where in the last step we substituted = Shck and defined the Debye frequency wp = ¢ /a
as the cut-off frequency. We can evaluate the integral in the high- and low-temperature
regimes. At high temperatures, hwp < T and therefore x < 1. In this case we can
approximate x/(e* — 1) &~ 1, resulting in £/N ~ T and therefor a constant specific heat,
Cy = 1.

In the low-temperature regime, T' < hwp, we can replace the upper limit of the integral
by infinity, resulting in

NthD et —1 3hAdD

=n2/6

E T2 00 2 T
~ —/ do—" =y =2 (1.21)
0

It is possible to perform the same calculation in general dimension (homework problem).
At low temperatures, T < hAwp, the phonon specific heat scales as ¢y ~ T

15



Chapter 2

Second Quantisation

In the first chapter, we saw how creation and annihilation operators are a very convenient
way of dealing with systems of many harmonic oscillators — armed with their commutation
relations, we can calculate observable properties without ever having to write down a
wavefunction. Phonons are quasiparticles (quanta of energy of lattice vibrations created
by &L) The idea of second quantisation — and field theory in general — is to use this
machinery to study many-body quantum systems, e.g. systems of electrons in a solid.
In first quantisation, the wavefunction of N bosonic or fermionic particles is obtained by
solving the N-particle Schrédinger equation. In 2nd quantisation we introduce creation
and annihilation operators operators:

le( — Creates a particle with momentum k (in a plane wave state)

al — Creates a particle at the point r (in a delta-function wavefunction state at r)

2.1 Identical Particles/Many-Particle States

Many-body quantum mechanics in general — and theoretical condensed matter in par-
ticular — is concerned with the collective quantum behaviour of many identical quantum
particles (for example electrons or phonons in a solid). In this chapter, we will review the
formalism required to describe such systems. Consider /N identical quantum particles with
a generic Hamiltonian

N p? N N
H= E =+ § Ut:) +5 E V(E; — 1),
— 2m , by
i=1 =1 i,7=1
—— —— ~— _
kinetic energy  potential energy interaction energy

with particle labels 7 and j and canonical commutator relations

16



Solution for Non-interacting, Distinguishable Particles
In the absence of interactions, V(r) = 0, the time-independent N-particle Schréodinger
equation in real space (p; = —ihV;) is given by

h2
> <—%v§ + U(ri)) W(ry, ..., ty) = By, ... TN). (2.1)

Since the Hamiltonian is a sum of single-particle Hamiltonians, H = > ﬁi, a mathe-
matical solution of the differential equation is given by a product of single-particle wave-

functions,

b(r1, - TN) = Pay (P1) Py (T2) - - - Pay (TN), (2.2)
where ¢,(r) = (r|a) are solutions of the single-particle Schrédinger equation
(~5e 7+ U()) 0a(6) = Euculr) (2.3
2m

with energy EaH The total energy of the N-particle system is

E=FE., +FE,+...+ E,,. (2.4)

Identical Particles and Exchange

In the above considerations we have assumed that the particles are distinguishable, e.g.
we constructed a solution where particle 1 is in state «q, particle 2 in state as and so on.
In order to construct an N-particle wavefunction of indistinguishable quantum particles
we need to sum over all possible particle permutations. We define the pair permutation
operator as

Pib(o..oriy oy ) = (). (2.5)

A general permutation P can be written as a product of pair permutations. We define
par(fj) as the number of pair permutations that is required to represent P. The most
fundamental way to define bosons and fermions is through the braiding of two particles.
While for bosons the wavefunction remains invariant under the exchange of two particles,
the fermionic wavefunction changes sign,

Byjib(ri,...,vn) = £Y(rr,...,1N),
+ Bosons

—  Fermions

This implies that for a general permutation P we obtain

Pi(ry, ... rn) = (FD)P* P g(ry, ey, (2.6)

where we have used the same sign convention as above. Note that expectation values
([ A]tp) remain invariant under particle permutation |¢)) — P|¢). This of course implies
that |¢)) and P|y) have the same energy.

'We assume that the wavefunctions form an orthonormal set, (a|8) = 3= [ d/r¢} (r)ds(r) = das.
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Starting from the product solution for distinguishable particles, it is straightfor-
ward to construct N-particle wavefunctions that are solutions of the N-particle Schrodinger
equation and symmetric or anti-symmetric under particle exchange. Let us first illustrate
this for N = 2 with particles in different single-particle eigenstates oy, as. If ¢n, (r1)@a, (r2)
is a solution then of course also P s¢a, (1), (T2) = ¢a,(r1)da, (r2) and both solutions
have the same energy. Because of the linearity of the Schrédinger equation, any linear
combination of the two solutions is a solution of the same energy. Defining

Upyp(ry,ra) = % (Pay (T1)Pay (r2) £ Pay (r1)Pa, (r2)) (2.7)

we constructed a symmetric (¢5) and anti-symmetric (r) two-particle wavefunction, as
required for indistinguishable bosons and fermions, respectively. We can generalise this
construction easily to the N-particle case,

@DB/F(rl’ s er) =N Z (il)par(ﬁ) qbap(l)(h) Tt gbap(zv) (rN)v (2'8)
PesSy

where the sum is over the N! elements of the permutation group Sy and N is a normali-
sation constant | which is not very important.

Slater Determinants and Permanents
The wavefunction for fermions may be written in the following form:

Gar (1) oo i Oay (TN)
Vp(ry, ..., rn) =N ‘ﬁaf.('rl) o : (2.9)
Gan(r1) o o Gan(rN)

The alternating signs (—1)par(ﬁ ) required for fermions are taken care of by the minus signs
coming from the determinant. Note that the determinant is zero if any two or more of
the single-particle states are the same. The determinant — known as a Slater determinant
— therefore properly encodes the Pauli principle. For bosons, we may construct a similar
representation in terms of a permanent. This is essentially the same object as a determinant
but without the minus signs.

2.2  Occupation Numbers and Fock Space

The states that we identified as many-particle basis states can be specified completely by
the number of particles in each single-particle basis state. These are usually denoted

]nl,ng, >,

where n; is the number of quanta/particles in the state i. n; takes values 0, 1 for fermions
and values 0,1,2, ...,00 for bosons. This notation assumes: i. a particular identification

2For a state with n; particles in the a@ = 1 state, ny particles in a = 2 state and so on, we obtain
N =1/y/Nlnilny!-.... Note that for fermions the occupation numbers can only take values n, = 0,1,
resulting in N = 1/v/N\.
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of single-particle states. In condensed matter, we typically use either momentum or plane
wave states, or an orthonormal set of states constructed from orbitals on particular atoms,
i.e position states (known as Wannier states); of course, we could also use the single particle
energy eigenstates {|a)} but this is not a requirement. ii. that the states are appropriately
symmetrized or anti-symmetrized for bosons or fermions, respectively.

Fock Space: is the set of states with all possible combinations of the occupation numbers.

The Vacuum State: is the state in which none of the particle states are occupied. It is
written as |0) and normalized (0]0) = 1.

Comparison with the Harmonic Oscillator:

This structure is very similar to that of the eigenstates of the harmonic oscillator and
harmonic chain considered previously. In the case of the harmonic chain, for example, a
generic eigenstate could be written |nyg,, ng,, ...) describing a state with ny, quanta in the
Kt wavevector mode. These modes are bosons and are given the name phonons when
applied to vibrational modes of a crystal lattice. We have been using Fock space all along
to describe the harmonic oscillator and its derivatives.

2.3 Creation and Annihilation Operators

Since the structure of Fock space discussed above is so reminiscent of the state space of
the harmonic oscillator, it is natural to expect that we can also find operators that are the
analogue of the ladder/creation and annihilation operators. These operators will allow us
to navigate Fock space and, moreover, to calculate properties of our many-body system
without ever having to write down its wavefunction.

The basic notion is to identify creation operators é}; that create a particle in the single-
particle state |¢). The type of single-particle states is not important for what follows. We
only postulate that the states {|()|¢ = 1,2,...} form an orthonormal set, (m|l) = 0.,
We will then manipulate the resulting states to determine the properties of the operators
éz A many-particle state in Fock space can be constructed from the action of many such
operators,

1 ~T\ni1/aT\n
n1,ng,...) = W<CD Hed) ... |0), (2.10)
where |0) = ]0,0,...) denotes the vacuum state with no particles present. The single
particle states are included in Fock space,
6y = &0y =0,...,0,_1 ,0,...). (2.11)

Hermitian Conjugation and Annihilation of the Vacuum
By definition, annihilation operators are given by the hermitian conjugate of the creation
operators. Their action on the vacuum is as follows:

&0y =0 and (0]¢) = o0.
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Commutation and Anti-commutation
Considering the action of the permutation operator on a two-particle state, we have
et é110) = el o)

m

for bosons and fermions, respectively. This implies that
[éjn, éﬂ —0=2¢t el —élél, Bosons
%%@}:0:@@+@¢ Fermions (2.12)

and (after hermitian conjugation)

[¢m, €] =0 Bosons
{ém, ¢} =0 Fermions (2.13)

As we will prove below (box), the creation and annihilation operators satisfy the (anti-)
commutator relations

[ém,é}] = 0,0 Bosons
{ém, é}} = 0me Fermions (2.14)

Before proving Eq. (2.14)), we need to understand the action of the creation and an-
nihilation operators on a general state |ni, no,...) in Fock space. Using Eq. (2.12]), we
obtain

é}|n1, Nno,...,Myg,.. > = (il)nl+n2+'“+nzfl\/ Ny + 1|n1, Ng,...,Me+1,.. .>, (215)

where the negative signs in the fermionic case come from commuting é} through all of the
creation operators with labels m = 1,...,¢—1. Note also that for fermions (é})2 = 0 which
implies that the right hand side of the above expression is zero when n, = 1.

In order to compute the action of the annihilation operator, we evaluate

Covve—1oo el ong ) = «HWW,”@y”JW—L”yy
(1)mtnatetne o T T,
from which it immediately follows that
Colna,sma, .o g, L) = (Rt ing ng Lo — 100, (2.16)

This is zero for both bosons and fermions if n, = 0.
From Egs. (2.15)) and (2.16)) we deduce that

At _
CpCelny, nay . gy ) = nglng,ng, o e — 1,000, (2.17)
as expected for the number operator n, = éZég.
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Proof of commutator relation [ém,éﬂ = Omy¢ for bosons and anti-
commutator relation {ém, éz} = 0y for fermions

Let us first assume ¢ < m and act with é}ém and émé; on a general Fock-space state

|7’L1,7?,2, o0 >

Eml. My Ty = (D) — 1)

= MpV/ng + 1(F1)H - 1| ong+ 1, — 1,000
éméﬂ...,ng,...,nm,...) = V/ng+ 1(£1)mH-tne- 1cm|...,ng—|—1,...,nm,...>

= Vg + L(EDetAnmet 1, — 1,

= ié}ém|...,ng,...,nm,...),

from which it follows that éméz E é}ém = 0, where the minus sign is for bosons, the
plus sign for fermions. This oncludes the proof for £ < m. The case ¢ > m simply
follows from hermitian conjugation.

Let us now check the case m = £. Again, we act with é;[ég and égé;[ on a general state.
In the case of bosons we obtain

é}éd ..,ng,...> = \/’I”Lgé};|...,ng—1,...>:ngl...,ng,...>
égcz ng,...> = \/ng+1ég|...,ng+1,...>:<ng+1)‘...,ng,...>.
From this it follows that (¢,¢& —éhé)| ..., mg,...) =] ..., ng,...) and hence [¢, &] = 1.

For fermions we need to be careful with the minus signs and make sure we satisfy
Pauli’s exclusion principle:

é}éd...,ng,...) = 7’Lg|...,7’Lg,...>.
A At . (_1)n1+.,.+ne—1éz| . 17 . > for ne = 0
GGyl ..o ngy..) = { 7 o — 1
B |...,0,...) form,=0
N 0 forn, =1

From this we obtain

(&) + &e)| ... g, ...

) = {|...,O,...) forn, =0

from what follows that {é&, ¢} = 1.

21



2.4 Transformation Between Bases

It is often useful to address different physical questions with reference to different single
particle bases (such as the position and momentum bases). We need then to understand
how to transform our creation and annihilation operators between such bases. We have
already seen an example of this for the harmonic chain. Let us think about this more
generally for a moment.

2.4.1 The Transformation

Consider two sets of single-particle states, {|¢)} and {|a)}, which we assume to be or-
thonormal,

<£|€,> = 5@4/ and <Oé|0/> = 5ao/- (218)
In terms of creation operators the single-particle states can be written as
10y =¢lj0)  and |a) = d}|0). (2.19)

The basis transformation between the two sets is achieved by a matrix U,
a) = Uulf), (2.20)
¢

where the matrix elements are given by the overlap between states, Uy, = (¢|cr). Orthonor-
mality and completeness of the basis sets implies that the transformation matrix is unitary,
UU' =1,

(UUNowr = D (U)ae(UY), /—ZUan*w—ZH )(la)”

¢

= D {ta)(e |f>=2< 1) {€la) = (/| ZM () |a) = ('|a) = daur
)4 )4

%,_/
=1

Next, let us determine the corresponding transformation rule for the creation and annihi-
lation operators. From

df |0y = Z Uatll) = > Uac}|0)
l
Z . (2.21)

we obtain

and by hermitian conjugation

do = Uste=>_ &(UM)n. (2.22)
¢ ¢
It can be shown (homework problem) that the bosonic commutation relations and the
fermionic anti-commutation relations are preserved under unitary transformations of the
corresponding single-particle basis sets. The invariance of the commutation relations be-
tween position and wavevector basis that we noted in the case of the harmonic chain is just
a special case of the invariance under general unitary transformations noted here.
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2.4.2 'Transforming Between Momentum and Position Bases

An important example of two basis sets of single-particle states are position states, |r) =
¢l]0), and momentum states, |k) = aAlL|O) In this section, we will show that the unitary
transformation between the position and momentum single-particle states is nothing but
the conventional Fourier transform already used in ChapterE]

Using the general notation from the previous section and assuming a continuous d-
dimensional position space, we can write the unitary transformation as

di = / AUy o él,

where the matrix elements of the unitary transformation are given by the overlap of single-
particle position and momentum eigenstates, Uy, = (r|k). This overlap is simply the
normalised wavefunction iy (r) = #e"kr of a plane-wave state. Note that in order to

normalise the plane wave state we had to assume a finite d-dimensional volume, V = L.
We therefore obtain

. 1 A A 1 :
it — _/ Al and  dp = —— / dire= e, (2.23)
VAT ¥ vViJv

which is simply a Fourier transform.E] Periodic boundary conditions require that the mo-
menta are on a grid of spacing Ak = 2x/L:
2m

) ) . ) 2
e = ek tle) — oilhi — 1 = k; = %nj (njeZ)=k= f(nl, ceyNg)

The inverse transformation is given by
1 o 1 Lo
N —ikr 3t A ikr
cl=—=)» e™d, and & =—=) "dy, (2.24)

and the condition that the transformation be unitary simply reduces to the integral repre-
sentation of the J-function:

1 ,
Okq = /ddrUk,rUJ’q = V/ddrez(k_q)r. (2.25)

Fourier transform on the lattice
For comparison, we list the corresponding equations for the case of a d dimensional lattice of
N sites (N = M%) with periodic boundary conditions and lattice constant a. The momenta

can take values k; = %nl withn; =1,..., M.

1 . 1 .
N ikr AT A —ikr ~
G = —— g e™¢l and & = — E e "y, 2.26
VN4 KTUN - (2.26)
with inverse

VN VN

and resolution of the delta function i q = & Y e'k=or,

1 . 1 ;
d=— E e*’kréf( and ¢ = — E ey, (2.27)
Kk k

3Note that we often use momentum p and wavevector k interchangeably. However, strictly speaking
p = hk. In theoretical physics we often work in units & = 1.
4Note that often we use the same symbols for operators in real and momentum space.
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2.5 Single- and Two-Particle Operators

2.5.1 Single-Particle Operators

We are going to build up gradually to a way of writing general single particle operators
in a second quantised form - i.e. in terms of creation and annihilation operators. Single
particle operators are completely characterised by their action on single-particle states.
When acting on an N-particle state, single particle operators take the form

N
Q=) w, (2.28)
i=1
where w; acts on particle 7. Examples are the kinetic and potential energy operators,
T:Zp—Q, U=> Ult).
. 2m i

The operators w; are of exactly the same form for all ¢ and we could therefore express Q as
a tensor product,

—_——
i—1

N
Q:21®...®1®@®1®...®1.
=1

Let us first assume that the single-particle basis {|()} is formed of eigenstates of w,
W|l) = wy|l). Acting with Q on N particles in states 1, (s, ..., ¢y we obtain

N
Q]&,@, ce 7£N> = <ngi> |£1,€2, . 7£N>- (229)
=1

We now consider a state in Fock space with n; particles in state £ = 1, ny particles in
state £ = 2, and so on. This state can be identified with an N = n; + ny + ... particle

state,

Iny,me, ...y =1]1,...,1,2,...,2,3,...),
——— N —

ni ng

from which it immediately follows that

Qlny,ng,...) = (Zwmg> N1, ng,...). (2.30)
¢
We therefore obtain the form of € in second quantisation in terms of eigenstates of w,
Q = ZOJgﬁg = Za&é};ée. (2.31)
¢ ¢
In order to obtain the form of () in a general basis we perform a unitary transformation

{10} = {la)}, ) i
&= Uwdl, =Y (al)d],
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and use that (¢|w|l') = wedge:

Q= > (ald)efes

124

= D) 3 talt)d, Z< ey d

124

= D ) (alo)(tlele) e'|w|a>cﬂd

o aad

= ) (al@la)d]do. (2.32)

aa’

This is the 2nd quantised form of ) in a general single particle basis {|a)}, in which & is
not diagonal and has matrix elements (a|0|a/) = Waa-
As an important example we will express the non-interacting N-particle Hamiltonian

T+U = Z +ZU (2.33)

in terms of creation and annihilation operators éL, ¢x in momentum space. As you will
show in a homework problem, the 2nd quantised Hamiltonian is given by

7‘2 = Z éLék + Z U Cka/ (234)
k

k. k/

where U(q & [ dr U(r)e'™ is the Fourier transform of the potential U(r).

2.5.2 Two-Particle Operators

Two-body operators, such as the interaction potential
Hine = 5 D Vi~ 1)), (2.35)
act on pairs of particles. In general, we can write such two-body operators as
6=35"0, (2.36)
2%

Expressing two-body operators in 2nd quantisation follows essentially the same steps as in
the case of one-body operators. However, the calculation is more tedious. Here we only
give the answer, which is of the expected form:

N 1 ~
o=3 > (010l e e, (2.37)

' mm’

where |mm’) denotes the state of 2 particles in single particle states m and m’.
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Let us return to the generic 2-body interaction 7:[im, which becomes very simple in terms of
single particle creation and annihilation operators in position space, ¢f, .. This is because

(r,v'|V(& -1, ') =V(r —1)o(r —1)0(r' — ). (2.38)

We therefore obtain

Hine = /dd /ddr'V )él c Gt Cp = /dd /ddr’V Vg fp, (2.39)

where in the last step we have used that for r # r/

CTCT b G = £ c Gl = (£1)%¢ ClepCl Gy

2.6 Diagonalising Quantum Hamiltonians

The aim in using second quantization techniques is to reduce the expectation values that
we are interested in — as far as possible — to number operators. As we saw in the case
of the harmonic oscillator, it is then a simple matter to calculate the physical properties.
Single particle operators can always be written in this form. Higher order many-particle
operators can be expanded in terms of single-particle operators using mean-field theory
and perturbative extensions (not part of this course).

2.6.1 Unitary transformations

Non-interacting Hamiltonians that conserve particle number can always be written as
H=> Hyala;=(a],...,al)H| : |=a'Ha, (2.40)

where dz , a; could be bosonic or fermionic and ¢ labels single-particle basis states [i) =
ELI|O>. The matrix H is hermitian, H' = H. It can therefore be diagonalised by a unitary
transformation U (UTU = UU' = 1),

UHU = , (2.41)

€n

where ¢; are the energy eigenvalues. The Hamiltonian transforms accordingly,

ATHA = af f ta — i 5
aHa=aU UHU Ula=) edd. (2.42)
dt €1 d ¢
€n
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The creation and annihilation operators transform as d’ = alU and d = Ufa with
inverse a' = d"U' and & = Ud. The bosonic commutation and fermionic anti-commutation
relations are preserved under such unitary transformations.

Solving a problem defined by a particular # amounts to finding the unitary rotation
that diagonalises it. This reduces to a simple matrix diagonalisation and hence a simple
linear algebra problem: the energy eigenvalues are obtained from solving the equation
det(H — €1) = 0, the columns of the unitary transformation matrix U are given by the
corresponding eigenvectors. As we saw for the harmonic chain, often a Fourier transform
diagonalises the Hamiltonian. We will see a number of examples in this course where there
is a residual diagonalisation required - often of just a 2 X 2 or 4 X 4 matrix.

2.6.2 Bogoliubov Transformation

There are lots of physical systems for which a mean-field treatment of the interactions
between particles leads to anomalous terms é;ré; and ¢;¢; in the Hamiltonian. We will
encounter this in the case of Bose condensates (chapter 3) and superconductors (chapter 7).
Anomalous terms also appear in the linear spin-wave theory of quantum antiferromagnets
(chapter 4).

In the presence of anomalous terms, # does not conserve the particle number and the
ground state of the system will be formed by a superposition of states with different particle
numbers. This is one of the main reasons why we use Fock space. In this course, we will
encounter fermionic and bosonic Hamiltonians which are of the form
H = e1¢1é) + exébén + Aelel + Néyéy,
where the operators have additional momentum dependence, which we suppress here, for
simplicity. We will also assume €; = ¢, since this will be the case in later applications, and
A € R, for reasons we will explain later.

A unitary transformation cannot be used to diagonalise these Hamiltonians. Instead,
one must use a Bogoliubov transformation. This takes a slightly different form for bosons
and fermions. The procedure is very similar in the two cases with some additional negative
signs in the latter case, due to the fermionic anti-commutation relations.

Bosonic Bogoliubov
The bosonic form of the Bogoliubov transformation is used for example for Bose condensates
and anti-ferromagnets. We can write the Hamiltonian in a 2 x 2 matrix structure,

2 A A A A At oA A RN A ¢

H=e(ley+ ebey )+ NEE + 6060) = (€1, ¢) ( ; ) ( A% ) — €. (2.43)
~—~ € Cy
—épéh—1

The operators
~ C o o
)= ( éi ) and f = (&1, ) (2.44)

are called Nambu spinors. The aim is to transform to a new set of boson operators cij, cZZ
(1 = 1,2) such that the Hamiltonian becomes diagonal in Nambu space (no longer contains
anomalous terms). This can be achieved by a transformation
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(2)2(55)(2) (2.45)

with u,v € R. By hermitian conjugation this implies

el =@ (1)), (2.46)

v u

Importantly, the bosonic commutation relations for the two sets of operators impose the
constraint
u? —v® =1 (2.47)

on the coefficients of the transformation matrix. This can be seen from the following
calculation,

1= [¢1,¢l] = [udy + vdb, udl + vdy] = w? [dy, d}] +0? [d}, do] = u? — v,
=1 =—1

We can use the transformation to express the Hamiltonian in terms of the new set of
boson operators,

~ IR € A ¢
HIOR
T U v € A U v ch B
= () () ) (i) -

R (u? + v?)e + 2uv\  2uve + (u? + v?)A d
= () ( 2uve + (u? + v\ (u? 4 v?)e + 2uv d )~ °© (2.48)

We can now determine v and v from the condition that the anomalous terms vanish,
2uve + (u® +v*)A = 0. (2.49)

Because of the constraint, u?> — v? = 1, u and v are not independent. Rather than using
the constraint to express v in terms of u, we parametrise

u = cosh(f) and v = sinh(0), (2.50)

which satisfies the constraint. Inserting into Eq. (2.49), we obtain the condition for # that
diagonalises H,

A
sinh(260)e + cosh(20) = 0 = tanh(20) = ——. (2.51)
€
This brings the Hamiltonian to the final diagonal form
N s s € 0 d1
= &(did, + didy) — € + é, (2.52)
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where the energy of the Bogoliubov quasiparticles is given by
A
¢ = (u®+v%)e+ 2uvA = ecosh(20) + Asinh(20) = e cosh(26)[1 + = tanh(26)]
€

(1—X*/e)

- ‘ 1+ 2 tanh(20) ¢

1 — tanh?(26) ¢ V91— Az/e
— JE (2.53)

Fermionic Bogoliubov

This is used for example for superconductivity and superfluidity of fermions (e.g. in 3He).
The steps are very similar to those for bosons, but crucially, negative signs from the anti-
commutation of fermionic operators change things somewhat. We first write the Hamilto-
nian in Nambu spinor representation:

’ A A A A At oA A A ¢
H=c(@ler+ ey )+ MNEE + 660) = (€], ¢) ( ; ) < ; ) +e, (2.54)
~—~ —€ 02
2762624»1

where the opposite signs obtained for fermions are highlighted in red. The fermionic Bo-
goliubov transformation is achieved by

()-(n ) (). .

with v, v € R. By hermitian conjugation this implies

(e}, ) = (d}, d>) ( v ) . (2.56)

(% u

The anti-commutation relations must be preserved by the fermionic Bogoliubov transfor-
mation. This implies that

1={¢&, e} = {udy + vdb, udl + vdy} = w?{dy, dl} + v*{d}, dy} = u?>+0?, (2.57)
which suggests taking u = cosf and v = sin 6.

We can use the transformation to express the Hamiltonian in terms of the new set of fermion

operators,
y A A c
o= e (5 )(ﬁ)+e

= (05 ) (s ) ()

_ (. dy) (u?—v*)e—2uv 2uve+ (u —v%)A c{l
DRI\ 2uve + (WP—v)N —(u2—v?)e + 2uv d}

The Hamiltonian is diagonalised for

) e (2.58)

0 = 2uve + (u>—v?)\ = esin(26) + A cos(20) = tan(20) = —é, (2.59)
€
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and takes the form

~ FTR e 0 d
- i %)(4)

= &(d\d, + didy)te—¢, (2.60)

where the energy of the Bogoliubov quasiparticles is given by

€ = (u*—v?)e—2uv) = ecos(20) — Asin(26) = ecos(20)[1 — A tan(26)]
€

€ A € 272
= o tan2(20) [1 — E tan(29)] = \/H:)@/@(l + A /6 )
= Vel (2.61)
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Chapter 3

The Weakly-Interacting Bose Gas

Superfluidity (flow without loss of kinetic energy and hence with zero viscosity) was first
observed in a liquid of bosonic *He atoms below about 2.1K. Similar phenomena - at least
the phenomenon of Bose-Einstein condensation - have since been observed in dilute ultra-
cold gases of bosonic alkali atoms, resulting in a Nobel Prize in Physics in 2001 for Cornell,
Ketterle, and Wieman. After the rather formal interlude of the previous chapter, we now
poses the analytical tools to describe Bose-Einstein condensation in detail.

Nobel Prize in Physics
for the achievement of Bose-Einstein
condensation in dilute gases of alkali atoms,
and for early fundamental studies of the
properties of the condensate

2001

Pl
a /)
oo

Eric A. Cornell Wolfgang Ketterle Carl E. Wieman

3.1 Bose-Einstein Condensation

In order to understand the phenomenon of Bose condensation, let us first consider an ideal
Bose gas, a gas of bosons without interactions between the particles. There exist different
types of bosons in nature, e.g. the phonons discussed in chapter 1. The number of phonons
is not conserved and hence their chemical potential is zero. On the other hand, if we
consider bosonic atoms such as “He the particle number is conserved and we require a
non-zero chemical potential p = pu(T') to satisfy the fixed particle number constraint.

Let us consider a system of N bosonic particles of mass m in a cubic box of volume
V = L3. In this case the density p = N/V is fixed. The non-interacting Hamiltonian
is conveniently written in terms of bosonic creation and annihilation operators é;r{, Cx in

momentum space,

) 21,2
I pP; hk AF
H= Z oy = Z 5, i (3.1)
=1 k SN——~
=€k
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Assuming periodic boundary conditions, the momenta are restricted to a grid of spacing
Ak = 27”, k = Ak(ng, ny,n,) with n; € Z. The N=particle ground state is given by the
state in which all bosons occupy the k = 0 state, which is the single-particle state with the

lowest energy,
1

V N!
In order to understand the finite-temperature behaviour and to investigate the relation

between particle number and chemical potential, we consider the grand canonical potential
with partition sum Z; and grand potential €2,

|GS) = —=(&_)"10)- (3.2)

Zg = Tr e PH-1N) — =52 (3.3)
which allows us to compute the particle number

. 1 o ek 1 0Z¢ 10 )
N=(N)=—Tr Ne PH-N) = _—_ZZ2¢ _ ~ = 1z, = 2" 3.4
W)= g e B2c on popPe= o B

It is trivial to evaluate Zg for a system of non-interacting bosons,

—Blex—p)n = —B(ex—p)n 1
Zg = Z He Blex mk:l;[(zoe Blex—n) ) :Hm (3.5)

{nx=0,1,...} k k

Note that convergence of the geometric series requires that g < 0. This results in

1 1 ) 1
- - S _ o Blex—p) _ - -
0= BanG_BE:ln(l e Py = N = aM_E Fa 1 (30)
k k Se———

=(hx)=np(ex—n)

Of course we could have written the last expression without derivation. In the thermody-
namic limit L — oo (p = N/L? fixed) we can convert the sum into an integral and make
use of the rotational symmetry,

p = g = %;HB(Gk — ) = (271T>3 E(Ak)‘gng(ek — 1)

1 o
ok /d3k np(ex — 1) = 2_7r2/0 dk K*np(ep — ).

This can be converted into an integral over energy by substitution € = ¢, = h%k?/(2m),

2m
47r2\/ h2 / 65(6 -1 (3.7)

This integral equation serves as an implicit equation for p and can be solved numerically.
We find that the chemical potential is negative and increases as temperature is lowered until
it becomes zero at a temperature Ty which depends on the choice of p and m. This generic
behaviour is shown in the following figure:

Q
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)ﬂv

Disturbingly, the integral equation for the chemical potential has no solution for T' < Ty,
suggesting that we can no longer satisfy the fixed density constraint. There is a simple
resolution of this apparent paradox. We have converted the momentum sum into an in-
tegral, ignoring a macroscopic occupation of the k = 0 state, which we already know will
happen in the groundstate. The integral only gives the density p.~o of particles that are
not condensed into the k = 0 state. Bose condensation occurs for T° < T with a certain
fraction of particles in the condensate.

We can determine T by solving the integral equation for g = 0. In this case we can
scale out temperature from the integral by the substitution z = fe = ¢/T, resulting in a
purely numerical integral,

2m 3/2 dz \/_

47r2 = (3.8)

(3/2)~2.61

where ((z) denotes the zeta-function. Hence we obtain Ty ~ % p*/3. For T < Tyand u =0
the integral (3.7 gives the density of particles that are not in the condensate,

3
poo = a1V (319) .9)

The fraction of particles in the condensate is therefore given by

%_@:Kﬁﬂ:p(T
N p p

3/2
—) for T < Ty. (3.10)
Ty

This is illustrated in the figure below. We obtain a Bose condensate for T < Ty with
the condensate fraction approaching No/N = 1 at 7' = 0. This is expected since in the
groundstate all particles are in the k = 0 state.

33



No/N

Bose Condensate

v

Ty T

3.2 The Hamiltonian of the Interacting Bose Gas

While the essence of Bose-Einstein condensation can be understood in terms of a non-
interacting particle picture, we require interactions to understand the phenomenon of su-
perfluidity. As long as the interactions are not too strong we expect that the Bose-Einstein
condensate will persist in the interacting system. We will consider a generic density-density
interaction between the bosonic atoms. In second quantisation the contribution to the
Hamiltonian can be written as

~ 1
Hint = i/d?’r/d‘gr’ U(r — ') iy, (3.11)

where 1, = él¢, denote occupation number operators in real space. Here the spatial
integrals run over the cubic box of volume V' = L?. Considering the atoms as charge-neutral
hard balls we would expect that the atoms are subject to a short-range local repulsion. For
simplicity, we will assume a repulsive delta-function interaction,

Ur—1")=Ud(r—r"), (3.12)

with U > 0. As you will show in a homework problem, in momentum space the interaction
Hamiltonian takes the form

N U NV
Hine = v kz CLCECka—pJFq- (3.13)
7p’q

Notice that the momenta of the ingoing bosons that are annihilated matches that of the
outgoing, created bosons, as required by momentum conservation. This can be represented
by a Feynman diagram:
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3.3 Mean Field Theory

At the end of Chapter 2, we learnt how to diagonalise quadratic, second quantised Hamil-
tonian. In the present case, however, the interaction is quartic in creation and annihilation
operators. Based upon our knowledge of the non-interacting Bose gas, we can develop a
leading-order approximation that reduces the Hamiltonian to quadratic form.

We know that in the groundstate of the non-interacting system, all N particles condense
into the k = 0 state. The main assumption is that in the presence of weak repulsion U the
occupation of the k = 0 state remains macroscopic,

(o) = Ny > 1. (3.14)

On the other hand, the “quantum-ness" of the operators is manifested in the bosonic

commutator,
6o, éh] = 1. (3.15)

Since 1 <« Ny, this suggests that for the k = 0 state the “quantum-ness" of the operators
can be ignored and we can treat é(T) and ¢o as numbers

e~ /Ny and ¢ ~ /Ny (3.16)

By splitting off the k = 0 terms from the sums we can expand the interaction Hamiltonian,

U VI
Hine = b1 E Sk+q—p-— l)Cchcpcl
k,p,q,l

:ENQ v

Y 2VN0 Z 4¢y Cx + ckc T Ceklk) + .

k£0

Note that there are no linear terms ~ clT( or ~ ¢, with k # 0 since after setting three

momenta to zero, the delta function renders the forth momentum zero as well. Importantly,
the quadratic terms dominate over higher-order interaction terms, which are O(1) in Nj.
The above expansion is therefore controlled by the small parameter 1/Nj. In the mean-field
approximation we only retain the constant and quadratic terms, resulting in an effective
non-interacting Hamiltonian that can be diagonalised. We further substitute

No=N-) één (3.17)
K£0
and obtain I
Hint = WNQ + WNZ QCka + ckc + ¢ kCi), (3.18)
N—— S~ k#0
=iUVp? =iUp

up to quadratic order. Combining with the kinetic energy contribution, the mean-field
Hamiltonian becomes

H = Z{(

k£0

4. U 1
) e + TP (chT e kck> } + §UVp2. (3.19)

=e(k)
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In order to write the Hamiltonian in a 2x2 matrix form in terms of Nambu spinors,
. » ¢
Yf = (ck, ¢x) and = ( éTk ) , (3.20)
—k

we write the regular terms in symmetric form with respect to k and —k, using that

Zkﬂ) fk) = % Zk;éo [f(k) + f(—=k)], resulting in
i e (T Gh) (4) st o

k#£0 —k k40
where we have used that éiké_k = é_kéik — 1. We can diagonalise this Hamiltonian by a

Bogoliubov transformation to new boson operators,

()= (i i ) (), .

As you will show in a homework problem, this is achieved by

Up
tanh(260y) = ——— 3.23
wl(26,) =~ (32
resulting in the diagonal Hamiltonian
1
it g 2
H = E E(k)d, dy + 3 E [E(k) —ek)] + §UVp , (3.24)

k+£0 k+£0

with Bogoliubov quasiparticle dispersion

E(k) = e2<k>—<Up>2:\/ (’wap) —(Upp. (3.25)

3.4 Landau’s Critical Superfluid Velocity

While the dispersion in the non-interacting Bose gas is quadratic, the dispersion E(k) of
excitations in the interacting system has different asymptotic behaviour at large and small
momenta,

h2Kk? h2Kk?
e for = > Up
E( ):{ e o (3.26)

h/ 22k for EX <y’

2m

hence it crosses over from linear at small k to quadratic at large k, as shown in the figure
below. The linear dispersion E(k) ~ |k| at small momenta is responsible for the superfluid
properties as can be seen by the following argument due to Landau:
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E(k)

hwk (v > v.)

Suppose that the liquid of total mass M moves with velocity v along the direction of a
capillary (thin tube). The liquid has kinetic energy F = $Mv? and momentum P = Muv.
The only way that friction can arise is by creating excitations in the liquid. Let us consider a
single quasi-particle excitation with momentum Ak in the direction of v. This excitation has
energy F(k) as calculated in the previous section. Such an excitation requires energy and
momentum transfer and hence a reduction of the velocity by a small amount v — v — Awv.

Conservation of Momentum:
Mv = M(v — Av) + hk

Conservation of Energy:

1 1
§M112 = §M(v — Av)? + E(k).

Linearising the second equation in Av and combining with the other equation, we obtain
E(k) = hok. (3.27)

Hence, the momentum k of the excitation is determined from the intersection of the quasi-
particle dispersion F(k) with the straight line Aivk. Of course, a solution is only possible

if hw is bigger than the slope 4/ QU—W‘; of E(k) at mall momenta, as illustrated in the figure.
This determines a critical velocity

Up
ve=1\/5, - (3.28)
For velocities v < v, it is not possible to transfer energy and momentum by creating an
excitation in the fluid. As a result, the flow remains frictionless, resulting in superfluidity.
In the absence of interactions (U = 0) the critical velocity is zero and superfluidity is not

possible.
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3.5 Superfluid Fraction

In approximating the interacting boson Hamiltonian by an effective free-particle Hamilto-
nian with anomalous terms, we have assumed that the number of particles

No=N =) (ela) (3.29)

k+£0

in the k = 0 state, forming a condensate, is large. In the non-interacting grounds state,
all particles occupy the k = 0 state, corresponding to a condensate fraction Ny/N = 1.
Interactions are expected to deplete the condensate and we are now going to investigate
how Ny depends on the interaction U. This serves as a consistency check if our assumption
Ny > 1 remains valid.

In order to calculate the expectation value (chk> we can simply insert the Bogoliubov
transformation to the new operators dT and dj in which the Hamiltonian is diagonal and

use that
1

TN
(dydi) = SFE( _ T’ (3.30)
where E(k) is the dispersion of the Bogoliubov quasiparticles, given in Eq. (3.25). Since
the Hamiltonian is diagonal in terms of the new operators, it also follows that (deT_k> =
<ci_kc§k> = 0. As you will show in a homework problem. the density po = Ny/V of particles

in the condensate of the interacting gas at temperature 7" is given by

1 1 .
Po=pP— v gﬁ% |:COSh(29k)eBE(kT1 + Slnh2(9k> , (331)

where 0y is defined by tanh(26y) = —Up/e(k) = —Up/(hzk + Up). The first term in the
sum describes the depletion of condensate due to thermal population of k # 0 states. This
contribution vanishes at 7" = 0 where all Bogoliubov quasiparticles occupy the k = 0 state.
The second term in the sum is present at 7' = 0 and corresponds to the depletion of the
condensate by interactions.

In the homework problem you will evaluate the superfluid density py at T = 0 by
converting the momentum sum into an integral over energy, as we have done before. The

final result is 3o
1 2m

As to be expected, this result reflects that in the absence of interactions, all particles
are in the condensate (py = p). The superfluid fraction py/p = Ny/N decreases with the
interaction U but remains close to 1 for sufficiently weak interactions. In this regime, the
mean-field approximation is justified.
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Chapter 4

Quantum Magnets

In this chapter, we will use the language of second quantisation to discuss properties of
quantum magnets — magnets in which atoms in a lattice have unpaired electron spins that
may interact with the spins on other sites. We will focus upon insulating magnets in which
the electrons that carry the spins are localised on atomic sites, as opposed to itinerant
systems, where they would be free to hop around. Note that strong Hund’s coupling could
potentially give rise to the formation of local moment spins that are much larger than
the electron spin. Despite the apparent simplicity of this set up, the collective quantum
behaviour of such systems is incredibly rich. Just about every phenomenon of modern
quantum physics is revealed by these systems.

The spins could be arranged in one-dimensional chains, two-dimensional lattices, such
as square-, triangular- or Kagome lattices, or three dimensional lattices such as cubic or
Pyrochlore lattices. The competition between different interactions can lead rich magnetic
phase diagrams with magnetically ordered phases that show complicated spin textures.
Geometric frustration in low-dimensional systems, e.g. on the two-dimensional Kagome
lattice, can prevent the system from ordering altogether. In such situations the spins
remain strongly fluctuating down to zero temperature, giving rise to a quantum spin liquid
which is characterised by emergent fractionalised excitations. Quantum spin systems also
provide the first example of topology in quantum physics (through the Haldane conjecture
that we will discuss later) and a magnetic model (due to Kitaev) is the basis of some of
the most widely studied quantum error correcting codes.

4.1 The Heisenberg Model

The Hamiltonian of the Heisenberg model is given by
) 1 3 Q& 1 oz Qo QY & Oz Oz
H= 3D JiSiSi=5> Ji (Se8s + 508y + 8257, (4.1)
i3 i,J

where ¢, j label the sites of a given lattice. The exchange couplings J;; between spins on
sites ¢ and j could be positive or negative, favouring antiferromagnet (anti-parallel) or
ferromagnetic (parallel) alignment, respectively. However, often there exists a competition
between different exchanges and not all bonds can be simultaneously satisfied. Different
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microsopic mechanisms contribute to the interaction between spins, including direct dipole-
dipole coupling and antiferromagnetic superexchange, which we will discuss in Chapter 8.
Orbital degrees of freedom can also play a crucial role in determining the strength and sign
of the exchange.

The Heisenberg model is isotropic in spin space. While the relative orientation between
spins depends on the exchange couplings, the Hamiltonian is invariant under a global
rotation of all the spins. This symmetry can be broken or lowered by anisotropy, e.g
exchange anisotropy, J, SISI +Jy SySy + J, SZS’Z or single-ion anisotropy;, (SZ)

Let us briefly review the properties of spin operators. While spin operators on different
sites commute, the components of the vector spin operator on a given site satisfy the
commutation relations

[Sa, 5‘5] = iheas, 5. (4.2)

From this it follows that [SQ, SZ] = 0, which implies that S% and S* have a simultaneous
eigenbasis,

S%S,m) = h*S(S+1)|S,m)
S#|S,m) = hm|S,m) (4.3)

with quantum numbers S (determining the size of the spin, S = é, 1, g, 2,...)and m =

-5, —S+1,...,5—1,5. Hence, for a given S there exists a tower of 25 + 1 states. Rather
than Workmg Wlth S373 and SY it is often convenient to use the ladder operators

S* =8, +iS,, (4.4)
which satisfy the commutation relations
[S*,57] =2hrS* and [S*, 57 = FhSE, (4.5)

as can be easily derived from Eq. (4.2)). The ladder operators raise and lower the m quantum
number by one,

SEIS, m) = h/S(S + 1) — m(m £1)|S,m + 1), (4.6)
and St|9,5) = 5|9, —S) = 0.

4.2 Holstein-Primakoff Transformation

The non-trivial commutation relations of the spin operators make them tricky to deal with
when facing a system of many interacting quantum spins. Bosons are much easier to deal
with, as we have seen in previous Chapters. The Holstein-Primakoff transformation allows
to map quantum spin-operators to bosonic creation and annihilation operators. Similar to
boson operators, spin operators on different sites commute. We can therefore focus on a
single site in the following.

The idea is to identify the maximally polarised spin state |S, S) with the vacuum state
|0) of having no boson, the state |S,S — 1) with the one-boson state |1) and so on. This
suggests that we should identify $7 = h(S — BTB)
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1S, 5)=10)
5.5~ =)
\ 4

S, —5)=[25)

In order to match the dimension of the spin and boson Hilbert spaces we need to truncate
the bosonic Hilbert space and allow for a maximum occupation number of n,,, = 25,
corresponding to the state |S, —S). Increasing the boson number by one is equivalent to
lowering the m quantum number of the spin state by one and vice verse, which suggests
that S~ ~ bt and S+ ~ b. We need to be careful, however, since the identification between
spin and boson operators needs to respect boson and spin commutation relations. The
correct mapping is known as the Holstein-Primakoff transformation,

S* = (S —bTb),

A A\ 1/2 .

§* = n(25-%) ",

. o\ 1/2

S = ot (25 . bTb) . (4.7)
One can easily chec that the bosonic commutation relations [l;, I;T] = 1 reproduce the
spin commutation relations in the form [S*,S™] = 2hAS*. Identifying our boson operator

per site of the lattice, the fact that spin operators on different sites commute is readily
accommodated by the similar commutation of bosonic operators on different sites.

4.3 Linear Spin-Wave Theory

The idea is to look at small fluctuations around the classical groundstate. To obtain the
classical groundstate we treat all spins as classical vectors and minimise the energy. This
could potentially be complicated and result in non-collinear groundstates. An example of
such a non-collinear classical grounstate is the Heisenberg antiferromagnet on the triangular
lattice where neighbouring spins in the classical groundstate enclose an angle of 120°.

The classical spin direction on a given site ¢ determines the local quantisation axes
(the z axis in the local frame), along which we define the state |S,S);. We then use
the Holstein-Primakoff transformation in this frame to express the spin operators S'f“ in
terms of boson operator ISI and b;. The Holtstein-Primakoff bosons represent the quantised
spin-wave excitations, called magnons.

L And you will do so in a homework problem.
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Rewriting a given spin Hamiltonian in terms of Holstein-Primakoff bosons, we will ob-
tain a constant part, corresponding to the classical ground-state energy, a part quadratic
in the boson creation and annihilation operators, as well as higher order terms. In linear
spin-wave theory we neglect all terms beyond quadratic order. The resulting Hamiltonian
is one of non-interacting bosons which can be diagonalised by Fourier transform, unitary
transformation or, if the Hamiltonian contains anomalous terms, by Bogoliubov transfor-
mation.

The quartic interaction terms are by a factor 1/S smaller than the quadratic terms.
This implies that linear-spin wave theory is a good approximation for large S and that it
takes the leading quantum fluctuations into account. For large S, we can also ignore the
truncation of the bosonic Hilbert space.

Expanding the occupation number operators out of the square roots in the Holstein-
Primakoff transformation results in terms beyond quadratic order. If we are interested
in fluctuations on the level of linear-spin wave theory we can therefore work with the
approximate transformation,

S; = h(S—blb),
St~ hV2Sb;, and S; ~ hV2Sh!. (4.8)

4.4 The Heisenberg Ferromagnet
Let us now consider a Heisenberg ferromagnet on a d-dimensional hypercubic lattice with N

sites and periodic boundary conditions. For simplicity, we only consider a nearest-neighbour
interaction between the spins. The Hamiltonian is given by

(i.9)
where J > 0. Instead of summing over nearest-neighbour bonds we could sum over discrete
lattice-site positions r and lattice vectors a; = aé; (i = 1,...,d and a the lattice constant),
d
H=-J> > S Siia, (4.10)
r =1

which covers every bond exactly once. The classical groundstate is trivial: all spins align
parallel, where the direction is spontaneously picked. We will call this direction the positive
Z-axis.

4.4.1 The Groundstate

The groundstate is such that all of the spins are aligned — say in the z-directions — so
that S?|S,S); = hS|S, S); on each site. The product state

) = ®ilS, S)i (4.11)
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is indeed an eigenstate of # and hence the quantum-mechanical ground-state of the many-
body system,

Oz Qz 1 O+ & O— O _ z Qz
HIv) ——JZ{SiSj +§(S,. S7+ 57 )} ——JZS S2l) = Eole),  (4.12)
where Ey = —Jh?S?Nd is the classical groundstate energyf]

4.4.2 Linear Spin-Wave Exciations

We now use the approximate form of the Holstein-Primakoff transformation, Eq. (4.7),
to express hamiltonian of the Heisenberg ferromagnet in terms of bosonic creation and
annihilation operators, keeping terms up to quadratic order,

d d
7:[ == —JZZ Sr : Sr-l—ai = _JZZ {Sjsf—&—a % <S:§;+ai + S(I‘_Sii-az)}
r =1 r =1

d
= —JR*S’Nd+ Jh*SY > (biby + bl 10, brsa,)

r =1

d
IS S S b, + )

r =1

d
= —JR’S’Nd +2J1°Sd Y bibe — JR*S Y > "(bebl o, + blbria,). (4.13)

Our task now is to diagonalise this Hamiltonian. Because the system is translationally
invariant, the first step towards this (actually the only step in this case) is to Fourier

transform,
~ 1 A
eTh b= =Y €D (4.14)

resulting in
H = —Jh?S®Nd+ 2Jh2SdZ b} by

_JR2S N Z ZZ |: ikr —ik’ (r+ay) b bT + efikreik’(rJrai)BlT(I;k/]

r kk’ i=1

= —JR2S?Nd + 2Jh25dz b — JH*S Y Z —ikar | pikai)pi by

k =1

=1

- Jh252Nd+2Jh2SZ [d Zcos (ak;) ] b} b (4.15)

2In the above calculation we have used that $t|S, S) = 0.
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We have diagonalised the linear spin-wave Hamiltonian for the ferromagnet by Fourier
transform. Notice that since the classical groundstate is an eigenstate of the Hamiltonian,
there are no zero-point fluctuations The spin-wave excitation have the dispersion

e(k) = 2Jh%S [d - Zcos(aki)] : (4.16)

which for small momenta can be approximated as
e(k) ~ Jh*Sa’k>. (4.17)

These modes are gapless — their energy goes to zero as |k| does. This is because they
are Goldstone modes; they arise because the spin rotational symmetry of the Hamiltonian
is broken by the groundstate — it costs zero energy to rotate between these groundstates
and this corresponds to precisely the k = 0 limit of the excitations described here.

4.4.3 Thermal Fluctuations

The breaking of rotational symmetry by the ferromagnetic state can be quantified by an
order parameter - the magnetisation M. The free energy of the system may in fact be
expanded as a function of this order parameter. This powerful technique — known as a
Ginzburg-Landau expansion — can reveal key generic properties of thermodynamic phases
and transitions between them. Here we shall satisfy ourselves by considering the effect of
thermal fluctuations upon the magnetisation of our system. Thermal fluctuation will reduce
the magnetisation of the system up to a point where it vanishes at a critical temperature
T., corresponding to a continuous phase transition.

The magnetisation per site (assuming polarisation in the z-direction, and in units of h) is
given by
1 A 1 on
_ 2\ T
M = N E (S5y =8 N E (blby). (4.18)

r r

Since the Hamiltonian is diagonal in momentum space, we perform a Fourier transform,

1 —ikr iK'r /T3 0\ 1 by — 1 1

r kk’

where in the last step we have used that (b}by) is equal to the Bose function np(ey). In the
thermodynamic limit N — oo the sum over momenta becomes an integral over the Brillouin
zone BZ = [—r/a,m/a]* of volume Vgz = (27/a)?, &+ >\ — le [z d?k. Unfortunately,
this integral can’t be performed analytically.

However, we can draw important conclusions from the contribution to the integral from
small momenta (IR limit) where (k) ~ k. At any given temperature, we can expand
the exponential function, as long as |k| is sufficiently small, resulting in the following IR
contribution to the integral (assume from small d-dimensional ball of radius A around

k =0),
) . 1 . 1 A kd_l A 43
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This integral is IR divergent (divergence coming for & — 0 limit) in d < 2. To be
more precise, we encounter a power-law divergence in d = 1 and a logarithmic divergence
in d = 2 This implies that in one and two dimensions thermal fluctuations are so strong
that they prevent ferromagnetic order. This is an example of the Mermin-Wagner theorem
which states that a continuous symmetry cannot be broken at finite temperature in d < 2.

In d = 3 the integral is convergent and the magnetisation will be finite at sufficiently
low temperatures. We could determine the critical temperature T, of the phase transition
by solving the integral equation for M = 0,

d3q 1
S = /[_ﬂ_ a3 (271')3 el3—cos gz—cos gy —cosqz]/tc _ 1’ (421)

where we have substituted ¢; = ak; and introduced the dimensionless critical temperature
t. = T./(2JR%S). This equation could be solved numerically for ¢., using the bisection
method. As a next step one might numerically compute the magnetisation at temperatures
t slightly below t. and fit a power law M ~ (t,—t)? to extract the order parameter critical
exponent f3.

4.5 The Heisenberg Antiferromagnet

Let us now consider the Heisenberg model with an antiferromagnetic nearest-neighbour
coupling,

H=J> S-S, (4.22)

with J > 0. As before, we consider a d-dimensional hypercubic lattice, which is a bibartite
lattice. Such lattices can be divided into two sets A and B such that the sites from one
set only have nearest neighbours from the other set. This is illustrated in the case of the
square lattice in the figure below.

Ll bt
| L bt
Y

4.5.1 The Néel State

At the classical level, the energy of the Heisenberg antiferromagnet on a bipartite lattice
is minimised when the spins on the A and B sublattices are anti-parallel, as shown for the
square lattice in the figure. Such a checkerboard arrangement is called a Néel state. E|

3Note that on the non-bipartite triangular lattice the groundstate is not a Néel state but a more complex
non-collinear state with neighbouring spins enclosing an angle of 120°.

45



The total magnetisation of a Néel state is zero since the magnetisations on the A and
B sublattices exactly cancel. Nevertheless, the spin rotation symmetry is clearly broken in
this antiferromagnetically ordered state. We can define an order parameter, which is called
the staggered magnetisation,

1 . +1 i€ A
M = NZaimi, with o; —{ 1 ieB (4.23)

Unlike in the case of the ferromagnet the classical groundstate (Néel state)
) = @[S, 0:5) (4.24)

is not an eigenstate of the Heisenberg Hamiltonian. To see this let us consider two neigh-
bouring sites in the state

|¢> = ‘Sa S>z @ ‘Sa _S>j7

and act with the Hamiltonian on this state,

Rul) = 7|85+ 5 (878 + 5057 1.y el -),
— RS + JH2S|S, S — 1), ® |, — S + 1);.

=Fy

The Néel state is an eigenstate of SZZS' < with FEjp the classical ground-state energy. How-

ever, the action of 5? S]’ +5’[ S;r results in an excited state. This is an important difference
from the ferromagnet. In the antiferromagnet, there are quantum fluctuations around the
classical groundstate.

4.5.2 Holstein-Primakoff Transformation

To study these quantum fluctuations as well as thermal fluctuations away from the Néel
state we use the Holstein-Primakoff transformation. The transformation is applied with
respect to the classical Néel groundstate which implies that we need a slightly different
form of the transformation on the two sublattices.

Alternatively, we could rotate the spin operators on the B sublattice by 180°, such
that in terms of the new spin operators the classical groundstate is ferromagnetic. In our
convention, the classical groundstate is S; = ¢;5¢€,. We therefore require a rotation on
sublattice B that flips the sign of the z component of the spins, e.g. a rotation by 180°
around the z axis,

i o—
= oS
7 = 0.5, (4.25)

where it is straightforward to check that the new spin operators satisfy the commutation
relations

[ﬁa’ ﬁﬁ] = iheaﬁ'yj—?v (426)
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as required. Note that on sublattice A we have Tf‘ = S’f‘ since 0; = 1. The classical

groundstate in the new basis is ferromagnetic, T; = Se,, and we can therefore use the
same Holstein-Primakoff transformation on both sublattices. However, as a first step we
need to transform the Hamiltonian,

Ho= Y88, =0 ($187 + 515+ §:87)
(i,3) (i,4)
= 3 (Tt -1y - T
(i.4)

A~ 1 /7~ « A A
= —JZ{Tfo—§<T¢+7}++T¢_Tj_>}a (4.27)
(4,9

where in the last step we have used T% = T + iT¥. We can now use the approximate
Holstein-Primakoff transformation

1

T+ ~ hV2Sh, T ~hvV25Sh!, (4.28)

to obtain the linear spin-wave Hamiltonian

d
A= IS (S = BB = By brra) — SOBn, + bebera)

r =1

Q

d
—JRS*Nd + IS 3" S (z;p;r + Bl b, + BDE e, + z;rz;w) . (4.29)

r =1

An important first step towards diagonalisation of the Hamiltonian is to perform a
Fourier transform, b} = \/LN e b and b, = \/LN 3k €% by, resulting in

d
H = —JRS*Nd+ J*S Yy (213Lz§k +eapipt e*ikaiékéfk) . (4.30)

k =1

In order to write the Hamiltonian in 2x2 Nambu spinor space we use that >, f(k) =

IS Wf (k) + F(=K)),

d
H o= —JW*S*Nd+ JhSY > Sbib+ bl by +cos(kay) (bLbT, + bib i
= (s iyl oot ))
=b_y bt -1
ot 1 (k) b
= —JR2S(S + 1)Nd+ Jr*SdS (b}, b_ ( ) ( . ) 4.31
( ) g( k k) fy(k> 1 bik ( )

where we have defined

v(k) = cll Z cos(kay). (4.32)
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4.5.3 Bogoliubov Transformation

Evidently the Fourier transform alone is not enough to diagonalise the Hamiltonian. The
anomalous terms such as bib_i require us to use a bosonic Bogoliubov transformation as
developed in Sec. and used in the context of the weakly interacting Bose gas, Sec.
Rather than going through this step-by-step again, we simply use the established results.
The Hamiltonian becomes diagonal in terms of the new boson operators cZIT(, cZk7

()= (i i ) (). o

with tanh(260y) = —@ = —~(k) and takes the diagonal form

~ _ ) 2 3 1 — ’}/2<k) 0 dk
H = —JhS(S+1)Nd+ Jh Sdzk:(dk,d_k) ( . I ¢
= 2J1*Sd Y /1 —*(K)d}dy
k
+IR*Sd Y /1 —=72(k) — Jh*S(S + 1)Nd. (4.34)
k

Hence the linear spin-wave dispersion of the quantum antiferromagnet on the d-dimensional
hypercubic lattice is given by

k) = 2JR*Sd\/1 — 72(k). (4.35)

Using that for small |k, y(k) = 3 ZZ , cos(ak;) ~ 5 ZZ L(1—1a%k?) = %kQ, we obtain

2 2 2
e(k) ~ 2Jh25d\/1 — (1 - g—dk2> ~ 2Jh2Sd\/ %1@ = 2Jh%SaVdK|. (4.36)

Note that unlike for the ferromagnet, the spin-wave dispersion for the antiferromagnet is
linear at small momenta. Identifying e(k) = hc|k|, we obtain the spin-wave velocity

¢ = 2JhSaVd. (4.37)

4.5.4 Fluctuations of the Antiferromagnet

As we have already noted, the classical Néel state is not an eigenstate of the anti-ferromagnetic
Heisenberg model. This has several consequences. Firstly, it leads to a zero-point contribu-
tion to the energy. These zero-point fluctuations also reduce the sub-lattice magnetisation
even at zero temperature. In addition, we will have a reduction by thermal fluctuations.

The average staggered magnetisation per site is given by (h = 1)
M= LS oS = LS 5__2 C S-SR, (4.38)
N r o N r r N k .
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We can evaluate the expectation value by inserting the Bogoliubov transformation to the
diagonal basis,

Bib) = <(cosh(9k)dL+sinh(9k)cz_k) (cosh(ek)dk+sinh(9k>cﬂ_k)>
= cosh®(6y)(dLdy) + sinh?(6) (d_yd' )
= cosh(20,)(dldy) + sinh?(6y). (4.39)

Using that (d}.dy) = np(ec) is simply the Bose function, we obtain the final expression
for the staggered magnetisation,

1 1 .
M=5-— N ; <COSh(28k)m + Slnh2(9k>> . (440)

The first term in the sum corresponds to the reduction of the order parameter by
thermal fluctuations. At T = 0, this contribution vanishes and we are left with the sec-
ond contribution which reflects the reduction of the staggered magnetisation by zero-point
quantum fluctuations. Using that

1 1 1 1
sinh%(6) = - 1) == <— - 1) L (441
2\ /1 - tanh?(261) 2\ V1-72(K)

the expression for the staggered magnetisation at 7' = 0 becomes

M:S—L/ a4 : (4.42)
2Vez Jpz 1 —~2(k)

where we have taken the thermodynamic limit and replaced the momentum sum by an
integral over the Brillouin zone BZ = [—m/a,7/a]?. Let us investigate the small k IR
contribution to the integral:

d 1 Al R
Ak 1)~ [ arrt = [ akk (4.43)
1 —~2(k) 0 k 0

This result shows that the integral is infra-red convergent for d > 2, but logarithmically
divergent in 1d (it always converges in the ultra-violet because of the cut-off at the Brillouin
zone edge). Hence, for d > 2 antiferromagnetic order is possible at 7' = 0, but in d = 1
quantum fluctuations are too strong for the system to order.

Let us further discuss the difference between two- and three-dimensional antiferromag-
nets. An analysis of the thermal fluctuations reveals that the corresponding momentum
integral is IR divergent in d = 2 and convergent in d = 3. While in three dimensions we
can have antiferromagnetic order for 7' > 0, in two-dimensional systems this is not possible
and in fact ruled out by the Mermin Wagner theorem. Typical phase diagrams in d = 2
and d = 3 are shown below, where we have introduced an additional control parameter
that destabilises the magnetic order. This could be an antiferromagnetic second-neighbour
exchange J’, which causes magnetic frustration.
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(') J') (7). J')T

4.6 One-Dimensional Spin Chains

As we have seen in the previous Section, in one spatial dimension fluctuations destroy
any potential ferromagnetic or antiferromagnet order, even at 7" = 0. The same is true
for any order associated with spontaneous continuous symmetry breaking. Nevertheless,
despite the lack of ordering the physics of one-dimensional spin chains is very rich, including
phenomena such as fractionalisation and topological order.

4.6.1 Haldane’s Conjecture

Let us consider a one-dimensional quantum antiferromagnet, described by the Hamiltonian
H=17> Si S, (4.44)

where i labels the sites in the chain. It was first realised by Duncan Haldane [Phys.
Rev. Lett 50, 1153 (1983)] that the physics crucially depends on the value S of the spin
operators. He considered topological effects of quantum spins, known as instantons, which
can be understood in terms of a spin-coherent-state path integral. Haldane concluded that
for half-integer spins, S = 1/2,3/2,5/2, ..., the spectrum of excitations remains gapless,

while for integer spins, S = 1,2, 3, ..., there is an energy gap between the ground state and
the first excited state.
It is now well understood and rigorously proven that the antiferromagnetic S = 1

chain (often referred to as the "Haldane spin chain") has a gapped excitation spectrum
and hidden topological order, Such topological order is not characterised by a local order
parameter, such as the magnetisation, but instead by a non-local string order parameter.
Another feature of topological order is the occurrence of edge states at the ends of the
chain. We will briefly discuss this at the end of this Chapter.

4.6.2 Jordan-Wigner Transformation for S = 1/2 Spin Chains

We will now focus on S = 1/2 spin chains and investigate the excitation spectrum of the
one-dimensional quantum antiferromagnet, which according to Haldane should be gapless.
The one-dimensional spin chain has no long-range magnetic order and we therefore can’t
use linear spin-wave theory (LSWT) to expand in terms of small transverse fluctuations
around a classical ground state. Moreover, LSW'T is a controlled approximation for large
S and not applicable in the extreme quantum limit S = 1/2.
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A spin 1/2 operator has two possible eigenstates, | 1) = |1/2,1/2) and | |) = |1/2,—1/2).
Rather than representing the spin operators by bosonic creation and annihilation opera-
tors and imposing a constraint on the bosonic Hilbert space, we will use spinless fermion
operators. Because of the Pauli principle, we can only have a maximum of one fermion on
a given site, automatically taking care of the constraint. Identifying

| 1) =10) no fermion,
| }) =|1) 1 fermion,
we obtain a simple relation between S and the fermionic number operator 1 = ¢f¢,

S = 7—;(1 —2¢te). (4.45)

The spin raising and lowering operators St and S~ act in the same way as the fermionic
annihilation and creation operators ¢ and é':

St 1) = é|10> —0

S‘|T>—h|¢> étlo) = 1)

S:+|¢>—h| T ¢1) =0) (4.46)
ST = éf1) =0

This suggests that we should identify S+ = h¢ and S~ = het. This is indeed consistent
with the fermionic anti-commutation and spin commutation relations. Let us for example
assume that {¢,é'} = 1 and check if the spin commutation relation is satisfied:

[5F,57) = h¥e, éf) = n?( et —éfe) = R2(1 — 2¢f¢) = 2h8°,

——

—1-¢te
as required. We have therefore established a mapping between spin-1/2 operators and
spinless fermion operators that works perfectly for a single site. However, spin operators
on different sites commute while fermion operators anti-commute. As first realised by
Jordan and Wigner, this mismatch can be repaired by introducing a semi-infinite string
operator,

D; =[] (1 - 2¢fe), (4.47)

1<

and defining the mapping for a given site ¢ on the chain as

- h
57 = 2(1—2c ¢i),

St = hDi, ST = hélD;, (4.48)

)

which is known as the Jordan-Wigner transformation (JWT). Note that in the last equation
we used that DT — D,. Since the string operator D; only involves sites to the left of
i, not the site ¢ itself, and since it only contains pairs of fermion operators, we obtain
[cl, D;] = [¢!, D;] = 0. Another useful property of the string operator is that D? = 1, which
is easy to prove:

D7 =[] —2¢fen)? = [[(1 - 4efer + 4] e} e0) = [J(1 - 4éfefeee) = 1.
0<i 0<i VT 0<i Y

1-¢,¢¢ =0
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A proof that the JWT is consistent with spin-commutation and fermion anti-commutation
relations is given in the box below.

Let us assume that the creation and annihilation operators satisfy the fermionic anti-
commutation relations, {&;, &} = {é, ¢ ]} =0, {é&,c) } ;5. We will prove that the
spin operators defined through the JWT indeed satlsfy (S, S’j_ | = 2(5ith’f.

(i) case i = j:
+ 871 = RDé,elDy) = hA(Diéiel D; — ¢l DiDié;) = B2 (¢, D2el — ¢ D2¢;)
= R(&é! —éle) = B2(1 — 2¢0¢;) = 2nS57.

7

(i) case i < j (j =i+ n withn > 1)

7 )

1S, 85, = B2 [f)iéz‘a AI+nDz'+n] = W*(Ditsél,, Dipn — €, DinDity)
)

i+n—1 i+n=1
= fLQ CZ (1 _20504) i+n I—i—n H (]‘ _QCECE)CZ]
L =i o
r i+n—1
= B |&(1 - 26! 1¢:) H (1-— Qéz@)élrn
i f=it+1
i+n—1
Gl H (1—2ée)(1 - Qélél-)é@-]
f=it+1
e —il i+n—1
gz |6 TT (- 2efenil, +lan [T (-2 ]
(=i+1 =R
i+n—1
= _p? H (1-— 25}@) (@@TM + 6I+nél) =0.
(=it R g

={&:,e], ,}=0

(%) &(l— 2¢! I35 = -2 clc G =—C + 2(316@6@ = —¢,
—~— —~—
1-éle =0
(1—2¢8¢)e = & —28a6 =¢.
=0

(i) case i > j (i = j +n with n > 1): [ST,
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4.6.3 The Antiferromagnetic Spin-1/2 Chain

We consider a spin-1/2 chain with antiferromagnetic nearest neighbour exchange. For
reasons that will become clear later, we allow the coupling between the z components of
the spins to be different from the coupling between z and y components, J, = J, = J and
J, = aJ. Such an anisotropy is called exchange anisotropy. The Hamiltonian is given by

H=7Y (éfég;l + 5980+ as: }11) . (4.49)

For o« = 1 the Hamiltonian describes the O(3) Heisenberg model, for e = 0 it reduces to
an O(2) XY model. We will use the Jordan-Wigner transformation, Eq. to express
the Hamiltonian in terms of spinless fermion operator. Let us first apply the JWT to the
terms involving x and y spin components,

. . 1/~ - .
8285+ 5088, = 5 (5F85.+ 5754

h? /- - S
= 5 (DiéiéT+ D+ éjDzDerlchrl)

h2
= 3[01(1—20 é)é 1+1+C (1 —2¢f &i) Cita)
=& () inb ot

2 2
h A At AT A h AT A AT A
Y <—CiC¢+1 + CiCHl) D) <CZ~Ci+1 + Ci+10i> :

For the z components we obtain

h2

S? A@.ZH = —(1—2¢le)(1 - 26;-[+1éi+1)
n* R
= o — e+t + e b

Putting everything together we obtain the Hamiltonian

R2
- —aJN+ JZ [c Gt + 16— a(cle; + ajﬂam)] +R2aT el . (4.50)

The last term in the Hamiltonian describes a repulsive interaction between fermions
on neighbouring lattice sites. The strength of the interaction is tuneable by the exchange
anisotropy « and vanishes in the limit of the XY chain, & = 0. In the following, we will
consider this limit, in which the Hamiltonian turns into one of non-interacting spinless
fermions

~ h?
H="dY (@j@m + ézﬂéi) . (4.51)

The term éT 41¢; describes the hopping of a fermion from site 7 to site i + 1, whereas

CTCZ+1 is the hopping process in the opposite direction. The hopping amplitude is equal to
t=1 %J. This non-interacting Hamiltonian can be diagonalised by Fourier transform: (in
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order not to confuse the site label with the ¢ in the complex Fourier transform, we use n
to label the sites in the chain)

o=ty (é;énﬂ + éL+1én)

n
1 —ikna iqg(n+1)a st 4 —ik(n+1)a jigna st 4
_ tN Z Z (6 i naezq(n )ackcq + et (n )aezqnackcq)

n  k,q
= 1 Z % Z e~ i(k—q)na (eiqa + e—ika) éLéq
k,q n P
o0
= ! Z (e +e) &y = Z exehln, (4.52)
k k

with €, = 2t cos(ka) = h?J cos(ka). The dispersion is shown in Fig.(a) below.

(a) (b)
, i, ,

Ep.-h. excitation

1 €L E
/ H pa e Cco
+ : > 1 of € atio

—m/a \k K’ w/a k
: T €k :
1—h2J : >
: m/a 27 /a q
filled states
(C) D.A. Tennant et al., Phys. Rev. B 52, 13368 (1995)
120 S(Q,w) Bethe Ansatz |} Spinons in KCuF3™ ;
100 4
80
=
[}
£
: 60
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S 40
L
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Wavevector q along chain (units of 2x)

Since we are dealing with fermions, the groundstate is given by the filled Fermi sea,
corresponding to the state where all the single-particle momentum states with negative
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energy (below the chemical potential 1 = 0) are occupiedf_f] The excitations out of this
ground state are so-called particle-hole excitations: a particle from below the Fermi level
is excited into an empty state above the Fermi level [see Fig. (a)].

Since the momentum and energy of the excitation can be split in various ways between
the particle and the hole the excitation spectrum will be continuous and not be given by a
sharp energy-momentum relation, as for the magnon quasiparticle excitations in an ordered
magnet. This is an example of fractionalisation of an excitation into a pair of particles,
resulting in a two-particle continuum of excitations.

To understand this in more detail, let’s assume that the particle has momentum £’
and energy ¢, = h*J cos(k’a), and the hole momentum % and energy €, = h?J cos(ka),
resulting in a particle-hole excitation of momentum ¢ = k&’ — k and energy €(q) = e — € =
R%J[cos(k'a) — cos(ka)]. Let’s for example take ¢ = 7/a. From Fig. (a) it is immediately
clear that the smaller possible energy in this case is for k = —7/(2a) and k' = 7/(2a),
resulting in €yin(7/a) = 0—0 = 0. On the other, if we take k = —7/a and k' = 0 we obtain
the largest possible excitation energy eyax(m/a) = h*J — (—h?J) = 2k*J. By shifting k and
k" while keeping ¢ = k' — k = 7 /a fixed we can reach all energies between 0 and 2h%J

Consider now a general ¢ < 7/a. Since the slope of €, decreases as we move away
from the node at —m/(2a), the largest possible excitation energy is obtained if k& and k' are
symmetric around the node, k = —7/(2a) — ¢/2 and k' = —7/(2a) + ¢/2, resulting in

emax(q) = h*J[cos(qa/2 — 7/2) — cos(—qa/2 — 7/2)] = h*J[sin(qa/2) — sin(—qa/2)]
= 2h*Jsin(qa/2).

The smallest excitation energy is obtained by taking k = —x/(2a) and k' = —7/(2a) + g,
resulting in

emin(q) = h*J[cos(qa — m/2) — cos(—n/2)] = h*J sin(qa).

€max(q) and €min(g) can be expanded to the full range g € [0,27/a] by taking absolute
values. The resulting continuum of excitations is shown in Fig. (b). Such two-particle
continua are indeed observed in inelastic neutron scattering experiments on quasi one-
dimensional quantum antiferromagnets, as shown in Fig. (c).

4.6.4 Spin-1 Haldane Spin Chain

In the above, we were able to discuss the properties of the spin 1/2 chain by considering
the simplified, XY spin chain. Similarly, a simplified version of the S = 1 chain enables
us to appreciate some of its properties. This is known as the AKLT model (after Affleck,
Kennedy, Lieb and Tasaki). The Hamiltonian is given by

H = JZ {Sz : Si+1 + OZ(Sz‘ : Si+1)2} ,

where the original spin-1 antiferromagnetic chain (the Haldane spin chain) is obtained for
a = 0. At first glance, the additional bi-quadratic term in the Hamiltonian seems to be

4This corresponds to exactly half filling, which reflects that there is on average the same number of up-
and down spins in the system.
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a further complication. However, as realised by Affleck, Kennedy, Lieb and Tasaki, the
model is exactly solvable in the case @ = 1/3, using a cunning trick: The S = 1 spin on
each site is represented by the triplet sector of two fractional S = 1/2 spins. It turns out
that the groundstate of this model can be constructed by putting two of these fractional
spins on neighbouring sites into a singlet state. This can be illustrated schematically as

i=1 i=2 i=3 i=N
[ N N J @
singlet spin-1 triplet
1

1

(1) = 141) 1) =1[11), 10) 7

7 (H+ 1), =1 =1H)

The red and blue arrows represent a possible realisation of the spins after a projective
measurement. In this particular example, site 1 is in the m = 1 triplet state, site 2 in
the m = 0 state, site 3 in the m = —1 state and so on. It turns out that because of
the constraint that the fractional spin-1/2 on neighbouring sites form singlets, the possible
groundstates have a hidden antiferromagnetic order with an arbitrary number of m = 0
states inserted, e.g. 1,0,—1,0,0,0,1,0,—1,1,0,0,0,0,0,—1,.... This hidden order is an
example of topological order. It is not characterised by a local order parameter like the
staggered magnetisation, but instead by a non-local string order parameter.

An important signature of topological order is the presence of edge states. In the case
of the AKLT chain these are the fractional S=1/2 spins at the ends of the chain (shown in
red), which are not in a singlet configuration with a partner from a neighbouring site. The
ground state of the AKLT model has an excitation gap to the first excited state, which
can be understood as the energy required to break the singlet correlation between sites.
The topological order is protected by the energy gap in the sense that small perturbation
that do not result in a closing of the gap can’t destroy the topological order. Numerical
calculations show that the gap remains finite if « is reduced from o = 1/3 to @ = 0. This
proves that the Haldane spin chain is gapped and has topological order.
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Chapter 5

The free Fermi gas

We will first review the free Fermi gas as a reference point and then consider a sequence
of modifications to the non-interacting gas that lead to significant changes in physical
behaviour. The modifications we discuss are the presence of interactions and the effects of
a lattice potential.

The most important physical example of a system of fermions in condensed matter
physics is the electron gas in a metal, but it is good to keep in mind as well examples
from astrophysics (white dwarfs and neutron stars) and terrestrial low-temperature physics,
in particular the case of liquid 3He. The last example is particularly simple as it is a
system that is rotationally symmetric and translationally invariant, because there exists no
background lattice of neutralising ions.

Let us consider a gas of non-interacting fermions (e.g. electrons) with mass m in a cubic
box (d = 3) with periodic boundary conditions.

V=1L3

The total number of particles is N = Ny + N with Ny = N;. The single-particle wave-
functions are given by the solutions of the single-particle Schrédinger equation

— ;—mVQ@DU(r) =e,(r) (o0 ="1,])

They are given by plane-wave states



which are normalised, [,, d*r ¢} (r)i,(r) = 1, and carry the energy

h2k?
om

(5.1)

€k =

Because of the periodic boundary conditions the momenta can only take discrete values,
1 . . . .
¢a r) = ,¢J r+ Léz — ezk-rezkiL — d}a r ezkiL = ezkiL — 1’
(1) = volr + L&) = ()
from which it follows that

2

Because of the Pauli principle, two fermions with the same spin cannot occupy the
same momentum state. The groundstate of N fermions is therefore obtained by filling
momentum states of increasing energy (‘filling the Fermi sea’).

"
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The states are filled up to the Fermi momentum kr, corresponding to the Fermi energy

Rk

€Ep =

o (5.3)

Note that in the thermodynamic limit, L. — oo (keeping the density fixed), Ak = 27 /L — 0
and kg becomes sharply defined. The density is given by
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|k|<kp |k|<kp

N N:+N, 2 2 ,
P v v v ; (27)3 ;< )
2 4 1
Bh= " Spkd = k3. 4
LjOO (27T)3 /|;(|<kF (27T)3 37T F 37T2 F (5 )

Using that kr = (372p)'/3, we can express the Fermi energy (5.3)) in terms of the density,

h2
€p = (3%2)2/3%p2/3. (5.5)

5.1 Fermi function and density of states

For the three-dimensional Fermi gas in a box with periodic boundary conditions we have 2

2 2
states with energy 0, 12 states with energy %, etc. Let us consider a general situation
of a system of fermions with discrete energy levels ¢; < €5 < €5 < ... and assume that there

exist g; states with energy €;, go states with energy €5, and so on.

“6
€34 --....—==———== ¢3 states with energy €3
[T M =—— ¢ states with energy ¢
S SRR =—— ¢ states with energy €;

We want to calculate the grand canonical partition function Zg and related grand potential
Q(V7 T7 M)’

Zg = Tre PH-N) _ o=BAVTH) (5.6)

where = 1/(kgT). The Hamiltonian and particle number operators are given by

gi
T T
H = g g €iCi o, Cio s

i CM,L':l

gi
V § :E : T
N - Ci,aici,ai'

i oa;=1

Since H and N are diagonal in the occupation number operators, Nia; = c;aicwi, which
can only take values 0 or 1, it is straightforward to compute the trace,
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Za = Tre—ﬁZiZiizl(q—u)m,ai _ Z H ﬁ e Plei—pmia;

{nia;} 1 =1
= H H plemm 4 1) = H(e—ﬂ(ei—u>+1)9i
i a;=1 7

From Zg we can easily compute the potential

1 ~
Q:_BIHZG___Z giln (e7P=m 1), (5.7)

The average particle number is given by

N = <N>=ZiGTrNe B(H “N)—%%IHZG (%)

/Be Blei—p)

- Z 6 B (e:— Zgl (e5— Z 9i nF 62 (58)

In the last step we have defined the Fermi function

1
- 4+ 1
From the expression for the average particle number, Eq. (5.8)), it is evident that ng(e)
is equal to the average occupation of a state with energy e. As the temperature goes to
zero (B — o0), np(e) — 1if € < p and np(e) — 0 if € > p. Hence the Fermi function
becomes a step function at zero temperature, reflecting that only states with € < ep = p
are occupied. In the context of the Fermi gas this is the groundstate of the filled Fermi sea.
At finite temperature, 7' > 0, the Fermi function smears in an interval around p of width
~ T. As we will see later, p also slightly shifts (~ T?) away from ep. The smearing of the
Fermi surface is a consequence of thermally excited particle-hole pairs.

nr(e) = =z (5.9)

T=0: T>0:
L =V k, O Vi
nr(e) nr(e)

A A
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For a continuous energy spectrum Eq. (5.8) takes the form

N = / de g(e)np(e (5.10)

where g(¢) is called the density of states (DOS) and g(e€)de is equal to the number of states
with energies between € and € + de. We conclude this section by computing the density of
states g(e) for the free Fermi gas in d = 3 spatial dimensions. We calculate the average
particle number N explicitly by converting the momentum integral into an integral over
energy and then obtain g(e) from comparison with Eq. (5.10).

N = > npla)=2 Z np(e) =2 (2‘;)3 > (Ak)np(a)

Ve V[ RV LRk
= g /dk:np(2 )= /dk:k:nF(Qm)

1V 2m /2m

from which it follows that

3
Vo [2m
9(€) =55\ 72 Ve. (5.12)

Note that we have chosen to define g(e) for the system as a whole rather than per unit
volume, and so it is proportional to V. For the DOS per unit volume we will write v(e) :=

9(e)/ V.

5.2 The Sommerfeld expansion

The Fermi temperatures in metals (ep = kgTr) are typically of the order Tp ~ 10* — 10°
K. We can therefore assume that
kgT T
BT — — <1, (5.13)
€r Tr
and expand thermodynamic observables in terms of this small parameter. We need to
calculate integrals of the form
I:/ de h(e)ng(e),

[e.e]

where np(e) is the Fermi function, Eq. (5.9)), and h(e) a function that is analytic at € = p.
E.g., the expressions for the average particle number and for the energy are of this
form. The expansion in terms of the small parameter is an expansion in terms of a
small smearing of the Fermi step function. In a homework problem you will show that

/OO de h(e)np(e) =~ /# de h(e) + %h'(u)(kBT)2 + %hm(ﬂ)(k}BT)4, (5.14)

This expansion is known as the Sommerfeld expansion.
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We use the Sommerfeld expansion (5.14]) to evaluate the integral for the particle number
(5.10)) up to order T2. In order to obtain an integral from —oo to oo we can simply continue
the DOS by setting g(¢) = 0 for € < 0. We obtain:

o) 1% 7T2
N = [ deglane(x [ deglo) + o (n)haT)
0 0
gle)~/e 2 72 g(u) 5 2 72 (kgT\>
= - — = (kgT)* = = 1+ — | —
Sh9() + 15 . (ksT)" = Sug(p) |1+ 3 .
3
2 ™ (ksT\’| 6@ V [2m 72 (kT \?>
~ - 1+ — = o 1+ 5.15
3h9() _'_S(EF) 372\ 72 +8(6F> (5.15)
Solving this equation for the the chemical potential we obtain
—2/3
h? 2 (kgT\’ 2 (kgT\’
p= B3 14 T (ZB ~ep |1- = (2B (5.16)
2m 8 (2 12 €Er

—r €3

At T =0, p = ep. Temperature leads to a small reduction of p of order (kgT/er)?. For
the energy,

E = /000 deeg(e)np(e), (5.17)

we obtain from the Sommerfeld expansion (5.14)) with h(e) = eg(e) ~ ¢%/2 for ¢ > 0 and
h(e) = 0 for € < 0, keeping terms up to order T2

2 723 2 572 (kT2
E =~ =2 ZZ EoT)2 = 2,2 1428 [ MBL
H g(p) + 629(#)( BT) Bk g(u)[ + 3 ( . )
L2V [ e (kT
5272\ h? 8 €r
(5-16) k

3 9 9 5/2
2V sy T (keT
5272\ B2 F 12\ ep
2 572

Zegter) |1~ 0

2 5n2 (kT
~ ge%g(ela) 1+—< B

Q

2

— B+ %g(€F>(kBT>2. (5.18)

From the energy expression we obtain the specific heat
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oFE 72 9
Cy = (a—T)V = ?9(6F)kBT =T. (5.19)

The linear specific heat coefficient

2

T
Y= EQ(GF)k]QB (5-20>

is called the Sommerfeld coefficient.

5.3 Pauli (spin) susceptibility at T =0
In this section we calculate the magnetic susceptibility or Pauli (spin) susceptibility,
oM
X 0B,

of the free electron gas at T'= 0. Here B denotes the magnetic field and M the induced
magnetisation. y is a measure of how easy it is to magnetise the system. In the presence
of a magnetic field, the Hamiltonian of the free electron gas becomes

(5.21)

. h2k2 1
H = chckJ——g,u B Mer — Nl ), 5.22
%: T 5;_/ 591B Zk:( t = Tiey) (5.22)

where the constants pp and g are the Bohr magneton and g-factor (g = 2 for electrons),
respectively. The Hamiltonian is diagonal with electron dispersion
k21

€k — % — 50’9#33, (523)

where we have identified o € {1,]} = {+1,—1}. The opposite shifts of the dispersion
of spin-up and spin-down electrons correspond to a splitting of the Fermi surfaces. From
€ko = 4 = €p We obtain

(5.24)
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The magnetisation is given by

M = %QMB(NT - Ny = %guB ; [nr(a) —nrlag)] = %WB%%W (kpy — ko)
— 1;ﬂwwvg§3P@r+%mwa”—%qW—%mwa”
~ TV;TQQMB 2—?32\/59MBB %(9#3)29(@)3- (5.25)
From this it follows that
= 88_]\1};[ 5o i(gu3)2g(€p) = 13g(er) (5.26)

The Sommerfeld coefficient v ((5.20) and the magnetic susceptibility x are both proportional
to the DOS at the Fermi level, g(er). A useful quantity that is independent of the DOS is
the Wilson ratio

Tk
3upy
The coefficients are adjusted such that for the free Fermi gas Ry = 1. When we include
interactions between electrons, both Cy and x are modified, in principle differently. De-

viations of Ry, from 1 indicate strong electronic correlations. Ry may be > 1 in nearly
ferromagnet metals.

W= (5.27)
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Chapter 6

Landau theory of Fermi liquids

The thermal excitations in the free Fermi gas are given by particle-hole excitations around
the Fermi surface in a momentum shell of relative width 7/Tr. As a result, the heat
capacity is linear in temperature and the Pauli susceptibility is constant. It is remarkable
that the same behaviour is measured for electrons in metals and for liquid *He, since
in these systems the scale for interactions is typically comparable with the Fermi energy
and certainly much larger than the energy scale of excitations relevant for these physical
properties.

The objective of the Landau theory of Fermi liquids is to understand why interactions
have no qualitative effect, and to characterise their residual, quantitative consequences.

Nobel Prize in Physics
(Theory of superfluidity)
1962

Lev Landau
1908 - 1968

The central assumption of Fermi liquid theory is that, as long as we don’t cross a
phase transition, the ground state and the excitations evolve smoothly as we increase the
interaction strength from zero to its physical value. This suggests that we can use the same
set of quantum numbers as in the free gas, momentum and spin, to describe the low-energy
excitations of the interacting system.

These excitations are described by elementary excitations, or quasiparticles, which are
very similar to the usual electrons and holes in a free Fermi gas, despite strong interactions.
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6.1 Lifetime of quasiparticles

A crucial assumption of Fermi-liquid theory is that there exists a well defined Fermi surface,
with the radius kp satisfying the same relation to the density,

_N_ R
PZV T 3
as in the free Fermi gas. We consider a quasiparticle with momentum k (|k| > kr) and
spin o, CLU]FS). Interactions lead to scattering processes which give rise to a finite lifetime

of the quasiparticle. The conventional density-density interactions are of the form

Hiy = /d3 /d3r’ V(e —1'|)n(r)n(r’), (6.1)

with (r) = > 4 f.(r) = >, ¢ 1 (r)c,(r). For the following considerations, the precise
form of the interaction potential V' (r) is not important, it could e.g. be a screened Coulomb

potential V(r) = 2e~%" (g, > 0) with Fourier transform V(q) = q§-7|T—22 (homework). In
0

momentum space, the interaction takes the form (homework)

1nt - E § V Ck qack’+q o' Ck’,0'Ck,o - <62)

kk,qaa

Acting with Hy, on an initial quasiparticle state |i) = ¢|_|FS) (|k| > kp), we see that the
quasiparticle loses energy by scattering another quasiparticle out of the Fermi sea, leaving
behind a quasihole:

kl+q,0'/

. p—;

The inverse lifetime 7, I of a quasiparticle with momentum k is given by the scattering
rates w;_,y summed over all final states |f). Using Fermi’s Golden rule, we obtain

=Y Wiy = Z\ﬂﬂmtl( 5(Ey — B). (6.3)
f

The delta function enforces conservation of energy, where

Ey = Eps+ €x—q+ €4q — €,
E; = FEps+ e,
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with Egs the energy of the fully occupied Fermi sea. Note that €, = e, = % The

summation over final states implies a sum (integral) over k', q and ¢’. Inserting Hine ||
into Eq. (6.3]) we obtain

= hv2 > V(@) ne(ac) [1=np(ewq)] [1=np(ecq)] §(acq—actawq—ec)- (6.4)

k’,q,0’

The integrals can be performed analytically at 7' = 0 since the Fermi functions simply
constrain the integration range and ensure that k’ lies inside and k' + q and k — q outside
the Fermi sea. The sum over ¢’ simply gives a factor of 2. A straightforward but tedious
calculation (homework) gives

Tt~ (e — ep)?. (6.5)
This result implies that the quasiparticles become longer and longer lived as the Fermi
surface is approached. At zero temperature, the lifetime becomes infinite at the Fermi

surface. Evaluating Eq. (6.4) at 7" > 0 one finds that temperature gives an additional
contribution ~ T2 to 7, L

6.2 Relation between bare electrons and quasiparticles

The action of an annihilation operator ¢y, of a bare fermion with wavevector k and spin o
of the groundstate |GS) on the interacting system has an amplitude (:= Z'/2) to generate
a state |ko) containing a quasihole if [k| < kp. It also has an amplitude to generate super-
positions of many excitations, which we denote as |incoherent). We expect the incoherent
processes to vary smoothly with k.

Z1%|ko) + [incoherent) (|k| < kr)

o |GS) ~ { lincoherent) (k| > kr) (6:6)

At T = 0, the Fermi occupation number ny, = (GS|cl_c,|GS) has a step of size Z at
k| = kp. This is known as the Migdal discontinuity and is the demonstration of the
existence of a sharp Fermi surface.

In the free fermion system Z = 1. The effect of interactions is to decrease Z and to give
excitations (quasiparticles) an effective mass larger than that of the bare particles.
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The existence of quasiparticles and an incoherent background can be seen in the spectral
function A(k,w). For w > ep, A(k,w) is equal to the probability of finding the system in
the state with momentum k and energy w after adding an electron. For w < ep, A(k,w) is
equal to the probability of extracting an electron with energy w and momentum k. This is
the process of (angle-resolved) photoemission (ARPES).

For the free electron gas, the system is made of bare electrons with a well defined relation
between energy and momentum, w = €, and hence

Ak, w) ~ 6(w — €). (6.7)

:Rﬂ. (-Fumi Ja; Fuwd ‘l'a,w“d—

Alkh, . Alkh,

k
€lk) éll)
e 2

/ é; Dw 1 //é; Dw

In the presence of interactions in a Fermi liquid there exists a quasiparticle which has a
finite overlap Z/? < 1 with the bare electron. The remaining spectral weight is transferred
to the incoherent background,

Ak, w) = Agp(k,w) + Aine(k, w). (6.8)

At w = ep and T = 0 the lifetime of the quasiparticle is infinite and Aq,(k,w = €p) =~
Z0(ep —€x). Moving away from the Fermi surface, the lifetime of the quasiparticle is finite,
Tk ~ |ex — €r| 72, corresponding to a broadening of the quasiparticle peak. The peak can
be approximated by a Lorentzian with width 7 L
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6.3 Parametrising excitation energies

The key assumption of Fermi liquid theory is that the strongly interacting electron system
renormalises into a gas of weakly interacting quasiparticles with dispersion

h2k?

€0 (k) = 2m*

Here, m* is called the quasiparticle effective mass, which can be considerably larger

than the bare electron mass m. E.g., in heavy fermion compounds such as CeCug or CeAls

we observe m*/m =~ 103. Since the quasiparticles are sharply defined only close to the
Fermi surface, one often works with a linearised dispersion near kg,

(6.9)

2
(oK) — ep ~ %mk k). (6.10)

Note that for simplicity, we assume that the Fermi surface of the Fermi liquid is spher-
ical. Real materials often exhibit multiple bands with complicated Fermi surfaces. In this
case, the effective mass can be different for the different bands and change as a function of
momentum.

Having established the idea that excitations are of the same kind as in a free Fermi gas,
and have sharply defined energies, it remains to discuss how these energies are influenced by
residual interactions between quasiparticles. Suppose we somehow changed the distribution
of quasiparticles,

"1(37) = Ny = ng + 0Ny (6.11)

The change dny, could be due to an excitation or an external perturbation. The change of
the total energy 0 F due to dny, up to quadratic order is

h2k2 1 ! /!
(SE = ; 2m* 577:1(0 + 5 ko—zklo—/ f(ko', k g )(5nkg(5nk/0/_ (612)

The function f(ko,k’c’) introduced phenomenologically in Eq. is called the Landau
interaction function. One can show that it is connected with the scattering amplitude of
electrons. As quasiparticles interact with each other, the energy of each of them depends
on the changes of the distribution function of the others. From dE = Y, e,(k)ong, we
obtain

S(6E)  h2k?

oK) = S = o

—f- Z f(kO', k,0/)57’bk10/. (613)
k'’

At this point the approach seems unpromising because the expansion coefficients involve not
only a few fitting parameters but instead an unknown function f(ko,k'c’). We make things
manageable by separating dny, into spherical harmonics, and recognising that in most
physical situations only the lowest two harmonics are relevant. In turn, for a spherical Fermi
surface, only the zeroth and first harmonics of f(ko, k’c’) are important. For nonmagnetic
systems, we can decompose f(ko,k'c’) into two terms, (), f(@),
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FELK D =fkLK]) = fO%KK)+ f9kK),
f&LK D =fkLKD = fO%K) - f9kX).

Identifying {1, ]} with {+1, —1} we can write the two equations in a compact form,

f(ko,Ko') = fO(k,K) + o0’ f 9k, K). (6.14)

In the figure below, Fermi surface deformations in different angular momentum channel
and symmetric or anti-symmetric in spin are shown.

spin anti-symmetric (a) spin symmetric (s)

Since the whole theory is valid only close to the Fermi surface, we can assume |k| ~ |k'| ~ kg
and keep only the dependence on the angle  between k and k’. In this case, the expansion
in terms of spherical harmonics reduces into an expansion in terms of simpler Legendre
polynomials Py(x), x = cos#,

Fe(k,K) =" £ Py(cost). (6.15)

=0
The first Legendre polynomials are given by Py(z) = 1, Py(z) = z and Ps(z) = (322 — 1).
From Eq. 1' it is clear that f(**)(k,k’) and hence féa’s) carry units of energy. We

therefore introduce dimensionless Landau parameters
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Fé(a’s) = g*(EF) E(a’s), (616)
with .
g'(er) = o2\ e VET T o (6.17)
the DOS at the Fermi energy, where the asterisks denotes m — m*. Keeping only the first
two harmonics we therefore obtain

F@9) (K, K) ~ (Fé“’s) + F cos 6) . (6.18)

g*(er)

6.4 Measuring the Landau parameters

The isotropic Fermi liquid (spherical Fermi surface) is parametrised (to a good approxima-
tion) by a few dimensionless parameters,

—., F, F, s and F}7.
m’ 0 »+0 1

These are related to measurable quantities such as specific heat, magnetic susceptibility
and compressibility.

Heat capacity:

Finite temperature generates an isotropic distribution (radially symmetric), ny, = nl(i) +

0nks, in which there are the same number of quasiparticles and quasiholes and therefore

> oni, = 0. (6.19)
k

For any isotropic distribution ny,, dny, only contains an s-wave component (¢ = 0), cou-
pling only to Fés) and Féa). In general, the orthogonality of Legendre polynomials,

2
20+1

1 s
/ dx Py(z)Pp(z) = / df sin @ Py(cos0)Py(cosf) = der,
- 0

1

implies that the /-wave component of dny, can only couple to F, E(S) and F, L,(a) . Starting from

Eq. (6.13), we obtain

h2k? h2k?
EU(k) = om* + Z f(kO', k/O'/)(STLk/U/ = o + Z [f(S) (kv k/) + Ualf(a) (kv k/)} 5nk’a’
k'o’ ko’

o BR 1 G H2k?

= F F ) Sy = 2
2m* * g*(er) ; < 0 oo f %: e 2m* (6.20)

——
o

The interaction parameters do not contribute in this case. For this reason, interactions
affect the heat capacity Cy only via the value of the effective mass,
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2

Cy = %kgg*(eF)T. (6.21)

The ratio of the Sommerfeld coefficients of the Fermi liquid and the free Fermi gas is given
by

J_ - (6.22)

Compressibility:

A change in density can be represented by an isotropic, spin-independent dny, (0nxs =
dnky). To compute the isothermal (7" = 0) compressibility, we change kr to kp + dkp,
(ep — €p + dep).

N (€)
1 e r—
€ + dep
0 .
one(€) €r €
1
€r + 0ep
0 >
(S €

Let on := ), dnk,. The resulting change in the total energy is given by

R2k? 1
oE = Z 2m* 5nkcr + 5 Z f(kO', k/o-/)(snkaénklgl
ko m ko ko’
=0 R2k? 1 (s) 1 (@)
= Gt gy O (B4 oo B b
ko ko ko’
h2k? Ry
I P SIS & R C) 6.23

We need to evaluate the first term up to order (dn)?. We first calculate it as a function of
5€F7
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h2k2 erpt+oer 2 * er+ier
Z OMNke = / deeg™( mn / de &3/
— 2m* r 27r2

3
Vo [2m* 2
= g\ g g |l o) = df]
3
Vo [2m* 31
=~ 2—71_2 F |: 3/25 (S + ZGF (56}7‘) :|
3
= ¢"(ep)epder + Zg*(eF)(éeF)2. (6.24)

In order to obtain a relation between der and dn we calculate dn in a similar way:

ep+dep 2 ep+ier
5n225nkg = / de g* (e \/ m’ / de e/
ko ¢F

3
\% 2m* 2 3/9
= =5\ §[<€F+5€F>‘°’”—€F/ ]
\%4 2m*3

Q

1
? |: 1/2(56}7‘ + Z€F1/2(5€F)2:|

= g <€F)5€F + jlg (EF) (5617)2.

€r

Solving this quadratic equation for der we obtain

on 1/2
(56}7 = —26F (t) 2€F (1 + —)
erg*(er)

on_ 1 (dn)
g*(er)  4depg(ep)?’

Q

which, after inserting into Eq. (6.24]) yields

Z h2k? (6n)? N 3(0n)? P (6n)?
— = € .
o 2m dg*(ep)  Agr(er) T 29%(en)

Inserting this into Eq. (6.23)), we obtain the total energy change

1+F9
0F = epon + on)”. 6.25
Using that the inverse compressibility is given by
op ——(9E/0V)x 0*E
=-V = V — 6.26
" v |, vz, (6.26)
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and that on ~ JV, we obtain x ~ g*(ep)/[1 + FO(S)]. Hence the ratio of the compressibility
of the Fermi liquid and the free Fermi gas is given by

K m*/m

= . 6.27
Ko 1+ Fés) (6.27)

Magnetic Pauli susceptibility:

We can probe the Landau parameter Fo(a) by measuring the Pauli spin susceptibility, since
a magnetic Zeeman field B generates a spherically symmetric, spin antisymmetric change
ony, of the quasiparticle distribution. Let

g := Z(Snkg = %/deg*(e)&zg(e),
K

with dny = —dén, (fixed density). This corresponds to a shift of the Fermi energies, ep —
e + d¢e;y for spin-up electrons and ez — e€x — d¢) for spin-down electrons.

‘”0(5)
1 .....
ep — O¢ €r + de
. N | o7 o
0N, (€) €F €
I on+(€)
€p — 5€l €er + 56¢
0 € €
—1t 6n¢(6)

Note that since the DOS ¢*(€) ~ /€ is not constant, ony = —dn; does not imply that der
is equal to de;. The resulting magnetisation of the system is

1
M = Sgup(ony — ony) = gupdng, (6.28)

where ¢ is the quasiparticle g-factor and up the Bohr-magneton. The calculation of the
change of total energy is very similar to the calculation we have done for the compressibility,
and subject to a homework problem. The result is

2(1 + F{“)
g*(er)

giving rise to the magnetisation

OFE = —gupBony + (6np)2. (6.29)

The energy is minimised for dny = le gupB fi(;fa)),
0
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1 9" (€r)
M = gugdén, = - g*u%B-——"- (6.30)
Tt T R
from which we obtain the susceptibility
oM g*(e
Y = = 12 9(er)_ (6.31)

= — 2 —,
OB |5 14+ £

where we have used g = 2 for electrons. The ratio of the susceptibilities of the Fermi liquid

and the free Fermi gas is given by

X m'/m

L= . (6.32)
Xo 14 F®

A negative Féa) leads to an enhancement of y. In the limit Féa) — —1, x diverges,
corresponding to an instability towards ferromagnetic order. This is sometimes referred to

as the ‘Stoner instability’.
We conclude this section by calculating the Wilson ratio of the Fermi liquid. Using

Egs. (6.22) and (6.32)), we obtain

m*/m

B 72k x B 12 —HFéQ)Xo B 1

3k v Bup o 14+ R
where in the last step we have used that the Wilson ratio of the free Fermi gas is equal to
1. The Wilson ratio becomes much larger than 1 close to a ferromagnetic instability.

Ry

(6.33)

Galilean invariance:

For translationally invariant Fermi liquids, e.g. liquid 3He, there exists a simple relation
between the quasiparticle effective mass, m*/m, and the ¢ = 1 Landau parameter Fl(s),

*

m 1 (s)
—_— 1 F . 6-34
m 3 ! ( )

Note that this relation does not hold for quasi-electrons in a crystalline environment.
Eq. can be derived by considering a Galilean transformation to a frame moving
at speed v. The corresponding onk, displaces the distribution of quasiparticles in a spin-
symmetric way, coupling to F] 18).
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Chapter 7

BCS theory of superconductivity

BCS stands for Bardeen, Cooper and Schrieffer who published their microscopic theory for
superconductivity in 1957 and received the Nobel prize in physics for it in 1972.

Nobel Prize in Physics

(BCS theory of
superconductivity)
. 1972
John Bardeen Leon Neil Cooper John Robert Schrieffer
1908 - 1991 1930 - 1931 -

While the Fermi liquid is stable against weak repulsive interactions, attractive interac-
tions by contrast lead to a qualitative change of the groundstate and excitation, no matter
how weak the attraction is. The central idea of BCS theory is that electron-phonon coupling
gives rise to such an attractive interaction that leads to the formation of bound electron
pairs (‘Cooper pairs’), which in a sense Bose condense.

This two-step picture is too naive however since in many systems, the size of Cooper
pairs (the coherence length) is much larger than the average distance between pairs. For
this reason, binding and condensation must be treated together in theory.

BEC limit BCS limit

ﬁ% >
o

From a historical point of view, it is striking that it took more than 40 years between
the experimental discovery of superconductivity by Kamerlingh-Onnes in 1911 (Nobel prize
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in 1913) and the theoretical understanding due to Bardeen, Cooper and Schrieffer in 1957.
This underlines what a revolutionary advance their theory represents.

7.1 Electron-phonon interaction

As an electron passes through the solid, due to its negative charge, it leaves behind a
deformation trail, effecting the positions of the ion cores. These deformations are associated
with an accumulation of positive charge, giving rise to an attractive potential for the other
electrons. Let us derive this phonon-mediated, attractive electron-electron interaction from
a simple toy model, H=Hy+H 1, written in terms of electron operators CLU, ko and phonon
operators afl, Qg

Hy, = Z e(k)clto,ckg + hwp Z ailaq, (7.1a)
ko q
H = )\ Z (chq’ackgaq + CL_q,ngaaL) . (7.1b)
qgko

Here we have considered a single dispersionless phonon mode with frequency wp. This
is known as the Einstein model which treats the solid as many individual, non-interacting
quantum oscillators. H, is the coupling between the electrons and the phonons. To be
more precise, a coupling between the local electron density 7, = Y ¢l cr, and the local
lattice deformation 0%, ~ al + ay,

ﬁl ~ andx ~ 1ch (ai + ar)

zkr —zkrT iqr —iqr
~ E,E Ck'cka(qag+e Tag)

ro kk’q
~ Z cf{,ack(7 [(5(k’ —k+ q)azl + (k' —k — q)aq]
kk/qo
= Z (cT kol + ke >
k—qo ko qa k+qo kaaq )
kqo

in agreement with the electron-phonon Hamiltonian (7.1]). We wish to focus on the electron
system. To this end we eliminate the electron phonon coupling by means of a canonical
transformation which we determine perturbatively. This is equivalent to treating the effect
of H, in 2nd order perturbation theory.

The resulting 2nd order diagram has the form of an electron-electron interaction,

[:[int - Z Z VkquL+qU/Cpa’ CL_qgcko’- (72)

kpq oo’

To compute the matrix elements Vipq we proceed with the canonical transformation,
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terms in H;

k—q,0 2nd order: (H?)o phonons
C croal = S ______ /
Ko k-ao Pfq,0o

k,o O q -
k+q,0
1 k,o pio’
CltqoCkolq = 7 -
k,o

~

JA R A 1 ~ .
H = e‘SHeS:H+[H,S]—|—§[[H,S],S]+...

A ~

~ N o N o N 1 N
= Ho+ Hy+ [Ho, S] + [, 8] + (10, 8], 8]+ . .. (7.3)

and at leading order we fix S by demanding that
H, + [Hy, 8] = 0. (7.4)
This way we have transformed away the linear H, term. Inserting Eq. || into Eq. 1}

we obtain

. . 1 . . . .
HNH0+§[H1,S] =: H0+Hint- (75)
From Eq. 1| we can obtain a relation between the matrix elements of S and H, in the
basis {|n)} of eigenstates of Hy (Hy|n) = E,|n)),
(n|Hilm) = —(n|HoS — SHo|m) = (En — E,)(n|S|m). (7.6)

We now use this relation to calculate the matrix elements of flint for any given initial and
final eigenstates of Hy:

(i)

(i S U1 1 8] 1i) = (7178 — S

1 . a1 : 7 i
5 2 (1l nIS1a = (A1SInbnl )

%Z<f\ﬁ1\”><n|ﬁ1|i> (Ez _1 E, T Ef i En) ‘ (7.7)

1=

n)(n|

From the matrix elements 1' and the definition of H, 1) we can read of Hyy, in operator
form. Let’s start with an initial |7) without any phonons. In order to obtain a final state
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[4) [n) 1)

T t T
Ck—qo Ckolq Cpi+qo’Cpo’q

| f) without phonons we first have to act with the a:fl term and then with the aq term in
Hi,

The intermediate states |n) are states which contain one excited phonon. The corresponding
energy changes are

E,—E;, = elk—q)+ hwp — e(k),
E;—E, = e(p+q)—elp)— hwp,

from which we obtain

Hint = _|A| § E p+qa"cpff/ck qack

kpq oo’

1 1
) (e(k) - f(k - q) — hwp + e(p + q) — e(p) — m}D) ’ (7-8)

7.2 The Cooper problem

The phonon-mediated electron-electron interaction (7.8)) is attractive for pairs of electrons
with

le(k) — e(k £ q)| < hwp,

that is, for pairs within the Debye energy Awp of the Fermi surface. It is however very
weak.

This leaves us with a puzzle: for two particles moving in free space in three dimensions,
an attractive interaction must exceed a critical strength to produce a bound state. How can
a very weak attraction lead to superconductivity? The answer is that we have to consider
a pair of quasiparticles moving not in free space, but above a filled Fermi sea. As we will
show, Pauli exclusion facilitates binding!

Let us consider the wavefunction for such a pair of quasi-electrons. Since we want to
write down a low-energy state, we set the centre-of-mass momentum to zero and choose the
pair to be in a spin-singlet configuration. In this case the spatial wavefunction is symmetric,
allowing us to take advantage of a local attractive interaction. To respect Pauli exclusion
from a filled Fermi sea, we require the wavefunction to be built from momenta outside the
Fermi surface. The general form of the pair wavefunction is then given by

|k|>kr

o(ry,r9) = 7 (T1d2 — 4aT2) ; g(k)eik(“’“). (7.9)
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The function g(k) is obtained from requiring that ¢(ry,rs) is a solution to the two-particle
Schrédinger equation,

{_S_Q(VQ +V2) +U(r; — rQ)} ¢(r1,r2) = Ep(ry, ra), (7.10)

where U(r) denotes the interaction potential and F the pair energy. Inserting the Ansatz

(7.9), we obtain

k| >kp k|>kp
ST gk Ur) = Y [E - 2e(k)] g(k)e™,

with e(k) = h;’f and r = r; — ry the relative coordinate. We operate with & [ d®re~"ar ...

on both sides, giving

\k|>kF

V Z kK)Uxq = [E — 2¢(a)] g(a)

with Uy q = [ d*re’® =9rJ(r). We can understand the essentials in a simple way by taking

{—U if ep—hwp <e(k),e(q) < ep+ hwp
U =

0 otherwise

(7.11)

For this simplified form of the interaction potential we obtain

ep<e(k)<ep+hwp
U

= 3 g9(k) = [2¢(q) — E] g(q).

k

Since the left hand side of this equation is independent of q both sides are equal to a
constant A and therefore

Summing this equation over momenta q with ex < €(q) < € + hwp, we obtain

erp<e(q)<ep+hwp erp<e(q)<ep+hwp

1 V
A — = =—=A
q q
and therefore the self-consistency equation
1 B 1 EF<E(q)§F+hWD 1
u Vv 2¢(q) — B’

q

which determines the energy E of the pair. We calculate the momentum sum by converting
it into an integral over energy and approximate the DOS in the small interval [ep, e+ hwp|
(small relative to ep) by a constant, g(€)/(2V) = g(er)/(2V) =: v (DOS at Fermi energy
per volume per spin),
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1 1 er+hwp g<€) /EF"FH/JJD 1
- = ~ U
U 2V Je, 2¢e - B r 2¢ - B
1 ertien 2 hwp) — E
= v|=-In|2c— F] =l (e + hwp)
2 o 2 2¢ep — F
14 2th
= —In{1l4+—"7-+
2 ( T e - E)

At weak coupling (very small U), the argument of the logarithm is large and we can neglect
the 1. After exponentiating the equation, we obtain an expression for the Cooper pair
binding energy,

2p — B = 2hwpe=2/ V), (7.12)

This result shows that even for very small attraction U there exists a bound state: 2ep—FE >
0 which means that the energy of two quasiparticles at the Fermi energy is higher than the
energy F of the bound pair. The exponentially weak dependence on vU shows that the
result is non-perturbative in the interaction.

7.3 The BCS wavefunction

Starting from the pair wavefunction of the form
1
V2

¢(ra,r1) = —@(r1,r2), We can attempt to write down a wavefunction for 2N electrons in
which pairs are Bose condensed, of the form

P(ry,12) = (T1de = 4it2) g(ry, 1),

N
\Il(rl, Ce 7r2N) = AH ¢(r2i_17 I'QZ‘), (713)
i=1

where A denotes anti-symmetrisation. To illustrate this, let’s consider the case of N = 2
pairs,

U(ry,ro,r3,ry) = Ap(ry,r2)p(rs,ry)
= ¢(r1,12)0(r3,re) — (11, T3)P(re, Ts) + A(r1, Ta) (12, T3).

Note that U(ry,...,roy) is an equal-weight superposition of all possible pairs, respecting
the overall anti-symmetry of the wavefunction under the exchange of two fermions,
‘IJ(...,ri,...,rj,...) = —\If(...,rj,...,ri,...). (714)

The wavefunction ([7.13)) is much easier to write down in momentum space, using fermionic
creation operators. For a single pair in a singlet configuration and with zero centre of mass
momentum the wavefunction is given by
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9) = ZQkCLTCT—kﬂO% (7.15)
k

where |0) denotes the vacuum state. For the 2N-particle state we therefore obtain

N

W) = H (Z gkiCLTCJr—ki¢> 0). (7.16)

i=1 \ k;

Expanding the product, only configurations with all k;’s different will survive because of
Pauli exclusion. Moreover, the anti-commutator relations of Fermi creation operators guar-
antee the anti-symmetry of the wavefunction. The form of the wavefunction is not
very convenient, because the occupation of different orbitals is correlated to the constraint
that exactly 2N electrons are present. The BCS wavefunction relaxes this constraint. This
is similar to going from the canonical to the grand-canonical ensemble in statistical physics.
The BCS wavefunction has the form

BCs) =[] (uk + ey u) 10). (7.17)
k

Here uy is the amplitude for a pair of orbitals (k,—k) to be empty, whereas vy is the
amplitude for them to contain a Cooper pair. So we require

urc® + Jone* = 1 (7.18)
for normalisation, (BCS|BCS) = 1, and

N = (BCS|N|BCS) = > |u|” (7.19)
k

in a system containing 2N electrons on average (homework).

A filled Fermi sea simply has v, = 1 for all k inside the Fermi surface and v, = 0 outside.
By contrast, in a state containing many Cooper pairs, we expect vy to vary smoothly
between 1 and 0 across a window of width Awp of the Fermi surface. One approach is to
find vy variationally by minimising the grand canonical potential

Q= E — uN = (BCS|H — uN|BCS) (7.20)

over the wavefunctions parametrised by Eq. 1) This is subject to a homework problem.
An alternative is a mean-field treatment of the attractive electron-electron interaction, as
discussed in the next section.

7.4 BCS mean-field theory

Using the simplified paring interaction (7.11]), our starting Hamiltonian is given by

(*)
H = Z ekcLJckg - U Z CLTCT—MC—qu% (7.21)

ko kq
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where 21(22 is the sum over momenta k, q with ez — hwp < €, €q < €p + hwp. We wish to
treat the interaction in a mean-field approrimation.

Let us first consider an operator product A-B and rewrite the operators as their expectation
value plus the operator that measures the deviation from the expectation value, e.g. A =
(A) + 0A. Assuming that 0A and §B are small, we approximate

) — (A)(B). (7.22)

Using this mean-field decoupling for A = CLTCT_M and B = C_qiCqt and defining A\ =
(c_qiCqt), We Obtain

i ~ O\ e .
et Cli C-allat & ACqiCat T AqCgCliy = AkAa: (7.23)

Note that in the context of superconductivity this is the natural decoupling since A\ =
(c_x cxy) s directly linked to the formation of Cooper pairs. We define the superconducting
order parameter as

(%) (*)
A == UZ )\k == UZ<C—kJ,CkT>' (724)
k k

Using the mean-field approximation (|7.23|) we obtain the BCS mean-field Hamiltonian

(%)
: : AP
Ht— puN = E (ex — 1) cfwckg — E (A*kaickT + ACLTCT_k¢> + —. (7.25)
ko —6 k U

For non-zero A, this Hamiltonian does not conserve the particle number, but it can
be diagonalised by a fermionic Bogoliubov transformation. Note that the order parameter
is complez, A = |Ale*®. However, the free energy is independent of the phase ¢. In the
superconducting phase this continuous U (1) symmetry is spontaneously broken and there
exists a Goldstone mode corresponding to a change of the phase ¢.

In the present calculation we can assume A to be real, without any loss of generality.
Note that for a general complex order parameter we could use a Bogoliubov transformation
with complex coefficients to transform away the phase of A. In the following, we assume
A* = A and use the real-valued Bogoliubov transformation discussed in Section 2,

(4)=( ) (),

where the Fermi anti-commutator relations are preserved if u? +v? = 1. We therefore make
an ansatz
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Nambu- Anderson-
Goldstone Higgs Mode
Mode
Re(A) Im(A)

Ckr Ux  Vk dk,l
= 7.26
( Ctki ) ( Uk Uk ) < dL,Q ) ’ ( )

with ux = cos by and vk = sinf. Inserting the transformation (7.26]) into the BCS mean-
field Hamiltonian ([7.25)) and determining 6y such that the non-number-conserving terms
vanish, we obtain (homework)

cot(20y) = %k (7.27)

and the diagonalised mean-field Hamiltonian

Hy— pN =Y /& + A2 df dia + > <§k —\/&+ A2) + %2. (7.28)
ka k

For completeness, we also give the matrix elements of the Bogoliubov transformation ([7.26))
that diagonalises the Hamiltonian:

1 €k 1 £k

2 2
Uy == | 1 + ———— and v =—-|1—- —]—— 7.29
“ 2( WMZ) k 2( \Faw) .
Plotting v, we find that it behaves exactly as we expect for the vy we have introduced
when we wrote down the ansatz for the BCS wavefunction (7.17). It is equal to the
T = 0 Fermi step function for A = 0 and smears around er as we increase A. We
will show that the ground state |®y) of the BCS mean-field Hamiltionan is indeed equal
to |BCS) = [I (wk +vkcLTcT_k¢> |0) with ux and vy the coefficients of the Bogoliubov

transformation ((7.26]).

The groundstate |®y) of the BCS mean-field Hamiltonian is the state where no
Bogoliubov quasiparticles (created and annihilated by dLa and dy,) are present. Creating
such an excitation would cost an energy equal or larger than A. A state |®y) for which
dia|Po) = 0 for all (k, ) can be easily written down,

|Po) = NH dia|0) = NHdk,Qdk,1|O>, (7.30)
ka k
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: A/ er = 0.05 ]
s o\&—A/m — 0.2
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0.0 i
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Ex = €x — €F

where |0) denotes the vacuum with no electrons present and N is a constant that ensures
normalisation. Note that the above considerations hold if |0) is replaced by another wave-
function |¢y >. However, only for [ty >= |0) we recover the filled Fermi sea for A = 0.
From the inverse of the transformation ([7.26)),

dk,l . Ux —Uk Ckt
dL2 - Vk Uk Cik¢ ’

|y = N H (wcLT + Ukc—k¢> (UkaT - Ukcim) 0)
k

we obtain

I
=

H —'UﬁcLTcT_ki — Uk C,M(:T_ki 0)
k N——

:1—ct_k$c_ki

[T (=0 (e + vyl ) 10}

k
(uk + o]yl k¢> 0) = [BCS), (7.31)

I
=

||
~

where in the last step we have absorbed [[, (—vk) into the normalisation and used that
IBCS) is already normalised because ui + vg = 1. This implies that N [], (—vy) is simply
a phase factor.

We have introduced the mean-field superconducting order parameter A ‘by hand’ and
diagonalised the resulting Hamiltonian, but haven’t answered the question whether it is
energetically favourable for the system to become a superconductor (A > 0). Instead
of minimising the total grand-canonical free energy with respect to A, we can solve the
self-consistency equation
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(*)

A == UZ<C—k¢CkT>7
k

where the expectation value on the r.h.s of the equation has to be taken with respect to the
mean-field Hamiltonian which itself depends on A. In order to evaluate the integral, we
first express the Fermi operators ¢y, CLG in terms of the Bogoliubov quasiparticle operators,

(*) (*)
726
A = U E (c_xyCr) 29 E ( deLl +dek,2) <dek,1 + deLz)>
k k

(%)

= UY ( — i (df ydier) + uevie (diady,) —vi (df jd ) +ug (dk,2dk,1>)
k ——r —— —
=1—(d], ,du2) =0

(%)
= UZukvk (1 — Z<d;r<adk04>) . (732)

Note that (dyodx1) = <d1T<,1di,2> = 0 because H,; — ;LN is diagonal in the d-basis of
Bogoliubov quasiparticles. At T'= 0, (dfmdka) = 0. Using that

=0

1 1 27 A

1
2 /1 + cot?(26y) 2,/ + A?

we obtain the 7" = 0 self-consistency equation

0
U
:5; +A2

A = 0 is always a solution of this equation. Any non-trivial solution A > 0 must fulfil the
equation

1
UV = cos Oy sin O = B sin(20y) =

2 ; VE+ A
Approximating the DOS (per volume and per spin) over the interval [ep — fwp, € + hwp|
by a constant v = g(er)/(2V') and assuming that fhiwp > A, we obtain

hwp . hwp /A fiwp /A
Lo U [ e U R e Un ()|

—hop \/§2+ A2 2 Johop/a V1I+a? —hep /A
2
wp\2 | hw B
Uv L+ (22) +5%2 | v 1+ (2) +1 2hep
= 71n = =5 —1In - ~ Urin A )
1+ ()’ -t 1 (8) 1
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which leads to

A = 2fiwpe /D), (7.33)

This result is of the same functional form as the pair-binding energy in the Cooper
problem, showing once again that the superconducting instability is non-perturbative in
vU. Regardless how weak the attractive interaction U, the ground state at 7' = 0 is a
superconductor with a finite gap A(7 = 0) > 0, given by Eq. . At finite temperature,
(d} dyo) is finite and determined from the quasiparticle energies using the Fermi distribu-
tion function. A decreases as temperature increases. Above a certain critical temperature
T, the only self-consistent solution is A =0. As T" 7 T,, the gap vanishes as

AT (T = T2, (7.34)

Such a square-root dependence of the order parameter close to the phase transition is
generic to all mean-field theories. Since at weak coupling vU is the only parameter, the
energy scales set by the zero temperature gap, A(T = 0) and the thermal energy
scale at the critical point, kg7, have a universal relationship,

2A(T =0
28T =0) 555 (7.35)
kBTc
which serves as a test for the theory.
418
Superconducting Hg 198
transition temperature
417 I as a function of
isotopic mass.
199.7
/g4.16 B ® E.Maxwell, Phys. Rev. 78
-_; 477 (1950)
K7 415 - M C.A.Reynolds, et al., Phys
TJ Rev. 78, 487 (1950)
Fa14
413
412 1 1 1 1 1 1
.0700 .0704 .0708 0712
1/VA

One of the great successes of the BCS theory is the explanation of the isotope effect,
which was first measured in mercury (Hg). Lowering the temperature, mercury solidifies
and then becomes superconducting below about 4K. Using different isotopes of Hg, it is
possible to change the mass of the ions in the lattice, without changing the electronic
structure. In the case of Hg, isotopes with atomic masses between A = 198 and A = 204
(in units of u) are stable. The experiments show that the superconducting transition
temperature T, is proportional to 1/ V/A. This was the first clear indication that phonons
played a crucial role in the mechanism for superconductivity. BCS theory indeed shows

that both A(T" = 0) and 7. [see Egs. (7.33) and (7.35))] are proportional to the Debye

87



frequency of phonons which is proportional to the inverse of the square root of the mass of
lattice ions.
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Chapter 8

Strong correlations

When the average energy scale of repulsive interactions between electrons becomes larger
than the kinetic energy, electrons will have the tendency to localise. Materials and phe-
nomena for which this factor plays an important role are at the centre of theoretical and
experimental research. This interest was especially stimulated by the discovery of high-
T, superconductivity, in which strong electron correlations play a crucial role and weak-
coupling BCS theory is no longer applicable.

Many interesting phenomena are connected with strong electron-electron interactions:
metal-insulator transitions, magnetic and orbital ordering, heavy fermion behaviour, .. ..
Real materials in which these phenomena occur are transition metal and rare earth com-
pounds. In these materials, the electronic wavefunctions are rather localised, with a spatial
extensions that is often smaller than the distance between lattice ions. This is because the
electrons are tightly bound to the lattice ions. As a result, the amplitude for an electron to
hop from one lattice site to another will be small. As the effective hopping determines the
electronic bandwidth and their kinetic energy, we can have a situation in which the kinetic
energy is much smaller than the electron interaction.

8.1 Tight-binding approximation

Since in the materials of interest, the electrons are tightly bound to the ions, their wave-
functions will be very similar to those in an isolated atom. In the tight binding approxima-
tion one expands the Hamiltonian in the basis of local atomic orbitals. In the absence of
electron-electron interactions, the resulting tight-binding Hamiltonian describes the hop-
ping of electrons from an atomic orbital S on site j to an atomic orbital « on site 7,

A== S e+ 3 eatti (8.1)

ij af o=1.

with ;4 = Mot + Ny The hopping amplitudes t%ﬁ depend on the orbitals involved and
rapidly decay with the distance between sites ¢ and j. The orbitals could be degenerate
or have different energies ¢,. E.g., for an atom in a cubic crystal environment the five
d-orbitals split into two sectors with different energies, the two ey orbitals (d,2_,2, d,2) and
the three to, orbitals (dyy, dy., d.).
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For simplicity, we will from now on consider systems with one active orbital and include
only nearest-neighbour (NN) and next-nearest-neighbour (NNN) hopping processes with
amplitudes ¢t and ¢/,

H= —tz Z (c;rgcja - h.c.) -t Z Z (czocja + h.c.> : (8.2)
(i.4) @ ((ig)) @

Here Z@.’ j and > (ijyy denote sums over NN and NNN bonds, respectively, and h.c. stands

.|.
for hermitian conjugate, (czgcja> = C;Ucw.

The tight-binding Hamiltonian (8.2)) is a free-particle Hamiltonian, describing the mo-
tion of non-interacting electrons on a lattice. It can be diagonalised by transforming it to
momentum space. For a square lattice we obtain:

T = ¥ T 1 F t
H = - Z [t (Cr+aéz,g + Cr-i-aéy,o) Cro T t (Cr.g-aéz—&-aéy,g + Cr—aéz—&-aéy,a)] + h.c.
ro

— Z % Z [t (efik(rJraéz) + efik(r+aéy)) +t (efik(r+aéz+aéy) + efik(rfaéeraéy))]

Kk’
-1,/
x e’k rclTwck/U + h.c.

- Z [t (efiakz + efiaky) + ¢ (efia(k1+ky) + efia(szJrky))} C]L;Cka + h.c.
ko

= Z e(k)CLUCkU, (83)

ko

with the tight-binding dispersion

e(k) = —2t [cos(ak,) + cos(aky)] — 4t cos(ak,) cos(aky). (8.4)

For ¢t > 0 and |t'| < t, the bottom of the band is at k = 0 with minimum energy €y, =
—4t —4t'. In the figure the dispersion and Fermi surfaces for different values of the chemical
potential y are shown for ¢t = 1.0 and ¢’ = —0.1.
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7N\
M < €min — 0.5
T :
k

=
4.-\)6

Ta

- T
TYa /a ~Ta

X

Near the bottom of the band (small density of electrons) we can expand around k = 0,

1 1 1
€K) — €mn ~ —2t(2—a’k?*) —4t' (1 - Za®k2 ) (1 — =a®k? | — (—4t — 41)
2 2 2 Y
~ (t+2t)ad’k>.
This shows that the Fermi surface is well approximated by a circle at small filling. Close

to the fully occupied band, we obtain an almost circular hole Fermi surface centred around
(m/a,m/a). The electronic bandwidth is equal to

W = €max — €min = €(7/a,m/a) — €(0,0) = 4t — 4’ — (—4t — 4t') = &¢.

8.2 The Hubbard model

As we have discussed in the introduction of this chapter, the electronic bandwidth for tightly
bound electrons is small. It is therefore important to include interactions, which are strong
relative to the kinetic energy. The Coulomb repulsion is screened out over distances of
a few lattice constants. In the Hubbard model one only includes the on-site repulsion U
between electrons on the same site, usually referred to as the Hubbard interaction,

==ty (cjgcﬁ, + h.c.> U i, (8.5)

(6:4),0

where 7, =) cjacw is the number operator of electrons with spin ¢ on site i. Note that
because of Pauli principle, two electrons with the same spin cannot occupy the same lattice
site. We therefor only have to include the local repulsion between electrons with opposite
spin. One might also include the repulsion between electrons on neighbouring lattice sites,
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V'3 g fufty (R = 32, fig), or even longer ranged interactions. Such models are usually
called extended Hubbard model. Other extensions include longer-ranged hopping, multiple
orbitals, spin-orbit coupling, etc.

John Hubbard
1931 - 1980

In the following, we will stick to the simplest version of the Hubbard model, Eq. (8.5)).
It turns out that even this seemingly so simple model describes very rich physics and is at
present far from being completely understood.

8.3 Mott insulators and antiferromagnetism

Nobel Prize in Physics
(theoretical investigation
of electronic structure

‘ 5% in magnetic and

Phillip W. Anderson Sir Nevill Mott John H. van Vieck disordered systems)
1923 - 1905 - 1996 1899 - 1980 1977

There are two parameters that control the physical properties of the Hubbard model
(8.5), the dimensionless ratio U/t and the electron concentration or band filling n =
Nelectrons/Nsites (0 < n < 2). The often studied case of one electron per site (n = 1)
corresponds to half filling.

The Hubbard model permits us quite naturally to describe two opposite limits: that
of weakly interacting electrons (U/t < 1), and the case of strongly correlated electrons,
U/t > 1. In the first one expects that the standard Fermi liquid picture will be valid.

Consider now the opposite case of strong interactions (U > t) at half filling (n = 1).
In this limit, the system is in an insulating state since the gain in kinetic energy due to the
hopping of electrons is much smaller than the energy cost for creating a doubly occupied
site. This state is called a Mott insulator.

The state with exactly one electron per site is the ground state of the Hamiltonian at ¢t = 0,
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Pt b e B

However, it is not a unique state because of a huge spin degeneracy. Each localised electron
can have two spin orientations, 1 or |. Hence, for a system with N sites, there are 2V
degenerate ground states. The hopping term

F[l = —t Z (CIUCjU + hC) s (87)
(i.3),0

lifts this degeneracy and leads to an antiferromagnetic ground state. This can be under-
stood by treating H, in 2nd order perturbation theory. The virtual that start and end in
the degenerate ground-state manifold of H, involve a hopping of an electron from site ¢ to
site j, creating a doubly occupied state on site 7, and then a hopping of one of the two
electrons on site j back to site 2. Because of Pauli principle this 2nd order process is only
possible if the spins on i and j are antiparallel. It lowers the energy by ~ t?/U, stabilising
the antiferromagnetic arrangement.

A, e,
Fr 1

0E =0 OE ~ —t*/U

We will show that the effective low-energy Hamiltonian at half filling and large U
is indeed a local moment Heisenberg model with antiferromagnetic exchange couplings
J ~ t?/U. We use degenerate perturbation theory, treating the hopping H, as a small
perturbation to Hy. We follow the same steps as in the electron-phonon problem, using a
canonical transformation. Here we just use the general result for the matrix elements of
the effective Hamiltonian,

N 1 ~ - 1 1
(i) = 3 S i) (2~ ). (89

n

where |in) and |fi) are initial and final eigenstates of Hy in the ground state manifold with
one electron on each site. Each such 2nd order process involves only one particular bond
(1,7) and the effective Hamiltonian is a sum

Hg=Y HGF" (8.9)
(i)
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We can therefore derive H e%;j ) on a given bond. Hopping is only possible if the electron

spins on sites ¢ and j are anti-parallel. The possible initial and final states are therefore

[T = ITCL’(D (8.10a)
L) = e, (5.10b)

These are eigenstates of I:IO with energy Fi, = Ez = 0 There are two possible intermediate
states {|n)},

[14,0) = ITcL|0> (8.11a)
10, 1)) = n ]¢|0> (8.11Db)

with energy FE, = U. We therefore obtain

(A5 i) = — (81 (110,0) (05,0 1+ 10,4000, 1L ) AP ), (8.12)

with

= —1 Z (czgcja + c;gc,-(,> .
g

We act with H 1<” ' on the initial /final states, Eq. 1'

H1<”>|T,¢> = LCN’_FCJTCZT) ITC;¢|0>

_ :
= t( el + n%) 10)

= —t(114,0) +10,13)), (8.13a)
Af91,1) = =t (hes + clyen) el l0)

= < chel, + CJ¢CJT> 0)

= t(11.0)+10,10)). (8.13b)

Using these results, we can evaluate the matrix elements (8.12)),

(A HE 1D = (L EG L) = —20/0, (8-14a)
LG L) = (LT EG 1) = 26/0. (8.14b)

From the matrix elements we obtain the effective Hamiltonian in operator form,
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2t?

A5 = (IO I+ LD = RO = LD 1)
2% (¢ P P P
= 7 (CiTCjichCii + CiichCjiciT - CiTCjicj\LCiT — CiichCjTCii)
2t P L
= 7 (cwcﬁcﬁcjg - nwnﬁ> , (8.15)
where ¢ =] for ¢ =1 and @ =7 for ¢ =/, or short @ = —o. We can introduce spin—%
operators

Qo 1 o af O
S 25( 1c)o ( ), (8.16)

=

on each site, where a = z,y, 2 and ¢® denote the spin—% Pauli matrices,

. (01 y [0 —i . (1 0
= \10) 7 \i o) 72 Vo -1 )"

It can be shown (homework) that the operators defined in Eq. (8.16]) indeed satisfy the
spin commutator relations

[Sa, SB:| = ’iEag,ySW.
As expected,

- 1 1 1 1
§10) = 5 (cles = cley) eb10) = 500l 1) = S04l 1) = 50lo).

You will show in a homework problem, that in terms of the spin operators (8.16) the
effective Hamiltonian (8.15)) takes the form of a Heisenberg model,

. N |
Hpg=J)Y (Si .S — Z) : (8.17)
(4.4)

with antiferromagnetic superexchange J = 4t%/U.

8.4 The Mott transition

It remains a heavily studied and highly non-trivial problem to understand what happens
as U/t is reduced. For U/t > 1 the system is a Mott insulator. In the regime of weak
interaction, U/t < 1, the system is a Fermi liquid with metallic behaviour. The transition
between the metal and the insulator at a critical interaction strength (U/t). is called the
Mott transition.

Here we only present a cartoon picture for the case of half filling (n = 1). At large U/t,
added electrons each cost an energy U The resulting doubly occupied sites (doublons) can
move with an associated kinetic energy scale t. Holes are also mobile with kinetic energy t,
but their creation does not involve the energy penalty U. At half filling we obtain a fully
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occupied hole band and an empty electron band, both of width ~ ¢. The bands are split
by U and symmetric around the chemical potential p which is located in the middle of the
energy gap. The DOS at the chemical potential is zero and the system is an insulator.

Mott insulator
DOS

A A

metal

DOS

LU

Reducing the Hubbard repulsion, the bands start to overlap at a critical value U/t ~ 1
and one expects a phase transition to metallic behaviour. In the Mott insulator there exists
no Fermi surface. Approaching the Mott transition from the metallic side, we therefore
expect the Migdal discontinuity Z to decrease and to vanish at the transition. The Mott
transition is therefore linked to a breakdown of the quasiparticle picture, which makes it a
very challenging theoretical problem.

8.5 Magnetic impurities in metals

The magnetic susceptibility of the free Fermi gas and of the Fermi liquid is constant at
temperatures T < Tp ~ 10* — 10°K,

0

X;a)uli = M%g F)7
(er) — m"/m ()
Pauli-

(€
g*

2
XPauli — M a a

"14FY 14 FY
Some metals, despite being expected to have a temperature-independent Pauli susceptibil-
ity, show Curie-like behaviour over a wide temperature range,

A
T +0’
where A is a constant and 6 the so-called Curie-Weiss temperature. A Curie susceptibility
is characteristic for local moments and the observed behaviour is therefore an indication
that there exist magnetic impurities in the metallic system. As a reminder, let us calculate
the magnetic susceptibility of a single quantum spin. The Hamiltonian of the spin in a
magnetic field B is

X(T) = XPauli + XCurie(T) = XPauli (818>

I:[ = —/j,BBS'Z’
where without loss of generality we have chosen the field direction as our quantisation axis.

For simplicity, let us assume S = 1/2. In this case there are only two eigenstates of Sz,
m = £1/2, and the partition function is simply
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Using that Z = e % we obtain the free energy

ppB
F=—kgTIn2—kgT1 h .
B n B 11 COS (2]€BT)

From this we can compute the magnetisation

. 1. . ; 0 OF
M = N =pup=Tr S7e P = kpT—InZ = ———
Hp(S7) = ppy T S 5o 0B
B ppB Y\ Boo g
= “Ztanh ~ B.
o (kaBT> AT
The resulting susceptibility is
oM 1
= —— = , 8.19
XT 9B |, tksT (8.19)

This is the Curie law. The susceptibility diverges as T — 0 because at zero temperature,
the spin will be completely aligned by an arbitrarily small magnetic field. In a real material
there exists a finite concentration of magnetic impurities and interactions between the im-
purities. The Curie-Weiss temperature 6 in Eq. is introduced as a phenomenological
scale which take account of the interactions between spins.

—1
X XCurie

v

8.6 The Anderson impurity model

The question why impurities in metals become magnetic is non-trivial. A simple argument
suggests that magnetic impurities should not be able to exist in metals. Assume that there
exists an impurity level with energy €;. If ¢; > €p the level will be empty, not giving rise
to a magnetic moment. For ¢; < er one expects the level to be doubly occupied. The
anti-symmetry of the wave function implies that the magnetic state is \% (It =14,
which is a singlet (S = 0) and so also non-magnetic. It can indeed be shown that a model
that describes tunnelling between the conduction electrons and the impurity level,
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H=Y ekl cotead did,+ > (x\kclT(Udg n A;dj,qm),
o ko

ko

[\ [\ J/ . 7
g ' ~

conduction sea impurity level tunnelling

does not develop a Curie contribution to the susceptibility. The problem was resolved by
P. W. Anderson in the 1950s. The impurity level is often a d- or f-orbital which have tightly
compressed wave functions. As a result, the Coulomb energy cost U of doubly occupying
the impurity level cannot be ignored. The Hamiltonian then becomes

ko

s =Y )y + €D dldy + 2D (dyds + dh ) + Udldrdld,,  (8.20)
o ko

where we have assumed that the tunnelling matrix element A is independent of k. This
model is called the Anderson impurity model.

Similar to the on-site repulsion in the Hubbard model, a sufficiently strong repulsive
interaction on the impurity can lead to the formation of a local moment. To understand
this, let us first neglect the hybridisation A. The state with a single electron on the impu-
rity, which would be magnetic, is obtained by moving an electron from the Fermi surface
(maximum energy gain) to the impurity level. Such a state has energy Frs — ep + €4, where
Exg is the energy of the filled Fermi sea. It is the ground state if its energy is smaller than
Exg and the energy Epgs — 2ep + 2¢4 + U of a state with a doubly occupied impurity level,
from which it follows that

€q < €p <eqg+U. (821>

This is the condition for local moment formation at zero temperature in the absence of
hybridisation A. For sufficient small A we expect the local moment to be stable.

8.7 The Kondo model

We consider the regime ¢; < ep < ¢4+ U, corresponding to a ground-state manifold of

Hy =Y e(K)cl,oe +€a »_ did, + Udldrdld, (8.22)
ko o

with one electron on the impurity site, giving rise to a local moment. We treat the hybridi-

sation

=2 (cjwdg + dj,ck(,> (8.23)
ko

as a perturbation to H, and use degenerate second-order perturbation theory to derive an
effective Hamiltonian that acts on the ground-state manifold. This effective Hamiltonian
describes the coupling of a local impurity spin to the conduction electrons and is known
as the Kondo Hamiltonian. The underlying canonical transformation is referred to as the
Schrieffer-Wolf transformation.
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Jun Kondo
1930 -

As we have derived in a previous lecture, the general expression for the matrix elements of
the effective Hamiltonian is

N | . . 1 1
(v = 5 36 i) (et ) (820

n

In the present case the initial and final states are eigenstates of ﬁo with one electron
moved from the Fermi level to the impurity site. Such states have energy

EO Eﬁ = Ein = EFS —€r + €4 (825)

The intermediate states {|n)} are eigenstates of Hy with zero or two electrons moved to
the impurity site, with energies

E© = Frgg, (8.26a)

n

E® = Fpg—2ep+2e4+U. (8.26b)

n

Introducing the projection operator P onto the ground-state manifold, we can write the
effective Hamiltonian as

A A A A 1 A A A
Hg=PH (1 -P)———(1—-P)H,P. 8.27
w=PH( = P) (1= D) (8:27)

Here n) |
N n n
R = =
EO HO Z EO _

is called the resolvent operator and (1 — f’) ensures that division by zero does not occur.
We obtain
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kk/co’! E() - E1(10) E() - EqELQ)
_ )\2 Z d:rfdgl (51(1{/(500/ — CTkIO.ICk0'> N (5 d .d, >Ckack' ’

Koo | €4 — €F ep—€q—U
= )2 L + Z de ol Cxo — N Z o Cx!

€F — €4 ed—l—U—eF 7 Kol ed—I—U—F koo
kk'co’ kk'c
Z Z did, (8.28)
EF — €4

const, drop

We define the local moment spin operators

~ 1 d
a __ = (gt g7} « T
g =5 (dhdf) o ( . ) (8.29)
and the spin operator of the conduction electrons on the impurity site (r = 0),
. 1 c+(0) 1 c
@ I BN T a T _ - T T ! kt
§(0) = 5 (cT(O),c¢(0)> o ( ¢1(0) ) 5 kgk/ (Ck’T’Ck’¢> o ( e, ) (8.30)

We expect that the effective Hamiltonian does not prefer a particular orientation of the
spins and is of the form S -8§(0). We express the product of spin operators in terms of the
fermionic creation and annihilation operators,

S.5(0) = }1 (d;dT - dIaQ) (4(0)CT(0) - cI(O)c¢(0)>
% (dldy +dldy) (e (0)ey(0) + €| (0)er(0))
1 (dla, = dlay) (el 0)e(0) — | (0)ey(0))
- i > " did,ch(0)e,(0) - i > " did,ck(0)es(0) + % > didsct(0)c, (0)
= 2 Y Ao (0)es (0) — 1 3 dbdch (0)cr (0)
— % kklzwl didycl, oo — i 1;7 o, (8.31)

where in the last step we have used that ) _ dld, = 1. Inserting this into the effective
Hamiltonian (8.28)), we obtain
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Heg = JkS-8(0) + V') choyCio, (8.32)
kk'c
with

1 1 1 1 1
Ji = 2)\? ( + ) and V = 5)\2 ( — > . (8.33)

€ —€q €+ U —¢p €rp—€q €+ U—€p

The first term in the effective Hamiltonian (8.32)) is the Kondo coupling between the
local moment spin and the conduction electron spin at the impurity site r = 0. Note that
this coupling is antiferromagnetic, Jx > 0. The second term is a potential scattering term
which we will neglect in the following. Including the unperturbed Hamiltonian PH,P , pro-
jected onto the ground-state manifold (d%deId ;1 =0and ¢, dld, = €; an unimportant
constant), we obtain the Kondo Hamiltonian

Hy =) e(k)cf, 00 + JiS - 8(0). (8.34)
ko

Kondo’s original motivation for studying this model was to explain the resistivity
minimum observed in many metals at low but finite temperature. Naively one expects
that the resistivity p(7") increases monotonously with temperature. In simple metals the
scattering of electrons by phonons gives rise to a contribution py(7) = AT®. In 1964, Kondo
computed the scattering amplitude Ay of conduction electrons by a local moment, treat-
ing the Kondo coupling in 2nd order perturbation theory. Here we only quote the final

result,

kgT

Ao = Jx — vJ2In 2= (8.35)

€r

where v is the density of states per volume and spin at the Fermi surface. The scattering
amplitude determines the inverse electron lifetime 77! ~ | A|?, which is proportional to the
resistivity. Hence we obtain the resistivity contribution

kT
pi(T) ~ BeJ? (1 — 2w JgIn = ) : (8.36)
€r
where ¢ denotes the concentration of impurities and B a constant. pg(T') increases as
temperature is decreased, giving rise to a minimum of p(7') = po(T) + px (1),
dp

o7 = S5AT* —2Bev JiT ' =0 = Tiyin ~ /. (8.37)

8.8 The Kondo problem

Disturbingly, the Kondo logarithm diverges as the temperature is lowered and hence the
scattering amplitude diverges logarithmically in the second order term as T — 0.
In fact divergencies are seen in all orders of the expansion and it can be shown that the
scattering amplitude takes the form of a geometric sum
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A

From this re-summed expression it is clear that the divergence occurs at a finite temperature
Tk (the Kondo temperartue), determined by

kT
1+ vJgln 2= =,
€r
which gives
Tx = L e~1/Wk), (8.39)
kg

Interestingly, this exponential dependence is the same as in the BCS theory of super-
conductivity. Of course, in contrast to superconductivity, for a single impurity there cannot
be a real phase transition. Instead, Tk gives a temperature scale at which there occurs a
change of the behaviour of the system. The perturbation theory described above is only
valid for T' > Ty. What happens at temperatures below the Kondo temperature, T' < T ?

Experimentally, it is observed that below Ty the resistivity p(T') saturates. There
is also a crossover in the susceptibility y from Curie-Weiss behaviour at T" > Tk to a
constant value at T" < T,. This suggests that the local moments are screened below Ti
and eventually disappear.

Due to the breakdown of perturbation theory with the appearance of a logarithmic
singularity in the electron-local moment scattering amplitude, we must seek a different
approach to analysing the single-impurity problem. A non-perturbative treatment was
proposed by Varma and Yafet, starting from the Anderson impurity model in the
regime U — oo. In this limit, it is not possible to doubly occupy the impurity and the
ground state at T' = 0 is expected to be of the form

[k|<kp

|6) = ao|FS) + Y nedfiews|FS), (8.40)

ko
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which is a superposition of the filled Fermi sea, empty impurity state with singlets formed
between the impurity and the free electron state. We use |¢) as a variational ansatz and
compute the variational energy

By = El{ag, ox}] = AHAI9). (8.41)

(¢l¢)
with H4 the Anderson impurity Hamiltonian. Minimising Ey with respect to oy and ay,
Varma and Yafet demonstrated that the binding energy between the impurity and the
conduction sea is equal to

€Ep = EV — EFS — €= —€F6_‘€d|/(2)\2y). (842)

Using that in the limit U — oo the Kondo coupling (8.33) becomes

2 2
JK:2A2( L ! >[H""JE‘]—2A—:2A

er— €4 €q+U—e€p €d H7

we can rewrite the expression for the binding energy as

|EB‘ = €F€71/(VJK) kBTK (843)

This suggests the following interpretation: the scattering between the conduction elec-
trons and the impurity spin becomes significant at temperatures T' ~ Ty, at which per-
turbation theory in Jx breaks down. This represents the crossover to a state where the
impurity spin forms a bound state with the conduction sea. This non-magnetic bound state
is called the Kondo singlet. The Varma-Yafet solution shows that at 7" = 0 the binding
energy of the Kondo singlet is k5T, and thus to break this bound state apart and recover
the magnetic impurity it must require a temperature 7' ~ T
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Chapter 9

Topology in condensed matter (not
examinable)

Topology plays an important role in condensed matter physics and is a very active area of
research. The discoveries of the integer and fractional quantum Hall effects in the 1980’s
and of topological band insulators in the 2000’s were landmarks in physics that enriched our
view of electronic properties of solids. In a nutshell, these discoveries have taught us that
quantum mechanical wavefunctions in crystalline solids may carry nontrivial topological
invariants which have ramifications for the observable physics. The recent topological
insulator revolution would never have happened without the groundbreaking theoretical
work by Thouless, Haldane and Kosterlitz on topological phase transitions and topological
phases of matter, for which they won the Nobel Prize in Physics in 2016.

Nobel Prize in Physics
(theoretical discoveries
of topological phase
transitions and topological
phases of matter)

David J. Thouless F. Duncan M. Haldane J. Michael Kosterlitz
1934 - 1951 - 1943 - 2016

9.1 Topological invariants

Topological order refers to properties of the system as a whole and is not related to a local
order parameter such as the magnetisation. As a result, topological order is protected
against small local perturbations of the system. Topological phases of matter are charac-
terised by topological invariants rather than by spontaneous symmetry breaking. These
invariants usually have a geometrical meaning, which we will illustrate in the following.
Consider for example a closed rubber string wrapped around a torus. The winding num-
ber w, which describes how often the rubber is wrapped around the torus, is a topological
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Winding number

invariant. Configurations with different w cannot be smoothly deformed into one another.
Changing the winding number would require cutting and reconnecting the rubber. It is
impossible to determine the winding number from an observation of a small segment of
the rubber. Instead, one would have to look at the entire configuration or calculate an
appropriate closed contour integral.

Another example of a topological invariant is the genus g of a manifold. The genus
is equal to the number of holes or handles of the manifold. A sphere has genus g = 0, a
torus or bagel g = 1, a pretzel ¢ = 2 and so on. One cannot change the genus by smooth
deformations of the object. It is possible however to smoothly deform a torus into a coffee
mug without poking an addition hole into the object. This means that a torus and a coffee
mug have the same genus and are topologically equivalent. Walking on the Earth, we are
not able to tell if our planet is a sphere or a giant torus. Mountains and tales are just small
ripples on the surface that do not tell us anything about topology. We would require an
image from outer space or an appropriate surface integral over the entire Earth to work

my, 9 Ers
- -
g=2 g=3

g=1

For a closed, orientable two-dimensional manifold M embedded in three dimensional
space the genus is related to the Fuler characteristic x, which is an integral of the Gaussian
curvature K over the manifold,

1 1 1
=-2-y)==(2-— [ KadA
9=3527X) 2( 27?/M d)’

where dA denotes the surface area element of the manifold. This is a special case of the
Gauss-Bonet theorem. The Gaussian curvature is equal to the product of the two principal
curvatures, K = r1ky. Local minima or maxima are examples of points with K > 0, while
saddle points (see picture) have K < 0.
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Let us explicitly calculate g for a sphere and a torus. We parametrise the sphere of
radius R by spherical coordinates,

sin 6 cos ¢
r(6,0) =R | sinfsing |,

cos 0

with 6 € [0,7] and ¢ € [0,27]. The surface area element is dA = R*sinfdf d¢ and the
Gaussian curvature is constant, K = 1/R?. We therefore obtain

1 2m
g= 2(2—%/ dgb/ sm@d@) 2(2—2) 0.

A possible parametrisation of a torus with radii R and a, a < R, is given by

(R + acos¢)cosb
r(0,¢) = (R+acos¢)sind |,
asin ¢
where 0 € [0,27] and ¢ € [0, 27].
Y z

@«f ]
C

For the surface area element we obtain
8r or

& d9dé = a(R + acos ¢) db do.

wm=|%
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The Gaussian curvature K is a function of the angle ¢. Here we just quote the result,

B cos ¢
K= a(R+ acos¢)

This gives the genus

1 1/2Wd6/%d¢ ¢ —1(2 0)=1
9=5 o ), ; cos =3 = 1.

9.2 Integer Quantum Hall effect and Chern numbers

The simplest topological state of matter is realised in the integer quantum Hall effect. It
is a quantum mechanical version of the Hall effect observed in a two-dimensional electron
system at very low temperatures and in a strong magnetic field perpendicular to the two-
dimensional system. If we drive a current through the system, the electrons are subject to
the Lorentz force F;, = gv x B perpendicular to the current. This leads to the formation of
cyclotron orbits and a build-up of positive and negative charges at opposite edges, giving
rise to a Hall voltage V. In equilibrium, the forces from the resulting electric field and the
applied magnetic field cancel each other. In the classical Hall effect, this leads to a Hall
resistivity that is proportional to the magnetic field B. At low temperatures however, it is
important to take into account quantum mechanical effects. As you have learned in your
quantum mechanics lectures, a charged particle in a magnetic has quantised energy levels
(Landau levels),

€n = hw. (n+1/2), (9.1)

where w, = % denotes the cyclotron frequency. With increasing field B, the spacing
between energy levels increases. As a result, the number of filled Landau levels below the
Fermi energy decreases in steps as B is increased. Based on approximate calculations,
Ando, Matsumoto, and Uemura predicted in 1975 that, as a result, the Hall conductance
is quantised. Subsequently, several experimental groups started to look for the effect and
observed plateaux in the Hall conductance at low temperatures. In 1980, Klaus von Klitzing
measured the Hall conductance of silicon-based samples (developed by Michael Pepper
(UCL) and Gerhard Dorda) at the high magnetic field lab in Grenoble. His experiments
demonstrated for the first time that the transverse Hall conductance is exactly quantised
and equal to integer multiples of e%/h,

62
7

ny:Nh

(9.2)
where e is the electron charge and h the Planck constant. For this finding, von Klitzing
was awarded the 1985 Nobel Prize in Physics.

The quantisation of the Hall conductance has the important property of being exceed-
ingly precise and robust against external perturbations. It is now possible to measure the
quantum e?/h with an accuracy of nearly one part in a billion. This astonishing accuracy
has allowed for the definition of a new practical standard for electrical resistance, and since
1990, it is used in resistance calibrations worldwide
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What is the reason for the exact quantisation and its robustness against perturbations
such as disorder? In the bulk, the electrons are localised in orbits, and therefore form
an insulating state. At the edges of the sample however, one expects skipping orbits,
implying that electrons can move around the edges. This motion is unidirectional, where
the chirality is set by the orientation of the magnetic field. These edge modes are protected
against disorder since there is no channel for back-scattering.

right-moving skipping orbit
VAT A A A A A A A A A A A A A

O O0OO00O0O0

cyclotron orbits

O O0OO00O0O0

7207272202020 20 2020 2020 2020
left-moving skipping orbit

It was realised by Thouless, Kohmoto, Nightingale, and Nijs in 1982, that the protection
of the exact quantisation of the Hall conductance is routed in topology. They demonstrated
that the integer quantum Hall states are characterised by a topological invariant which is
defined in a very similar way to the Euler characteristic x of a manifold. The TKNN
topological invariant or Chern number v is defined as an integral of the Berry curvature

Flk) = —iey (ot (k) a%wk» (9.3

of the electronic wavefunction (k) over the two-dimensional Brillouin zone,

1 2

Because of the periodic boundary condition in k, and &, the Brillouin zone is equivalent to a
torus. The Chern number of the integer quantum Hall state is equal to the number of filled
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Landau levels. Thouless, Kohmoto, Nightingale, and Nijs computed the Hall conductance
using the Kubo formalism and found that the same integral enters in the expression for
Oy, Proving that o,, = V% and hence establishing the link between the exact quantisation
and topology.

9.3 The Haldane model

Haldane made an important contribution that established the link between topological
properties of the insulating bulk, characterised by topological invariants, and the presence
of gapless modes (‘skipping orbits’) that propagate around the edges of the system. This
is often referred to as the bulk-boundary correspondence.

Haldane was interested in the question whether it was possible to obtain a quantum Hall
state in the absence of an applied magnetic field. In 1988, he succeeded in constructing a
simple model of spin-less, non-interacting fermions that indeed exhibits energy bands with
non-zero Chern numbers, separated by an energy gap and located below and above the
chemical potential. Such a state is a topological Chern insulator, exactly like the integer
quantum Hall state.

In his model, now referred to as the Haldane model, he considered spin-less fermions
on a honeycomb lattice that hop with amplitudes ¢; between neighbouring sites (i, j) and
with complex amplitudes t5 exp(i¢;;) between next-nearest neighbour sites ((i, j)),

H= t Z (C}-Cj + h.c.) + Z (tgew“cjcj + h.c.) + M Z eicjci,
(4,9 (G i

where t; > 0 and ¢;; = ¢ if the 2nd-neighbour hopping is in an anti-clockwise direction

and ¢;; = —¢ if it is in a clockwise direction. The last term in the Hamiltonian is an

on-site potential with ¢; = 1 if the site 7 is on sub-lattice A and ¢; = —1 if the site is on

sub-lattice B.

t,l'

3V3 v=0
B M
i, 0
A -3V3 v=0
-m 0 TP

F.D.M. Haldane (1988)

109



In momentum space the nearest-neighbour hopping takes the form
t Z (c;rcj + h.c.> = t Z (cg(r)cB(r) + el (r 4 ay)ep(r) + cly(r + ag)cB(r)> +h.c.
(i.5) r

=t Z\(l + etk 4 6““12) CLACkB + h.c.

) —000)
_ P 0 (k) CrA
et tl Zk: (CkA’CkB> ( /7*<k> 0 ckB )
The lattice vectors are given by a; = <£, 2) and a; = (—\/73, ) where we set the lattice

constant to a = 1. For simplicity, let us assume that the complex-hopping term is purely
imaginary, ¢ = 7/2, exp(+i¢) = +i. In momentum space, we obtain

Z (tgew“c;rcj + h.c.) = ity Z (cL(r +a; — ay)ea(r) — ¢y (r +ap)ea(r)
((5:9)) r
+cl (r + ay)ca(r) — ch(r +a; — ag)ep(r)

+cb(r 4+ ay)eg(r) — el (r + ag)cB(r)> + h.c.

= 2l Z [sin(ka;) — sin(kay) — sin(k(a; — ay))]

T T
X (CkACkA — CkBCkB>

= X (k) (900 ) ()

k

where in the last step we have defined s(k) = 2[sin(ka;) — sin(kay) — sin(k(a; — az))].
Finally, for the on-site potential we obtain

MY acde = MY (chiweatr) - chirleno)
- el (3 S (m) o

Combining the terms, the Hamiltonian can be written as

H - Z(CWLB)( ) L dm(k—)c&f)y(k))(zg)

k

= > (durcls) (@A) o) ( s ) |

k

where d.(k) = t1Re[y(k)], dy(k) = —t;Im[y(k)] and d.(k) = M + t2s(k). d(k) is a
three-dimensional vector field and hence describes a mapping from the two-dimensional
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Brillouin torus to a closed surface in three dimensional space. Diagonalising this two-by-
two Hamiltonian, one obtains the dispersion

e(k) = £[ld(k)[| = i\/lfflv(k)l2 + (M + tas(k))>. (9.6)

For M =t = 0 the dispersion vanishes linearly at the points K. = %” (i\/ig, 1), forming
so-called Dirac cones. The alternating potential M and the imaginary hopping ¢, both
open a gap in the spectrum. In the presence of both terms, the gaps at K, are given by

Ay = |M T 3V3t,]. (9.7)

X ;q','b’ Fr
[T
X

While the electron dispersions for the cases M > 0, to = 0 and M = 0, t5 > 0 look
identical, the electronic wave functions and their topological properties are very different.
In both gapped phases, €¢(k) never reaches zero and the closed surface defined by all the
vectors d(k) therefore does not include the origin. In this case one can show that the Berry
curvature is equal to

. . .
ad 8d), 08)

K) = ~d(k) - el
Fll) = 5dik) <8kx><8ky
where d(k) = d(k)/||d(k)||. From the above equation, it is clear that the Berry curvature

F (k) is equal to half the solid angle element of the mapping d(k) and the integral of F(k)
is therefore and integer multiple of 2. The Chern number

1
v=— [ d’k F(k)
21 o
describes how many times a(k) wraps around the sphere as a function of k. Evaluating
the integral for the Chern number we find

_{01f0§3\/§t2<|M| (9.9)

1 if 0<|M| <33ty
in agreement with Haldane’s result. At the points M = +3+/3t,, the gap closes at one

of the Dirac points K. and a transition between a conventional insulator (v = 0) and a
topological Chern insulator (v = 1) occurs.
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9.4 Bulk-boundary correspondence

Within the Haldane model, it is also possible to address the question whether there exist
conducting edge modes if the gapped, insulating state has a non-trivial topology with
non-zero Chern number. In order to establish this correspondence, one diagonalises the
Hamiltonian of the Haldane model on a strip that is infinite along the x direction but has
a finite width L, along y. This system should be viewed as one-dimensional system with
many lattice sites in the unit cells, giving rise to a large number of bands as a function
of the continuous momentum k,. Almost all of the bands have a trivial relation to the
dispersion of the infinite, two-dimensional system: making the size along y finite, simply
leads to bands corresponding to cuts through the two-dimensional dispersion with discrete
momenta k,(j),

2
)

Since the two-dimensional system is an insulator, non of these bands will cross the Fermi
energy. In addition, there could be non-trivial modes that are localised near the edges. If
these modes are conducting they would have to cross the Fermi level and should therefore
be clearly visible in the gap between the quasi-continua of bulk bands.

€j(ke) = €(ka, by = J

(finite)

—"
T (infinite)
N. Hao et al. (2009)

In the figure, the energy spectra of the strip system are shown for two different sets of
parameters, one corresponding to a trivial insulating state (v = 0), and one for a topological
Chern insulator with ¥ = 1. As expected, only in the latter case there exist conducting
modes that cross the Fermi level. An analysis of the eigenvectors shows that these modes
propagate along the edges, the right-moving mode (red) along the upper edge of the strip
and the left-moving mode (blue) along the lower edge.
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