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Chapter 1

From the Harmonic Oscillator to
Phonons

In this chapter, we start with a review of the harmonic oscillator and its description using
raising and lowering operators. We note in particular how all of its properties - expectations
of operators in arbitrary states or even thermal distributions - can be calculated in terms of
these raising and lowering operators without ever having to write down the wavefunction
explicitly.

Next, we will proceed to couple two such oscillators and then a whole chain. The
latter provides a simple model for quantum oscillations of a lattice - known as phonons. In
working through this problem, we will have introduced the central ideas of quantum field
theory. These will be formulated as a book-keeping tool to describe many-particle quantum
systems in chapter 2 and we will use them throughout the course.

1.1 The Harmonic Oscillator
Consider a quantum particle whose motion is described by the Hamiltonian

Ĥ =
p̂2

2m
+

1

2
mω2x̂2, (1.1)

where x̂ and p̂ are the position and momentum operators, respectively. These operators are
hermitian (real eigenvalues), x̂ = x̂† and p̂ = p̂†, and are subject to the commuter relation
[x̂, p̂] = x̂p̂ − p̂x̂ = i~. The non-zero commutator implies that it is not possible to have
perfect knowledge about both the position and momentum of the quantum particle, which
is known as the Heisenberg uncertainty principle.

Rather than computing the wavefunctions of the ground state and excited states by
solving the Schrödinger equation, we can solve the problem by introducing raising and
lowering operators,

â† =

√
mω

2~

(
x̂− i p̂

mω

)
and â =

√
mω

2~

(
x̂+ i

p̂

mω

)
. (1.2)

It is easy to verify that the raising and lowering operators (ladder operators) satisfy the
bosonic commutator relation [â, â†] = 1,
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[â, â†] =
mω

2~
[x̂+ i

p̂

mω
, x̂− i p̂

mω
] =

1

2~
(−i [x̂, p̂]︸︷︷︸

=i~

+i [p̂, x̂]︸︷︷︸
=−i~

) = 1. (1.3)

In terms of the ladder operators the Hamilton takes the form (homework problem)

Ĥ = ~ω(â†â+ 1/2), (1.4)

where n̂ = â†â is the number operator with eigenstates |n〉, n̂|n〉 = n|n〉. The occupation
number states form and orthonormal basis, 〈n|m〉 = δm,n. Obviously, these states are
eigenstates of the Hamiltonian, Ĥ|n〉 = En|n〉 with energies En = ~ω(n+ 1/2).

The quantum mechanical groundstate |0〉 has the zero-point energy E0 = ~ω/2. It
follows directly from the Heisenberg uncertainty principle, since the classical groundstate
is forbidden as it would give perfect knowledge about both the position and momentum of
the operator.

Excitations are created by the action of the raising operator on the groundstate. Using
that

â|n〉 =
√
n|n− 1〉,

â†|n〉 =
√
n+ 1|n+ 1〉,

we can write the state with n excitations as

|n〉 =
(â†)n√
n!
|0〉. (1.5)

Calculations with Raising and Lowering Operators:
We can calculate all of the observable properties of the harmonic oscillator using the above
relations and without ever having to obtain explicit expressions for the wavefunctions ψn(x).
The following are a few instructive examples:

a) Average in the nth excited state:

〈x̂2〉n = 〈n|x̂2|n〉

=
~

2mω
〈n|(â+ â†)2|n〉

=
~

2mω
〈n|(â2 + â†â+ ââ† + â†â)|n〉

Using 〈n|â2|n〉 ∝ 〈n|n− 2〉 = 0 and 〈n|â†â†|n〉 ∝ 〈n|n+ 2〉 = 0

=
~

2mω
〈n|(ââ† + â†â)|n〉

Using ââ† = 1 + â†â

=
~

2mω
〈n|(2â†â+ 1)|n〉 =

~
mω

(n+ 1/2)

Note that a similar calculation (homework) gives 〈p̂2〉n = ~mω(n+1/2) and hence 〈Ĥkin〉n =
〈Ĥpot〉n = 1

2
En.
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b) The partition function :

Z = Tr e−βĤ =
∞∑

n=0

〈n|e−β~ω(n̂+1/2)|n〉

=
∞∑

n=0

e−β~ω(n+1/2) = e−β~ω/2
∞∑

n=0

(
e−β~ω

)n
=

e−β~ω/2

1− e−β~ω .

Here the factor e−β~ω/2 arrises from the zero-point energy ~ω/2. Note that this factor
drops out when calculating thermal averages of observables,

〈〈Â〉〉 =
1

ZTr Âe−βĤ =
Tr Âe−β~ω(n̂+1/2)

Tr e−β~ω(n̂+1/2)
=

����
e−β~ω/2

����
e−β~ω/2

Tr Âe−β~ωn̂

Tr e−β~ωn̂
.

It is therefore convenient to drop the zero-point energy when calculating thermal averages,
as the following example shows:

c) Finite temperature average of the number operator:

〈〈n̂〉〉 =
1

ZTr n̂e−βĤ =
1

ZTr n̂e−β~ωn̂
(
where Z = Tre−β~ωn̂ = 1/(1− e−β~ω)

)

= − 1

~ω
1

ZTr
∂

∂β
e−β~ωn̂ = − 1

~ω
1

Z
∂Z
∂β

= − 1

~ω
∂ lnZ
∂β

=
1

~ω
∂

∂β
ln
(
1− e−β~ω

)
=

e−β~ω

1− e−β~ω =
1

eβ~ω − 1
= nB(~ω),

where in the last step we have defined the bose function nB(ε) = 1/(eβε − 1).

1.2 Two Coupled Oscillators
Up to now this has hopefully been revision. Now let’s turn to something new. We will
consider a simple problem of two coupled quantum harmonic oscillators. In doing so, we
will see many of the techniques that underpin quantum field theory. Consider two coupled
quantum mechanical oscillators as illustrated in the following figure:

x1 x2

m m

m mm m

xn xn+1 xn+2xn�1
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̃

The Hamiltonian of this system is given by

Ĥ =
p̂2

1

2m
+
κ

2
x̂2

1 +
p̂2

2

2m
+
κ

2
x̂2

2 +
κ̃

2
(x̂1 − x̂2)2, (1.6)

where the position and momentum operators of the two particles satisfy [x̂i, p̂j] = i~δij.
All other commutators vanish, e.g. [p̂i, p̂j] = 0.

Sum and Difference Coordinates:
Our physical intuition about this situation suggests two types of periodic motion or normal
modes:
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m m

symmetric normal mode

m m

anti-symmetric normal mode

Accordingly, we make a change of variables to the mean displacement and difference in
displacement;

X̂ =
x̂1 + x̂2√

2
and x̂ =

x̂1 − x̂2√
2

,

with conjugate momenta

P̂ =
p̂1 + p̂2√

2
and p̂ =

p̂1 − p̂2√
2

.

In the position representation, p̂1 = −i~∂x1 and p̂2 = −i~∂x2 . The expressions for the
momenta P̂ and p̂ — in particular the factors of 1/

√
2 — follow from these.

Preservation of Commutation Relations:
These definitions imply the commutation relations

[x̂1, p̂1] = [x̂2, p̂2] = i~ ⇔ [X̂, P̂ ] = [x̂, p̂] = i~.

The requirement that the commutation relations take this form — i.e. that their form is
preserved by our change of variables — can be used to fix the expressions (including the
factors of 1/

√
2) for P̂ and p̂.

[X̂, P̂ ] = [
x̂1 + x̂2√

2
,
p̂1 + p̂2√

2
] = [x̂1, p̂1]/2 + [x̂2, p̂2]/2 + [x̂1, p̂2]/2︸ ︷︷ ︸

=0

+ [x̂2, p̂1]/2︸ ︷︷ ︸
=0

= i~.

[x̂, p̂] = [
x̂1 − x̂2√

2
,
p̂1 − p̂2√

2
] = [x̂1, p̂1]/2 + [x̂2, p̂2]/2− [x̂1, p̂2]/2︸ ︷︷ ︸

=0

− [x̂2, p̂1]/2︸ ︷︷ ︸
=0

= i~.

Substituting into the Hamiltonian(1.6), we find

Ĥ =
1

2m

[
(P̂ + p̂)2

2
+

(P̂ − p̂)2

2

]
+
κ

2

[
(X̂ + x̂)2

2
+

(X̂ − x̂)2

2

]
+ κ̃x̂2

=
P̂ 2

2m
+ κ/2︸︷︷︸

= 1
2
mω2

s

X̂2 +
p̂2

2m
+ (κ/2 + κ̃)︸ ︷︷ ︸

= 1
2
mω2

a

x̂2.

We have reduced the motion to two independent harmonic motions with mass m, and
frequencies

ωs =

√
κ

m
and ωa =

√
κ+ 2κ̃

m
.

This method of separating — or diagonalising — a Hamiltonian into independent har-
monic oscillators is more general. As we shall see in the next section, it is related to a
Fourier transform for a translationally invariant system; for a 2-site chain, the allowed
Fourier components have wavevectors k = 0 and k = 2π/2a, corresponding to in-phase and
anti-phase oscillation.

7



1.3 The Harmonic Chain
We now consider a chain of N quantum particles of mass m with harmonic spring with
spring constant κ between them. The equilibrium spacing (lattice constant) between the
atoms is a.

x1 x2

m m

m mm m

xn xn+1 xn+2xn�1
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̃

In terms of momentum and position operators the Hamiltonian of the harmonic chain
is given by

H =
N∑

n=1

[
p̂2
n

2m
+

1

2
κ(x̂n − x̂n−1)2

]
, (1.7)

where the operators are subject to the canonical commutator relation [x̂i, p̂j] = i~δij. We
further impose periodic boundary conditions corresponding to taking x̂0 = x̂N . In the end,
we will take the thermodynamic limit N →∞. Our solution is going to follow essentially
the same steps as we used for two coupled oscillators.

1.3.1 Diagonalising by Fourier Transform

The first step is to reduce the problem to a set of independent harmonic oscillators. We
achieve this by using a discrete Fourier transform. Many problems in physics are transla-
tionally invariant (or can be treated as such) and in these cases the Fourier transform takes
us much of the way towards diagonalising our system.

The Fourier components of the particle displacements are given by

x̂k =
1√
N

∑

n

eiknax̂n with inverse x̂n =
1√
N

∑

k

e−iknax̂k, (1.8)

for the position operators and

p̂k =
1√
N

∑

n

e−iknap̂n with inverse p̂n =
1√
N

∑

k

eiknap̂k, (1.9)

for the momentum operators. Details of the Fourier transform can be found below (box
A). As a result of the periodic boundary conditions, x̂n = x̂n+N , the momentum k can only
take N discrete values which are integer multiples of ∆k = 2π

Na
,

1√
N

∑

k

e−iknax̂k =
1√
N

∑

k

e−ik(n+N)ax̂k ⇒ e−ikNa = 1⇒ k =
2π

Na
j,

where we could restrict j to the integer values j = 0, . . . , N − 1, or a range shifted by any
integer. This is because a wavevector k′ = k + 2π/a leads to the same displacements of
the particles; eik′na = eikna+i2πn = eikna. The standard convention is to restrict momenta
to the range −π/a < k ≤ π/a, which is known as the first Brillouin zone.
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Note that could have written the Fourier transform in terms of cos and sin rather
than complex exponentials. Since x̂n and p̂n are hermitian, in momentum space we obtain
x̂†k = x̂−k and p̂†k = p̂−k. This fixes the number of degrees of freedom to be correct —
otherwise there would appear to be twice as many components of x̂k due to the real and
imaginary parts. Also note the opposite sign of wavevector k in the transformations of x̂
and p̂. The reasons for this will become clear shortly.

Commutation relations:
Just as in the case of the two coupled oscillators, the commutation relations are preserved
by our Fourier transformation (see box B):

[x̂n, p̂m] = i~δn,m ⇔ [x̂p, p̂q] = i~δp,q

The Hamiltonian expressed in terms of these transformed operators is given by

Ĥ =
∑

k

[
p̂kp̂−k
2m

+ 2κ sin2(ka/2)x̂kx̂−k

]
. (1.10)

A detailed derivation can be found below (box C). Except for the presence of both p̂k
and p̂−k (and x̂k and x̂−k) this a Hamiltonian for one independent oscillator for each value
of k. We can make it look exactly like independent harmonic oscillators by separating x̂k
and p̂k into parts that are symmetric and anti-symmetric in k;

x̂ck =
x̂k + x̂−k√

2
and x̂sk =

x̂k − x̂−k
i
√

2
, and p̂ck =

p̂k + p̂−k√
2

and p̂sk =
p̂k − p̂−k
i
√

2
.

As implied by the notation, these are the coefficients of cos(ka) and sin(ka) in a real Fourier
expansion. In terms of these

H =
∑

k,σ=c,s

[
p̂σk p̂

σ
k

2m
+ 2κ sin2(ka/2)x̂σk x̂

σ
k

]
(1.11)

The system has been reduced to a set of independent harmonic oscillators with frequencies
given by mω2

k/2 = 2κ sin2(ka/2) or ωk = 2
√
κ/m| sin(ka/2)|, which in the limit of small

frequencies reduces to ωk ≈ ka
√
κ/m. This corresponds to an acoustic phonon with sound

velocity c = a
√
κ/m.
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Details of Fourier Transform
A. Forwards and Backwards Transforms

This can be verified using the identity

δn,m =
1

N

∑

k

eik(n−m)a.

Substituting into the Fourier transformed operators, we find

x̂n =
1√
N

∑

k

e−iknax̂k

=
1

N

∑

k

e−ikna
(∑

m

eikmax̂m

)

=
1

N

∑

k,m

e−ik(n−m)ax̂m

=
∑

m

δn,mx̂m

= x̂n

We can also verify the relationship between the forward and backward transforms
using the wavevector version of the delta function summation formula

δk,q+G =
1

N

∑

n

e−i(k−q)na,

where G = 2π× integer/a is a reciprocal lattice vector. This extra contribution of G
effectively allows us to fold back contributions of wavevectors outside of the Brillouin
zone into the Brillouin zone, since they give the same displacements. The calculation
takes the form

x̂k =
1√
N

∑

n

eiknax̂n

=
1

N

∑

n

eikna

(∑

q

e−iqnax̂q

)

=
1

N

∑

k,n

e−in(q−k)ax̂q

=
∑

k

δq,kx̂q

= x̂k
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B. Fourier transforming the commutation relations

The Fourier transform of the commutation relations proceeds in a very similar manner
to the Fourier transform of the Hamiltonian

[x̂p, p̂q] =
1

N

[∑

n

eipnax̂n ,
∑

m

e−iqmap̂m

]

=
1

N

∑

n,m

ei(pn−qm)a [x̂n, p̂m]︸ ︷︷ ︸
=i~δn,m

= i~
1

N

∑

n

ei(p−q)na = i~δp,q

C. Fourier transforming the Hamiltonian

The Fourier transformation of the Hamiltonian is most easily achieved by splitting
it into the kinetic and potential energy parts.
i. Kinetic Energy

Ĥkin =
∑

n

p̂2
n

2m

=
1

2m

∑

n

(
1√
N

∑

k

eiknap̂k

)(
1√
N

∑

q

eiqnap̂q

)

=
1

2m

∑

k,q

1

N

∑

n

ei(k+q)na

︸ ︷︷ ︸
=δk,−q

p̂kp̂q =
1

2m

∑

k

p̂kp̂−k

ii. Potential Energy

Ĥpot =
κ

2

∑

n

(x̂n − x̂n−1)2

=
κ

2

∑

n

(
1√
N

∑

k

e−ikna(1− eika)x̂k
)(

1√
N

∑

q

e−iqna(1− eiqa)x̂q
)

=
κ

2

∑

k,q

1

N

∑

n

e−i(k+q)na

︸ ︷︷ ︸
=δk,−q

(1− eika)(1− eiqa)x̂kx̂q

=
κ

2

∑

k

(1− eika)(1− e−ika)x̂kx̂−k = 2κ
∑

k

sin2(ka/2)x̂kx̂−k
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1.3.2 Raising and Lowering Operators

Just as in the case of a single harmonic oscillator, we can now calculate properties of the
harmonic chain by introducing ladder operators for each k-mode. These create or destroy
quanta of energy in each of the normal modes of oscillation of the harmonic chain,

âk =

√
mωk
2~

(
x̂k + i

p̂−k
mωk

)
, and â†k =

√
mωk
2~

(
x̂−k − i

p̂k
mωk

)
. (1.12)

Notice the opposite momentum labels in x̂k and p̂−k, and the relative signs of k between
â and â†. This is required to obtain the usual commutation relations for the raising and
lowering operators;

[âk, â
†
q] = δk,q (1.13)

It is straight forward to check the commutator relations:

D. Checking the commutation relations

[âk, â
†
q] =

m
√
ωkωq

2~

[(
x̂k + i

p̂−k
mωk

)
,

(
x̂−q − i

p̂q
mωq

)]

=
m
√
ωkωq

2~


 i

mωk
[p̂−k, x̂−q]︸ ︷︷ ︸

=−i~δk,q

− i

mωq
[x̂k, p̂q]︸ ︷︷ ︸
=i~δk,q




= δk,q

As you will show in a homework problem, in terms of the creation and annihilation
operators the Hamiltonian takes the form

Ĥ =
∑

k

~ωk(â†kâk + 1/2)

ωk = 2
√
κ/m| sin(ka/2)| (1.14)

Particle Interpretation/Fock Space:
Just as for the harmonic oscillator, armed with these tools we can describe the state of the
harmonic chain in terms of the number of quanta — or occupation number nk — of each
mode k. These quanta of lattice vibration are quasiparticles, known as phonons. A general
state may be written

|ψ〉 = |nq1 , nq2 , nq3 ...〉 =
∏

q

(
â†q
)nq

√
nq!
|0〉,

where |0〉 is the vacuum state with no quanta in any mode. The collection of all such states
with arbitrary occupations forms a space known as Fock space.

Observables:
One can evaluate the observable properties of the harmonic chain by first translating into
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âk and â†k. For example, the mean squared displacement of a particle in the chain at finite
temperature is given by

x̄2 =
1

N

∑

n

〈〈x̂2
n〉〉

Fourier transform - allows us to use the properties of independent k-modes

=
1

N

∑

k

〈〈x̂kx̂−k〉〉

Express in terms of ladder operators

=
1

N

∑

k

~
2mωk

〈〈(âk + â†−k)(â−k + â†k)〉〉

=
1

N

∑

k

~
2mωk

〈〈(âkâ−k︸ ︷︷ ︸
→0

+ âkâ
†
k︸︷︷︸

=â†â+1=n̂k+1

+ â†−kâ−k︸ ︷︷ ︸
=n̂−k

+ â†−kâ
†
k︸ ︷︷ ︸

→0

)〉〉

=
1

N

∑

k

~
2mωk

(〈〈n̂k〉〉+ 〈〈n̂k〉〉+ 1)

=
1

N

∑

k

~
mωk

(
1

e~ωkβ − 1
+ 1/2

)
.

Note that in the thermodynamic limit (N →∞) the sums over N discrete momenta with
spacing ∆k = 2π

Na
can be converted into integrals over the Brillouin zone,

1

N

∑

k

f(k) =
a

2π

∑

k

∆k f(k) ' a

2π

∫ π/a

−π/a
dk f(k).

This generalises straightforwardly to d dimensions with N = N1 · N2 · . . . · Nd and a
hyper-cubic Brillouin zone BZ = [−π/a, π/a]d,

1

N

∑

k

f(k) =
( a

2π

)d∑

k

(∆k)d f(k) '
( a

2π

)d ∫

k∈BZ
ddk f(k).

Note that in general, e.g. for other lattices. the prefactor is equal to 1/VBZ , where VBZ is
the volume of the Brillouin zone.

Zero-point Energy and Normal ordering:
Just as for the harmonic oscillator, the Hamiltonian for the harmonic chain has a constant
term ~ωk/2 for each wavevector. This implies a minimum energy proportional to N ,

ĤZero-point =
∑

k

~ωk/2.

This energy cannot usually be extracted (except by changing boundary conditions c.f. the
Casimir effect) and so is often ignored in field theory. For an infinite system the zero-point
energy → ∞. In the continuum limit, the situation is even more severe and the energy
density → ∞. This is the first infinity that we have encountered. Quantum field theory
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is plagued by them. To deal properly with all of the infinities that occur, one needs the
renormalisation group.

The infinite zero-point energy can be dealt with rather straightforwardly by normal
ordering. The infinite zero-point energy arises from the form of the Hamiltonain H =∑

k ~ωk(â
†
kâk+ âkâ

†
k)/2, when we use the commutation relations to reorder the second term

so that it can be written in terms of number operators. Similar infinities can arise from
interaction terms — terms higher than quadratic order — in Hamiltonians. The trick to
dealing with these is to find a consistent way to ignore them! Basically, we define the
operation of normal ordering to consist of ordering the creation and annihilation operators
so that the creation operators are on the left and the annihilation operators on the right:

: â†kâk + âkâ
†
k := 2â†kâk (1.15)

Applied to quadratic terms, normal ordering essentially ignores zero-point energy. Applied
to interaction terms, it ignores self-interaction of particles that can lead to other unphysical
divergences.

1.4 Specific Heat of Phonons in the Harmonic Crystal
We now consider a harmonic crystal in d dimensions, e.g. a hyper-cubic lattice of atoms
with elastic springs between them.

 
d l d 2 d 3

wait
momma woformosn

Itmaroon
3 3 5

Neglecting the zero-point energy, the Hamiltonian in terms of phonon creation and
annihilation operators in momentum space is given by

Ĥ =
∑

k

~ωkâ
†
kâk, (1.16)

with momenta k = (k1, . . . , kd) on a d-dimensional momentum grid within the Brillouin
zone BZ = [−π/a, π/a]d. For simplicity, we will use a linearised phonon dispersion ωk =
c|k|, where c is the speed of sound of the acoustic phonon. In order to compute the specific
heat per atom,

cV =
CV
N

=
1

N

(
∂E

∂T

)

V

, (1.17)

we first need to compute the energy E = 〈〈Ĥ〉〉,

E =
1

ZTr Ĥe−βĤ = − 1

Z
∂

∂β
Tr e−βĤ = − 1

Z
∂Z
∂β

= − ∂

∂β
lnZ (1.18)
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The partition function is equal to

Z = Tre−βĤ =
∑

{nk}
e−β

∑
k ~c|k|nk =

∑

{nk}

∏

k

e−β~c|k|nk

=
∏

k

( ∞∑

n=0

e−β~c|k|n
)

=
∏

k

1

1− e−β~c|k| . (1.19)

Inserting Z into Eq. (1.18) and dividing by the number of lattice sites, we obtain

E

N
=

1

N

∂

∂β

∑

k

ln(1− e−β~c|k|) =
1

N

∑

k

~c|k|
eβ~c|k| − 1︸ ︷︷ ︸

=~ωk nB(~ωk)

. (1.20)

Let us first evaluate the sum for a one-dimensional harmonic chain by converting the
momentum sum to an integral for N →∞,

E

N
=

a

2π

∫ π/a

−π/a
dk

~c|k|
eβ~c|k| − 1

=
a

π

∫ π/a

0

dk
~ck

eβ~ck − 1
=

T 2

~ωD

∫ ~ωD/T

0

dx
x

ex − 1
,

where in the last step we substituted x = β~ck and defined the Debye frequency ωD = cπ/a
as the cut-off frequency. We can evaluate the integral in the high- and low-temperature
regimes. At high temperatures, ~ωD � T and therefore x � 1. In this case we can
approximate x/(ex − 1) ≈ 1, resulting in E/N ≈ T and therefor a constant specific heat,
cV = 1.

In the low-temperature regime, T � ~ωD, we can replace the upper limit of the integral
by infinity, resulting in

E

N
≈ T 2

~ωD

∫ ∞

0

dx
x

ex − 1︸ ︷︷ ︸
=π2/6

⇒ cV =
π2

3

T

~ωD
. (1.21)

It is possible to perform the same calculation in general dimension (homework problem).
At low temperatures, T � ~ωD, the phonon specific heat scales as cV ∼ T d.
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Chapter 2

Second Quantisation

In the first chapter, we saw how creation and annihilation operators are a very convenient
way of dealing with systems of many harmonic oscillators — armed with their commutation
relations, we can calculate observable properties without ever having to write down a
wavefunction. Phonons are quasiparticles (quanta of energy of lattice vibrations created
by â†k). The idea of second quantisation — and field theory in general — is to use this
machinery to study many-body quantum systems, e.g. systems of electrons in a solid.
In first quantisation, the wavefunction of N bosonic or fermionic particles is obtained by
solving the N -particle Schrödinger equation. In 2nd quantisation we introduce creation
and annihilation operators operators:

â†k − Creates a particle with momentum k (in a plane wave state)
â†r − Creates a particle at the point r (in a delta-function wavefunction state at r)

2.1 Identical Particles/Many-Particle States
Many-body quantum mechanics in general — and theoretical condensed matter in par-
ticular — is concerned with the collective quantum behaviour of many identical quantum
particles (for example electrons or phonons in a solid). In this chapter, we will review the
formalism required to describe such systems. Consider N identical quantum particles with
a generic Hamiltonian

Ĥ =
N∑

i=1

p̂2
i

2m
︸ ︷︷ ︸

kinetic energy

+
N∑

i=1

U(r̂i)

︸ ︷︷ ︸
potential energy

+
1

2

N∑

i,j=1

V (r̂i − r̂j)

︸ ︷︷ ︸
interaction energy

,

with particle labels i and j and canonical commutator relations

[r̂i, p̂j] = i~δi,j.
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Solution for Non-interacting, Distinguishable Particles
In the absence of interactions, V (r) ≡ 0, the time-independent N -particle Schrödinger
equation in real space (p̂i = −i~∇i) is given by

∑

i

(
− ~2

2m
∇2
i + U(ri)

)
ψ(r1, . . . , rN) = Eψ(r1, . . . , rN). (2.1)

Since the Hamiltonian is a sum of single-particle Hamiltonians, Ĥ =
∑

i ĥi, a mathe-
matical solution of the differential equation is given by a product of single-particle wave-
functions,

ψ(r1, . . . , rN) = φα1(r1)φα2(r2) · . . . · φαN (rN), (2.2)

where φα(r) = 〈r|α〉 are solutions of the single-particle Schrödinger equation
(
− ~2

2m
∇2 + U(r)

)
φα(r) = Eαφα(r) (2.3)

with energy Eα.1 The total energy of the N -particle system is

E = Eα1 + Eα2 + . . .+ EαN . (2.4)

Identical Particles and Exchange
In the above considerations we have assumed that the particles are distinguishable, e.g.
we constructed a solution where particle 1 is in state α1, particle 2 in state α2 and so on.
In order to construct an N -particle wavefunction of indistinguishable quantum particles
we need to sum over all possible particle permutations. We define the pair permutation
operator as

P̂ijψ(. . . , ri, . . . rj, . . .) = ψ(. . . , rj, . . . ri, . . .). (2.5)

A general permutation P̂ can be written as a product of pair permutations. We define
par(P̂ ) as the number of pair permutations that is required to represent P̂ . The most
fundamental way to define bosons and fermions is through the braiding of two particles.
While for bosons the wavefunction remains invariant under the exchange of two particles,
the fermionic wavefunction changes sign,

P̂ijψ(r1, . . . , rN) = ± ψ(r1, . . . , rN),

+ Bosons
− Fermions

This implies that for a general permutation P̂ we obtain

P̂ψ(r1, . . . , rN) = (±1)par(P̂ ) ψ(r1, . . . , rN), (2.6)

where we have used the same sign convention as above. Note that expectation values
〈ψ|Â|ψ〉 remain invariant under particle permutation |ψ〉 → P̂ |ψ〉. This of course implies
that |ψ〉 and P̂ |ψ〉 have the same energy.

1We assume that the wavefunctions form an orthonormal set, 〈α|β〉 = 1
V

∫
ddrφ∗α(r)φβ(r) = δαβ .
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Starting from the product solution (2.2) for distinguishable particles, it is straightfor-
ward to construct N -particle wavefunctions that are solutions of the N -particle Schrödinger
equation and symmetric or anti-symmetric under particle exchange. Let us first illustrate
this for N = 2 with particles in different single-particle eigenstates α1, α2. If φα1(r1)φα2(r2)
is a solution then of course also P̂1,2φα1(r1)φα2(r2) = φα2(r1)φα1(r2) and both solutions
have the same energy. Because of the linearity of the Schrödinger equation, any linear
combination of the two solutions is a solution of the same energy. Defining

ψB/F (r1, r2) =
1√
2

(φα1(r1)φα2(r2)± φα2(r1)φα1(r2)) (2.7)

we constructed a symmetric (ψB) and anti-symmetric (ψF ) two-particle wavefunction, as
required for indistinguishable bosons and fermions, respectively. We can generalise this
construction easily to the N -particle case,

ψB/F (r1, . . . , rN) = N
∑

P̂∈SN

(±1)par(P̂ ) φαP (1)
(r1) · . . . · φαP (N)

(rN), (2.8)

where the sum is over the N ! elements of the permutation group SN and N is a normali-
sation constant,2 which is not very important.

Slater Determinants and Permanents
The wavefunction for fermions may be written in the following form:

ψF (r1, . . . , rN) = N

∣∣∣∣∣∣∣∣

φα1(r1) ... ... φα1(rN)
φα2(r1) ... ... ...
... ... ... ...

φαN (r1) ... ... φαN (rN)

∣∣∣∣∣∣∣∣
. (2.9)

The alternating signs (−1)par(P̂ ) required for fermions are taken care of by the minus signs
coming from the determinant. Note that the determinant is zero if any two or more of
the single-particle states are the same. The determinant — known as a Slater determinant
— therefore properly encodes the Pauli principle. For bosons, we may construct a similar
representation in terms of a permanent. This is essentially the same object as a determinant
but without the minus signs.

2.2 Occupation Numbers and Fock Space
The states that we identified as many-particle basis states can be specified completely by
the number of particles in each single-particle basis state. These are usually denoted

|n1, n2, ...〉,

where ni is the number of quanta/particles in the state i. ni takes values 0, 1 for fermions
and values 0, 1, 2, ...,∞ for bosons. This notation assumes: i. a particular identification

2For a state with n1 particles in the α = 1 state, n2 particles in α = 2 state and so on, we obtain
N = 1/

√
N !n1!n2! · . . .. Note that for fermions the occupation numbers can only take values nα = 0, 1,

resulting in N = 1/
√
N !.
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of single-particle states. In condensed matter, we typically use either momentum or plane
wave states, or an orthonormal set of states constructed from orbitals on particular atoms,
i.e position states (known as Wannier states); of course, we could also use the single particle
energy eigenstates {|α〉} but this is not a requirement. ii. that the states are appropriately
symmetrized or anti-symmetrized for bosons or fermions, respectively.

Fock Space: is the set of states with all possible combinations of the occupation numbers.

The Vacuum State: is the state in which none of the particle states are occupied. It is
written as |0〉 and normalized 〈0|0〉 = 1.

Comparison with the Harmonic Oscillator:
This structure is very similar to that of the eigenstates of the harmonic oscillator and
harmonic chain considered previously. In the case of the harmonic chain, for example, a
generic eigenstate could be written |nk1 , nk2 , ...〉 describing a state with nki quanta in the
kthi wavevector mode. These modes are bosons and are given the name phonons when
applied to vibrational modes of a crystal lattice. We have been using Fock space all along
to describe the harmonic oscillator and its derivatives.

2.3 Creation and Annihilation Operators
Since the structure of Fock space discussed above is so reminiscent of the state space of
the harmonic oscillator, it is natural to expect that we can also find operators that are the
analogue of the ladder/creation and annihilation operators. These operators will allow us
to navigate Fock space and, moreover, to calculate properties of our many-body system
without ever having to write down its wavefunction.

The basic notion is to identify creation operators ĉ†` that create a particle in the single-
particle state |`〉. The type of single-particle states is not important for what follows. We
only postulate that the states {|`〉|` = 1, 2, . . .} form an orthonormal set, 〈m|`〉 = δm,`.
We will then manipulate the resulting states to determine the properties of the operators
ĉ†`. A many-particle state in Fock space can be constructed from the action of many such
operators,

|n1, n2, . . .〉 =
1

n1!n2! . . .
(ĉ†1)n1(ĉ†2)n2 . . . |0〉, (2.10)

where |0〉 = |0, 0, . . .〉 denotes the vacuum state with no particles present. The single
particle states are included in Fock space,

|`〉 = ĉ†`|0〉 = |0, . . . , 0, 1︸︷︷︸
`

, 0, . . .〉. (2.11)

Hermitian Conjugation and Annihilation of the Vacuum
By definition, annihilation operators are given by the hermitian conjugate of the creation
operators. Their action on the vacuum is as follows:

ĉ`|0〉 = 0 and 〈0|ĉ†` = 0.
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Commutation and Anti-commutation
Considering the action of the permutation operator on a two-particle state, we have

ĉ†mĉ
†
`|0〉 = ±ĉ†` ĉ†m|0〉

for bosons and fermions, respectively. This implies that
[
ĉ†m, ĉ

†
`

]
= 0 = ĉ†mĉ

†
` − ĉ†` ĉ†m Bosons

{
ĉ†m, ĉ

†
`

}
= 0 = ĉ†mĉ

†
` + ĉ†` ĉ

†
m Fermions (2.12)

and (after hermitian conjugation)

[ĉm, ĉ`] = 0 Bosons
{ĉm, ĉ`} = 0 Fermions (2.13)

As we will prove below (box), the creation and annihilation operators satisfy the (anti-)
commutator relations

[
ĉm, ĉ

†
`

]
= δm,` Bosons

{
ĉm, ĉ

†
`

}
= δm,` Fermions (2.14)

Before proving Eq. (2.14), we need to understand the action of the creation and an-
nihilation operators on a general state |n1, n2, . . .〉 in Fock space. Using Eq. (2.12), we
obtain

ĉ†`|n1, n2, . . . , n`, . . .〉 = (±1)n1+n2+...+n`−1
√
n` + 1|n1, n2, . . . , n` + 1, . . .〉, (2.15)

where the negative signs in the fermionic case come from commuting ĉ†` through all of the
creation operators with labels m = 1, . . . , `−1. Note also that for fermions (ĉ†`)

2 = 0 which
implies that the right hand side of the above expression is zero when n` = 1.
In order to compute the action of the annihilation operator, we evaluate

〈. . . , n` − 1, . . . |ĉ`| . . . , n`, . . .〉 =
(
〈. . . , n`, . . . |ĉ†`| . . . , n` − 1, . . .〉

)∗

(2.15)
= (±1)n1+n2+...+n`−1

√
n` − 1 + 1,

from which it immediately follows that

ĉ`|n1, n2, . . . , n`, . . .〉 = (±1)n1+n2+...+n`−1
√
n`|n1, n2, . . . , n` − 1, . . .〉, (2.16)

This is zero for both bosons and fermions if n` = 0.

From Eqs. (2.15) and (2.16) we deduce that

ĉ†` ĉ`|n1, n2, . . . , n`, . . .〉 = n`|n1, n2, . . . , n` − 1, . . .〉, (2.17)

as expected for the number operator n̂` = ĉ†` ĉ`.
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Proof of commutator relation
[
ĉm, ĉ

†
`

]
= δm,` for bosons and anti-

commutator relation
{
ĉm, ĉ

†
`

}
= δm,` for fermions

Let us first assume ` < m and act with ĉ†` ĉm and ĉmĉ†` on a general Fock-space state
|n1, n2, . . .〉:

ĉ†` ĉm| . . . , n`, . . . , nm, . . .〉 =
√
nm(±1)n1+...+nm−1 ĉ†`| . . . , n`, . . . , nm − 1, . . .〉

=
√
nm
√
n` + 1(±1)n`+...+nm−1 | . . . , n` + 1, . . . , nm − 1, . . .〉

ĉmĉ
†
`| . . . , n`, . . . , nm, . . .〉 =

√
n` + 1(±1)n1+...+n`−1 ĉm| . . . , n` + 1, . . . , nm, . . .〉

=
√
nm
√
n` + 1(±1)1+n`+...+nm−1| . . . , n` + 1, . . . , nm − 1, . . .〉

= ±ĉ†` ĉm| . . . , n`, . . . , nm, . . .〉,

from which it follows that ĉmĉ†` ∓ ĉ†` ĉm = 0, where the minus sign is for bosons, the
plus sign for fermions. This oncludes the proof for ` < m. The case ` > m simply
follows from hermitian conjugation.
Let us now check the case m = `. Again, we act with ĉ†` ĉ` and ĉ`ĉ

†
` on a general state.

In the case of bosons we obtain

ĉ†` ĉ`| . . . , n`, . . .〉 =
√
n`ĉ
†
`| . . . , n` − 1, . . .〉 = n`| . . . , n`, . . .〉

ĉ`ĉ
†
`| . . . , n`, . . .〉 =

√
n` + 1ĉ`| . . . , n` + 1, . . .〉 = (n` + 1)| . . . , n`, . . .〉.

From this it follows that (ĉ`ĉ
†
`−ĉ†` ĉ`)| . . . , n`, . . .〉 = | . . . , n`, . . .〉 and hence [ĉ`, ĉ

†
`] = 1.

For fermions we need to be careful with the minus signs and make sure we satisfy
Pauli’s exclusion principle:

ĉ†` ĉ`| . . . , n`, . . .〉 = n`| . . . , n`, . . .〉.

ĉ`ĉ
†
`| . . . , n`, . . .〉 =

{
(−1)n1+...+n`−1 ĉ`| . . . , 1, . . .〉 for n` = 0

0 for n` = 1

=

{
| . . . , 0, . . .〉 for n` = 0

0 for n` = 1

From this we obtain

(ĉ`ĉ
†
` + ĉ†` ĉ`)| . . . , n`, . . .〉 =

{
| . . . , 0, . . .〉 for n` = 0
| . . . , 1, . . .〉 for n` = 1

= | . . . , n`, . . .〉,

from what follows that {ĉ`, ĉ†`} = 1.
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2.4 Transformation Between Bases
It is often useful to address different physical questions with reference to different single
particle bases (such as the position and momentum bases). We need then to understand
how to transform our creation and annihilation operators between such bases. We have
already seen an example of this for the harmonic chain. Let us think about this more
generally for a moment.

2.4.1 The Transformation

Consider two sets of single-particle states, {|`〉} and {|α〉}, which we assume to be or-
thonormal,

〈`|`′〉 = δ``′ and 〈α|α′〉 = δαα′ . (2.18)
In terms of creation operators the single-particle states can be written as

|`〉 = ĉ†`|0〉 and |α〉 = d̂†α|0〉. (2.19)

The basis transformation between the two sets is achieved by a matrix U,

|α〉 =
∑

`

Uα`|`〉, (2.20)

where the matrix elements are given by the overlap between states, Uα` = 〈`|α〉. Orthonor-
mality and completeness of the basis sets implies that the transformation matrix is unitary,
UU† = 1,

(UU†)αα′ =
∑

`

(U)α`(U
†)`α′ =

∑

`

Uα`U
∗
α′` =

∑

`

〈`|α〉〈`|α′〉∗

=
∑

`

〈`|α〉〈α′|`〉 =
∑

`

〈α′|`〉〈`|α〉 = 〈α′| (
∑

`

|`〉〈`|)
︸ ︷︷ ︸

=1

|α〉 = 〈α′|α〉 = δαα′

Next, let us determine the corresponding transformation rule for the creation and annihi-
lation operators. From

d̂†α|0〉 = |α〉 =
∑

`

Uα`|`〉 =
∑

`

Uα`ĉ
†
`|0〉

we obtain
d̂†α =

∑

`

Uα`ĉ
†
`, (2.21)

and by hermitian conjugation

d̂α =
∑

`

U∗α`ĉ` =
∑

`

ĉ`(U
†)`α. (2.22)

It can be shown (homework problem) that the bosonic commutation relations and the
fermionic anti-commutation relations are preserved under unitary transformations of the
corresponding single-particle basis sets. The invariance of the commutation relations be-
tween position and wavevector basis that we noted in the case of the harmonic chain is just
a special case of the invariance under general unitary transformations noted here.

22



2.4.2 Transforming Between Momentum and Position Bases

An important example of two basis sets of single-particle states are position states, |r〉 =
ĉ†r|0〉, and momentum states, |k〉 = d̂†k|0〉. In this section, we will show that the unitary
transformation between the position and momentum single-particle states is nothing but
the conventional Fourier transform already used in Chapter.3

Using the general notation from the previous section and assuming a continuous d-
dimensional position space, we can write the unitary transformation as

d̂†k =

∫
ddrUk,rĉ

†
r,

where the matrix elements of the unitary transformation are given by the overlap of single-
particle position and momentum eigenstates, Uk,r = 〈r|k〉. This overlap is simply the
normalised wavefunction ψk(r) = 1√

V
eikr of a plane-wave state. Note that in order to

normalise the plane wave state we had to assume a finite d-dimensional volume, V = Ld.
We therefore obtain

d̂†k =
1√
V

∫

V

ddreikrĉ†r and d̂k =
1√
V

∫

V

ddre−ikrĉr (2.23)

which is simply a Fourier transform.4 Periodic boundary conditions require that the mo-
menta are on a grid of spacing ∆k = 2π/L:

eikr = eik(r+Lêj) ⇒ eiLkj = 1⇒ kj =
2π

L
nj (nj ∈ Z)⇒ k =

2π

L
(n1, . . . , nd)

The inverse transformation is given by

ĉ†r =
1√
V

∑

k

e−ikrd̂†k and ĉr =
1√
V

∑

k

eikrd̂k, (2.24)

and the condition that the transformation be unitary simply reduces to the integral repre-
sentation of the δ-function:

δk,q =

∫
ddrUk,rU

†
r,q =

1

V

∫
ddrei(k−q)r. (2.25)

Fourier transform on the lattice
For comparison, we list the corresponding equations for the case of a d dimensional lattice of
N sites (N = Md) with periodic boundary conditions and lattice constant a. The momenta
can take values ki = 2π

Ma
ni with ni = 1, . . . ,M .

ĉ†k =
1√
N

∑

r

eikrĉ†r and ĉk =
1√
N

∑

r

e−ikrĉr, (2.26)

with inverse
ĉ†r =

1√
N

∑

k

e−ikrĉ†k and ĉr =
1√
N

∑

k

eikrĉk, (2.27)

and resolution of the delta function δk,q = 1
N

∑
r e

i(k−q)r.
3Note that we often use momentum p and wavevector k interchangeably. However, strictly speaking

p = ~k. In theoretical physics we often work in units ~ = 1.
4Note that often we use the same symbols for operators in real and momentum space.
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2.5 Single- and Two-Particle Operators

2.5.1 Single-Particle Operators

We are going to build up gradually to a way of writing general single particle operators
in a second quantised form - i.e. in terms of creation and annihilation operators. Single
particle operators are completely characterised by their action on single-particle states.
When acting on an N -particle state, single particle operators take the form

Ω̂ =
N∑

i=1

ω̂i, (2.28)

where ωi acts on particle i. Examples are the kinetic and potential energy operators,

T̂ =
∑

i

p̂2

2m
, Û =

∑

i

U(r̂i).

The operators ω̂i are of exactly the same form for all i and we could therefore express Ω̂ as
a tensor product,

Ω̂ =
N∑

i=1

1⊗ . . .⊗ 1︸ ︷︷ ︸
i−1

⊗ω̂ ⊗ 1⊗ . . .⊗ 1.

Let us first assume that the single-particle basis {|`〉} is formed of eigenstates of ω̂,
ω̂|`〉 = ω`|`〉. Acting with Ω̂ on N particles in states `1, `2, . . . , `N we obtain

Ω̂|`1, `2, . . . , `N〉 =

(
N∑

i=1

ω`i

)
|`1, `2, . . . , `N〉. (2.29)

We now consider a state in Fock space with n1 particles in state ` = 1, n2 particles in
state ` = 2, and so on. This state can be identified with an N = n1 + n2 + . . . particle
state,

|n1, n2, . . .〉 = | 1, . . . , 1︸ ︷︷ ︸
n1

, 2, . . . , 2︸ ︷︷ ︸
n2

, 3, . . .〉,

from which it immediately follows that

Ω̂|n1, n2, . . .〉 =

(∑

`

ω`n`

)
|n1, n2, . . .〉. (2.30)

We therefore obtain the form of Ω̂ in second quantisation in terms of eigenstates of ω,

Ω̂ =
∑

`

ω`n̂` =
∑

`

ω`ĉ
†
` ĉ`. (2.31)

In order to obtain the form of Ω̂ in a general basis we perform a unitary transformation
{|`〉} → {|α〉},

ĉ†` =
∑

α

U`αd̂
†
α =

∑

α

〈α|`〉d̂†α,
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and use that 〈`|ω̂|`′〉 = ω`δ``′ :

Ω̂ =
∑

``′

〈`|ω̂|`′〉ĉ†` ĉ`′

=
∑

``′

〈`|ω̂|`′〉
∑

α

〈α|`〉d̂†α
∑

α′

〈α′|`′〉∗d̂α′

=
∑

``′

∑

αα′

〈α|`〉〈`|ω̂|`′〉〈`′|ω̂|α′〉d̂†αd̂α′

=
∑

αα′

〈α|ω̂|α′〉d̂†αd̂α′ . (2.32)

This is the 2nd quantised form of Ω̂ in a general single particle basis {|α〉}, in which ω̂ is
not diagonal and has matrix elements 〈α|ω̂|α′〉 = ωαα′ .
As an important example we will express the non-interacting N -particle Hamiltonian

Ĥ = T̂ + Û =
∑

i

p̂2
i

2m
+
∑

i

U(r̂i), (2.33)

in terms of creation and annihilation operators ĉ†k, ĉk in momentum space. As you will
show in a homework problem, the 2nd quantised Hamiltonian is given by

Ĥ =
∑

k

~2k2

2m
ĉ†kĉk +

∑

k,k′

Ũ(k′ − k)ĉ†kĉk′ , (2.34)

where Ũ(q) = 1
V

∫
ddrU(r)eiqr is the Fourier transform of the potential U(r).

2.5.2 Two-Particle Operators

Two-body operators, such as the interaction potential

Ĥint =
1

2

N∑

i,j=1

V (r̂i − r̂j), (2.35)

act on pairs of particles. In general, we can write such two-body operators as

Θ̂ =
1

2

∑

i,j

θ̂ij. (2.36)

Expressing two-body operators in 2nd quantisation follows essentially the same steps as in
the case of one-body operators. However, the calculation is more tedious. Here we only
give the answer, which is of the expected form:

Θ̂ =
1

2

∑

``′mm′

〈``′|θ̂|mm′〉ĉ†` ĉ†`′ ĉm′ ĉm, (2.37)

where |mm′〉 denotes the state of 2 particles in single particle states m and m′.
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Let us return to the generic 2-body interaction Ĥint, which becomes very simple in terms of
single particle creation and annihilation operators in position space, ĉ†r, ĉr. This is because

〈r, r′|V (r̂− r̂′)|r̃, r̃′〉 = V (r− r′)δ(r− r̃)δ(r′ − r̃′). (2.38)

We therefore obtain

Ĥint =
1

2

∫
ddr

∫
ddr′V (r− r′)ĉ†rĉ

†
r′ ĉr′ ĉr =

1

2

∫
ddr

∫
ddr′V (r− r′)n̂rn̂r′ , (2.39)

where in the last step we have used that for r 6= r′

ĉ†rĉ
†
r′ ĉr′ ĉr = ±ĉ†rĉ†r′ ĉrĉr′ = (±1)2ĉ†rĉrĉ

†
r′ ĉr′ .

2.6 Diagonalising Quantum Hamiltonians
The aim in using second quantization techniques is to reduce the expectation values that
we are interested in — as far as possible — to number operators. As we saw in the case
of the harmonic oscillator, it is then a simple matter to calculate the physical properties.
Single particle operators can always be written in this form. Higher order many-particle
operators can be expanded in terms of single-particle operators using mean-field theory
and perturbative extensions (not part of this course).

2.6.1 Unitary transformations

Non-interacting Hamiltonians that conserve particle number can always be written as

Ĥ =
∑

ij

Hij â
†
i âj = (â†1, . . . , â

†
n)H




â1
...
ân


 = â†Hâ, (2.40)

where â†i , âi could be bosonic or fermionic and i labels single-particle basis states |i〉 =
â†i |0〉. The matrix H is hermitian, H† = H. It can therefore be diagonalised by a unitary
transformation U (U†U = UU† = 1),

U†HU =




ε1
. . .

εn


 , (2.41)

where εi are the energy eigenvalues. The Hamiltonian transforms accordingly,

â†Hâ = â†U︸︷︷︸
d̂†

U†HU︸ ︷︷ ︸
ε1

. . .
εn



U†â︸︷︷︸
d̂

=
∑

`

ε`d̂
†
`d̂`. (2.42)
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The creation and annihilation operators transform as d̂† = â†U and d̂ = U†â with
inverse â† = d̂†U† and â = Ud̂. The bosonic commutation and fermionic anti-commutation
relations are preserved under such unitary transformations.

Solving a problem defined by a particular Ĥ amounts to finding the unitary rotation
that diagonalises it. This reduces to a simple matrix diagonalisation and hence a simple
linear algebra problem: the energy eigenvalues are obtained from solving the equation
det(H − ε1) = 0, the columns of the unitary transformation matrix U are given by the
corresponding eigenvectors. As we saw for the harmonic chain, often a Fourier transform
diagonalises the Hamiltonian. We will see a number of examples in this course where there
is a residual diagonalisation required - often of just a 2× 2 or 4× 4 matrix.

2.6.2 Bogoliubov Transformation

There are lots of physical systems for which a mean-field treatment of the interactions
between particles leads to anomalous terms ĉ†i ĉ

†
j and ĉiĉj in the Hamiltonian. We will

encounter this in the case of Bose condensates (chapter 3) and superconductors (chapter 7).
Anomalous terms also appear in the linear spin-wave theory of quantum antiferromagnets
(chapter 4).

In the presence of anomalous terms, Ĥ does not conserve the particle number and the
ground state of the system will be formed by a superposition of states with different particle
numbers. This is one of the main reasons why we use Fock space. In this course, we will
encounter fermionic and bosonic Hamiltonians which are of the form

Ĥ = ε1ĉ
†
1ĉ1 + ε2ĉ

†
2ĉ2 + λĉ†1ĉ

†
2 + λ∗ĉ2ĉ1,

where the operators have additional momentum dependence, which we suppress here, for
simplicity. We will also assume ε1 = ε2 since this will be the case in later applications, and
λ ∈ R, for reasons we will explain later.

A unitary transformation cannot be used to diagonalise these Hamiltonians. Instead,
one must use a Bogoliubov transformation. This takes a slightly different form for bosons
and fermions. The procedure is very similar in the two cases with some additional negative
signs in the latter case, due to the fermionic anti-commutation relations.

Bosonic Bogoliubov
The bosonic form of the Bogoliubov transformation is used for example for Bose condensates
and anti-ferromagnets. We can write the Hamiltonian in a 2× 2 matrix structure,

Ĥ = ε(ĉ†1ĉ1 + ĉ†2ĉ2︸︷︷︸
=ĉ2ĉ

†
2−1

) + λ(ĉ†1ĉ
†
2 + ĉ2ĉ1) = (ĉ†1, ĉ2)

(
ε λ
λ ε

)(
ĉ1

ĉ†2

)
− ε. (2.43)

The operators

ψ̂ =

(
ĉ1

ĉ†2

)
and ψ̂† = (ĉ†1, ĉ2) (2.44)

are called Nambu spinors. The aim is to transform to a new set of boson operators d̂†i , d̂i
(i = 1, 2) such that the Hamiltonian becomes diagonal in Nambu space (no longer contains
anomalous terms). This can be achieved by a transformation
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(
ĉ1

ĉ†2

)
=

(
u v
v u

)(
d̂1

d̂†2

)
, (2.45)

with u, v ∈ R. By hermitian conjugation this implies

(ĉ†1, ĉ2) = (d̂†1, d̂2)

(
u v
v u

)
. (2.46)

Importantly, the bosonic commutation relations for the two sets of operators impose the
constraint

u2 − v2 = 1 (2.47)

on the coefficients of the transformation matrix. This can be seen from the following
calculation,

1 = [ĉ1, ĉ
†
1] = [ud̂1 + vd̂†2, ud̂

†
1 + vd̂2] = u2 [d̂1, d̂

†
1]︸ ︷︷ ︸

=1

+v2 [d̂†2, d̂2]︸ ︷︷ ︸
=−1

= u2 − v2.

We can use the transformation to express the Hamiltonian in terms of the new set of
boson operators,

Ĥ = (ĉ†1, ĉ2)

(
ε λ
λ ε

)(
ĉ1

ĉ†2

)
− ε

= (d̂†1, d̂2)

(
u v
v u

)(
ε λ
λ ε

)(
u v
v u

)(
d̂1

d̂†2

)
− ε

= (d̂†1, d̂2)

(
(u2 + v2)ε+ 2uvλ 2uvε+ (u2 + v2)λ
2uvε+ (u2 + v2)λ (u2 + v2)ε+ 2uvλ

)(
d̂1

d̂†2

)
− ε. (2.48)

We can now determine u and v from the condition that the anomalous terms vanish,

2uvε+ (u2 + v2)λ = 0. (2.49)

Because of the constraint, u2 − v2 = 1, u and v are not independent. Rather than using
the constraint to express v in terms of u, we parametrise

u = cosh(θ) and v = sinh(θ), (2.50)

which satisfies the constraint. Inserting into Eq. (2.49), we obtain the condition for θ that
diagonalises Ĥ,

sinh(2θ)ε+ cosh(2θ) = 0⇒ tanh(2θ) = −λ
ε
. (2.51)

This brings the Hamiltonian to the final diagonal form

Ĥ = (d̂†1, d̂2)

(
ε̃ 0
0 ε̃

)(
d̂1

d̂†2

)
− ε

= ε̃(d̂†1d̂1 + d̂†2d̂2)− ε+ ε̃, (2.52)
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where the energy of the Bogoliubov quasiparticles is given by

ε̃ = (u2 + v2)ε+ 2uvλ = ε cosh(2θ) + λ sinh(2θ) = ε cosh(2θ)[1 +
λ

ε
tanh(2θ)]

=
ε√

1− tanh2(2θ)
[1 +

λ

ε
tanh(2θ)] =

ε√
1− λ2/ε2

(1− λ2/ε2)

=
√
ε2 − λ2. (2.53)

Fermionic Bogoliubov
This is used for example for superconductivity and superfluidity of fermions (e.g. in 3He).
The steps are very similar to those for bosons, but crucially, negative signs from the anti-
commutation of fermionic operators change things somewhat. We first write the Hamilto-
nian in Nambu spinor representation:

Ĥ = ε(ĉ†1ĉ1 + ĉ†2ĉ2︸︷︷︸
=−ĉ2ĉ†2+1

) + λ(ĉ†1ĉ
†
2 + ĉ2ĉ1) = (ĉ†1, ĉ2)

(
ε λ
λ −ε

)(
ĉ1

ĉ†2

)
+ε, (2.54)

where the opposite signs obtained for fermions are highlighted in red. The fermionic Bo-
goliubov transformation is achieved by

(
ĉ1

ĉ†2

)
=

(
u v
−v u

)(
d̂1

d̂†2

)
, (2.55)

with u, v ∈ R. By hermitian conjugation this implies

(ĉ†1, ĉ2) = (d̂†1, d̂2)

(
u −v
v u

)
. (2.56)

The anti-commutation relations must be preserved by the fermionic Bogoliubov transfor-
mation. This implies that

1 = {ĉ1, ĉ
†
1} = {ud̂1 + vd̂†2, ud̂

†
1 + vd̂2} = u2{d̂1, d̂

†
1}+ v2{d̂†2, d̂2} = u2+v2, (2.57)

which suggests taking u = cos θ and v = sin θ.

We can use the transformation to express the Hamiltonian in terms of the new set of fermion
operators,

Ĥ = (ĉ†1, ĉ2)

(
ε λ
λ −ε

)(
ĉ1

ĉ†2

)
+ε

= (d̂†1, d̂2)

(
u −v
v u

)(
ε λ
λ −ε

)(
u v
−v u

)(
d̂1

d̂†2

)
+ε

= (d̂†1, d̂2)

(
(u2−v2)ε−2uvλ 2uvε+ (u2−v2)λ
2uvε+ (u2−v2)λ −(u2−v2)ε+ 2uvλ

)(
d̂1

d̂†2

)
+ε. (2.58)

The Hamiltonian is diagonalised for

0 = 2uvε+ (u2−v2)λ = ε sin(2θ) + λ cos(2θ)⇒ tan(2θ) = −λ
ε
, (2.59)
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and takes the form

Ĥ = (d̂†1, d̂2)

(
ε̃ 0
0 −ε̃

)(
d̂1

d̂†2

)
+ε

= ε̃(d̂†1d̂1 + d̂†2d̂2)+ε−ε̃, (2.60)

where the energy of the Bogoliubov quasiparticles is given by

ε̃ = (u2−v2)ε−2uvλ = ε cos(2θ)− λ sin(2θ) = ε cos(2θ)[1− λ

ε
tan(2θ)]

=
ε√

1 + tan2(2θ)
[1− λ

ε
tan(2θ)] =

ε√
1 + λ2/ε2

(1 + λ2/ε2)

=
√
ε2+λ2. (2.61)
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Chapter 3

The Weakly-Interacting Bose Gas

Superfluidity (flow without loss of kinetic energy and hence with zero viscosity) was first
observed in a liquid of bosonic 4He atoms below about 2.1K. Similar phenomena - at least
the phenomenon of Bose-Einstein condensation - have since been observed in dilute ultra-
cold gases of bosonic alkali atoms, resulting in a Nobel Prize in Physics in 2001 for Cornell,
Ketterle, and Wieman. After the rather formal interlude of the previous chapter, we now
poses the analytical tools to describe Bose-Einstein condensation in detail.

Chapter 9

Topology in condensed matter (not
examinable)

Topology plays an important role in condensed matter physics and is a very active area of
research. The discoveries of the integer and fractional quantum Hall effects in the 1980’s
and of topological band insulators in the 2000’s were landmarks in physics that enriched our
view of electronic properties of solids. In a nutshell, these discoveries have taught us that
quantum mechanical wavefunctions in crystalline solids may carry nontrivial topological
invariants which have ramifications for the observable physics. The recent topological
insulator revolution would never have happened without the groundbreaking theoretical
work by Thouless, Haldane and Kosterlitz on topological phase transitions and topological
phases of matter, for which they won the Nobel Prize in Physics in 2016.

David J. Thouless
1934 - 

Nobel Prize in Physics
(theoretical discoveries  

of topological phase   
transitions and topological 

phases of matter)
2016

F. Duncan M. Haldane
1951 - 

J. Michael Kosterlitz
1943 -  

9.1 Topological invariants
Topological order refers to properties of the system as a whole and is not related to a local
order parameter such as the magnetisation. As a result, topological order is protected
against small local perturbations of the system. Topological phases of matter are charac-
terised by topological invariants rather than by spontaneous symmetry breaking. These
invariants usually have a geometrical meaning, which we will illustrate in the following.

Consider for example a closed rubber string wrapped around a torus. The winding num-
ber w, which describes how often the rubber is wrapped around the torus, is a topological
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Nobel Prize in Physics
for the achievement of Bose-Einstein

condensation in dilute gases of alkali atoms, 
and for early fundamental studies of the 

properties of the condensate
2001Eric A. Cornell Wolfgang Ketterle Carl E. Wieman

3.1 Bose-Einstein Condensation
In order to understand the phenomenon of Bose condensation, let us first consider an ideal
Bose gas, a gas of bosons without interactions between the particles. There exist different
types of bosons in nature, e.g. the phonons discussed in chapter 1. The number of phonons
is not conserved and hence their chemical potential is zero. On the other hand, if we
consider bosonic atoms such as 4He the particle number is conserved and we require a
non-zero chemical potential µ = µ(T ) to satisfy the fixed particle number constraint.

Let us consider a system of N bosonic particles of mass m in a cubic box of volume
V = L3. In this case the density ρ = N/V is fixed. The non-interacting Hamiltonian
is conveniently written in terms of bosonic creation and annihilation operators ĉ†k, ĉk in
momentum space,

Ĥ =
N∑

i=1

p̂2
i

2m
=
∑

k

~2k2

2m︸ ︷︷ ︸
=εk

ĉ†kĉk. (3.1)
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Assuming periodic boundary conditions, the momenta are restricted to a grid of spacing
∆k = 2π

L
, k = ∆k(nx, ny, nz) with ni ∈ Z. The N=particle ground state is given by the

state in which all bosons occupy the k = 0 state, which is the single-particle state with the
lowest energy,

|GS〉 =
1√
N !

(ĉ†k=0)N |0〉. (3.2)

In order to understand the finite-temperature behaviour and to investigate the relation
between particle number and chemical potential, we consider the grand canonical potential
with partition sum ZG and grand potential Ω,

ZG = Tr e−β(Ĥ−µN̂) = e−βΩ, (3.3)

which allows us to compute the particle number

N = 〈N̂〉 =
1

ZG
Tr N̂e−β(Ĥ−µN̂) =

1

βZG
∂ZG
∂µ

=
1

β

∂

∂µ
lnZG = −∂Ω

∂µ
. (3.4)

It is trivial to evaluate ZG for a system of non-interacting bosons,

ZG =
∑

{nk=0,1,...}

∏

k

e−β(εk−µ)nk =
∏

k

( ∞∑

n=0

e−β(εk−µ)n

)
=
∏

k

1

1− e−β(εk−µ)
. (3.5)

Note that convergence of the geometric series requires that µ < 0. This results in

Ω = − 1

β
lnZG =

1

β

∑

k

ln(1− e−β(εk−µ))⇒ N = −∂Ω

∂µ
=
∑

k

1

eβ(εk−µ) − 1︸ ︷︷ ︸
=〈n̂k〉=nB(εk−µ)

. (3.6)

Of course we could have written the last expression without derivation. In the thermody-
namic limit L → ∞ (ρ = N/L3 fixed) we can convert the sum into an integral and make
use of the rotational symmetry,

ρ =
N

V
=

1

V

∑

k

nB(εk − µ) =
1

(2π)3

∑

k

(∆k)3nB(εk − µ)

≈ 1

(2π)3

∫
d3k nB(εk − µ) =

1

2π2

∫ ∞

0

dk k2nB(εk − µ).

This can be converted into an integral over energy by substitution ε = εk = ~2k2/(2m),

ρ =
N

V
=

1

4π2

√
2m

~2

3 ∫ ∞

0

dε

√
ε

eβ(ε−µ) − 1
(3.7)

This integral equation serves as an implicit equation for µ and can be solved numerically.
We find that the chemical potential is negative and increases as temperature is lowered until
it becomes zero at a temperature T0 which depends on the choice of ρ and m. This generic
behaviour is shown in the following figure:
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1

Bose Condensate

Disturbingly, the integral equation for the chemical potential has no solution for T < T0,
suggesting that we can no longer satisfy the fixed density constraint. There is a simple
resolution of this apparent paradox. We have converted the momentum sum into an in-
tegral, ignoring a macroscopic occupation of the k = 0 state, which we already know will
happen in the groundstate. The integral only gives the density ρε>0 of particles that are
not condensed into the k = 0 state. Bose condensation occurs for T < T0 with a certain
fraction of particles in the condensate.

We can determine T0 by solving the integral equation for µ = 0. In this case we can
scale out temperature from the integral by the substitution z = βε = ε/T , resulting in a
purely numerical integral,

ρ =
1

4π2

√
2m

~2

3

T
3/2
0

∫ ∞

0

dz

√
z

ez − 1︸ ︷︷ ︸
=
√
π
2
ζ(3/2)≈2.61

, (3.8)

where ζ(x) denotes the zeta-function. Hence we obtain T0 ∼ ~2
2m
ρ2/3. For T < T0 and µ = 0

the integral (3.7) gives the density of particles that are not in the condensate,

ρε>0 =
1

4π2

√
2m

~2

3

T 3/2

√
π

2
ζ(3/2). (3.9)

The fraction of particles in the condensate is therefore given by

N0

N
=
ρ0

ρ
=
ρ− ρε>0

ρ
= 1−

(
T

T0

)3/2

for T < T0. (3.10)

This is illustrated in the figure below. We obtain a Bose condensate for T < T0 with
the condensate fraction approaching N0/N = 1 at T = 0. This is expected since in the
groundstate all particles are in the k = 0 state.
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1

Bose Condensate

3.2 The Hamiltonian of the Interacting Bose Gas
While the essence of Bose-Einstein condensation can be understood in terms of a non-
interacting particle picture, we require interactions to understand the phenomenon of su-
perfluidity. As long as the interactions are not too strong we expect that the Bose-Einstein
condensate will persist in the interacting system. We will consider a generic density-density
interaction between the bosonic atoms. In second quantisation the contribution to the
Hamiltonian can be written as

Ĥint =
1

2

∫
d3r

∫
d3r′ U(r− r′)n̂rn̂r′ , (3.11)

where n̂r = ĉ†rĉr denote occupation number operators in real space. Here the spatial
integrals run over the cubic box of volume V = L3. Considering the atoms as charge-neutral
hard balls we would expect that the atoms are subject to a short-range local repulsion. For
simplicity, we will assume a repulsive delta-function interaction,

U(r− r′) = Uδ(r− r′), (3.12)

with U > 0. As you will show in a homework problem, in momentum space the interaction
Hamiltonian takes the form

Ĥint =
U

2V

∑

k,p,q

ĉ†kĉ
†
qĉpĉk−p+q. (3.13)

Notice that the momenta of the ingoing bosons that are annihilated matches that of the
outgoing, created bosons, as required by momentum conservation. This can be represented
by a Feynman diagram:

p k q k + q � p

p k q k + q � p

p k q k + q � p

p k q k + q � p

34



3.3 Mean Field Theory
At the end of Chapter 2, we learnt how to diagonalise quadratic, second quantised Hamil-
tonian. In the present case, however, the interaction is quartic in creation and annihilation
operators. Based upon our knowledge of the non-interacting Bose gas, we can develop a
leading-order approximation that reduces the Hamiltonian to quadratic form.

We know that in the groundstate of the non-interacting system, all N particles condense
into the k = 0 state. The main assumption is that in the presence of weak repulsion U the
occupation of the k = 0 state remains macroscopic,

〈ĉ†0c0〉 = N0 � 1. (3.14)

On the other hand, the “quantum-ness" of the operators is manifested in the bosonic
commutator,

[ĉ0, ĉ
†
0] = 1. (3.15)

Since 1 � N0, this suggests that for the k = 0 state the “quantum-ness" of the operators
can be ignored and we can treat ĉ†0 and ĉ0 as numbers

ĉ†0 ≈
√
N0 and ĉ0 ≈

√
N0. (3.16)

By splitting off the k = 0 terms from the sums we can expand the interaction Hamiltonian,

Ĥint =
U

2V

∑

k,p,q,l

δ(k + q− p− l)ĉ†kĉ
†
qĉpĉl

=
U

2V
N2

0 +
U

2V
N0

∑

k 6=0

(4ĉ†kĉk + ĉ†kĉ
†
−k + ĉ−kĉk) + . . .

Note that there are no linear terms ∼ c†k or ∼ ĉk with k 6= 0 since after setting three
momenta to zero, the delta function renders the forth momentum zero as well. Importantly,
the quadratic terms dominate over higher-order interaction terms, which are O(1) in N0.
The above expansion is therefore controlled by the small parameter 1/N0. In the mean-field
approximation we only retain the constant and quadratic terms, resulting in an effective
non-interacting Hamiltonian that can be diagonalised. We further substitute

N0 = N −
∑

k 6=0

ĉ†kĉk (3.17)

and obtain
Ĥint =

U

2V
N2

︸ ︷︷ ︸
= 1

2
UV ρ2

+
U

2V
N

︸ ︷︷ ︸
= 1

2
Uρ

∑

k 6=0

(2ĉ†kĉk + ĉ†kĉ
†
−k + ĉ−kĉk), (3.18)

up to quadratic order. Combining with the kinetic energy contribution, the mean-field
Hamiltonian becomes

Ĥ =
∑

k6=0

{(~2k2

2m
+ Uρ

)

︸ ︷︷ ︸
=ε(k)

ĉ†kĉk +
Uρ

2

(
ĉ†kĉ
†
−k + ĉ−kĉk

)}
+

1

2
UV ρ2. (3.19)
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In order to write the Hamiltonian in a 2x2 matrix form in terms of Nambu spinors,

ψ̂† = (ĉ†k, ĉ−k) and ψ̂ =

(
ĉk
ĉ†−k

)
, (3.20)

we write the regular terms in symmetric form with respect to k and −k, using that∑
k 6=0 f(k) = 1

2

∑
k 6=0[f(k) + f(−k)], resulting in

Ĥ =
1

2

∑

k 6=0

(ĉ†k, ĉ−k)

(
ε(k) Uρ
Uρ ε(k)

)(
ĉk
ĉ†−k

)
− 1

2

∑

k 6=0

ε(k) +
1

2
UV ρ2, (3.21)

where we have used that ĉ†−kĉ−k = ĉ−kĉ
†
−k − 1. We can diagonalise this Hamiltonian by a

Bogoliubov transformation to new boson operators,
(

ĉk
ĉ†−k

)
=

(
cosh(θk) sinh(θk)
sinh(θk) cosh(θk)

)(
d̂k
d̂†−k

)
. (3.22)

As you will show in a homework problem, this is achieved by

tanh(2θk) = − Uρ

ε(k)
, (3.23)

resulting in the diagonal Hamiltonian

Ĥ =
∑

k6=0

E(k)d̂†kd̂k +
1

2

∑

k 6=0

[E(k)− ε(k)] +
1

2
UV ρ2, (3.24)

with Bogoliubov quasiparticle dispersion

E(k) =
√
ε2(k)− (Uρ)2 =

√(
~2k2

2m
+ Uρ

)2

− (Uρ)2. (3.25)

3.4 Landau’s Critical Superfluid Velocity
While the dispersion in the non-interacting Bose gas is quadratic, the dispersion E(k) of
excitations in the interacting system has different asymptotic behaviour at large and small
momenta,

E(k) '
{ ~2k2

2m
for ~2k2

2m
� Uρ

~
√

Uρ
m
|k| for ~2k2

2m
� Uρ

, (3.26)

hence it crosses over from linear at small k to quadratic at large k, as shown in the figure
below. The linear dispersion E(k) ∼ |k| at small momenta is responsible for the superfluid
properties as can be seen by the following argument due to Landau:
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~vk (v < vc)

Suppose that the liquid of total mass M moves with velocity v along the direction of a
capillary (thin tube). The liquid has kinetic energy E = 1

2
Mv2 and momentum P = Mv.

The only way that friction can arise is by creating excitations in the liquid. Let us consider a
single quasi-particle excitation with momentum ~k in the direction of v. This excitation has
energy E(k) as calculated in the previous section. Such an excitation requires energy and
momentum transfer and hence a reduction of the velocity by a small amount v → v −∆v.

Conservation of Momentum:
Mv = M(v −∆v) + ~k

Conservation of Energy:
1

2
Mv2 =

1

2
M(v −∆v)2 + E(k).

Linearising the second equation in ∆v and combining with the other equation, we obtain

E(k) = ~vk. (3.27)

Hence, the momentum k of the excitation is determined from the intersection of the quasi-
particle dispersion E(k) with the straight line ~vk. Of course, a solution is only possible

if ~v is bigger than the slope ~
√

Uρ
2m

of E(k) at mall momenta, as illustrated in the figure.
This determines a critical velocity

vc =

√
Uρ

2m
. (3.28)

For velocities v < vc, it is not possible to transfer energy and momentum by creating an
excitation in the fluid. As a result, the flow remains frictionless, resulting in superfluidity.
In the absence of interactions (U = 0) the critical velocity is zero and superfluidity is not
possible.
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3.5 Superfluid Fraction
In approximating the interacting boson Hamiltonian by an effective free-particle Hamilto-
nian with anomalous terms, we have assumed that the number of particles

N0 = N −
∑

k 6=0

〈ĉ†kĉk〉 (3.29)

in the k = 0 state, forming a condensate, is large. In the non-interacting grounds state,
all particles occupy the k = 0 state, corresponding to a condensate fraction N0/N = 1.
Interactions are expected to deplete the condensate and we are now going to investigate
how N0 depends on the interaction U . This serves as a consistency check if our assumption
N0 � 1 remains valid.

In order to calculate the expectation value 〈ĉ†kĉk〉 we can simply insert the Bogoliubov
transformation to the new operators d̂†k and d̂k in which the Hamiltonian is diagonal and
use that

〈d̂†kd̂k〉 =
1

eβE(k) − 1
, (3.30)

where E(k) is the dispersion of the Bogoliubov quasiparticles, given in Eq. (3.25). Since
the Hamiltonian is diagonal in terms of the new operators, it also follows that 〈d̂†kd̂†−k〉 =

〈d̂−kd̂k〉 = 0. As you will show in a homework problem. the density ρ0 = N0/V of particles
in the condensate of the interacting gas at temperature T is given by

ρ0 = ρ− 1

V

∑

k 6=0

[
cosh(2θk)

1

eβE(k) − 1
+ sinh2(θk)

]
, (3.31)

where θk is defined by tanh(2θk) = −Uρ/ε(k) = −Uρ/(~2k2

2m
+ Uρ). The first term in the

sum describes the depletion of condensate due to thermal population of k 6= 0 states. This
contribution vanishes at T = 0 where all Bogoliubov quasiparticles occupy the k = 0 state.
The second term in the sum is present at T = 0 and corresponds to the depletion of the
condensate by interactions.

In the homework problem you will evaluate the superfluid density ρ0 at T = 0 by
converting the momentum sum into an integral over energy, as we have done before. The
final result is

ρ0 = ρ− 1

6
√

2π2

(
2m

~2
Uρ

)3/2

. (3.32)

As to be expected, this result reflects that in the absence of interactions, all particles
are in the condensate (ρ0 = ρ). The superfluid fraction ρ0/ρ = N0/N decreases with the
interaction U but remains close to 1 for sufficiently weak interactions. In this regime, the
mean-field approximation is justified.
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Chapter 4

Quantum Magnets

In this chapter, we will use the language of second quantisation to discuss properties of
quantum magnets — magnets in which atoms in a lattice have unpaired electron spins that
may interact with the spins on other sites. We will focus upon insulating magnets in which
the electrons that carry the spins are localised on atomic sites, as opposed to itinerant
systems, where they would be free to hop around. Note that strong Hund’s coupling could
potentially give rise to the formation of local moment spins that are much larger than
the electron spin. Despite the apparent simplicity of this set up, the collective quantum
behaviour of such systems is incredibly rich. Just about every phenomenon of modern
quantum physics is revealed by these systems.

The spins could be arranged in one-dimensional chains, two-dimensional lattices, such
as square-, triangular- or Kagome lattices, or three dimensional lattices such as cubic or
Pyrochlore lattices. The competition between different interactions can lead rich magnetic
phase diagrams with magnetically ordered phases that show complicated spin textures.
Geometric frustration in low-dimensional systems, e.g. on the two-dimensional Kagome
lattice, can prevent the system from ordering altogether. In such situations the spins
remain strongly fluctuating down to zero temperature, giving rise to a quantum spin liquid
which is characterised by emergent fractionalised excitations. Quantum spin systems also
provide the first example of topology in quantum physics (through the Haldane conjecture
that we will discuss later) and a magnetic model (due to Kitaev) is the basis of some of
the most widely studied quantum error correcting codes.

4.1 The Heisenberg Model
The Hamiltonian of the Heisenberg model is given by

Ĥ =
1

2

∑

i,j

JijŜi · Ŝj =
1

2

∑

i,j

Jij

(
Ŝxi Ŝ

x
j + Ŝyi Ŝ

y
j + Ŝzi Ŝ

z
j

)
, (4.1)

where i, j label the sites of a given lattice. The exchange couplings Jij between spins on
sites i and j could be positive or negative, favouring antiferromagnet (anti-parallel) or
ferromagnetic (parallel) alignment, respectively. However, often there exists a competition
between different exchanges and not all bonds can be simultaneously satisfied. Different
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microsopic mechanisms contribute to the interaction between spins, including direct dipole-
dipole coupling and antiferromagnetic superexchange, which we will discuss in Chapter 8.
Orbital degrees of freedom can also play a crucial role in determining the strength and sign
of the exchange.

The Heisenberg model is isotropic in spin space. While the relative orientation between
spins depends on the exchange couplings, the Hamiltonian is invariant under a global
rotation of all the spins. This symmetry can be broken or lowered by anisotropy, e.g
exchange anisotropy, JxŜxi Ŝxj + JyŜ

y
i Ŝ

y
j + JzŜ

z
i Ŝ

z
j , or single-ion anisotropy, (Ŝzi )2.

Let us briefly review the properties of spin operators. While spin operators on different
sites commute, the components of the vector spin operator on a given site satisfy the
commutation relations [

Ŝα, Ŝβ
]

= i~εαβγŜγ. (4.2)

From this it follows that
[
Ŝ2, Ŝz

]
= 0, which implies that Ŝ2 and Ŝz have a simultaneous

eigenbasis,

Ŝ2|S,m〉 = ~2S(S + 1)|S,m〉
Ŝz|S,m〉 = ~m|S,m〉 (4.3)

with quantum numbers S (determining the size of the spin, S = 1
2
, 1, 3

2
, 2, . . .) and m =

−S,−S+ 1, . . . , S−1, S. Hence, for a given S there exists a tower of 2S+ 1 states. Rather
than working with Ŝx and Ŝy it is often convenient to use the ladder operators

Ŝ± = Ŝx ± iŜy, (4.4)

which satisfy the commutation relations

[Ŝ+, Ŝ−] = 2~Ŝz and [Ŝ±, Ŝz] = ∓~Ŝ±, (4.5)

as can be easily derived from Eq. (4.2). The ladder operators raise and lower them quantum
number by one,

Ŝ±|S,m〉 = ~
√
S(S + 1)−m(m± 1)|S,m± 1〉, (4.6)

and Ŝ+|S, S〉 = Ŝ−|S,−S〉 = 0.

4.2 Holstein-Primakoff Transformation
The non-trivial commutation relations of the spin operators make them tricky to deal with
when facing a system of many interacting quantum spins. Bosons are much easier to deal
with, as we have seen in previous Chapters. The Holstein-Primakoff transformation allows
to map quantum spin-operators to bosonic creation and annihilation operators. Similar to
boson operators, spin operators on different sites commute. We can therefore focus on a
single site in the following.

The idea is to identify the maximally polarised spin state |S, S〉 with the vacuum state
|0〉 of having no boson, the state |S, S − 1〉 with the one-boson state |1〉 and so on. This
suggests that we should identify Ŝz = ~(S − b̂†b̂).
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In order to match the dimension of the spin and boson Hilbert spaces we need to truncate
the bosonic Hilbert space and allow for a maximum occupation number of nmax = 2S,
corresponding to the state |S,−S〉. Increasing the boson number by one is equivalent to
lowering the m quantum number of the spin state by one and vice verse, which suggests
that Ŝ− ∼ b̂† and Ŝ+ ∼ b̂. We need to be careful, however, since the identification between
spin and boson operators needs to respect boson and spin commutation relations. The
correct mapping is known as the Holstein-Primakoff transformation,

Ŝz = ~(S − b̂†b̂),

Ŝ+ = ~
(

2S − b̂†b̂
)1/2

b̂,

Ŝ− = ~b†
(

2S − b̂†b̂
)1/2

. (4.7)

One can easily check1 that the bosonic commutation relations [b̂, b̂†] = 1 reproduce the
spin commutation relations in the form [Ŝ+, Ŝ−] = 2~Ŝz. Identifying our boson operator
per site of the lattice, the fact that spin operators on different sites commute is readily
accommodated by the similar commutation of bosonic operators on different sites.

4.3 Linear Spin-Wave Theory
The idea is to look at small fluctuations around the classical groundstate. To obtain the
classical groundstate we treat all spins as classical vectors and minimise the energy. This
could potentially be complicated and result in non-collinear groundstates. An example of
such a non-collinear classical grounstate is the Heisenberg antiferromagnet on the triangular
lattice where neighbouring spins in the classical groundstate enclose an angle of 120◦.

The classical spin direction on a given site i determines the local quantisation axes
(the z axis in the local frame), along which we define the state |S, S〉i. We then use
the Holstein-Primakoff transformation in this frame to express the spin operators Ŝαi in
terms of boson operator b̂†i and b̂i. The Holtstein-Primakoff bosons represent the quantised
spin-wave excitations, called magnons.

1And you will do so in a homework problem.
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Rewriting a given spin Hamiltonian in terms of Holstein-Primakoff bosons, we will ob-
tain a constant part, corresponding to the classical ground-state energy, a part quadratic
in the boson creation and annihilation operators, as well as higher order terms. In linear
spin-wave theory we neglect all terms beyond quadratic order. The resulting Hamiltonian
is one of non-interacting bosons which can be diagonalised by Fourier transform, unitary
transformation or, if the Hamiltonian contains anomalous terms, by Bogoliubov transfor-
mation.

The quartic interaction terms are by a factor 1/S smaller than the quadratic terms.
This implies that linear-spin wave theory is a good approximation for large S and that it
takes the leading quantum fluctuations into account. For large S, we can also ignore the
truncation of the bosonic Hilbert space.

Expanding the occupation number operators out of the square roots in the Holstein-
Primakoff transformation results in terms beyond quadratic order. If we are interested
in fluctuations on the level of linear-spin wave theory we can therefore work with the
approximate transformation,

Ŝzi = ~(S − b̂†i b̂i),
Ŝ+
i ≈ ~

√
2Sb̂i, and Ŝ−i ≈ ~

√
2Sb̂†i . (4.8)

4.4 The Heisenberg Ferromagnet
Let us now consider a Heisenberg ferromagnet on a d-dimensional hypercubic lattice with N
sites and periodic boundary conditions. For simplicity, we only consider a nearest-neighbour
interaction between the spins. The Hamiltonian is given by

Ĥ = −J
∑

〈i,j〉
Ŝi · Ŝj, (4.9)

where J > 0. Instead of summing over nearest-neighbour bonds we could sum over discrete
lattice-site positions r and lattice vectors ai = aêi (i = 1, . . . , d and a the lattice constant),

Ĥ = −J
∑

r

d∑

i=1

Ŝr · Ŝr+ai , (4.10)

which covers every bond exactly once. The classical groundstate is trivial: all spins align
parallel, where the direction is spontaneously picked. We will call this direction the positive
z-axis.

4.4.1 The Groundstate

The groundstate is such that all of the spins are aligned — say in the z-directions — so
that Ŝzi |S, S〉i = ~S|S, S〉i on each site. The product state

|ψ〉 = ⊗i|S, S〉i (4.11)
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is indeed an eigenstate of Ĥ and hence the quantum-mechanical ground-state of the many-
body system,

Ĥ|ψ〉 = −J
∑

〈i,j〉

{
Ŝzi Ŝ

z
j +

1

2

(
Ŝ+
i Ŝ
−
j + Ŝ−i Ŝ

+
j

)}
|ψ〉 = −J

∑

〈i,j〉
Ŝzi Ŝ

z
j |ψ〉 = E0|ψ〉, (4.12)

where E0 = −J~2S2Nd is the classical groundstate energy.2

4.4.2 Linear Spin-Wave Exciations

We now use the approximate form of the Holstein-Primakoff transformation, Eq. (4.7),
to express hamiltonian of the Heisenberg ferromagnet in terms of bosonic creation and
annihilation operators, keeping terms up to quadratic order,

Ĥ = −J
∑

r

d∑

i=1

Ŝr · Ŝr+ai = −J
∑

r

d∑

i=1

{
Ŝzr Ŝ

z
r+ai

+
1

2

(
Ŝ+
r Ŝ
−
r+ai

+ Ŝ−r Ŝ
+
r+ai

)}

= −J~2S2Nd+ J~2S
∑

r

d∑

i=1

(b̂†rb̂r + b̂†r+ai b̂r+ai)

−J~2S
∑

r

d∑

i=1

(b̂rb̂
†
r+ai + b̂†rb̂r+ai)

= −J~2S2Nd+ 2J~2Sd
∑

r

b̂†rb̂r − J~2S
∑

r

d∑

i=1

(b̂rb̂
†
r+ai + b̂†rb̂r+ai). (4.13)

Our task now is to diagonalise this Hamiltonian. Because the system is translationally
invariant, the first step towards this (actually the only step in this case) is to Fourier
transform,

b̂†r =
1√
N

∑

k

e−ikrb̂†k, b̂r =
1√
N

∑

k

eikrb̂k. (4.14)

resulting in

Ĥ = −J~2S2Nd+ 2J~2Sd
∑

k

b̂†kb̂k

−J~2S
1

N

∑

r

∑

k,k′

d∑

i=1

[
eikre−ik

′(r+ai)b̂kb̂
†
k′ + e−ikreik

′(r+ai)b̂†kb̂k′
]

= −J~2S2Nd+ 2J~2Sd
∑

k

b̂†kb̂k − J~2S
∑

k

d∑

i=1

(e−ikai + eikai)b̂†kb̂k

= −J~2S2Nd+ 2J~2S
∑

k

[
d−

d∑

i=1

cos(aki)

]
b̂†kb̂k. (4.15)

2In the above calculation we have used that Ŝ+|S, S〉 = 0.
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We have diagonalised the linear spin-wave Hamiltonian for the ferromagnet by Fourier
transform. Notice that since the classical groundstate is an eigenstate of the Hamiltonian,
there are no zero-point fluctuations The spin-wave excitation have the dispersion

ε(k) = 2J~2S

[
d−

d∑

i=1

cos(aki)

]
, (4.16)

which for small momenta can be approximated as

ε(k) ' J~2Sa2k2. (4.17)

These modes are gapless — their energy goes to zero as |k| does. This is because they
are Goldstone modes; they arise because the spin rotational symmetry of the Hamiltonian
is broken by the groundstate — it costs zero energy to rotate between these groundstates
and this corresponds to precisely the k = 0 limit of the excitations described here.

4.4.3 Thermal Fluctuations

The breaking of rotational symmetry by the ferromagnetic state can be quantified by an
order parameter - the magnetisation M. The free energy of the system may in fact be
expanded as a function of this order parameter. This powerful technique — known as a
Ginzburg-Landau expansion — can reveal key generic properties of thermodynamic phases
and transitions between them. Here we shall satisfy ourselves by considering the effect of
thermal fluctuations upon the magnetisation of our system. Thermal fluctuation will reduce
the magnetisation of the system up to a point where it vanishes at a critical temperature
Tc, corresponding to a continuous phase transition.

The magnetisation per site (assuming polarisation in the z-direction, and in units of ~) is
given by

M =
1

N

∑

r

〈Ŝzr 〉 = S − 1

N

∑

r

〈b̂†rb̂r〉. (4.18)

Since the Hamiltonian is diagonal in momentum space, we perform a Fourier transform,

M = S − 1

N2

∑

r

∑

kk′

e−ikreik
′r〈b̂†kb̂k′〉 = S − 1

N

∑

k

〈b̂†kb̂k〉 = S − 1

N

∑

k

1

eβε(k) − 1
, (4.19)

where in the last step we have used that 〈b̂†kb̂k〉 is equal to the Bose function nB(εk). In the
thermodynamic limit N →∞ the sum over momenta becomes an integral over the Brillouin
zone BZ = [−π/a, π/a]d of volume VBZ = (2π/a)d, 1

N

∑
k → 1

VBZ

∫
BZ d

dk. Unfortunately,
this integral can’t be performed analytically.

However, we can draw important conclusions from the contribution to the integral from
small momenta (IR limit) where ε(k) ∼ k2. At any given temperature, we can expand
the exponential function, as long as |k| is sufficiently small, resulting in the following IR
contribution to the integral (assume from small d-dimensional ball of radius Λ around
k = 0), ∫

ddk
1

eβε(k) − 1
∼
∫
ddk

1

k2
∼
∫ Λ

0

dk
kd−1

k2
=

∫ Λ

0

dkkd−3. (4.20)
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This integral is IR divergent (divergence coming for k → 0 limit) in d ≤ 2. To be
more precise, we encounter a power-law divergence in d = 1 and a logarithmic divergence
in d = 2 This implies that in one and two dimensions thermal fluctuations are so strong
that they prevent ferromagnetic order. This is an example of the Mermin-Wagner theorem
which states that a continuous symmetry cannot be broken at finite temperature in d ≤ 2.

In d = 3 the integral is convergent and the magnetisation will be finite at sufficiently
low temperatures. We could determine the critical temperature Tc of the phase transition
by solving the integral equation for M = 0,

S =

∫

[−π,π]3

d3q

(2π)3

1

e[3−cos qx−cos qy−cos qz ]/tc − 1
, (4.21)

where we have substituted qi = aki and introduced the dimensionless critical temperature
tc = Tc/(2J~2S). This equation could be solved numerically for tc, using the bisection
method. As a next step one might numerically compute the magnetisation at temperatures
t slightly below tc and fit a power law M ∼ (tc− t)β to extract the order parameter critical
exponent β.

4.5 The Heisenberg Antiferromagnet
Let us now consider the Heisenberg model with an antiferromagnetic nearest-neighbour
coupling,

Ĥ = J
∑

〈i,j〉
Ŝi · Ŝj, (4.22)

with J > 0. As before, we consider a d-dimensional hypercubic lattice, which is a bibartite
lattice. Such lattices can be divided into two sets A and B such that the sites from one
set only have nearest neighbours from the other set. This is illustrated in the case of the
square lattice in the figure below.
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d = 3

.

4.5.1 The Néel State

At the classical level, the energy of the Heisenberg antiferromagnet on a bipartite lattice
is minimised when the spins on the A and B sublattices are anti-parallel, as shown for the
square lattice in the figure. Such a checkerboard arrangement is called a Néel state. 3

3Note that on the non-bipartite triangular lattice the groundstate is not a Néel state but a more complex
non-collinear state with neighbouring spins enclosing an angle of 120◦.

45



The total magnetisation of a Néel state is zero since the magnetisations on the A and
B sublattices exactly cancel. Nevertheless, the spin rotation symmetry is clearly broken in
this antiferromagnetically ordered state. We can define an order parameter, which is called
the staggered magnetisation,

M =
1

N

∑

i

σimi, with σi =

{
+1 i ∈ A
−1 i ∈ B (4.23)

Unlike in the case of the ferromagnet the classical groundstate (Néel state)

|ψ〉 = ⊗i|S, σiS〉i (4.24)

is not an eigenstate of the Heisenberg Hamiltonian. To see this let us consider two neigh-
bouring sites in the state

|ψ〉 = |S, S〉i ⊗ |S,−S〉j,
and act with the Hamiltonian on this state,

Ĥij|ψ〉 = J

[
Ŝzi Ŝ

z
j +

1

2

(
Ŝ+
i Ŝ
−
j + Ŝ−i Ŝ

+
j

)]
|S, S〉i ⊗ |S,−S〉j

= −J~2S2

︸ ︷︷ ︸
=E0

|ψ〉+ J~2S|S, S − 1〉i ⊗ |S,−S + 1〉j.

The Néel state is an eigenstate of Ŝzi Ŝzj with E0 the classical ground-state energy. How-
ever, the action of Ŝ+

i Ŝ
−
j + Ŝ−i Ŝ

+
j results in an excited state. This is an important difference

from the ferromagnet. In the antiferromagnet, there are quantum fluctuations around the
classical groundstate.

4.5.2 Holstein-Primakoff Transformation

To study these quantum fluctuations as well as thermal fluctuations away from the Néel
state we use the Holstein-Primakoff transformation. The transformation is applied with
respect to the classical Néel groundstate which implies that we need a slightly different
form of the transformation on the two sublattices.

Alternatively, we could rotate the spin operators on the B sublattice by 180◦, such
that in terms of the new spin operators the classical groundstate is ferromagnetic. In our
convention, the classical groundstate is Si = σiSêz. We therefore require a rotation on
sublattice B that flips the sign of the z component of the spins, e.g. a rotation by 180◦
around the x axis,

T̂ xi = Ŝxi
T̂ yi = σiŜ

y
i

T̂ zi = σiŜ
z
i , (4.25)

where it is straightforward to check that the new spin operators satisfy the commutation
relations

[T̂αi , T̂
β
i ] = i~εαβγT̂ γi , (4.26)
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as required. Note that on sublattice A we have T̂αi = Ŝαi since σi = 1. The classical
groundstate in the new basis is ferromagnetic, Ti = Sêz, and we can therefore use the
same Holstein-Primakoff transformation on both sublattices. However, as a first step we
need to transform the Hamiltonian,

Ĥ = J
∑

〈i,j〉
Ŝi · Ŝj = J

∑

〈i,j〉

(
Ŝxi Ŝ

x
j + Syi S

y
j + Ŝzi Ŝ

z
j

)

= J
∑

〈i,j〉

(
T̂ xi T̂

x
j − T yi T yj − T̂ zi T̂ zj

)

= −J
∑

〈i,j〉

{
T̂ zi T̂

z
j −

1

2

(
T̂+
i T̂

+
j + T̂−i T̂

−
j

)}
, (4.27)

where in the last step we have used T̂± = T̂ x ± iT̂ y. We can now use the approximate
Holstein-Primakoff transformation

T̂ zi = ~(S − b̂†i b̂i),
T̂+
i ≈ ~

√
2Sbi, T̂−i ≈ ~

√
2Sb†i , (4.28)

to obtain the linear spin-wave Hamiltonian

Ĥ = −J~2
∑

r

d∑

i=1

{
(S − b̂†rb̂r)(S − b̂†r+ai b̂r+ai)− S(b̂†rb̂

†
r+ai + b̂rb̂r+ai)

}

≈ −J~2S2Nd+ J~2S
∑

r

d∑

i=1

(
b̂†rb̂r + b̂†r+ai b̂r+ai + b̂†rb̂

†
r+ai + b̂rb̂r+ai

)
. (4.29)

An important first step towards diagonalisation of the Hamiltonian is to perform a
Fourier transform, b̂†r = 1√

N

∑
k e
−ikrb̂†k and b̂r = 1√

N

∑
k e

ikrb̂k, resulting in

Ĥ = −J~2S2Nd+ J~2S
∑

k

d∑

i=1

(
2b̂†kb̂k + eikai b̂†kb̂

†
−k + e−ikai b̂kb̂−k

)
. (4.30)

In order to write the Hamiltonian in 2x2 Nambu spinor space we use that
∑

k f(k) =
1
2

∑
k[f(k) + f(−k)],

Ĥ = −J~2S2Nd+ J~2S
∑

k

d∑

i=1

{
b†kb̂k + b†−kb̂−k︸ ︷︷ ︸

=b̂−kb
†
−k−1

+ cos(kai)
(
b̂†kb̂
†
−k + b̂kb̂−k

)}

= −J~2S(S + 1)Nd+ J~2Sd
∑

k

(b̂†k, b̂−k)

(
1 γ(k)

γ(k) 1

)(
b̂k
b̂†−k

)
(4.31)

where we have defined

γ(k) =
1

d

d∑

i=1

cos(kai). (4.32)
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4.5.3 Bogoliubov Transformation

Evidently the Fourier transform alone is not enough to diagonalise the Hamiltonian. The
anomalous terms such as b̂kb̂−k require us to use a bosonic Bogoliubov transformation as
developed in Sec. 2.6.2 and used in the context of the weakly interacting Bose gas, Sec. 3.3.
Rather than going through this step-by-step again, we simply use the established results.
The Hamiltonian becomes diagonal in terms of the new boson operators d̂†k, d̂k,

(
b̂k
b̂†−k

)
=

(
cosh(θk) sinh(θk)
sinh(θk) cosh(θk)

)(
d̂k
d̂†−k

)
, (4.33)

with tanh(2θk) = −γ(k)
1

= −γ(k) and takes the diagonal form

Ĥ = −J~2S(S + 1)Nd+ J~2Sd
∑

k

(d̂†k, d̂−k)

( √
1− γ2(k) 0

0
√

1− γ2(k)

)(
d̂k
d̂†−k

)

= 2J~2Sd
∑

k

√
1− γ2(k)d̂†kd̂k

+J~2Sd
∑

k

√
1− γ2(k)− J~2S(S + 1)Nd. (4.34)

Hence the linear spin-wave dispersion of the quantum antiferromagnet on the d-dimensional
hypercubic lattice is given by

ε(k) = 2J~2Sd
√

1− γ2(k). (4.35)

Using that for small |k|, γ(k) = 1
d

∑d
i=1 cos(aki) ≈ 1

d

∑d
i=1(1− 1

2
a2k2

i ) = 1− a2

2d
k2, we obtain

ε(k) ≈ 2J~2Sd

√
1−

(
1− a2

2d
k2

)2

≈ 2J~2Sd

√
a2

d
k2 = 2J~2Sa

√
d|k|. (4.36)

Note that unlike for the ferromagnet, the spin-wave dispersion for the antiferromagnet is
linear at small momenta. Identifying ε(k) = ~c|k|, we obtain the spin-wave velocity

c = 2J~Sa
√
d. (4.37)

4.5.4 Fluctuations of the Antiferromagnet

As we have already noted, the classical Néel state is not an eigenstate of the anti-ferromagnetic
Heisenberg model. This has several consequences. Firstly, it leads to a zero-point contribu-
tion to the energy. These zero-point fluctuations also reduce the sub-lattice magnetisation
even at zero temperature. In addition, we will have a reduction by thermal fluctuations.

The average staggered magnetisation per site is given by (~ = 1)

M =
1

N

∑

r

σr〈Ŝzr 〉 =
1

N

∑

r

〈T̂ zr 〉 = S − 1

N

∑

r

〈b̂†rb̂r〉 = S − 1

N

∑

k

〈b̂†kb̂k〉. (4.38)
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We can evaluate the expectation value by inserting the Bogoliubov transformation to the
diagonal basis,

〈b̂†kb̂k〉 =
〈(

cosh(θk)d̂†k + sinh(θk)d̂−k
)(

cosh(θk)d̂k + sinh(θk)d̂†−k

)〉

= cosh2(θk)〈d†kd̂k〉+ sinh2(θk)〈d̂−kd̂†−k〉
= cosh(2θk)〈d†kd̂k〉+ sinh2(θk). (4.39)

Using that 〈d†kd̂k〉 = nB(εk) is simply the Bose function, we obtain the final expression
for the staggered magnetisation,

M = S − 1

N

∑

k

(
cosh(2θk)

1

eβε(k) − 1
+ sinh2(θk)

)
. (4.40)

The first term in the sum corresponds to the reduction of the order parameter by
thermal fluctuations. At T = 0, this contribution vanishes and we are left with the sec-
ond contribution which reflects the reduction of the staggered magnetisation by zero-point
quantum fluctuations. Using that

sinh2(θk) =
1

2


 1√

1− tanh2(2θk)
− 1


 =

1

2

(
1√

1− γ2(k)
− 1

)
, (4.41)

the expression for the staggered magnetisation at T = 0 becomes

M = S − 1

2VBZ

∫

BZ
ddk

(
1√

1− γ2(k)
− 1

)
, (4.42)

where we have taken the thermodynamic limit and replaced the momentum sum by an
integral over the Brillouin zone BZ = [−π/a, π/a]d. Let us investigate the small k IR
contribution to the integral:

∫
ddk

(
1√

1− γ2(k)
− 1

)
∼
∫ Λ

0

dkkd−1 1

k
=

∫ Λ

0

dkkd−2 (4.43)

This result shows that the integral is infra-red convergent for d ≥ 2, but logarithmically
divergent in 1d (it always converges in the ultra-violet because of the cut-off at the Brillouin
zone edge). Hence, for d ≥ 2 antiferromagnetic order is possible at T = 0, but in d = 1
quantum fluctuations are too strong for the system to order.

Let us further discuss the difference between two- and three-dimensional antiferromag-
nets. An analysis of the thermal fluctuations reveals that the corresponding momentum
integral is IR divergent in d = 2 and convergent in d = 3. While in three dimensions we
can have antiferromagnetic order for T > 0, in two-dimensional systems this is not possible
and in fact ruled out by the Mermin Wagner theorem. Typical phase diagrams in d = 2
and d = 3 are shown below, where we have introduced an additional control parameter
that destabilises the magnetic order. This could be an antiferromagnetic second-neighbour
exchange J ′, which causes magnetic frustration.
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d = 3

4.6 One-Dimensional Spin Chains
As we have seen in the previous Section, in one spatial dimension fluctuations destroy
any potential ferromagnetic or antiferromagnet order, even at T = 0. The same is true
for any order associated with spontaneous continuous symmetry breaking. Nevertheless,
despite the lack of ordering the physics of one-dimensional spin chains is very rich, including
phenomena such as fractionalisation and topological order.

4.6.1 Haldane’s Conjecture

Let us consider a one-dimensional quantum antiferromagnet, described by the Hamiltonian

Ĥ = J
∑

i

Ŝi · Ŝi+1, (4.44)

where i labels the sites in the chain. It was first realised by Duncan Haldane [Phys.
Rev. Lett 50, 1153 (1983)] that the physics crucially depends on the value S of the spin
operators. He considered topological effects of quantum spins, known as instantons, which
can be understood in terms of a spin-coherent-state path integral. Haldane concluded that
for half-integer spins, S = 1/2, 3/2, 5/2, . . ., the spectrum of excitations remains gapless,
while for integer spins, S = 1, 2, 3, . . ., there is an energy gap between the ground state and
the first excited state.

It is now well understood and rigorously proven that the antiferromagnetic S = 1
chain (often referred to as the "Haldane spin chain") has a gapped excitation spectrum
and hidden topological order, Such topological order is not characterised by a local order
parameter, such as the magnetisation, but instead by a non-local string order parameter.
Another feature of topological order is the occurrence of edge states at the ends of the
chain. We will briefly discuss this at the end of this Chapter.

4.6.2 Jordan-Wigner Transformation for S = 1/2 Spin Chains

We will now focus on S = 1/2 spin chains and investigate the excitation spectrum of the
one-dimensional quantum antiferromagnet, which according to Haldane should be gapless.
The one-dimensional spin chain has no long-range magnetic order and we therefore can’t
use linear spin-wave theory (LSWT) to expand in terms of small transverse fluctuations
around a classical ground state. Moreover, LSWT is a controlled approximation for large
S and not applicable in the extreme quantum limit S = 1/2.
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A spin 1/2 operator has two possible eigenstates, | ↑〉 = |1/2, 1/2〉 and | ↓〉 = |1/2,−1/2〉.
Rather than representing the spin operators by bosonic creation and annihilation opera-
tors and imposing a constraint on the bosonic Hilbert space, we will use spinless fermion
operators. Because of the Pauli principle, we can only have a maximum of one fermion on
a given site, automatically taking care of the constraint. Identifying

| ↑〉 = |0〉 no fermion,
| ↓〉 = |1〉 1 fermion,

we obtain a simple relation between Ŝz and the fermionic number operator n̂ = ĉ†ĉ,

Ŝz =
~
2

(1− 2ĉ†ĉ). (4.45)

The spin raising and lowering operators Ŝ+ and Ŝ− act in the same way as the fermionic
annihilation and creation operators ĉ and ĉ†:

Ŝ+| ↑〉 = 0 ĉ|0〉 = 0

Ŝ−| ↑〉 = ~| ↓〉 ĉ†|0〉 = |1〉
Ŝ+| ↓〉 = ~| ↑〉 ĉ|1〉 = |0〉
Ŝ−| ↓〉 = 0 ĉ†|1〉 = 0

(4.46)

This suggests that we should identify Ŝ+ = ~ĉ and Ŝ− = ~ĉ†. This is indeed consistent
with the fermionic anti-commutation and spin commutation relations. Let us for example
assume that {ĉ, ĉ†} = 1 and check if the spin commutation relation is satisfied:

[Ŝ+, Ŝ−] = ~2[ĉ, ĉ†] = ~2( ĉĉ†︸︷︷︸
=1−ĉ†ĉ

−ĉ†ĉ) = ~2(1− 2ĉ†ĉ) = 2~Ŝz,

as required. We have therefore established a mapping between spin-1/2 operators and
spinless fermion operators that works perfectly for a single site. However, spin operators
on different sites commute while fermion operators anti-commute. As first realised by
Jordan and Wigner, this mismatch can be repaired by introducing a semi-infinite string
operator,

D̂i =
∏

`<i

(1− 2ĉ†` ĉ`), (4.47)

and defining the mapping for a given site i on the chain as

Ŝzi =
~
2

(1− 2ĉ†i ĉi),

Ŝ+
i = ~D̂iĉi, Ŝ−i = ~ĉ†iD̂i, (4.48)

which is known as the Jordan-Wigner transformation (JWT). Note that in the last equation
we used that D̂†i = D̂i. Since the string operator D̂i only involves sites to the left of
i, not the site i itself, and since it only contains pairs of fermion operators, we obtain
[ĉi, D̂i] = [ĉ†i , D̂i] = 0. Another useful property of the string operator is that D̂2

i = 1, which
is easy to prove:

D̂2
i =

∏

`<i

(1− 2ĉ†` ĉ`)
2 =

∏

`<i

(1− 4ĉ†` ĉ` + 4ĉ†` ĉ`ĉ
†
`︸︷︷︸

1−ĉ†` ĉ`

ĉ`) =
∏

`<i

(1− 4 ĉ†` ĉ
†
` ĉ`ĉ`︸ ︷︷ ︸
=0

) = 1.
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A proof that the JWT is consistent with spin-commutation and fermion anti-commutation
relations is given in the box below.

Let us assume that the creation and annihilation operators satisfy the fermionic anti-
commutation relations, {ĉi, ĉj} = {ĉ†i , ĉ†j} = 0, {ĉi, ĉ†j} = δij. We will prove that the
spin operators defined through the JWT indeed satisfy [Ŝ+

i , Ŝ
−
j ] = 2δij~Ŝzi .

(i) case i = j:

[Ŝ+
i , Ŝ

−
i ] = ~2[D̂iĉi, ĉ

†
iD̂i] = ~2(D̂iĉiĉ

†
iD̂i − ĉ†iD̂iD̂iĉi) = ~2(ĉiD̂

2
i ĉ
†
i − ĉ†iD̂2

i ĉi)

= ~2(ĉiĉ
†
i − ĉ†i ĉi) = ~2(1− 2ĉ†i ĉi) = 2~Ŝzi .

(ii) case i < j (j = i+ n with n ≥ 1)

[Ŝ+
i , Ŝ

−
i+n] = ~2[D̂iĉi, ĉ

†
i+nD̂i+n] = ~2(D̂iĉiĉ

†
i+nD̂i+n − ĉ†i+nD̂i+nD̂iĉi)

= ~2(ĉiD̂iD̂i+nĉ
†
i+n − ĉ†i+nD̂i+nD̂iĉi)

= ~2

[
ĉi

i+n−1∏

`=i

(1− 2ĉ†` ĉ`)ĉ
†
i+n − ĉ†i+n

i+n−1∏

`=i

(1− 2ĉ†` ĉ`)ĉi

]

= ~2

[
ĉi(1− 2ĉ†i ĉi)

i+n−1∏

`=i+1

(1− 2ĉ†` ĉ`)ĉ
†
i+n

−ĉ†i+n
i+n−1∏

`=i+1

(1− 2ĉ†` ĉ`)(1− 2ĉ†i ĉi)ĉi

]

(∗)
= −~2

[
ĉi

i+n−1∏

`=i+1

(1− 2ĉ†` ĉ`)ĉ
†
i+n + ĉ†i+n

i+n−1∏

`=i+1

(1− 2ĉ†` ĉ`)ĉi

]

= −~2

i+n−1∏

`=i+1

(1− 2ĉ†` ĉ`) (ĉiĉ
†
i+n + ĉ†i+nĉi)︸ ︷︷ ︸

={ĉi,ĉ†i+n}=0

= 0.

(∗) ĉi(1− 2ĉ†i ĉi) = ĉi − 2 ĉiĉ
†
i︸︷︷︸

1−ĉ†i ĉi

ĉi = −ĉi + 2 ĉ†i ĉiĉi︸ ︷︷ ︸
=0

= −ĉi,

(1− 2ĉ†i ĉi)ĉi = ĉi − 2 ĉ†i ĉiĉi︸ ︷︷ ︸
=0

= ĉi.

(ii) case i > j (i = j + n with n ≥ 1): [Ŝ+
j+n, Ŝ

−
j ] = [Ŝ+

j , Ŝ
−
j+n]† = 0† = 0.

52



4.6.3 The Antiferromagnetic Spin-1/2 Chain

We consider a spin-1/2 chain with antiferromagnetic nearest neighbour exchange. For
reasons that will become clear later, we allow the coupling between the z components of
the spins to be different from the coupling between x and y components, Jx = Jy = J and
Jz = αJ . Such an anisotropy is called exchange anisotropy. The Hamiltonian is given by

Ĥ = J
∑

i

(
Ŝxi Ŝ

x
i+1 + Ŝyi Ŝ

y
i+1 + αŜzi Ŝ

z
i+1

)
. (4.49)

For α = 1 the Hamiltonian describes the O(3) Heisenberg model, for α = 0 it reduces to
an O(2) XY model. We will use the Jordan-Wigner transformation, Eq. (4.48) to express
the Hamiltonian in terms of spinless fermion operator. Let us first apply the JWT to the
terms involving x and y spin components,

Ŝxi Ŝ
x
i+1 + Ŝyi Ŝ

y
i+1 =

1

2

(
Ŝ+
i Ŝ
−
i+1 + Ŝ−i Ŝ

+
i+1

)

=
~2

2

(
D̂iĉiĉ

†
i+1D̂i+1 + ĉ†iD̂iD̂i+1ĉi+1

)

=
~2

2

[
ĉi(1− 2ĉ†i ĉi)︸ ︷︷ ︸
=−ĉi (*) in box

ĉ†i+1 + ĉ†i (1− 2ĉ†i ĉi)︸ ︷︷ ︸
=ĉ†i

ĉi+1

]

=
~2

2

(
−ĉiĉ†i+1 + ĉ†i ĉi+1

)
=

~2

2

(
ĉ†i ĉi+1 + ĉ†i+1ĉi

)
.

For the z components we obtain

Ŝzi Ŝ
z
i+1 =

~2

4
(1− 2ĉ†i ĉi)(1− 2ĉ†i+1ĉi+1)

=
~2

4
− ~2

2
(ĉ†i ĉi + ĉ†i+1ĉi+1) + ~2c†i ĉiĉ

†
i+1ĉi+1.

Putting everything together we obtain the Hamiltonian

Ĥ =
~2

4
αJN+

~2

2
J
∑

i

[
ĉ†i ĉi+1 + ĉ†i+1ĉi − α(ĉ†i ĉi + ĉ†i+1ĉi+1)

]
+~2αJ

∑

i

c†i ĉiĉ
†
i+1ĉi+1. (4.50)

The last term in the Hamiltonian describes a repulsive interaction between fermions
on neighbouring lattice sites. The strength of the interaction is tuneable by the exchange
anisotropy α and vanishes in the limit of the XY chain, α = 0. In the following, we will
consider this limit, in which the Hamiltonian turns into one of non-interacting spinless
fermions

Ĥ =
~2

2
J
∑

i

(
ĉ†i ĉi+1 + ĉ†i+1ĉi

)
. (4.51)

The term ĉ†i+1ĉi describes the hopping of a fermion from site i to site i + 1, whereas
ĉ†i ĉi+1 is the hopping process in the opposite direction. The hopping amplitude is equal to
t = ~2

2
J . This non-interacting Hamiltonian can be diagonalised by Fourier transform: (in
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order not to confuse the site label with the i in the complex Fourier transform, we use n
to label the sites in the chain)

Ĥ = t
∑

n

(
ĉ†nĉn+1 + ĉ†n+1ĉn

)

= t
1

N

∑

n

∑

k,q

(
e−iknaeiq(n+1)aĉ†kĉq + e−ik(n+1)aeiqnaĉ†kĉq

)

= t
∑

k,q

1

N

∑

n

e−i(k−q)na

︸ ︷︷ ︸
=δk,q

(
eiqa + e−ika

)
ĉ†kĉq

= t
∑

k

(
eika + e−ika

)
ĉ†kĉk =

∑

k

εkĉ
†
kĉk, (4.52)

with εk = 2t cos(ka) = ~2J cos(ka). The dispersion is shown in Fig.(a) below.

filled states

p.-h. excitation

142 J.-M. Maillet Séminaire Poincaré

Figure 1: The dynamical structure factor S(q, ω), on the right computed using Bethe
ansatz techniques and on the left from inelastic neutron scattering experiment on
KCuF3 [11] (experimental data and picture, courtesy A. Tennant)

already found many applications ranging from condensed matter physics (see e.g.,
[26, 41, 42, 43]) to high energy physics (see e.g., [44, 45, 46]).

The history of these integrable models of statistical physics started in fact a bit
before the Heisenberg spin chain, with the proposal by Lenz and by Ising [47, 48]) of
the Ising model to investigate ferromagnetic properties of solids. Ising first solved the
one dimensional case where there is no phase transition at any finite temperature to a
ferromagnetic ordered state. It is rather unfortunate that Ising did not realize at that
time that this failure was a peculiarity of the one dimensional situation. However,
this was taken by Heisenberg as a motivation to propose his own model in 1928 [14],
based on a more sophisticated treatment of the interactions between the spins (using
in particular their full quantum operator nature which was simplified drastically in
the Ising case). In this way, the more complicated Heisenberg model was exploited
(successfully) first, and only after did theoretical physicists (and chemists!) return to
the somehow simpler Ising model [49, 50, 51, 52, 53].

The Bethe solution of the Heisenberg spin chain in 1931 gave the starting point
for the development of the field of quantum integrable models in one-dimensional
statistical mechanics, using his now famous Bethe ansatz and its further extensions
[15, 17, 18, 20, 21]. The Ising model generated also fantastic line of research, starting
with the Onsager solution of the two-dimensional case in 1942 [51]. It had a major
impact on the theory of critical phenomena and launches a series of study of two-
dimensional exactly solvable models of classical statistical mechanics (in fact related
through their transfer matrices to the above quantum one-dimensional spin chains)
culminating in the works of Baxter in the 70’s on the 6-vertex (related to the XXZ
chain) and 8-vertex (related to the XY Z chain) models (see the book [26] and refer-
ences therein). These remarkable success (also with the works of Gaudin, Yang and

(a) (b)

(c) D.A. Tennant et al., Phys. Rev. B 52, 13368 (1995)

2-particle continuum 
of excitations

Since we are dealing with fermions, the groundstate is given by the filled Fermi sea,
corresponding to the state where all the single-particle momentum states with negative
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energy (below the chemical potential µ = 0) are occupied.4 The excitations out of this
ground state are so-called particle-hole excitations: a particle from below the Fermi level
is excited into an empty state above the Fermi level [see Fig. (a)].

Since the momentum and energy of the excitation can be split in various ways between
the particle and the hole the excitation spectrum will be continuous and not be given by a
sharp energy-momentum relation, as for the magnon quasiparticle excitations in an ordered
magnet. This is an example of fractionalisation of an excitation into a pair of particles,
resulting in a two-particle continuum of excitations.

To understand this in more detail, let’s assume that the particle has momentum k′

and energy εk′ = ~2J cos(k′a), and the hole momentum k and energy εk = ~2J cos(ka),
resulting in a particle-hole excitation of momentum q = k′−k and energy ε(q) = εk′ − εk =
~2J [cos(k′a) − cos(ka)]. Let’s for example take q = π/a. From Fig. (a) it is immediately
clear that the smaller possible energy in this case is for k = −π/(2a) and k′ = π/(2a),
resulting in εmin(π/a) = 0−0 = 0. On the other, if we take k = −π/a and k′ = 0 we obtain
the largest possible excitation energy εmax(π/a) = ~2J− (−~2J) = 2~2J . By shifting k and
k′ while keeping q = k′ − k = π/a fixed we can reach all energies between 0 and 2~2J

Consider now a general q < π/a. Since the slope of εk decreases as we move away
from the node at −π/(2a), the largest possible excitation energy is obtained if k and k′ are
symmetric around the node, k = −π/(2a)− q/2 and k′ = −π/(2a) + q/2, resulting in

εmax(q) = ~2J [cos(qa/2− π/2)− cos(−qa/2− π/2)] = ~2J [sin(qa/2)− sin(−qa/2)]

= 2~2J sin(qa/2).

The smallest excitation energy is obtained by taking k = −π/(2a) and k′ = −π/(2a) + q,
resulting in

εmin(q) = ~2J [cos(qa− π/2)− cos(−π/2)] = ~2J sin(qa).

εmax(q) and εmin(q) can be expanded to the full range q ∈ [0, 2π/a] by taking absolute
values. The resulting continuum of excitations is shown in Fig. (b). Such two-particle
continua are indeed observed in inelastic neutron scattering experiments on quasi one-
dimensional quantum antiferromagnets, as shown in Fig. (c).

4.6.4 Spin-1 Haldane Spin Chain

In the above, we were able to discuss the properties of the spin 1/2 chain by considering
the simplified, XY spin chain. Similarly, a simplified version of the S = 1 chain enables
us to appreciate some of its properties. This is known as the AKLT model (after Affleck,
Kennedy, Lieb and Tasaki). The Hamiltonian is given by

Ĥ = J
∑

i

{
Ŝi · Ŝi+1 + α(Ŝi · Ŝi+1)2

}
,

where the original spin-1 antiferromagnetic chain (the Haldane spin chain) is obtained for
α = 0. At first glance, the additional bi-quadratic term in the Hamiltonian seems to be

4This corresponds to exactly half filling, which reflects that there is on average the same number of up-
and down spins in the system.
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a further complication. However, as realised by Affleck, Kennedy, Lieb and Tasaki, the
model is exactly solvable in the case α = 1/3, using a cunning trick: The S = 1 spin on
each site is represented by the triplet sector of two fractional S = 1/2 spins. It turns out
that the groundstate of this model can be constructed by putting two of these fractional
spins on neighbouring sites into a singlet state. This can be illustrated schematically as

<latexit sha1_base64="6lLbX9REFTwLAyHys584dkbBdoo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00oO48Xrlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdW7qJ7fn1dq13kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7A+fwBwj2Ncg==</latexit>

i = 1
<latexit sha1_base64="T97Db+6ItiAXTXn3Gcw2PU0R6SU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4UAl48RjQPSJYwO5lNhszOLjO9Qgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5nfuuJayNi9YjjhPsRHSgRCkbRSg/iptIrltyyOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1L2LsrV+2qpdp3FkYcTOIVz8OASanAHdWgAgwE8wyu8OdJ5cd6dj0VrzslmjuEPnM8fw8GNcw==</latexit>

i = 2
<latexit sha1_base64="P2ATzE62Kf37uUqsDB5g9z2a9IM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUA8KAS+eJKJ5QLKE2UknGTI7u8zMCmHJJ3jxoIhXv8ibf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6mfvMJleaRfDTjGP2QDiTvc0aNlR749V23WHLL7gxkmXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10duqEnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6adcxolByeaL+okgJiLTv0mPK2RGjC2hTHF7K2FDqigzNp2CDcFbfHmZNM7K3nm5cl8pVa+yOPJwBMdwCh5cQBVuoQZ1YDCAZ3iFN0c4L8678zFvzTnZzCH8gfP5A+4xjY8=</latexit>

i = N
<latexit sha1_base64="GDWsYL6KlFnW0zPBY2pXZfDIMGs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUA8KAS8eI5oHJEuYnXSSIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JRzOO0Q/pQPI+Z9RY6YHfnHeLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvpXfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJ46zsXZQr95VS9TqLIw9HcAyn4MElVOEOalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/xUWNdA==</latexit>

i = 3

<latexit sha1_base64="6wOM74V9+7b1c49r5MHku6NxmxI="></latexit>

1p
2
(| "#i � | #"i)

singlet spin-1 triplet
<latexit sha1_base64="03LZKA4fw76KuWhvcFcifmL4nYU="></latexit>

|1i = | ""i, |0i =
1p
2
(| "#i + | #"i), | � 1i = | ##i

The red and blue arrows represent a possible realisation of the spins after a projective
measurement. In this particular example, site 1 is in the m = 1 triplet state, site 2 in
the m = 0 state, site 3 in the m = −1 state and so on. It turns out that because of
the constraint that the fractional spin-1/2 on neighbouring sites form singlets, the possible
groundstates have a hidden antiferromagnetic order with an arbitrary number of m = 0
states inserted, e.g. 1, 0,−1, 0, 0, 0, 1, 0,−1, 1, 0, 0, 0, 0, 0,−1, . . .. This hidden order is an
example of topological order. It is not characterised by a local order parameter like the
staggered magnetisation, but instead by a non-local string order parameter.

An important signature of topological order is the presence of edge states. In the case
of the AKLT chain these are the fractional S=1/2 spins at the ends of the chain (shown in
red), which are not in a singlet configuration with a partner from a neighbouring site. The
ground state of the AKLT model has an excitation gap to the first excited state, which
can be understood as the energy required to break the singlet correlation between sites.
The topological order is protected by the energy gap in the sense that small perturbation
that do not result in a closing of the gap can’t destroy the topological order. Numerical
calculations show that the gap remains finite if α is reduced from α = 1/3 to α = 0. This
proves that the Haldane spin chain is gapped and has topological order.
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Chapter 5

The free Fermi gas

We will first review the free Fermi gas as a reference point and then consider a sequence
of modifications to the non-interacting gas that lead to significant changes in physical
behaviour. The modifications we discuss are the presence of interactions and the effects of
a lattice potential.

The most important physical example of a system of fermions in condensed matter
physics is the electron gas in a metal, but it is good to keep in mind as well examples
from astrophysics (white dwarfs and neutron stars) and terrestrial low-temperature physics,
in particular the case of liquid 3He. The last example is particularly simple as it is a
system that is rotationally symmetric and translationally invariant, because there exists no
background lattice of neutralising ions.

Let us consider a gas of non-interacting fermions (e.g. electrons) with mass m in a cubic
box (d = 3) with periodic boundary conditions.

L

L

L

V = L3

The total number of particles is N = N↑ + N↓ with N↑ = N↓. The single-particle wave-
functions are given by the solutions of the single-particle Schrödinger equation

− ~2

2m
∇2ψσ(r) = εψσ(r) (σ =↑, ↓).

They are given by plane-wave states

ψσ(r) =
1√
V
eik·r,
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which are normalised,
∫
V
d3r ψ∗σ(r)ψσ(r) = 1, and carry the energy

εk =
~2k2

2m
. (5.1)

Because of the periodic boundary conditions the momenta can only take discrete values,

ψσ(r) = ψσ(r + Lêi) =
1√
V
eik·reikiL = ψσ(r)eikiL ⇒ eikiL = 1,

from which it follows that

ki = ni
2π

L
with ni ∈ Z. (5.2)

Because of the Pauli principle, two fermions with the same spin cannot occupy the
same momentum state. The groundstate of N fermions is therefore obtained by filling
momentum states of increasing energy (‘filling the Fermi sea’).

kx

ky

kF

2⇡/L

The states are filled up to the Fermi momentum kF , corresponding to the Fermi energy

εF =
~2k2

F

2m
. (5.3)

Note that in the thermodynamic limit, L→∞ (keeping the density fixed), ∆k = 2π/L→ 0
and kF becomes sharply defined. The density is given by
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ρ =
N

V
=
N↑ +N↓

V
=

2

V

|k|≤kF∑

k

=
2

(2π)3

|k|≤kF∑

k

(∆k)3

→
L→∞

2

(2π)3

∫

|k|≤kF
d3k =

2

(2π)3
· 4

3
πk3

F =
1

3π2
k3
F . (5.4)

Using that kF = (3π2ρ)1/3, we can express the Fermi energy (5.3) in terms of the density,

εF = (3π2)2/3 ~2

2m
ρ2/3. (5.5)

5.1 Fermi function and density of states
For the three-dimensional Fermi gas in a box with periodic boundary conditions we have 2
states with energy 0, 12 states with energy ~2(∆k)2

2m
, etc. Let us consider a general situation

of a system of fermions with discrete energy levels ε1 < ε2 < ε2 < . . . and assume that there
exist g1 states with energy ε1, g2 states with energy ε2, and so on.

✏

✏1

✏2

✏3

g1

g2

g3

states with energy ✏1

states with energy 

states with energy 

✏2

✏3

We want to calculate the grand canonical partition function ZG and related grand potential
Ω(V, T, µ),

ZG = Tr e−β(Ĥ−µN̂) = e−βΩ(V,T,µ), (5.6)

where β = 1/(kBT ). The Hamiltonian and particle number operators are given by

Ĥ =
∑

i

gi∑

αi=1

εic
†
i,αi
ci,αi ,

N̂ =
∑

i

gi∑

αi=1

c†i,αici,αi .

Since Ĥ and N̂ are diagonal in the occupation number operators, n̂i,αi = c†i,αici,αi , which
can only take values 0 or 1, it is straightforward to compute the trace,

59



ZG = Tr e−β
∑
i

∑gi
αi=1(εi−µ)n̂i,αi =

∑

{ni,αi}

∏

i

gi∏

αi=1

e−β(εi−µ)ni,αi

=
∏

i

gi∏

αi=1

(
e−β(εi−µ) + 1

)
=
∏

i

(
e−β(εi−µ) + 1

)gi
.

From ZG we can easily compute the potential

Ω = − 1

β
lnZG = − 1

β

∑

i

gi ln
(
e−β(εi−µ) + 1

)
. (5.7)

The average particle number is given by

N = 〈N̂〉 =
1

ZG
Tr N̂e−β(Ĥ−µN̂) =

1

β

∂

∂µ
lnZG = −

(
∂Ω

∂µ

)

V,T

=
1

β

∑

i

gi
βe−β(εi−µ)

e−β(εi−µ) + 1
=
∑

i

gi
1

eβ(εi−µ) + 1
=
∑

i

gi nF (εi). (5.8)

In the last step we have defined the Fermi function

nF (ε) =
1

eβ(ε−µ) + 1
. (5.9)

From the expression for the average particle number, Eq. (5.8), it is evident that nF (ε)
is equal to the average occupation of a state with energy ε. As the temperature goes to
zero (β → ∞), nF (ε) → 1 if ε < µ and nF (ε) → 0 if ε > µ. Hence the Fermi function
becomes a step function at zero temperature, reflecting that only states with ε < εF = µ
are occupied. In the context of the Fermi gas this is the groundstate of the filled Fermi sea.
At finite temperature, T > 0, the Fermi function smears in an interval around µ of width
∼ T . As we will see later, µ also slightly shifts (∼ T 2) away from εF . The smearing of the
Fermi surface is a consequence of thermally excited particle-hole pairs.

nF (✏)nF (✏)

✏ ✏µ = ✏F µ

1 1

0 0

kx

ky

kx

ky

T > 0 :T = 0 :

⇠ T

60



For a continuous energy spectrum Eq. (5.8) takes the form

N =

∫ ∞

0

dε g(ε)nF (ε), (5.10)

where g(ε) is called the density of states (DOS) and g(ε)dε is equal to the number of states
with energies between ε and ε+ dε. We conclude this section by computing the density of
states g(ε) for the free Fermi gas in d = 3 spatial dimensions. We calculate the average
particle number N explicitly by converting the momentum integral into an integral over
energy and then obtain g(ε) from comparison with Eq. (5.10).

N =
∑

k,σ

nF (εk) = 2
∑

k

nF (εk) = 2
V

(2π)3

∑

k

(∆k)3nF (εk)

V→∞' 2
V

(2π)3

∫
d3k nF (

~2k2

2m
) =

V

π2

∫
dk k2nF (

~2k2

2m
)

=
1

2

V

π2

2m

~2

∫ ∞

0

dε

√
2m

~2

√
ε nF (ε), (5.11)

from which it follows that

g(ε) =
V

2π2

√
2m

~2

3√
ε. (5.12)

Note that we have chosen to define g(ε) for the system as a whole rather than per unit
volume, and so it is proportional to V . For the DOS per unit volume we will write ν(ε) :=
g(ε)/V .

5.2 The Sommerfeld expansion
The Fermi temperatures in metals (εF = kBTF ) are typically of the order TF ∼ 104 − 105

K. We can therefore assume that

kBT

εF
=

T

TF
� 1, (5.13)

and expand thermodynamic observables in terms of this small parameter. We need to
calculate integrals of the form

I =

∫ ∞

−∞
dε h(ε)nF (ε),

where nF (ε) is the Fermi function, Eq. (5.9), and h(ε) a function that is analytic at ε = µ.
E.g., the expressions for the average particle number (5.10) and for the energy are of this
form. The expansion in terms of the small parameter (5.13) is an expansion in terms of a
small smearing of the Fermi step function. In a homework problem you will show that

∫ ∞

−∞
dε h(ε)nF (ε) ≈

∫ µ

−∞
dε h(ε) +

π2

6
h′(µ)(kBT )2 +

7π4

360
h′′′(µ)(kBT )4. (5.14)

This expansion is known as the Sommerfeld expansion.

61



We use the Sommerfeld expansion (5.14) to evaluate the integral for the particle number
(5.10) up to order T 2. In order to obtain an integral from −∞ to∞ we can simply continue
the DOS by setting g(ε) = 0 for ε < 0. We obtain:

N =

∫ ∞

0

dε g(ε)nF (ε) ≈
∫ µ

0

dε g(ε) +
π2

6
g′(µ)(kBT )2

g(ε)∼√ε
=

2

3
µg(µ) +

π2

12

g(µ)

µ
(kBT )2 =

2

3
µg(µ)

[
1 +

π2

8

(
kBT

µ

)2
]

≈ 2

3
µg(µ)

[
1 +

π2

8

(
kBT

εF

)2
]

(5.12)
=

V

3π2

√
2m

~2

3

µ3/2

[
1 +

π2

8

(
kBT

εF

)2
]
.(5.15)

Solving this equation for the the chemical potential we obtain

µ = (3π2ρ)2/3 ~2

2m︸ ︷︷ ︸
=εF (5.5)

[
1 +

π2

8

(
kBT

εF

)2
]−2/3

≈ εF

[
1− π2

12

(
kBT

εF

)2
]
. (5.16)

At T = 0, µ = εF . Temperature leads to a small reduction of µ of order (kBT/εF )2. For
the energy,

E =

∫ ∞

0

dε εg(ε)nF (ε), (5.17)

we obtain from the Sommerfeld expansion (5.14) with h(ε) = εg(ε) ∼ ε3/2 for ε > 0 and
h(ε) = 0 for ε < 0, keeping terms up to order T 2,

E ≈ 2

5
µ2g(µ) +

π2

6

3

2
g(µ)(kBT )2 =

2

5
µ2g(µ)

[
1 +

5π2

8

(
kBT

µ

)2
]

≈ 2

5

V

2π2

√
2m

~2

3

µ5/2

[
1 +

5π2

8

(
kBT

εF

)2
]

(5.16)
=

2

5

V

2π2

√
2m

~2

3

ε
5/2
F

[
1− π2

12

(
kBT

εF

)2
]5/2 [

1 +
5π2

8

(
kBT

εF

)2
]

≈ 2

5
ε2Fg(εF )

[
1− 5π2

24

(
kBT

εF

)2
][

1 +
5π2

8

(
kBT

εF

)2
]

≈ 2

5
ε2Fg(εF )

[
1 +

5π2

12

(
kBT

εF

)2
]

= E0 +
π2

6
g(εF )(kBT )2. (5.18)

From the energy expression we obtain the specific heat
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CV =

(
∂E

∂T

)

V

=
π2

3
g(εF )k2

BT = γT. (5.19)

The linear specific heat coefficient

γ =
π2

3
g(εF )k2

B (5.20)

is called the Sommerfeld coefficient.

5.3 Pauli (spin) susceptibility at T = 0

In this section we calculate the magnetic susceptibility or Pauli (spin) susceptibility,

χ =
∂M

∂B

∣∣∣∣
B=0

, (5.21)

of the free electron gas at T = 0. Here B denotes the magnetic field and M the induced
magnetisation. χ is a measure of how easy it is to magnetise the system. In the presence
of a magnetic field, the Hamiltonian of the free electron gas becomes

Ĥ =
∑

kσ

~2k2

2m
c†kσckσ︸ ︷︷ ︸

=n̂kσ

−1

2
gµBB

∑

k

(n̂k↑ − n̂k↓), (5.22)

where the constants µB and g are the Bohr magneton and g-factor (g = 2 for electrons),
respectively. The Hamiltonian is diagonal with electron dispersion

εkσ =
~2k2

2m
− 1

2
σgµBB, (5.23)

where we have identified σ ∈ {↑, ↓} = {+1,−1}. The opposite shifts of the dispersion
of spin-up and spin-down electrons correspond to a splitting of the Fermi surfaces. From
εkσ = µ = εF we obtain

kF,± =

√
2m

~2

√
εF ±

1

2
gµBB. (5.24)

kF

k+
F

k�
F

#

"
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The magnetisation is given by

M =
1

2
gµB(N↑ −N↓) =

1

2
gµB

∑

k

[nF (εk↑)− nF (εk↓)] =
1

2
gµB

V

(2π)3

4

3
π
(
k3
F,+ − k3

F,−
)

(5.24)
=

V

12π2
gµB

√
2m

~2

3 [
(εF +

1

2
gµBB)3/2 − (εF −

1

2
gµBB)3/2

]

≈ V

12π2
gµB

√
2m

~2

3
3

2

√
εFgµBB

(5.12)
=

1

4
(gµB)2g(εF )B. (5.25)

From this it follows that

χ =
∂M

∂B

∣∣∣∣
B=0

=
1

4
(gµB)2g(εF )

g=2
= µ2

Bg(εF ) (5.26)

The Sommerfeld coefficient γ (5.20) and the magnetic susceptibility χ are both proportional
to the DOS at the Fermi level, g(εF ). A useful quantity that is independent of the DOS is
the Wilson ratio

RW =
π2k2

Bχ

3µ2
Bγ

. (5.27)

The coefficients are adjusted such that for the free Fermi gas RW = 1. When we include
interactions between electrons, both CV and χ are modified, in principle differently. De-
viations of RW from 1 indicate strong electronic correlations. RW may be � 1 in nearly
ferromagnet metals.
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Chapter 6

Landau theory of Fermi liquids

The thermal excitations in the free Fermi gas are given by particle-hole excitations around
the Fermi surface in a momentum shell of relative width T/TF . As a result, the heat
capacity is linear in temperature and the Pauli susceptibility is constant. It is remarkable
that the same behaviour is measured for electrons in metals and for liquid 3He, since
in these systems the scale for interactions is typically comparable with the Fermi energy
and certainly much larger than the energy scale of excitations relevant for these physical
properties.

The objective of the Landau theory of Fermi liquids is to understand why interactions
have no qualitative effect, and to characterise their residual, quantitative consequences.

Lev Landau
1908 - 1968

Nobel Prize in Physics
(Theory of superfluidity)

1962

The central assumption of Fermi liquid theory is that, as long as we don’t cross a
phase transition, the ground state and the excitations evolve smoothly as we increase the
interaction strength from zero to its physical value. This suggests that we can use the same
set of quantum numbers as in the free gas, momentum and spin, to describe the low-energy
excitations of the interacting system.

These excitations are described by elementary excitations, or quasiparticles, which are
very similar to the usual electrons and holes in a free Fermi gas, despite strong interactions.
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6.1 Lifetime of quasiparticles
A crucial assumption of Fermi-liquid theory is that there exists a well defined Fermi surface,
with the radius kF satisfying the same relation to the density,

ρ =
N

V
=

k3
F

3π2~3

as in the free Fermi gas. We consider a quasiparticle with momentum k (|k| > kF ) and
spin σ, c†kσ|FS〉. Interactions lead to scattering processes which give rise to a finite lifetime
of the quasiparticle. The conventional density-density interactions are of the form

Ĥint =
1

2

∫
d3r

∫
d3r′ V (|r− r′|)n̂(r)n̂(r′), (6.1)

with n̂(r) =
∑

σ=↑,↓ n̂σ(r) =
∑

σ c
†
σ(r)cσ(r). For the following considerations, the precise

form of the interaction potential V (r) is not important, it could e.g. be a screened Coulomb
potential V (r) = λ

r
e−q0r (q0 > 0) with Fourier transform Ṽ (q) = 4πλ

q2+q20
(homework). In

momentum space, the interaction takes the form (homework)

Ĥint =
1

2

∑

k,k′,q

∑

σ,σ′

Ṽ (q)c†k−q,σc
†
k′+q,σ′ck′,σ′ck,σ. (6.2)

Acting with Ĥint on an initial quasiparticle state |i〉 = c†kσ|FS〉 (|k| > kF ), we see that the
quasiparticle loses energy by scattering another quasiparticle out of the Fermi sea, leaving
behind a quasihole:

k, �

k � q, �
k0, �0

k0 + q, �0

q�q
+

Ĥint

The inverse lifetime τ−1
k of a quasiparticle with momentum k is given by the scattering

rates wi→f summed over all final states |f〉. Using Fermi’s Golden rule, we obtain

τ−1
k =

∑

f

wi→f =
2π

~
∑

f

∣∣∣〈f |Ĥint|i〉
∣∣∣
2

δ(Ef − Ei). (6.3)

The delta function enforces conservation of energy, where

Ef = EFS + εk−q + εk′+q − εk′ ,
Ei = EFS + εk,
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with EFS the energy of the fully occupied Fermi sea. Note that εkσ = εk = ~2k2
2m

. The
summation over final states implies a sum (integral) over k′, q and σ′. Inserting Ĥint (6.2)
into Eq. (6.3) we obtain

τ−1
k =

2π

~V 2

∑

k′,q,σ′

|Ṽ (q)|2 nF (εk′) [1−nF (εk′+q)] [1−nF (εk−q)] δ(εk−q−εk+εk′+q−εk′). (6.4)

The integrals can be performed analytically at T = 0 since the Fermi functions simply
constrain the integration range and ensure that k′ lies inside and k′ + q and k− q outside
the Fermi sea. The sum over σ′ simply gives a factor of 2. A straightforward but tedious
calculation (homework) gives

τ−1
k ∼ (εk − εF )2. (6.5)

This result implies that the quasiparticles become longer and longer lived as the Fermi
surface is approached. At zero temperature, the lifetime becomes infinite at the Fermi
surface. Evaluating Eq. (6.4) at T > 0 one finds that temperature gives an additional
contribution ∼ T 2 to τ−1

k .

6.2 Relation between bare electrons and quasiparticles
The action of an annihilation operator ckσ of a bare fermion with wavevector k and spin σ
of the groundstate |GS〉 on the interacting system has an amplitude (:= Z1/2) to generate
a state |kσ〉 containing a quasihole if |k| ≤ kF . It also has an amplitude to generate super-
positions of many excitations, which we denote as |incoherent〉. We expect the incoherent
processes to vary smoothly with k.

ckσ|GS〉 ∼
{
Z1/2|kσ〉+ |incoherent〉 (|k| ≤ kF )
|incoherent〉 (|k| > kF )

(6.6)

At T = 0, the Fermi occupation number nkσ = 〈GS|c†kσckσ|GS〉 has a step of size Z at
|k| = kF . This is known as the Migdal discontinuity and is the demonstration of the
existence of a sharp Fermi surface.

In the free fermion system Z = 1. The effect of interactions is to decrease Z and to give
excitations (quasiparticles) an effective mass larger than that of the bare particles.
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The existence of quasiparticles and an incoherent background can be seen in the spectral
function A(k, ω). For ω > εF , A(k, ω) is equal to the probability of finding the system in
the state with momentum k and energy ω after adding an electron. For ω < εF , A(k, ω) is
equal to the probability of extracting an electron with energy ω and momentum k. This is
the process of (angle-resolved) photoemission (ARPES).

For the free electron gas, the system is made of bare electrons with a well defined relation
between energy and momentum, ω = εk, and hence

A(k, ω) ' δ(ω − εk). (6.7)

In the presence of interactions in a Fermi liquid there exists a quasiparticle which has a
finite overlap Z1/2 < 1 with the bare electron. The remaining spectral weight is transferred
to the incoherent background,

A(k, ω) = Aqp(k, ω) + Ainc(k, ω). (6.8)

At ω = εF and T = 0 the lifetime of the quasiparticle is infinite and Aqp(k, ω = εF ) '
Zδ(εF − εk). Moving away from the Fermi surface, the lifetime of the quasiparticle is finite,
τk ∼ |εk − εF |−2, corresponding to a broadening of the quasiparticle peak. The peak can
be approximated by a Lorentzian with width τ−1

k .
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6.3 Parametrising excitation energies
The key assumption of Fermi liquid theory is that the strongly interacting electron system
renormalises into a gas of weakly interacting quasiparticles with dispersion

ε0(k) =
~2k2

2m∗
. (6.9)

Here, m∗ is called the quasiparticle effective mass, which can be considerably larger
than the bare electron mass m. E.g., in heavy fermion compounds such as CeCu6 or CeAl3
we observe m∗/m ≈ 103. Since the quasiparticles are sharply defined only close to the
Fermi surface, one often works with a linearised dispersion near kF ,

ε0(k)− εF ≈
~2

m∗
kF (k − kF ). (6.10)

Note that for simplicity, we assume that the Fermi surface of the Fermi liquid is spher-
ical. Real materials often exhibit multiple bands with complicated Fermi surfaces. In this
case, the effective mass can be different for the different bands and change as a function of
momentum.

Having established the idea that excitations are of the same kind as in a free Fermi gas,
and have sharply defined energies, it remains to discuss how these energies are influenced by
residual interactions between quasiparticles. Suppose we somehow changed the distribution
of quasiparticles,

n
(0)
kσ → nkσ = n

(0)
kσ + δnkσ (6.11)

The change δnkσ could be due to an excitation or an external perturbation. The change of
the total energy δE due to δnkσ up to quadratic order is

δE =
∑

kσ

~2k2

2m∗
δnkσ +

1

2

∑

kσ,k′σ′

f(kσ,k′σ′)δnkσδnk′σ′ . (6.12)

The function f(kσ,k′σ′) introduced phenomenologically in Eq. (6.12) is called the Landau
interaction function. One can show that it is connected with the scattering amplitude of
electrons. As quasiparticles interact with each other, the energy of each of them depends
on the changes of the distribution function of the others. From δE =

∑
kσ εσ(k)δnkσ we

obtain

εσ(k) =
δ(δE)

δ(δnkσ)
=

~2k2

2m∗
+
∑

k′σ′

f(kσ,k′σ′)δnk′σ′ . (6.13)

At this point the approach seems unpromising because the expansion coefficients involve not
only a few fitting parameters but instead an unknown function f(kσ,k′σ′). We make things
manageable by separating δnkσ into spherical harmonics, and recognising that in most
physical situations only the lowest two harmonics are relevant. In turn, for a spherical Fermi
surface, only the zeroth and first harmonics of f(kσ,k′σ′) are important. For nonmagnetic
systems, we can decompose f(kσ,k′σ′) into two terms, f (s), f (a),
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f(k ↑,k′ ↑) = f(k ↓,k′ ↓) = f (s)(k,k′) + f (a)(k,k′),

f(k ↑,k′ ↓) = f(k ↓,k′ ↑) = f (s)(k,k′)− f (a)(k,k′).

Identifying {↑, ↓} with {+1,−1} we can write the two equations in a compact form,

f(kσ,k′σ′) = f (s)(k,k′) + σσ′f (a)(k,k′). (6.14)

In the figure below, Fermi surface deformations in different angular momentum channel
and symmetric or anti-symmetric in spin are shown.

Fermi sea

spin symmetric (s)spin anti-symmetric (a)
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s-wave

` = 1
<latexit sha1_base64="6suIlgpXRYCE3K5mu8L3vxo3Rkg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKHjxWMF+QBvKZjtpl242YXcjlNAf4cWDIl79Pd78N27aHLT1hYWHd2bYmTdIBNfGdb+d0sbm1vZOebeyt39weFQ9PunoOFUM2ywWseoFVKPgEtuGG4G9RCGNAoHdYHqX17tPqDSP5aOZJehHdCx5yBk11uoOUAhy6w2rNbfuLkTWwSugBoVaw+rXYBSzNEJpmKBa9z03MX5GleFM4LwySDUmlE3pGPsWJY1Q+9li3Tm5sM6IhLGyTxqycH9PZDTSehYFtjOiZqJXa7n5X62fmrDhZ1wmqUHJlh+FqSAmJvntZMQVMiNmFihT3O5K2IQqyoxNqGJD8FZPXofOVd2z/HBdazaKOMpwBudwCR7cQBPuoQVtYDCFZ3iFNydxXpx352PZWnKKmVP4I+fzB1W5jt0=</latexit><latexit sha1_base64="6suIlgpXRYCE3K5mu8L3vxo3Rkg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKHjxWMF+QBvKZjtpl242YXcjlNAf4cWDIl79Pd78N27aHLT1hYWHd2bYmTdIBNfGdb+d0sbm1vZOebeyt39weFQ9PunoOFUM2ywWseoFVKPgEtuGG4G9RCGNAoHdYHqX17tPqDSP5aOZJehHdCx5yBk11uoOUAhy6w2rNbfuLkTWwSugBoVaw+rXYBSzNEJpmKBa9z03MX5GleFM4LwySDUmlE3pGPsWJY1Q+9li3Tm5sM6IhLGyTxqycH9PZDTSehYFtjOiZqJXa7n5X62fmrDhZ1wmqUHJlh+FqSAmJvntZMQVMiNmFihT3O5K2IQqyoxNqGJD8FZPXofOVd2z/HBdazaKOMpwBudwCR7cQBPuoQVtYDCFZ3iFNydxXpx352PZWnKKmVP4I+fzB1W5jt0=</latexit><latexit sha1_base64="6suIlgpXRYCE3K5mu8L3vxo3Rkg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKHjxWMF+QBvKZjtpl242YXcjlNAf4cWDIl79Pd78N27aHLT1hYWHd2bYmTdIBNfGdb+d0sbm1vZOebeyt39weFQ9PunoOFUM2ywWseoFVKPgEtuGG4G9RCGNAoHdYHqX17tPqDSP5aOZJehHdCx5yBk11uoOUAhy6w2rNbfuLkTWwSugBoVaw+rXYBSzNEJpmKBa9z03MX5GleFM4LwySDUmlE3pGPsWJY1Q+9li3Tm5sM6IhLGyTxqycH9PZDTSehYFtjOiZqJXa7n5X62fmrDhZ1wmqUHJlh+FqSAmJvntZMQVMiNmFihT3O5K2IQqyoxNqGJD8FZPXofOVd2z/HBdazaKOMpwBudwCR7cQBPuoQVtYDCFZ3iFNydxXpx352PZWnKKmVP4I+fzB1W5jt0=</latexit><latexit sha1_base64="6suIlgpXRYCE3K5mu8L3vxo3Rkg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKHjxWMF+QBvKZjtpl242YXcjlNAf4cWDIl79Pd78N27aHLT1hYWHd2bYmTdIBNfGdb+d0sbm1vZOebeyt39weFQ9PunoOFUM2ywWseoFVKPgEtuGG4G9RCGNAoHdYHqX17tPqDSP5aOZJehHdCx5yBk11uoOUAhy6w2rNbfuLkTWwSugBoVaw+rXYBSzNEJpmKBa9z03MX5GleFM4LwySDUmlE3pGPsWJY1Q+9li3Tm5sM6IhLGyTxqycH9PZDTSehYFtjOiZqJXa7n5X62fmrDhZ1wmqUHJlh+FqSAmJvntZMQVMiNmFihT3O5K2IQqyoxNqGJD8FZPXofOVd2z/HBdazaKOMpwBudwCR7cQBPuoQVtYDCFZ3iFNydxXpx352PZWnKKmVP4I+fzB1W5jt0=</latexit>

p-wave

` = 2
<latexit sha1_base64="cVR/qqG2gXtIpjNSXQ5YhOutWT4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIrQXoeDFYwX7AW0om+2kXbrZhN2NUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gEVwb1/12ClvbO7t7xf3SweHR8Un59Kyj41QxbLNYxKoXUI2CS2wbbgT2EoU0CgR2g+ndot59QqV5LB/NLEE/omPJQ86osVZ3gEKQ29qwXHGr7lJkE7wcKpCrNSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvUdIItZ8t152TK+uMSBgr+6QhS/f3REYjrWdRYDsjaiZ6vbYw/6v1UxM2/IzLJDUo2eqjMBXExGRxOxlxhcyImQXKFLe7EjahijJjEyrZELz1kzehU6t6lh9uKs1GHkcRLuASrsGDOjThHlrQBgZTeIZXeHMS58V5dz5WrQUnnzmHP3I+fwBXPY7e</latexit><latexit sha1_base64="cVR/qqG2gXtIpjNSXQ5YhOutWT4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIrQXoeDFYwX7AW0om+2kXbrZhN2NUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gEVwb1/12ClvbO7t7xf3SweHR8Un59Kyj41QxbLNYxKoXUI2CS2wbbgT2EoU0CgR2g+ndot59QqV5LB/NLEE/omPJQ86osVZ3gEKQ29qwXHGr7lJkE7wcKpCrNSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvUdIItZ8t152TK+uMSBgr+6QhS/f3REYjrWdRYDsjaiZ6vbYw/6v1UxM2/IzLJDUo2eqjMBXExGRxOxlxhcyImQXKFLe7EjahijJjEyrZELz1kzehU6t6lh9uKs1GHkcRLuASrsGDOjThHlrQBgZTeIZXeHMS58V5dz5WrQUnnzmHP3I+fwBXPY7e</latexit><latexit sha1_base64="cVR/qqG2gXtIpjNSXQ5YhOutWT4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIrQXoeDFYwX7AW0om+2kXbrZhN2NUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gEVwb1/12ClvbO7t7xf3SweHR8Un59Kyj41QxbLNYxKoXUI2CS2wbbgT2EoU0CgR2g+ndot59QqV5LB/NLEE/omPJQ86osVZ3gEKQ29qwXHGr7lJkE7wcKpCrNSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvUdIItZ8t152TK+uMSBgr+6QhS/f3REYjrWdRYDsjaiZ6vbYw/6v1UxM2/IzLJDUo2eqjMBXExGRxOxlxhcyImQXKFLe7EjahijJjEyrZELz1kzehU6t6lh9uKs1GHkcRLuASrsGDOjThHlrQBgZTeIZXeHMS58V5dz5WrQUnnzmHP3I+fwBXPY7e</latexit><latexit sha1_base64="cVR/qqG2gXtIpjNSXQ5YhOutWT4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIrQXoeDFYwX7AW0om+2kXbrZhN2NUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gEVwb1/12ClvbO7t7xf3SweHR8Un59Kyj41QxbLNYxKoXUI2CS2wbbgT2EoU0CgR2g+ndot59QqV5LB/NLEE/omPJQ86osVZ3gEKQ29qwXHGr7lJkE7wcKpCrNSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvUdIItZ8t152TK+uMSBgr+6QhS/f3REYjrWdRYDsjaiZ6vbYw/6v1UxM2/IzLJDUo2eqjMBXExGRxOxlxhcyImQXKFLe7EjahijJjEyrZELz1kzehU6t6lh9uKs1GHkcRLuASrsGDOjThHlrQBgZTeIZXeHMS58V5dz5WrQUnnzmHP3I+fwBXPY7e</latexit>

d-wave

"
<latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit><latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit><latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit><latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit>

"
<latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit><latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit><latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit><latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit>

"
<latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit><latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit><latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit><latexit sha1_base64="QXA29TmjgiNDfVLf/ZQMOmNGVNw=">AAAB73icdVBNS8NAEJ34WetX1aOXxSJ4KkkMbb0VvHisYD+gDWWz3bRLN5u4u1FK6J/w4kERr/4db/4bN20FFX0w8Hhvhpl5QcKZ0rb9Ya2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyWXud+6oVCwWN3qaUD/CI8FCRrA2UrefJljK+H5QKtuVi3rV9arIrth2zXGdnLg179xDjlFylGGJ5qD03h/GJI2o0IRjpXqOnWg/w1Izwums2E8VTTCZ4BHtGSpwRJWfze+doVOjDFEYS1NCo7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6Rjlz6Mhk5RoPjUEE8nMrYiMscREm4iKJoSvT9H/pO1WHMOvvXKjvoyjAMdwAmfgQA0acAVNaAEBDg/wBM/WrfVovVivi9YVazlzBD9gvX0Cy3eQbg==</latexit>

#
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Since the whole theory is valid only close to the Fermi surface, we can assume |k| ≈ |k′| ≈ kF
and keep only the dependence on the angle θ between k and k′. In this case, the expansion
in terms of spherical harmonics reduces into an expansion in terms of simpler Legendre
polynomials P`(x), x = cos θ,

f (a,s)(k,k′) =
∞∑

`=0

f
(a,s)
` P`(cos θ). (6.15)

The first Legendre polynomials are given by P0(x) = 1, P1(x) = x and P2(x) = 1
2
(3x2− 1).

From Eq. (6.12) it is clear that f (a,s)(k,k′) and hence f (a,s)
` carry units of energy. We

therefore introduce dimensionless Landau parameters
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F
(a,s)
` = g∗(εF )f

(a,s)
` , (6.16)

with

g∗(εF ) =
V

2π2

√
2m∗

~2

3√
εF =

V m∗kF
π2~2

(6.17)

the DOS at the Fermi energy, where the asterisks denotes m→ m∗. Keeping only the first
two harmonics we therefore obtain

f (a,s)(k,k′) ≈ 1

g∗(εF )

(
F

(a,s)
0 + F

(a,s)
1 cos θ

)
. (6.18)

6.4 Measuring the Landau parameters
The isotropic Fermi liquid (spherical Fermi surface) is parametrised (to a good approxima-
tion) by a few dimensionless parameters,

m∗

m
,F

(s)
0 , F

(a)
0 , and F

(s)
1 .

These are related to measurable quantities such as specific heat, magnetic susceptibility
and compressibility.

Heat capacity:

Finite temperature generates an isotropic distribution (radially symmetric), nkσ = n
(0)
kσ +

δnkσ, in which there are the same number of quasiparticles and quasiholes and therefore
∑

k

δnkσ = 0. (6.19)

For any isotropic distribution nkσ, δnkσ only contains an s-wave component (` = 0), cou-
pling only to F (s)

0 and F (a)
0 . In general, the orthogonality of Legendre polynomials,

∫ 1

−1

dx P`(x)P`′(x) =

∫ π

0

dθ sin θ P`(cos θ)P`′(cos θ) =
2

2`+ 1
δ`,`′ ,

implies that the `-wave component of δnkσ can only couple to F (s)
` and F (a)

` . Starting from
Eq. (6.13), we obtain

εσ(k) =
~2k2

2m∗
+
∑

k′σ′

f(kσ,k′σ′)δnk′σ′ =
~2k2

2m∗
+
∑

k′σ′

[
f (s)(k,k′) + σσ′f (a)(k,k′)

]
δnk′σ′

`=0
=

~2k2

2m∗
+

1

g∗(εF )

∑

σ′

(
F

(s)
0 + σσ′F (a)

0

)∑

k′

δnk′σ′

︸ ︷︷ ︸
=0 (6.19)

=
~2k2

2m∗
. (6.20)

The interaction parameters do not contribute in this case. For this reason, interactions
affect the heat capacity CV only via the value of the effective mass,
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CV =
π2

3
k2
Bg
∗(εF )T. (6.21)

The ratio of the Sommerfeld coefficients of the Fermi liquid and the free Fermi gas is given
by

γ

γ0

=
g∗(εF )

g(εF )
=
m∗

m
. (6.22)

Compressibility:

A change in density can be represented by an isotropic, spin-independent δnkσ (δnk↑ =
δnk↓). To compute the isothermal (T ≡ 0) compressibility, we change kF to kF + δkF ,
(εF → εF + δεF ).

kF

kF + �kF

1

0

1

0

�n�(✏)

n�(✏)

✏F

✏F

✏F + �✏F

✏F + �✏F

✏

✏

Let δn :=
∑

kσ δnkσ. The resulting change in the total energy is given by

δE =
∑

kσ

~2k2

2m∗
δnkσ +

1

2

∑

kσ,k′σ′

f(kσ,k′σ′)δnkσδnk′σ′

`=0
=

∑

kσ

~2k2

2m∗
δnkσ +

1

2g∗(εF )

∑

kσ,k′σ′

(
F

(s)
0 + σσ′F (a)

0

)
δnkσδnk′σ′

=
∑

kσ

~2k2

2m∗
δnkσ +

F
(s)
0

2g∗(εF )
(δn)2. (6.23)

We need to evaluate the first term up to order (δn)2. We first calculate it as a function of
δεF ,
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∑

kσ

~2k2

2m∗
δnkσ =

∫ εF+δεF

εF

dε εg∗(ε) =
V

2π2

√
2m∗

~2

3 ∫ εF+δεF

εF

dε ε3/2

=
V

2π2

√
2m∗

~2

3
2

5

[
(εF + δεF )5/2 − ε5/2F

]

≈ V

2π2

√
2m∗

~2

3 [
ε

3/2
F δεF +

3

4
ε

1/2
F (δεF )2

]

= g∗(εF )εF δεF +
3

4
g∗(εF )(δεF )2. (6.24)

In order to obtain a relation between δεF and δn we calculate δn in a similar way:

δn =
∑

kσ

δnkσ =

∫ εF+δεF

εF

dε g∗(ε) =
V

2π2

√
2m∗

~2

3 ∫ εF+δεF

εF

dε ε1/2

= =
V

2π2

√
2m∗

~2

3
2

3

[
(εF + δεF )3/2 − ε3/2F

]

≈ V

2π2

√
2m∗

~2

3 [
ε

1/2
F δεF +

1

4
ε
−1/2
F (δεF )2

]

= g∗(εF )δεF +
1

4

g∗(εF )

εF
(δεF )2.

Solving this quadratic equation for δεF we obtain

δεF = −2εF
+

(−) 2εF

(
1 +

δn

εFg∗(εF )

)1/2

≈ δn

g∗(εF )
− 1

4

(δn)2

εFg∗(εF )2
,

which, after inserting into Eq. (6.24) yields

∑

kσ

~2k2

2m∗
δnkσ = εF δn−

(δn)2

4g∗(εF )
+

3(δn)2

4g∗(εF )
= εF δn+

(δn)2

2g∗(εF )
.

Inserting this into Eq. (6.23), we obtain the total energy change

δE = εF δn+
1 + F

(s)
0

2g∗(εF )
(δn)2. (6.25)

Using that the inverse compressibility is given by

κ−1 = −V ∂p

∂V

∣∣∣∣
N,T

p=−(∂E/∂V )N
= V

∂2E

∂V 2

∣∣∣∣
N

, (6.26)
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and that δn ∼ δV , we obtain κ ∼ g∗(εF )/[1 + F
(s)
0 ]. Hence the ratio of the compressibility

of the Fermi liquid and the free Fermi gas is given by

κ

κ0

=
m∗/m

1 + F
(s)
0

. (6.27)

Magnetic Pauli susceptibility:

We can probe the Landau parameter F (a)
0 by measuring the Pauli spin susceptibility, since

a magnetic Zeeman field B generates a spherically symmetric, spin antisymmetric change
δnkσ of the quasiparticle distribution. Let

δnσ :=
∑

k

δnkσ =
1

2

∫
dε g∗(ε)δnσ(ε),

with δn↑ = −δn↓ (fixed density). This corresponds to a shift of the Fermi energies, εF →
εF + δε↑ for spin-up electrons and εF → εF − δε↓ for spin-down electrons.

kF

1

0

1

0

�n�(✏)

n�(✏)

✏F ✏

✏

�1

✏F + �✏"

✏F + �✏"

✏F

�n#(✏)

�n"(✏)

kF + �k"

kF � �k#

✏F � �✏#

✏F � �✏#

Note that since the DOS g∗(ε) ∼ √ε is not constant, δn↑ = −δn↓ does not imply that δε↑
is equal to δε↓. The resulting magnetisation of the system is

M =
1

2
gµB(δn↑ − δn↓) = gµBδn↑, (6.28)

where g is the quasiparticle g-factor and µB the Bohr-magneton. The calculation of the
change of total energy is very similar to the calculation we have done for the compressibility,
and subject to a homework problem. The result is

δE = −gµBBδn↑ +
2(1 + F

(a)
0 )

g∗(εF )
(δn↑)

2. (6.29)

The energy is minimised for δn↑ = 1
4
gµBB

g∗(εF )

1+F
(a)
0

, giving rise to the magnetisation
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M = gµBδn↑ =
1

4
g2µ2

BB
g∗(εF )

1 + F
(a)
0

, (6.30)

from which we obtain the susceptibility

χ =
∂M

∂B

∣∣∣∣
B=0

= µ2
B

g∗(εF )

1 + F
(a)
0

, (6.31)

where we have used g = 2 for electrons. The ratio of the susceptibilities of the Fermi liquid
and the free Fermi gas is given by

χ

χ0

=
m∗/m

1 + F
(a)
0

. (6.32)

A negative F
(a)
0 leads to an enhancement of χ. In the limit F (a)

0 → −1, χ diverges,
corresponding to an instability towards ferromagnetic order. This is sometimes referred to
as the ‘Stoner instability’.
We conclude this section by calculating the Wilson ratio of the Fermi liquid. Using
Eqs. (6.22) and (6.32), we obtain

RW =
π2k2

B

3µ2
B

χ

γ
=

π2

3µ2
B

m∗/m

1+F
(a)
0

χ0

m∗
m
γ0

=
1

1 + F
(a)
0

, (6.33)

where in the last step we have used that the Wilson ratio of the free Fermi gas is equal to
1. The Wilson ratio becomes much larger than 1 close to a ferromagnetic instability.

Galilean invariance:

For translationally invariant Fermi liquids, e.g. liquid 3He, there exists a simple relation
between the quasiparticle effective mass, m∗/m, and the ` = 1 Landau parameter F (s)

1 ,

m∗

m
= 1 +

1

3
F

(s)
1 . (6.34)

Note that this relation does not hold for quasi-electrons in a crystalline environment.
Eq. (6.34) can be derived by considering a Galilean transformation to a frame moving
at speed v. The corresponding δnkσ displaces the distribution of quasiparticles in a spin-
symmetric way, coupling to F (s)

1 .
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Chapter 7

BCS theory of superconductivity

BCS stands for Bardeen, Cooper and Schrieffer who published their microscopic theory for
superconductivity in 1957 and received the Nobel prize in physics for it in 1972.

John Bardeen
1908 - 1991

Nobel Prize in Physics
(BCS theory of 

superconductivity)
1972

Leon Neil Cooper
1930 - 

John Robert Schrieffer
1931 - 

While the Fermi liquid is stable against weak repulsive interactions, attractive interac-
tions by contrast lead to a qualitative change of the groundstate and excitation, no matter
how weak the attraction is. The central idea of BCS theory is that electron-phonon coupling
gives rise to such an attractive interaction that leads to the formation of bound electron
pairs (‘Cooper pairs’), which in a sense Bose condense.

This two-step picture is too naive however since in many systems, the size of Cooper
pairs (the coherence length) is much larger than the average distance between pairs. For
this reason, binding and condensation must be treated together in theory.

+ + . . .

BEC limit BCS limit

From a historical point of view, it is striking that it took more than 40 years between
the experimental discovery of superconductivity by Kamerlingh-Onnes in 1911 (Nobel prize
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in 1913) and the theoretical understanding due to Bardeen, Cooper and Schrieffer in 1957.
This underlines what a revolutionary advance their theory represents.

7.1 Electron-phonon interaction
As an electron passes through the solid, due to its negative charge, it leaves behind a
deformation trail, effecting the positions of the ion cores. These deformations are associated
with an accumulation of positive charge, giving rise to an attractive potential for the other
electrons. Let us derive this phonon-mediated, attractive electron-electron interaction from
a simple toy model, Ĥ = Ĥ0+Ĥ1, written in terms of electron operators c†kσ, ckσ and phonon
operators a†q, aq,

Ĥ0 =
∑

kσ

ε(k)c†kσckσ + ~ωD
∑

q

a†qaq, (7.1a)

Ĥ1 = λ
∑

qkσ

(
c†k+q,σckσaq + c†k−q,σckσa

†
q

)
. (7.1b)

Here we have considered a single dispersionless phonon mode with frequency ωD. This
is known as the Einstein model which treats the solid as many individual, non-interacting
quantum oscillators. Ĥ1 is the coupling between the electrons and the phonons. To be
more precise, a coupling between the local electron density n̂r =

∑
σ c
†
rσcrσ and the local

lattice deformation δx̂r ∼ a†r + ar,

Ĥ1 ∼
∑

r

n̂rδx̂ ∼
∑

rσ

c†rσcrσ
(
a†r + ar

)

∼
∑

rσ

∑

kk′q

eik
′re−ikrc†k′σckσ

(
eiqra†q + e−iqraq

)

∼
∑

kk′qσ

c†k′σckσ
[
δ(k′ − k + q)a†q + δ(k′ − k− q)aq

]

=
∑

kqσ

(
c†k−qσckσa

†
q + c†k+qσckσaq

)
,

in agreement with the electron-phonon Hamiltonian (7.1). We wish to focus on the electron
system. To this end we eliminate the electron phonon coupling by means of a canonical
transformation which we determine perturbatively. This is equivalent to treating the effect
of Ĥ1 in 2nd order perturbation theory.
The resulting 2nd order diagram has the form of an electron-electron interaction,

Ĥint =
∑

kpq

∑

σσ′

Vkpqc
†
p+qσ′cpσ′c

†
k−qσckσ. (7.2)

To compute the matrix elements Vkpq we proceed with the canonical transformation,
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c†
k�q�ck�a†

q b=

c†
k+q�ck�aq b=

k + q, �

k � q, �

k, �

k, �

k � q, �

k, � p, �0

p + q, �0

q

q

q

=)

terms in Ĥ1

2nd order: hĤ2
1 i0,phonons

H̃ = e−ŜĤeŜ = Ĥ + [Ĥ, Ŝ] +
1

2
[[Ĥ, Ŝ], Ŝ] + . . .

= Ĥ0 + Ĥ1 + [Ĥ0, Ŝ] + [Ĥ1, Ŝ] +
1

2
[[Ĥ0, Ŝ], Ŝ] + . . . , (7.3)

and at leading order we fix Ŝ by demanding that

Ĥ1 + [Ĥ0, Ŝ] = 0. (7.4)

This way we have transformed away the linear Ĥ1 term. Inserting Eq. (7.4) into Eq. (7.3),
we obtain

H̃ ≈ Ĥ0 +
1

2
[Ĥ1, Ŝ] =: Ĥ0 + Ĥint. (7.5)

From Eq. (7.4) we can obtain a relation between the matrix elements of Ŝ and Ĥ1 in the
basis {|n〉} of eigenstates of Ĥ0 (Ĥ0|n〉 = En|n〉),

〈n|Ĥ1|m〉 = −〈n|Ĥ0Ŝ − ŜĤ0|m〉 = (Em − En)〈n|Ŝ|m〉. (7.6)

We now use this relation to calculate the matrix elements of Ĥint for any given initial and
final eigenstates of Ĥ0:

〈f |Ĥint|i〉
(7.5)
=

1

2
〈f | [Ĥ1, Ŝ] |i〉 =

1

2
〈f |Ĥ1Ŝ − ŜĤ1|i〉

1=
∑
n |n〉〈n|=

1

2

∑

n

(
〈f |Ĥ1|n〉〈n|Ŝ|i〉 − 〈f |Ŝ|n〉〈n|Ĥ1|i〉

)

(7.6)
=

1

2

∑

n

〈f |Ĥ1|n〉〈n|Ĥ1|i〉
(

1

Ei − En
+

1

Ef − En

)
. (7.7)

From the matrix elements (7.7) and the definition of Ĥ1 (7.1) we can read of Ĥint in operator
form. Let’s start with an initial |i〉 without any phonons. In order to obtain a final state
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|ii |ni |fi

c†
k�q�ck�a†

q c†
p+q�0cp�0aq

|f〉 without phonons we first have to act with the a†q term and then with the aq term in
Ĥ1,
The intermediate states |n〉 are states which contain one excited phonon. The corresponding
energy changes are

En − Ei = ε(k− q) + ~ωD − ε(k),

Ef − Ei = ε(p + q)− ε(p)− ~ωD,

from which we obtain

Ĥint =
1

2
|λ|2

∑

kpq

∑

σσ′

c†p+qσ′cpσ′c
†
k−qσckσ

×
(

1

ε(k)− ε(k− q)− ~ωD
+

1

ε(p + q)− ε(p)− ~ωD

)
. (7.8)

7.2 The Cooper problem
The phonon-mediated electron-electron interaction (7.8) is attractive for pairs of electrons
with

|ε(k)− ε(k± q)| < ~ωD,
that is, for pairs within the Debye energy ~ωD of the Fermi surface. It is however very
weak.

This leaves us with a puzzle: for two particles moving in free space in three dimensions,
an attractive interaction must exceed a critical strength to produce a bound state. How can
a very weak attraction lead to superconductivity? The answer is that we have to consider
a pair of quasiparticles moving not in free space, but above a filled Fermi sea. As we will
show, Pauli exclusion facilitates binding!

Let us consider the wavefunction for such a pair of quasi-electrons. Since we want to
write down a low-energy state, we set the centre-of-mass momentum to zero and choose the
pair to be in a spin-singlet configuration. In this case the spatial wavefunction is symmetric,
allowing us to take advantage of a local attractive interaction. To respect Pauli exclusion
from a filled Fermi sea, we require the wavefunction to be built from momenta outside the
Fermi surface. The general form of the pair wavefunction is then given by

φ(r1, r2) =
1√
2

(↑1↓2 − ↓1↑2)

|k|>kF∑

k

g(k)eik(r1−r2). (7.9)
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The function g(k) is obtained from requiring that φ(r1, r2) is a solution to the two-particle
Schrödinger equation,

[
− ~2

2m
(∇2

1 +∇2
2) + U(r1 − r2)

]
φ(r1, r2) = Eφ(r1, r2), (7.10)

where U(r) denotes the interaction potential and E the pair energy. Inserting the Ansatz
(7.9), we obtain

|k|>kF∑

k

g(k)eikrU(r) =

|k|>kF∑

k

[E − 2ε(k)] g(k)eikr,

with ε(k) = ~2k2
2m

and r = r1 − r2 the relative coordinate. We operate with 1
V

∫
d3re−iqr . . .

on both sides, giving

1

V

|k|>kF∑

k

g(k)Uk,q = [E − 2ε(q)] g(q)

with Uk,q =
∫
d3rei(k−q)rU(r). We can understand the essentials in a simple way by taking

Uk,q =

{
−U if εF − ~ωD < ε(k), ε(q) < εF + ~ωD
0 otherwise (7.11)

For this simplified form of the interaction potential we obtain

U

V

εF<ε(k)<εF+~ωD∑

k

g(k) = [2ε(q)− E] g(q).

Since the left hand side of this equation is independent of q both sides are equal to a
constant A and therefore

g(q) =
A

2ε(q)− E .

Summing this equation over momenta q with εF < ε(q) < εF + ~ωD, we obtain

A

εF<ε(q)<εF+~ωD∑

q

1

2ε(q)− E =

εF<ε(q)<εF+~ωD∑

q

g(q) =
V

U
A,

and therefore the self-consistency equation

1

U
=

1

V

εF<ε(q)<εF+~ωD∑

q

1

2ε(q)− E ,

which determines the energy E of the pair. We calculate the momentum sum by converting
it into an integral over energy and approximate the DOS in the small interval [εF , εF +~ωD]
(small relative to εF ) by a constant, g(ε)/(2V ) ≈ g(εF )/(2V ) =: ν (DOS at Fermi energy
per volume per spin),
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1

U
=

1

2V

∫ εF+~ωD

εF

g(ε)

2ε− E ≈ ν

∫ εF+~ωD

εF

1

2ε− E

= ν

[
1

2
ln |2ε− E|

]εF+~ωD

εF

=
ρ

2
ln

2(εF + ~ωD)− E
2εF − E

=
ν

2
ln

(
1 +

2~ωD
2εF − E

)

At weak coupling (very small U), the argument of the logarithm is large and we can neglect
the 1. After exponentiating the equation, we obtain an expression for the Cooper pair
binding energy,

2εF − E = 2~ωDe−2/(νU). (7.12)

This result shows that even for very small attraction U there exists a bound state: 2εF−E >
0 which means that the energy of two quasiparticles at the Fermi energy is higher than the
energy E of the bound pair. The exponentially weak dependence on νU shows that the
result is non-perturbative in the interaction.

7.3 The BCS wavefunction
Starting from the pair wavefunction of the form

φ(r1, r2) =
1√
2

(↑1↓2 − ↓1↑2) g(r1, r2),

φ(r2, r1) = −φ(r1, r2), we can attempt to write down a wavefunction for 2N electrons in
which pairs are Bose condensed, of the form

Ψ(r1, . . . , r2N) = A
N∏

i=1

φ(r2i−1, r2i), (7.13)

where A denotes anti-symmetrisation. To illustrate this, let’s consider the case of N = 2
pairs,

Ψ(r1, r2, r3, r4) = Aφ(r1, r2)φ(r3, r4)

= φ(r1, r2)φ(r3, r4)− φ(r1, r3)φ(r2, r4) + φ(r1, r4)φ(r2, r3).

Note that Ψ(r1, . . . , r2N) is an equal-weight superposition of all possible pairs, respecting
the overall anti-symmetry of the wavefunction under the exchange of two fermions,

Ψ(. . . , ri, . . . , rj, . . .) = −Ψ(. . . , rj, . . . , ri, . . .). (7.14)

The wavefunction (7.13) is much easier to write down in momentum space, using fermionic
creation operators. For a single pair in a singlet configuration and with zero centre of mass
momentum the wavefunction is given by
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|φ〉 =
∑

k

gkc
†
k↑c
†
−k↓|0〉, (7.15)

where |0〉 denotes the vacuum state. For the 2N -particle state we therefore obtain

|Ψ〉 =
N∏

i=1

(∑

ki

gkic
†
ki↑c

†
−ki↓

)
|0〉. (7.16)

Expanding the product, only configurations with all ki’s different will survive because of
Pauli exclusion. Moreover, the anti-commutator relations of Fermi creation operators guar-
antee the anti-symmetry of the wavefunction. The form of the wavefunction (7.16) is not
very convenient, because the occupation of different orbitals is correlated to the constraint
that exactly 2N electrons are present. The BCS wavefunction relaxes this constraint. This
is similar to going from the canonical to the grand-canonical ensemble in statistical physics.
The BCS wavefunction has the form

|BCS〉 =
∏

k

(
uk + vkc

†
k↑c
†
−k↓

)
|0〉. (7.17)

Here uk is the amplitude for a pair of orbitals (k,−k) to be empty, whereas vk is the
amplitude for them to contain a Cooper pair. So we require

|uk|2 + |vk|2 = 1 (7.18)

for normalisation, 〈BCS|BCS〉 = 1, and

N = 〈BCS|N̂ |BCS〉 =
∑

k

|vk|2 (7.19)

in a system containing 2N electrons on average (homework).

A filled Fermi sea simply has vk = 1 for all k inside the Fermi surface and vk = 0 outside.
By contrast, in a state containing many Cooper pairs, we expect vk to vary smoothly
between 1 and 0 across a window of width ~ωD of the Fermi surface. One approach is to
find vk variationally by minimising the grand canonical potential

Ω = E − µN = 〈BCS|Ĥ − µN̂ |BCS〉 (7.20)

over the wavefunctions parametrised by Eq. (7.17). This is subject to a homework problem.
An alternative is a mean-field treatment of the attractive electron-electron interaction, as
discussed in the next section.

7.4 BCS mean-field theory
Using the simplified paring interaction (7.11), our starting Hamiltonian is given by

Ĥ =
∑

kσ

εkc
†
kσckσ − U

(∗)∑

kq

c†k↑c
†
−k↓c−q↓cq↑, (7.21)
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where
∑(∗)

kq is the sum over momenta k, q with εF − ~ωD < εk, εq < εF + ~ωD. We wish to
treat the interaction in a mean-field approximation.

Let us first consider an operator product Â·B̂ and rewrite the operators as their expectation
value plus the operator that measures the deviation from the expectation value, e.g. Â =
〈Â〉+ δÂ. Assuming that δÂ and δB̂ are small, we approximate

Â · B̂ =
(
〈Â〉+ δÂ

)(
〈B̂〉+ δB̂

)

≈ 〈Â〉〈B̂〉+ 〈Â〉δB̂ + δÂ〈B̂〉
δÂ=Â−〈Â〉

= 〈Â〉B̂ + B̂〈Â〉 − 〈Â〉〈B̂〉. (7.22)

Using this mean-field decoupling for Â = c†k↑c
†
−k↓ and B̂ = c−q↓cq↑ and defining λq =

〈c−q↓cq↑〉, we obtain

c†k↑c
†
−k↓c−q↓cq↑ ≈ λ∗kc−q↓cq↑ + λqc

†
k↑c
†
−k↓ − λ∗kλq. (7.23)

Note that in the context of superconductivity this is the natural decoupling since λk =
〈c−k↓ck↑〉 is directly linked to the formation of Cooper pairs. We define the superconducting
order parameter as

∆ = U

(∗)∑

k

λk = U

(∗)∑

k

〈c−k↓ck↑〉. (7.24)

Using the mean-field approximation (7.23) we obtain the BCS mean-field Hamiltonian

Ĥmf − µN̂ =
∑

kσ

(εk − µ)︸ ︷︷ ︸
=:ξk

c†kσckσ −
(∗)∑

k

(
∆∗c−k↓ck↑ + ∆c†k↑c

†
−k↓

)
+
|∆|2
U

. (7.25)

For non-zero ∆, this Hamiltonian does not conserve the particle number, but it can
be diagonalised by a fermionic Bogoliubov transformation. Note that the order parameter
is complex, ∆ = |∆|eiφ. However, the free energy is independent of the phase φ. In the
superconducting phase this continuous U(1) symmetry is spontaneously broken and there
exists a Goldstone mode corresponding to a change of the phase φ.

In the present calculation we can assume ∆ to be real, without any loss of generality.
Note that for a general complex order parameter we could use a Bogoliubov transformation
with complex coefficients to transform away the phase of ∆. In the following, we assume
∆∗ = ∆ and use the real-valued Bogoliubov transformation discussed in Section 2,

(
c1

c†2

)
=

(
u v
−v u

)(
d1

d†2

)
,

where the Fermi anti-commutator relations are preserved if u2 +v2 = 1. We therefore make
an ansatz
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F (�)

Re(�) Im(�)

(
ck↑
c†−k↓

)
=

(
uk vk
−vk uk

)(
dk,1
d†k,2

)
, (7.26)

with uk = cos θk and vk = sin θk. Inserting the transformation (7.26) into the BCS mean-
field Hamiltonian (7.25) and determining θk such that the non-number-conserving terms
vanish, we obtain (homework)

cot(2θk) =
ξk
∆

(7.27)

and the diagonalised mean-field Hamiltonian

Ĥmf − µN̂ =
∑

kα

√
ξ2
k + ∆2 d†kαdkα +

∑

k

(
ξk −

√
ξ2
k + ∆2

)
+

∆2

U
. (7.28)

For completeness, we also give the matrix elements of the Bogoliubov transformation (7.26)
that diagonalises the Hamiltonian:

u2
k =

1

2

(
1 +

ξk√
ξ2
k + ∆2

)
and v2

k =
1

2

(
1− ξk√

ξ2
k + ∆2

)
(7.29)

Plotting v2
k, we find that it behaves exactly as we expect for the vk we have introduced

when we wrote down the ansatz for the BCS wavefunction (7.17). It is equal to the
T = 0 Fermi step function for ∆ = 0 and smears around εF as we increase ∆. We
will show that the ground state |Φ0〉 of the BCS mean-field Hamiltionan is indeed equal
to |BCS〉 =

∏
k

(
uk + vkc

†
k↑c
†
−k↓

)
|0〉 with uk and vk the coefficients of the Bogoliubov

transformation (7.26).
The groundstate |Φ0〉 of the BCS mean-field Hamiltonian (7.28) is the state where no

Bogoliubov quasiparticles (created and annihilated by d†kα and dkα) are present. Creating
such an excitation would cost an energy equal or larger than ∆. A state |Φ0〉 for which
dkα|Φ0〉 = 0 for all (k, α) can be easily written down,

|Φ0〉 = N
∏

kα

dkα|0〉 = N
∏

k

dk,2dk,1|0〉, (7.30)
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where |0〉 denotes the vacuum with no electrons present and N is a constant that ensures
normalisation. Note that the above considerations hold if |0〉 is replaced by another wave-
function |ψ0 >. However, only for |ψ0 >= |0〉 we recover the filled Fermi sea for ∆ = 0.
From the inverse of the transformation (7.26),

(
dk,1
d†k,2

)
=

(
uk −vk
vk uk

)(
ck↑
c†−k↓

)
,

we obtain

|Φ0〉 = N
∏

k

(
vkc
†
k↑ + ukc−k↓

)(
ukck↑ − vkc†−k↓

)
|0〉

= N
∏

k


−v

2
kc
†
k↑c
†
−k↓ − ukvk c−k↓c

†
−k↓︸ ︷︷ ︸

=1−c†−k↓c−k↓


 |0〉

= N
∏

k

(−vk)
(
uk + vkc

†
k↑c
†
−k↓

)
|0〉

=
∏

k

(
uk + vkc

†
k↑c
†
−k↓

)
|0〉 = |BCS〉, (7.31)

where in the last step we have absorbed
∏

k(−vk) into the normalisation and used that
|BCS〉 is already normalised because u2

k + v2
k = 1. This implies that N ∏k(−vk) is simply

a phase factor.
We have introduced the mean-field superconducting order parameter ∆ ‘by hand’ and
diagonalised the resulting Hamiltonian, but haven’t answered the question whether it is
energetically favourable for the system to become a superconductor (∆ > 0). Instead
of minimising the total grand-canonical free energy with respect to ∆, we can solve the
self-consistency equation
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∆ = U

(∗)∑

k

〈c−k↓ck↑〉,

where the expectation value on the r.h.s of the equation has to be taken with respect to the
mean-field Hamiltonian which itself depends on ∆. In order to evaluate the integral, we
first express the Fermi operators ckσ, c†kσ in terms of the Bogoliubov quasiparticle operators,

∆ = U

(∗)∑

k

〈c−k↓ck↑〉
(7.26)
= U

(∗)∑

k

〈
(
−vkd†k,1 + ukdk,2

)(
ukdk,1 + vkd

†
k,2

)
〉

= U

(∗)∑

k

(
− ukvk〈d†k,1dk,1〉+ ukvk 〈dk,2d†k,2〉︸ ︷︷ ︸

=1−〈d†k,2dk,2〉

−vk 〈d†k,1d†k,2〉︸ ︷︷ ︸
=0

+u2
k 〈dk,2dk,1〉︸ ︷︷ ︸

=0

)

= U

(∗)∑

k

ukvk

(
1−

∑

α

〈d†kαdkα〉
)
. (7.32)

Note that 〈dk,2dk,1〉 = 〈d†k,1d†k,2〉 = 0 because Ĥmf − µN̂ is diagonal in the d-basis of
Bogoliubov quasiparticles. At T = 0, 〈d†kαdkα〉 = 0. Using that

ukvk = cos θk sin θk =
1

2
sin(2θk) =

1

2

1√
1 + cot2(2θk)

(7.27)
=

1

2

∆√
ξ2
k + ∆2

,

we obtain the T = 0 self-consistency equation

∆ =
U

2

(∗)∑

k

∆√
ξ2
k + ∆2

.

∆ = 0 is always a solution of this equation. Any non-trivial solution ∆ > 0 must fulfil the
equation

1 =
U

2

(∗)∑

k

1√
ξ2
k + ∆2

.

Approximating the DOS (per volume and per spin) over the interval [εF − ~ωD, εF + ~ωD]
by a constant ν = g(εF )/(2V ) and assuming that ~ωD � ∆, we obtain

1 =
Uν

2

∫ ~ωD

−~ωD

dξ√
ξ2 + ∆2

x=ξ/∆
=

Uν

2

∫ ~ωD/∆

−~ωD/∆

dx√
1 + x2

=
Uν

2
ln
(√

1 + x2 + x
)∣∣∣

~ωD/∆

−~ωD/∆

=
Uν

2
ln




√
1 +

(~ωD
∆

)2
+ ~ωD

∆√
1 +

(~ωD
∆

)2 − ~ωD
∆


 =

Uν

2
ln




√
1 +

(
∆

~ωD

)2

+ 1
√

1 +
(

∆
~ωD

)2

− 1


 ≈ Uν ln

(
2~ωD

∆

)
,
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which leads to

∆ = 2~ωDe−1/(νU). (7.33)

This result is of the same functional form as the pair-binding energy in the Cooper
problem, showing once again that the superconducting instability is non-perturbative in
νU . Regardless how weak the attractive interaction U , the ground state at T = 0 is a
superconductor with a finite gap ∆(T = 0) > 0, given by Eq. (7.33). At finite temperature,
〈d†kαdkα〉 is finite and determined from the quasiparticle energies using the Fermi distribu-
tion function. ∆ decreases as temperature increases. Above a certain critical temperature
Tc the only self-consistent solution is ∆ = 0. As T ↗ Tc, the gap vanishes as

∆
T↗Tc∼ (Tc − T )1/2. (7.34)

Such a square-root dependence of the order parameter close to the phase transition is
generic to all mean-field theories. Since at weak coupling νU is the only parameter, the
energy scales set by the zero temperature gap, ∆(T = 0) (7.33) and the thermal energy
scale at the critical point, kBTc, have a universal relationship,

2∆(T = 0)

kBTc
≈ 3.53, (7.35)

which serves as a test for the theory.

One of the great successes of the BCS theory is the explanation of the isotope effect,
which was first measured in mercury (Hg). Lowering the temperature, mercury solidifies
and then becomes superconducting below about 4K. Using different isotopes of Hg, it is
possible to change the mass of the ions in the lattice, without changing the electronic
structure. In the case of Hg, isotopes with atomic masses between A = 198 and A = 204
(in units of u) are stable. The experiments show that the superconducting transition
temperature Tc is proportional to 1/

√
A. This was the first clear indication that phonons

played a crucial role in the mechanism for superconductivity. BCS theory indeed shows
that both ∆(T = 0) and Tc [see Eqs. (7.33) and (7.35)] are proportional to the Debye
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frequency of phonons which is proportional to the inverse of the square root of the mass of
lattice ions.
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Chapter 8

Strong correlations

When the average energy scale of repulsive interactions between electrons becomes larger
than the kinetic energy, electrons will have the tendency to localise. Materials and phe-
nomena for which this factor plays an important role are at the centre of theoretical and
experimental research. This interest was especially stimulated by the discovery of high-
Tc superconductivity, in which strong electron correlations play a crucial role and weak-
coupling BCS theory is no longer applicable.

Many interesting phenomena are connected with strong electron-electron interactions:
metal-insulator transitions, magnetic and orbital ordering, heavy fermion behaviour, . . ..
Real materials in which these phenomena occur are transition metal and rare earth com-
pounds. In these materials, the electronic wavefunctions are rather localised, with a spatial
extensions that is often smaller than the distance between lattice ions. This is because the
electrons are tightly bound to the lattice ions. As a result, the amplitude for an electron to
hop from one lattice site to another will be small. As the effective hopping determines the
electronic bandwidth and their kinetic energy, we can have a situation in which the kinetic
energy is much smaller than the electron interaction.

8.1 Tight-binding approximation
Since in the materials of interest, the electrons are tightly bound to the ions, their wave-
functions will be very similar to those in an isolated atom. In the tight binding approxima-
tion one expands the Hamiltonian in the basis of local atomic orbitals. In the absence of
electron-electron interactions, the resulting tight-binding Hamiltonian describes the hop-
ping of electrons from an atomic orbital β on site j to an atomic orbital α on site i,

Ĥ = −
∑

ij

∑

αβ

∑

σ=↑,↓
tαβij c

†
iασcjβσ +

∑

i

εαn̂iα, (8.1)

with n̂iα = n̂iα↑ + n̂iα↓. The hopping amplitudes tαβij depend on the orbitals involved and
rapidly decay with the distance between sites i and j. The orbitals could be degenerate
or have different energies εα. E.g., for an atom in a cubic crystal environment the five
d-orbitals split into two sectors with different energies, the two eg orbitals (dx2−y2 , dz2) and
the three t2g orbitals (dxy, dyz, dxz).
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For simplicity, we will from now on consider systems with one active orbital and include
only nearest-neighbour (NN) and next-nearest-neighbour (NNN) hopping processes with
amplitudes t and t′,

Ĥ = −t
∑

〈i,j〉

∑

σ

(
c†iσcjσ + h.c.

)
− t′

∑

〈〈i,j〉〉

∑

σ

(
c†iσcjσ + h.c.

)
. (8.2)

Here
∑
〈i,j〉 and

∑
〈〈i,j〉〉 denote sums over NN and NNN bonds, respectively, and h.c. stands

for hermitian conjugate,
(
c†iσcjσ

)†
= c†jσciσ.

tt0

The tight-binding Hamiltonian (8.2) is a free-particle Hamiltonian, describing the mo-
tion of non-interacting electrons on a lattice. It can be diagonalised by transforming it to
momentum space. For a square lattice we obtain:

Ĥ = −
∑

rσ

[
t
(
c†r+aêx,σ

+ c†r+aêy ,σ

)
cr,σ + t′

(
c†r+aêx+aêy ,σ

+ c†r−aêx+aêy ,σ

)]
+ h.c.

= −
∑

rσ

1

N

∑

kk′

[
t
(
e−ik(r+aêx) + e−ik(r+aêy)

)
+ t′

(
e−ik(r+aêx+aêy) + e−ik(r−aêx+aêy)

)]

×eik′rc†kσck′σ + h.c.

= −
∑

kσ

[
t
(
e−iakx + e−iaky

)
+ t′

(
e−ia(kx+ky) + e−ia(−kx+ky)

)]
c†kσckσ + h.c.

=
∑

kσ

ε(k)c†kσckσ, (8.3)

with the tight-binding dispersion

ε(k) = −2t [cos(akx) + cos(aky)]− 4t′ cos(akx) cos(aky). (8.4)

For t > 0 and |t′| � t, the bottom of the band is at k = 0 with minimum energy εmin =
−4t−4t′. In the figure the dispersion and Fermi surfaces for different values of the chemical
potential µ are shown for t = 1.0 and t′ = −0.1.
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Near the bottom of the band (small density of electrons) we can expand around k = 0,

ε(k)− εmin ≈ −2t

(
2− 1

2
a2k2

)
− 4t′

(
1− 1

2
a2k2

x

)(
1− 1

2
a2k2

y

)
− (−4t− 4t′)

≈ (t+ 2t′)a2k2.

This shows that the Fermi surface is well approximated by a circle at small filling. Close
to the fully occupied band, we obtain an almost circular hole Fermi surface centred around
(π/a, π/a). The electronic bandwidth is equal to

W = εmax − εmin = ε(π/a, π/a)− ε(0, 0) = 4t− 4t′ − (−4t− 4t′) = 8t.

8.2 The Hubbard model
As we have discussed in the introduction of this chapter, the electronic bandwidth for tightly
bound electrons is small. It is therefore important to include interactions, which are strong
relative to the kinetic energy. The Coulomb repulsion is screened out over distances of
a few lattice constants. In the Hubbard model one only includes the on-site repulsion U
between electrons on the same site, usually referred to as the Hubbard interaction,

Ĥ = −t
∑

〈i,j〉,σ

(
c†iσcjσ + h.c.

)
+ U

∑

i

n̂i↑n̂i↓, (8.5)

where n̂iσ =
∑

σ c
†
iσciσ is the number operator of electrons with spin σ on site i. Note that

because of Pauli principle, two electrons with the same spin cannot occupy the same lattice
site. We therefor only have to include the local repulsion between electrons with opposite
spin. One might also include the repulsion between electrons on neighbouring lattice sites,
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V
∑
〈i,j〉 n̂in̂j (n̂i =

∑
σ n̂iσ), or even longer ranged interactions. Such models are usually

called extended Hubbard model. Other extensions include longer-ranged hopping, multiple
orbitals, spin-orbit coupling, etc.

John Hubbard
1931 - 1980

In the following, we will stick to the simplest version of the Hubbard model, Eq. (8.5).
It turns out that even this seemingly so simple model describes very rich physics and is at
present far from being completely understood.

8.3 Mott insulators and antiferromagnetism

Phillip W. Anderson
1923 - 

Nobel Prize in Physics
(theoretical investigation 

of electronic structure 
in magnetic and 

disordered systems)
1977

Sir Nevill Mott
1905 - 1996

John H. van Vleck
1899 - 1980 

There are two parameters that control the physical properties of the Hubbard model
(8.5), the dimensionless ratio U/t and the electron concentration or band filling n =
Nelectrons/Nsites (0 ≤ n ≤ 2). The often studied case of one electron per site (n = 1)
corresponds to half filling.

The Hubbard model permits us quite naturally to describe two opposite limits: that
of weakly interacting electrons (U/t � 1), and the case of strongly correlated electrons,
U/t� 1. In the first one expects that the standard Fermi liquid picture will be valid.

Consider now the opposite case of strong interactions (U � t) at half filling (n = 1).
In this limit, the system is in an insulating state since the gain in kinetic energy due to the
hopping of electrons is much smaller than the energy cost for creating a doubly occupied
site. This state is called a Mott insulator.
The state with exactly one electron per site is the ground state of the Hamiltonian at t = 0,
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+U

t

Ĥ0 = U
∑

i

n̂i↑n̂i↓. (8.6)

However, it is not a unique state because of a huge spin degeneracy. Each localised electron
can have two spin orientations, ↑ or ↓. Hence, for a system with N sites, there are 2N

degenerate ground states. The hopping term

Ĥ1 = −t
∑

〈i,j〉,σ

(
c†iσcjσ + h.c.

)
, (8.7)

lifts this degeneracy and leads to an antiferromagnetic ground state. This can be under-
stood by treating Ĥ1 in 2nd order perturbation theory. The virtual that start and end in
the degenerate ground-state manifold of Ĥ0 involve a hopping of an electron from site i to
site j, creating a doubly occupied state on site j, and then a hopping of one of the two
electrons on site j back to site i. Because of Pauli principle this 2nd order process is only
possible if the spins on i and j are antiparallel. It lowers the energy by ∼ t2/U , stabilising
the antiferromagnetic arrangement.

�E = 0 �E ⇠ �t2/U

We will show that the effective low-energy Hamiltonian at half filling and large U
is indeed a local moment Heisenberg model with antiferromagnetic exchange couplings
J ∼ t2/U . We use degenerate perturbation theory, treating the hopping Ĥ1 as a small
perturbation to Ĥ0. We follow the same steps as in the electron-phonon problem, using a
canonical transformation. Here we just use the general result for the matrix elements of
the effective Hamiltonian,

〈fi|Ĥeff|in〉 =
1

2

∑

n

〈fi|Ĥ1|n〉〈n|Ĥ1|in〉
(

1

Efi − En
− 1

En − Ein

)
, (8.8)

where |in〉 and |fi〉 are initial and final eigenstates of Ĥ0 in the ground state manifold with
one electron on each site. Each such 2nd order process involves only one particular bond
〈i, j〉 and the effective Hamiltonian is a sum

Ĥeff =
∑

〈i,j〉
Ĥ
〈i,j〉
eff . (8.9)
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We can therefore derive Ĥ〈i,j〉eff on a given bond. Hopping is only possible if the electron
spins on sites i and j are anti-parallel. The possible initial and final states are therefore

| ↑, ↓〉 := c†i↑c
†
j↓|0〉, (8.10a)

| ↓, ↑〉 := c†i↓c
†
j↑|0〉. (8.10b)

These are eigenstates of Ĥ0 with energy Ein = Efi = 0 There are two possible intermediate
states {|n〉},

| ↑↓, 0 〉 := c†i↑c
†
i↓|0〉, (8.11a)

| 0, ↑↓〉 := c†j↑c
†
j↓|0〉, (8.11b)

with energy En = U . We therefore obtain

〈fi|Ĥ〈i,j〉eff |in〉 = − 1

U
〈fi|Ĥ〈i,j〉1

(
| ↑↓, 0 〉〈↑↓, 0 |+ | 0, ↑↓〉〈 0, ↑↓ |

)
Ĥ
〈i,j〉
1 |in〉, (8.12)

with
Ĥ
〈i,j〉
1 = −t

∑

σ

(
c†iσcjσ + c†jσciσ

)
.

We act with Ĥ〈i,j〉1 on the initial/final states, Eq. (8.10):

Ĥ
〈i,j〉
1 | ↑, ↓〉 = −t

(
c†i↓cj↓ + c†j↑ci↑

)
c†i↑c

†
j↓|0〉

= −t
(
−c†i↓c†i↑ + c†j↑c

†
j↓

)
|0〉

= −t
(
| ↑↓, 0 〉+ | 0, ↑↓〉

)
, (8.13a)

Ĥ
〈i,j〉
1 | ↓, ↑〉 = −t

(
c†i↑cj↑ + c†j↓ci↓

)
c†i↓c

†
j↑|0〉

= −t
(
−c†i↑c†i↓ + c†j↓c

†
j↑

)
|0〉

= t
(
| ↑↓, 0 〉+ | 0, ↑↓〉

)
. (8.13b)

Using these results, we can evaluate the matrix elements (8.12),

〈↑, ↓ |Ĥ〈i,j〉eff | ↑, ↓〉 = 〈↓, ↑ |Ĥ〈i,j〉eff | ↓, ↑〉 = −2t2/U, (8.14a)

〈↑, ↓ |Ĥ〈i,j〉eff | ↓, ↑〉 = 〈↓, ↑ |Ĥ〈i,j〉eff | ↑, ↓〉 = 2t2/U. (8.14b)

From the matrix elements we obtain the effective Hamiltonian in operator form,
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Ĥ
〈i,j〉
eff =

2t2

U

(
| ↑, ↓〉〈↓, ↑ |+ | ↓, ↑〉〈↑, ↓ | − | ↑, ↓〉〈↑, ↓ | − | ↓, ↑〉〈↓, ↑ |

)

=
2t2

U

(
c†i↑c

†
j↓cj↑ci↓ + c†i↓c

†
j↑cj↓ci↑ − c†i↑c†j↓cj↓ci↑ − c†i↓c†j↑cj↑ci↓

)

=
2t2

U

∑

σ

(
c†iσciσc

†
jσcjσ − n̂iσn̂jσ

)
, (8.15)

where σ =↓ for σ =↑ and σ =↑ for σ =↓, or short σ = −σ. We can introduce spin-1
2

operators

Ŝα =
1

2
(c†↑, c

†
↓)σ

α

(
c↑
c↓

)
, (8.16)

on each site, where α = x, y, z and σα denote the spin-1
2
Pauli matrices,

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

It can be shown (homework) that the operators defined in Eq. (8.16) indeed satisfy the
spin commutator relations

[
Ŝα, Ŝβ

]
= iεαβγŜ

γ.

As expected,

Ŝz|σ〉 =
1

2

(
c†↑c↑ − c†↓c↓

)
c†σ|0〉 =

1

2
δσ,↑| ↑〉 −

1

2
δσ,↓| ↓〉 =

1

2
σ|σ〉.

You will show in a homework problem, that in terms of the spin operators (8.16) the
effective Hamiltonian (8.15) takes the form of a Heisenberg model,

Ĥeff = J
∑

〈i,j〉

(
Ŝi · Ŝj −

1

4

)
, (8.17)

with antiferromagnetic superexchange J = 4t2/U .

8.4 The Mott transition
It remains a heavily studied and highly non-trivial problem to understand what happens
as U/t is reduced. For U/t � 1 the system is a Mott insulator. In the regime of weak
interaction, U/t� 1, the system is a Fermi liquid with metallic behaviour. The transition
between the metal and the insulator at a critical interaction strength (U/t)c is called the
Mott transition.

Here we only present a cartoon picture for the case of half filling (n = 1). At large U/t,
added electrons each cost an energy U The resulting doubly occupied sites (doublons) can
move with an associated kinetic energy scale t. Holes are also mobile with kinetic energy t,
but their creation does not involve the energy penalty U . At half filling we obtain a fully
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occupied hole band and an empty electron band, both of width ∼ t. The bands are split
by U and symmetric around the chemical potential µ which is located in the middle of the
energy gap. The DOS at the chemical potential is zero and the system is an insulator.

0 ✏ 0 ✏µ µ

U

⇠ t⇠ t

Mott insulator metal
DOS DOS

Reducing the Hubbard repulsion, the bands start to overlap at a critical value Uc/t ∼ 1
and one expects a phase transition to metallic behaviour. In the Mott insulator there exists
no Fermi surface. Approaching the Mott transition from the metallic side, we therefore
expect the Migdal discontinuity Z to decrease and to vanish at the transition. The Mott
transition is therefore linked to a breakdown of the quasiparticle picture, which makes it a
very challenging theoretical problem.

8.5 Magnetic impurities in metals
The magnetic susceptibility of the free Fermi gas and of the Fermi liquid is constant at
temperatures T � TF ' 104 − 105K,

χ
(0)
Pauli = µ2

Bg(εF ),

χPauli = µ2
B

g∗(εF )

1 + F
(a)
0

=
m∗/m

1 + F
(a)
0

χ
(0)
Pauli.

Some metals, despite being expected to have a temperature-independent Pauli susceptibil-
ity, show Curie-like behaviour over a wide temperature range,

χ(T ) = χPauli + χCurie(T ) = χPauli +
A

T + θ
, (8.18)

where A is a constant and θ the so-called Curie-Weiss temperature. A Curie susceptibility
is characteristic for local moments and the observed behaviour is therefore an indication
that there exist magnetic impurities in the metallic system. As a reminder, let us calculate
the magnetic susceptibility of a single quantum spin. The Hamiltonian of the spin in a
magnetic field B is

Ĥ = −µBBŜz,
where without loss of generality we have chosen the field direction as our quantisation axis.
For simplicity, let us assume S = 1/2. In this case there are only two eigenstates of Ŝz,
m = ±1/2, and the partition function is simply
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Z = Tre−βĤ = e
1
2
βµBB + e−

1
2
βµBB = 2 cosh

(
µBB

2kBT

)
.

Using that Z = e−βF , we obtain the free energy

F = −kBT ln 2− kBT ln cosh

(
µBB

2kBT

)
.

From this we can compute the magnetisation

M = µB〈Ŝz〉 = µB
1

Z
Tr Ŝze−βĤ = kBT

∂

∂B
lnZ = −∂F

∂B

=
µB
2

tanh

(
µBB

2kBT

)
B→0' µ2

B

4kBT
B.

The resulting susceptibility is

χ =
∂M

∂B

∣∣∣∣
B=0

=
µ2
B

4kBT
. (8.19)

This is the Curie law. The susceptibility diverges as T → 0 because at zero temperature,
the spin will be completely aligned by an arbitrarily small magnetic field. In a real material
there exists a finite concentration of magnetic impurities and interactions between the im-
purities. The Curie-Weiss temperature θ in Eq. (8.18) is introduced as a phenomenological
scale which take account of the interactions between spins.

T

��1
Curie

�✓
0

8.6 The Anderson impurity model
The question why impurities in metals become magnetic is non-trivial. A simple argument
suggests that magnetic impurities should not be able to exist in metals. Assume that there
exists an impurity level with energy εd. If εd > εF the level will be empty, not giving rise
to a magnetic moment. For εd < εF one expects the level to be doubly occupied. The
anti-symmetry of the wave function implies that the magnetic state is 1√

2
(| ↑↓〉 − | ↓↑〉),

which is a singlet (S = 0) and so also non-magnetic. It can indeed be shown that a model
that describes tunnelling between the conduction electrons and the impurity level,
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Ĥ =
∑

kσ

ε(k)c†kσckσ

︸ ︷︷ ︸
conduction sea

+ εd
∑

σ

d†σdσ

︸ ︷︷ ︸
impurity level

+
∑

kσ

(
λkc

†
kσdσ + λ∗kd

†
σckσ

)

︸ ︷︷ ︸
tunnelling

,

does not develop a Curie contribution to the susceptibility. The problem was resolved by
P. W. Anderson in the 1950s. The impurity level is often a d- or f -orbital which have tightly
compressed wave functions. As a result, the Coulomb energy cost U of doubly occupying
the impurity level cannot be ignored. The Hamiltonian then becomes

ĤA =
∑

kσ

ε(k)c†kσckσ + εd
∑

σ

d†σdσ + λ
∑

kσ

(
c†kσdσ + d†σckσ

)
+ Ud†↑d↑d

†
↓d↓, (8.20)

where we have assumed that the tunnelling matrix element λ is independent of k. This
model is called the Anderson impurity model.

Similar to the on-site repulsion in the Hubbard model, a sufficiently strong repulsive
interaction on the impurity can lead to the formation of a local moment. To understand
this, let us first neglect the hybridisation λ. The state with a single electron on the impu-
rity, which would be magnetic, is obtained by moving an electron from the Fermi surface
(maximum energy gain) to the impurity level. Such a state has energy EFS− εF + εd, where
EFS is the energy of the filled Fermi sea. It is the ground state if its energy is smaller than
EFS and the energy EFS − 2εF + 2εd + U of a state with a doubly occupied impurity level,
from which it follows that

εd < εF < εd + U. (8.21)

This is the condition for local moment formation at zero temperature in the absence of
hybridisation λ. For sufficient small λ we expect the local moment to be stable.

8.7 The Kondo model
We consider the regime εd < εF < εd + U , corresponding to a ground-state manifold of

Ĥ0 =
∑

kσ

ε(k)c†kσckσ + εd
∑

σ

d†σdσ + Ud†↑d↑d
†
↓d↓ (8.22)

with one electron on the impurity site, giving rise to a local moment. We treat the hybridi-
sation

Ĥ1 = λ
∑

kσ

(
c†kσdσ + d†σckσ

)
(8.23)

as a perturbation to Ĥ0 and use degenerate second-order perturbation theory to derive an
effective Hamiltonian that acts on the ground-state manifold. This effective Hamiltonian
describes the coupling of a local impurity spin to the conduction electrons and is known
as the Kondo Hamiltonian. The underlying canonical transformation is referred to as the
Schrieffer-Wolf transformation.
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Jun Kondo
1930 -

As we have derived in a previous lecture, the general expression for the matrix elements of
the effective Hamiltonian is

〈fi|Ĥeff|in〉 =
1

2

∑

n

〈fi|Ĥ1|n〉〈n|Ĥ1|in〉
(

1

Efi − En
+

1

Ein − En

)
(8.24)

In the present case the initial and final states are eigenstates of Ĥ0 with one electron
moved from the Fermi level to the impurity site. Such states have energy

E0 = Efi = Ein = EFS − εF + εd. (8.25)

The intermediate states {|n〉} are eigenstates of Ĥ0 with zero or two electrons moved to
the impurity site, with energies

E(0)
n = EFS, (8.26a)

E(2)
n = EFS − 2εF + 2εd + U. (8.26b)

Introducing the projection operator P̂ onto the ground-state manifold, we can write the
effective Hamiltonian as

Ĥeff = P̂ Ĥ1(1− P̂ )
1

E0 − Ĥ0

(1− P̂ )Ĥ1P̂ . (8.27)

Here
R̂ =

1

E0 − Ĥ0

=
∑

n

|n〉〈n|
E0 − En

is called the resolvent operator and (1 − P̂ ) ensures that division by zero does not occur.
We obtain
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Ĥeff = λ2
∑

kk′σσ′

(
d†σckσc

†
k′σ′dσ′

E0 − E(0)
n

+
c†kσdσd

†
σ′ck′σ′

E0 − E(2)
n

)

= λ2
∑

kk′σσ′



d†σdσ′

(
δkk′δσσ′ − c†k′σ′ckσ

)

εd − εF
+

(
δσσ′ − d†σ′dσ

)
c†kσck′σ′

εF − εd − U




= λ2

(
1

εF − εd
+

1

εd + U − εF

) ∑

kk′σσ′

d†σdσ′c
†
k′σ′ckσ −

λ2

εd + U − εF
∑

kk′σ

c†kσck′σ

− λ2

εF − εd
∑

k

=1︷ ︸︸ ︷∑

σ

d†σdσ

︸ ︷︷ ︸
const, drop

(8.28)

We define the local moment spin operators

Ŝα =
1

2

(
d†↑, d

†
↓

)
σα
(
d↑
d↓

)
(8.29)

and the spin operator of the conduction electrons on the impurity site (r = 0),

ŝα(0) =
1

2

(
c†↑(0), c†↓(0)

)
σα
(
c↑(0)
c↓(0)

)
=

1

2

∑

kk′

(
c†k′↑, c

†
k′↓

)
σα
(
ck↑
ck↓

)
(8.30)

We expect that the effective Hamiltonian does not prefer a particular orientation of the
spins and is of the form Ŝ · ŝ(0). We express the product of spin operators in terms of the
fermionic creation and annihilation operators,

Ŝ · ŝ(0) =
1

4

(
d†↑d↑ − d†↓d↓

)(
c†↑(0)c↑(0)− c†↓(0)c↓(0)

)

+
1

4

(
d†↑d↓ + d†↓d↑

)(
c†↑(0)c↓(0) + c†↓(0)c↑(0)

)

−1

4

(
d†↑d↓ − d†↓d↑

)(
c†↑(0)c↓(0)− c†↓(0)c↑(0)

)

=
1

4

∑

σ

d†σdσc
†
σ(0)cσ(0)− 1

4

∑

σ

d†σdσc
†
σ(0)cσ(0) +

1

2

∑

σ

d†σdσc
†
σ(0)cσ(0)

=
1

2

∑

σσ′

d†σdσ′c
†
σ′(0)cσ(0)− 1

4

∑

σσ′

d†σdσc
†
σ′(0)cσ′(0)

=
1

2

∑

kk′σσ′

d†σdσ′c
†
k′σ′ckσ −

1

4

∑

kk′σ

c†k′σckσ, (8.31)

where in the last step we have used that
∑

σ d
†
σdσ = 1. Inserting this into the effective

Hamiltonian (8.28), we obtain
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Ĥeff = JKŜ · ŝ(0) + V
∑

kk′σ

c†k′σckσ, (8.32)

with

JK = 2λ2

(
1

εF − εd
+

1

εd + U − εF

)
and V =

1

2
λ2

(
1

εF − εd
− 1

εd + U − εF

)
. (8.33)

The first term in the effective Hamiltonian (8.32) is the Kondo coupling between the
local moment spin and the conduction electron spin at the impurity site r = 0. Note that
this coupling is antiferromagnetic, JK > 0. The second term is a potential scattering term
which we will neglect in the following. Including the unperturbed Hamiltonian P̂ Ĥ0P̂ , pro-
jected onto the ground-state manifold (d†↑d↑d

†
↓d↓ = 0 and εd

∑
σ d
†
σdσ = εd an unimportant

constant), we obtain the Kondo Hamiltonian

HK =
∑

kσ

ε(k)c†kσckσ + JKŜ · ŝ(0). (8.34)

Kondo’s original motivation for studying this model was to explain the resistivity
minimum observed in many metals at low but finite temperature. Naively one expects
that the resistivity ρ(T ) increases monotonously with temperature. In simple metals the
scattering of electrons by phonons gives rise to a contribution ρ0(T ) = AT 5. In 1964, Kondo
computed the scattering amplitude Ak,k′ of conduction electrons by a local moment, treat-
ing the Kondo coupling in 2nd order perturbation theory. Here we only quote the final
result,

Ak,k′ = JK − νJ2
K ln

kBT

εF
, (8.35)

where ν is the density of states per volume and spin at the Fermi surface. The scattering
amplitude determines the inverse electron lifetime τ−1 ∼ |A|2, which is proportional to the
resistivity. Hence we obtain the resistivity contribution

ρK(T ) ≈ BcJ2
K

(
1− 2νJK ln

kBT

εF

)
, (8.36)

where c denotes the concentration of impurities and B a constant. ρK(T ) increases as
temperature is decreased, giving rise to a minimum of ρ(T ) = ρ0(T ) + ρK(T ),

dρ

dT
= 5AT 4 − 2BcνJ3

KT
−1 = 0 =⇒ Tmin ∼ c1/5. (8.37)

8.8 The Kondo problem
Disturbingly, the Kondo logarithm diverges as the temperature is lowered and hence the
scattering amplitude (8.35) diverges logarithmically in the second order term as T → 0.
In fact divergencies are seen in all orders of the expansion and it can be shown that the
scattering amplitude takes the form of a geometric sum
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T

⇢

⇢0 ⇠ T 5

⇢K ⇠ 1 � 2⌫JK ln (kBT/✏F )

⇢0 + ⇢K

Ak,k′ =
JK

1 + νJK ln kBT
εF

. (8.38)

From this re-summed expression it is clear that the divergence occurs at a finite temperature
TK (the Kondo temperartue), determined by

1 + νJK ln
kBT

εF
= 0,

which gives

TK =
εF
kB
e−1/(νJK). (8.39)

Interestingly, this exponential dependence is the same as in the BCS theory of super-
conductivity. Of course, in contrast to superconductivity, for a single impurity there cannot
be a real phase transition. Instead, TK gives a temperature scale at which there occurs a
change of the behaviour of the system. The perturbation theory described above is only
valid for T � TK . What happens at temperatures below the Kondo temperature, T < TK?

Experimentally, it is observed that below TK the resistivity ρ(T ) saturates. There
is also a crossover in the susceptibility χ from Curie-Weiss behaviour at T � TK to a
constant value at T � TK . This suggests that the local moments are screened below TK
and eventually disappear.

Due to the breakdown of perturbation theory with the appearance of a logarithmic
singularity in the electron-local moment scattering amplitude, we must seek a different
approach to analysing the single-impurity problem. A non-perturbative treatment was
proposed by Varma and Yafet, starting from the Anderson impurity model (8.20) in the
regime U → ∞. In this limit, it is not possible to doubly occupy the impurity and the
ground state at T = 0 is expected to be of the form

|φ〉 = α0|FS〉+

|k|<kF∑

kσ

αkd
†
σckσ|FS〉, (8.40)
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Heavy Fermions and the Kondo Lattice 1.5

Fig. 3: (a) Schematic temperature-field phase diagram of the Kondo effect. At fields and tem-
peratures large compared with the Kondo temperature TK , the local moment is unscreened with
a Curie susceptibility. At temperatures and fields small compared with TK , the local moment
is screened, forming an elastic scattering center within a Landau-Fermi liquid with a Pauli
susceptibility � ⇠ 1

TK
. (b) Schematic susceptibility curve for the Kondo effect, showing the

cross-over from Curie susceptibility at high temperatures to Pauli susceptibility at temperatures
below the Kondo temperature TK . (c) Specific heat curve for the Kondo effect. Since the total
area is the full spin entropy R ln 2 and the width is of order TK , the height must be of order
� ⇠ R ln 2/TK . This sets the scale for the zero-temperature specific heat coefficient.

the correction becomes as large as the original perturbation, and at lower temperatures, the
Kondo interaction can no longer be treated perturbatively. In fact, non-perturbative methods
tell us that this interaction scales to strong coupling at low energies, causing electrons in the
conduction sea to magnetically screen the local moment to form an inert Kondo singlet denoted
by

|GSi =
1p
2

⇣
|* # i � |+ " i

⌘
, (5)

where the thick arrow refers to the spin state of the local moment and the thin arrow refers to the
spin state of a bound electron at the site of the local moment. The key features of the impurity
Kondo effect are

• The electron fluid surrounding the Kondo singlet forms a Fermi liquid, with a Pauli sus-
ceptibility � ⇠ 1/TK .

• The local moment is a kind of qubit that entangles with the conduction sea to form a
singlet. As the temperature T is raised, the entanglement entropy converts to thermal
entropy, given by the integral of the specific heat coefficient,

S(T ) =

Z T

0

dT 0 CV (T 0)

T 0 .

Since the total area under the curve, S(T ! 1) = R ln 2 per mole, is the high-
temperature spin entropy, and since the characteristic width is the Kondo temperature,
it follows that the characteristic zero-temperature specific heat coefficient must be of the
order of the inverse Kondo temperature: � = CV

T
(T ! 0) ⇠ R ln 2/TK (see Fig. 3b).

TTK

�

� ⇠ 1/T

� ⇠ const

which is a superposition of the filled Fermi sea, empty impurity state with singlets formed
between the impurity and the free electron state. We use |φ〉 as a variational ansatz and
compute the variational energy

EV = E[{α0, αk}] =
〈φ|ĤA|φ〉
〈φ|φ〉 , (8.41)

with ĤA the Anderson impurity Hamiltonian. Minimising EV with respect to α0 and αk,
Varma and Yafet demonstrated that the binding energy between the impurity and the
conduction sea is equal to

εB = EV − EFS − εd ≈ −εF e−|εd|/(2λ
2ν). (8.42)

Using that in the limit U →∞ the Kondo coupling (8.33) becomes

JK = 2λ2

(
1

εF − εd
+

1

εd + U − εF

)
U→∞,εF=0−→ −2

λ2

εd
= 2

λ2

|εd|
,

we can rewrite the expression for the binding energy as

|εB| = εF e
−1/(νJK) (8.39)

= kBTK . (8.43)

This suggests the following interpretation: the scattering between the conduction elec-
trons and the impurity spin becomes significant at temperatures T ∼ TK , at which per-
turbation theory in JK breaks down. This represents the crossover to a state where the
impurity spin forms a bound state with the conduction sea. This non-magnetic bound state
is called the Kondo singlet. The Varma-Yafet solution shows that at T = 0 the binding
energy of the Kondo singlet is kBTK , and thus to break this bound state apart and recover
the magnetic impurity it must require a temperature T ∼ TK .

103



Chapter 9

Topology in condensed matter (not
examinable)

Topology plays an important role in condensed matter physics and is a very active area of
research. The discoveries of the integer and fractional quantum Hall effects in the 1980’s
and of topological band insulators in the 2000’s were landmarks in physics that enriched our
view of electronic properties of solids. In a nutshell, these discoveries have taught us that
quantum mechanical wavefunctions in crystalline solids may carry nontrivial topological
invariants which have ramifications for the observable physics. The recent topological
insulator revolution would never have happened without the groundbreaking theoretical
work by Thouless, Haldane and Kosterlitz on topological phase transitions and topological
phases of matter, for which they won the Nobel Prize in Physics in 2016.

David J. Thouless
1934 - 

Nobel Prize in Physics
(theoretical discoveries  

of topological phase   
transitions and topological 

phases of matter)
2016

F. Duncan M. Haldane
1951 - 

J. Michael Kosterlitz
1943 -  

9.1 Topological invariants
Topological order refers to properties of the system as a whole and is not related to a local
order parameter such as the magnetisation. As a result, topological order is protected
against small local perturbations of the system. Topological phases of matter are charac-
terised by topological invariants rather than by spontaneous symmetry breaking. These
invariants usually have a geometrical meaning, which we will illustrate in the following.

Consider for example a closed rubber string wrapped around a torus. The winding num-
ber w, which describes how often the rubber is wrapped around the torus, is a topological
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Winding number
   

w = 0 w = 1 w = 2

invariant. Configurations with different w cannot be smoothly deformed into one another.
Changing the winding number would require cutting and reconnecting the rubber. It is
impossible to determine the winding number from an observation of a small segment of
the rubber. Instead, one would have to look at the entire configuration or calculate an
appropriate closed contour integral.

Another example of a topological invariant is the genus g of a manifold. The genus
is equal to the number of holes or handles of the manifold. A sphere has genus g = 0, a
torus or bagel g = 1, a pretzel g = 2 and so on. One cannot change the genus by smooth
deformations of the object. It is possible however to smoothly deform a torus into a coffee
mug without poking an addition hole into the object. This means that a torus and a coffee
mug have the same genus and are topologically equivalent. Walking on the Earth, we are
not able to tell if our planet is a sphere or a giant torus. Mountains and tales are just small
ripples on the surface that do not tell us anything about topology. We would require an
image from outer space or an appropriate surface integral over the entire Earth to work
out its genus.

g = 0 g = 1 g = 2 g = 3

Genus

For a closed, orientable two-dimensional manifold M embedded in three dimensional
space the genus is related to the Euler characteristic χ, which is an integral of the Gaussian
curvature K over the manifold,

g =
1

2
(2− χ) =

1

2

(
2− 1

2π

∫

M

K dA

)
,

where dA denotes the surface area element of the manifold. This is a special case of the
Gauss-Bonet theorem. The Gaussian curvature is equal to the product of the two principal
curvatures, K = κ1κ2. Local minima or maxima are examples of points with K > 0, while
saddle points (see picture) have K < 0.
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Let us explicitly calculate g for a sphere and a torus. We parametrise the sphere of
radius R by spherical coordinates,

r(θ, φ) = R




sin θ cosφ
sin θ sinφ

cos θ


 ,

with θ ∈ [0, π] and φ ∈ [0, 2π]. The surface area element is dA = R2 sin θ dθ dφ and the
Gaussian curvature is constant, K = 1/R2. We therefore obtain

g =
1

2

(
2− 1

2π

∫ 2π

0

dφ

∫ π

0

sin θdθ

)
=

1

2
(2− 2) = 0.

A possible parametrisation of a torus with radii R and a, a < R, is given by

r(θ, φ) =




(R + a cosφ) cos θ
(R + a cosφ) sin θ

a sinφ


 ,

where θ ∈ [0, 2π] and φ ∈ [0, 2π].

x

y

R

R x

z
z = 0 y = 0

a

a

a

✓ �

For the surface area element we obtain

dA =

∥∥∥∥
∂r

∂θ
× ∂r

∂φ

∥∥∥∥ dθ dφ = a(R + a cosφ) dθ dφ.
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The Gaussian curvature K is a function of the angle φ. Here we just quote the result,

K =
cosφ

a(R + a cosφ)
.

This gives the genus

g =
1

2

(
2− 1

2π

∫ 2π

0

dθ

∫ 2π

0

dφ cosφ

)
=

1

2
(2− 0) = 1.

9.2 Integer Quantum Hall effect and Chern numbers
The simplest topological state of matter is realised in the integer quantum Hall effect. It
is a quantum mechanical version of the Hall effect observed in a two-dimensional electron
system at very low temperatures and in a strong magnetic field perpendicular to the two-
dimensional system. If we drive a current through the system, the electrons are subject to
the Lorentz force FL = qv×B perpendicular to the current. This leads to the formation of
cyclotron orbits and a build-up of positive and negative charges at opposite edges, giving
rise to a Hall voltage VH . In equilibrium, the forces from the resulting electric field and the
applied magnetic field cancel each other. In the classical Hall effect, this leads to a Hall
resistivity that is proportional to the magnetic field B. At low temperatures however, it is
important to take into account quantum mechanical effects. As you have learned in your
quantum mechanics lectures, a charged particle in a magnetic has quantised energy levels
(Landau levels),

εn = ~ωc (n+ 1/2) , (9.1)

where ωc = qB
mc

denotes the cyclotron frequency. With increasing field B, the spacing
between energy levels increases. As a result, the number of filled Landau levels below the
Fermi energy decreases in steps as B is increased. Based on approximate calculations,
Ando, Matsumoto, and Uemura predicted in 1975 that, as a result, the Hall conductance
is quantised. Subsequently, several experimental groups started to look for the effect and
observed plateaux in the Hall conductance at low temperatures. In 1980, Klaus von Klitzing
measured the Hall conductance of silicon-based samples (developed by Michael Pepper
(UCL) and Gerhard Dorda) at the high magnetic field lab in Grenoble. His experiments
demonstrated for the first time that the transverse Hall conductance is exactly quantised
and equal to integer multiples of e2/h,

σxy = N
e2

h
, (9.2)

where e is the electron charge and h the Planck constant. For this finding, von Klitzing
was awarded the 1985 Nobel Prize in Physics.

The quantisation of the Hall conductance has the important property of being exceed-
ingly precise and robust against external perturbations. It is now possible to measure the
quantum e2/h with an accuracy of nearly one part in a billion. This astonishing accuracy
has allowed for the definition of a new practical standard for electrical resistance, and since
1990, it is used in resistance calibrations worldwide
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quantised Hall conductance 

B. The quantum Hall state

The simplest counterexample is the integer quantum
Hall state !von Klitzing, Dorda, and Pepper, 1980;
Prange and Girvin, 1987 ", which occurs when electrons
confined to two dimensions are placed in a strong mag-
netic field. The quantization of the electrons’ circular
orbits with cyclotron frequency !c leads to quantized
Landau levels with energy "m=#!c!m+1/2". If N Lan-
dau levels are filled and the rest are empty, then an en-
ergy gap separates the occupied and empty states just as
in an insulator. Unlike an insulator, though, an electric
field causes the cyclotron orbits to drift, leading to a Hall
current characterized by the quantized Hall conductivity,

$xy = Ne2/h . !1"

The quantization of $xy has been measured to 1 part in
109 !von Klitzing, 2005 ". This precision is a manifestation
of the topological nature of $xy.

Landau levels can be viewed as a “band structure.”
Since the generators of translations do not commute
with one another in a magnetic field, electronic states
cannot be labeled with momentum. However, if a unit
cell with area 2%#c /eB enclosing a flux quantum is de-
fined, then lattice translations do commute, so Bloch’s
theorem allows states to be labeled by 2D crystal mo-
mentum k. In the absence of a periodic potential, the
energy levels are simply the k independent Landau lev-
els Em!k"="m. In the presence of a periodic potential
with the same lattice periodicity, the energy levels will
disperse with k. This leads to a band structure that looks
identical to that of an ordinary insulator.

1. The TKNN invariant

What is the difference between a quantum Hall state
characterized by Eq. !1" and an ordinary insulator? The
answer, explained by Thouless, Kohmoto, Nightingale,
and den Nijs !1982" !TKNN", is a matter of topology. A
2D band structure consists of a mapping from the crystal
momentum k !defined on a torus" to the Bloch Hamil-
tonian H!k". Gapped band structures can be classified
topologically by considering the equivalence classes of
H!k" that can be continuously deformed into one an-
other without closing the energy gap. These classes are
distinguished by a topological invariant n!Z !Z denotes
the integers" called the Chern invariant.

The Chern invariant is rooted in the mathematical
theory of fiber bundles !Nakahara, 1990", but it can be
understood physically in terms of the Berry phase
!Berry, 1984 " associated with the Bloch wave functions
#um!k"$ . Provided there are no accidental degeneracies
when k is transported around a closed loop, #um!k"$ ac-
quires a well defined Berry phase given by the line inte-
gral of Am= i% um#!k#um$ . This may be expressed as a sur-
face integral of the Berry flux Fm=!& Am. The Chern
invariant is the total Berry flux in the Brillouin zone,

nm =
1

2%
& d2k Fm. !2"

nm is integer quantized for reasons analogous to the
quantization of the Dirac magnetic monopole. The total
Chern number, summed over all occupied bands, n
='m=1

N nm is invariant even if there are degeneracies be-
tween occupied bands, provided the gap separating oc-
cupied and empty bands remains finite. TKNN showed
that $xy, computed using the Kubo formula, has the
same form, so that N in Eq. !1" is identical to n. The
Chern number n is a topological invariant in the sense
that it cannot change when the Hamiltonian varies
smoothly. This helps to explain the robust quantization
of $xy.

The meaning of Eq. !2" can be clarified by a simple
analogy. Rather than maps from the Brillouin zone to a
Hilbert space, consider simpler maps from two to three
dimensions, which describe surfaces. 2D surfaces can be
topologically classified by their genus g, which counts
the number of holes. For instance, a sphere (Fig. 1!c")
has g=0, while a donut (Fig. 1!f")has g=1. A theorem in
mathematics due to Gauss and Bonnet !Nakahara, 1990"
states that the integral of the Gaussian curvature over a
closed surface is a quantized topological invariant, and
its value is related to g. The Chern number is an integral
of a related curvature.

2. Graphene, Dirac electrons, and Haldane model

A simple example of the quantum Hall effect in a
band theory is provided by a model of graphene in a
periodic magnetic field introduced by Haldane !1988".
We briefly digress here to introduce graphene because it
will provide insight into the conception of the 2D quan-
tum spin Hall insulator and because the physics of Dirac
electrons present in graphene has important parallels at
the surface of a 3D topological insulator.
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FIG. 1. !Color online" States of matter. !a"– !c" The insulating
state. !a" An atomic insulator. !b" A simple model insulating
band structure. !d"– !f" The quantum Hall state. !d" The cyclo-
tron motion of electrons. !e" The Landau levels, which may be
viewed as a band structure. !c" and !f" Two surfaces which
differ in their genus, g. !c" g=0 for the sphere and !f" g=1 for
the donut. The Chern number n that distinguishes the two
states is a topological invariant similar to the genus.
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in an insulator. Unlike an insulator, though, an electric
field causes the cyclotron orbits to drift, leading to a Hall
current characterized by the quantized Hall conductivity,

$xy = Ne2/h . !1"

The quantization of $xy has been measured to 1 part in
109 !von Klitzing, 2005 ". This precision is a manifestation
of the topological nature of $xy.

Landau levels can be viewed as a “band structure.”
Since the generators of translations do not commute
with one another in a magnetic field, electronic states
cannot be labeled with momentum. However, if a unit
cell with area 2%#c /eB enclosing a flux quantum is de-
fined, then lattice translations do commute, so Bloch’s
theorem allows states to be labeled by 2D crystal mo-
mentum k. In the absence of a periodic potential, the
energy levels are simply the k independent Landau lev-
els Em!k"="m. In the presence of a periodic potential
with the same lattice periodicity, the energy levels will
disperse with k. This leads to a band structure that looks
identical to that of an ordinary insulator.

1. The TKNN invariant

What is the difference between a quantum Hall state
characterized by Eq. !1" and an ordinary insulator? The
answer, explained by Thouless, Kohmoto, Nightingale,
and den Nijs !1982" !TKNN", is a matter of topology. A
2D band structure consists of a mapping from the crystal
momentum k !defined on a torus" to the Bloch Hamil-
tonian H!k". Gapped band structures can be classified
topologically by considering the equivalence classes of
H!k" that can be continuously deformed into one an-
other without closing the energy gap. These classes are
distinguished by a topological invariant n!Z !Z denotes
the integers" called the Chern invariant.

The Chern invariant is rooted in the mathematical
theory of fiber bundles !Nakahara, 1990", but it can be
understood physically in terms of the Berry phase
!Berry, 1984 " associated with the Bloch wave functions
#um!k"$ . Provided there are no accidental degeneracies
when k is transported around a closed loop, #um!k"$ ac-
quires a well defined Berry phase given by the line inte-
gral of Am= i% um#!k#um$ . This may be expressed as a sur-
face integral of the Berry flux Fm=!& Am. The Chern
invariant is the total Berry flux in the Brillouin zone,

nm =
1

2%
& d2k Fm. !2"

nm is integer quantized for reasons analogous to the
quantization of the Dirac magnetic monopole. The total
Chern number, summed over all occupied bands, n
='m=1

N nm is invariant even if there are degeneracies be-
tween occupied bands, provided the gap separating oc-
cupied and empty bands remains finite. TKNN showed
that $xy, computed using the Kubo formula, has the
same form, so that N in Eq. !1" is identical to n. The
Chern number n is a topological invariant in the sense
that it cannot change when the Hamiltonian varies
smoothly. This helps to explain the robust quantization
of $xy.

The meaning of Eq. !2" can be clarified by a simple
analogy. Rather than maps from the Brillouin zone to a
Hilbert space, consider simpler maps from two to three
dimensions, which describe surfaces. 2D surfaces can be
topologically classified by their genus g, which counts
the number of holes. For instance, a sphere (Fig. 1!c")
has g=0, while a donut (Fig. 1!f")has g=1. A theorem in
mathematics due to Gauss and Bonnet !Nakahara, 1990"
states that the integral of the Gaussian curvature over a
closed surface is a quantized topological invariant, and
its value is related to g. The Chern number is an integral
of a related curvature.

2. Graphene, Dirac electrons, and Haldane model

A simple example of the quantum Hall effect in a
band theory is provided by a model of graphene in a
periodic magnetic field introduced by Haldane !1988".
We briefly digress here to introduce graphene because it
will provide insight into the conception of the 2D quan-
tum spin Hall insulator and because the physics of Dirac
electrons present in graphene has important parallels at
the surface of a 3D topological insulator.

B

Insulating State

Quantum Hall State

E

k

0

E

k

EG

(a) (b) (c)

(d) (e) (f)

/a−π/a−π

0 /a−π/a−π

hωc

FIG. 1. !Color online" States of matter. !a"– !c" The insulating
state. !a" An atomic insulator. !b" A simple model insulating
band structure. !d"– !f" The quantum Hall state. !d" The cyclo-
tron motion of electrons. !e" The Landau levels, which may be
viewed as a band structure. !c" and !f" Two surfaces which
differ in their genus, g. !c" g=0 for the sphere and !f" g=1 for
the donut. The Chern number n that distinguishes the two
states is a topological invariant similar to the genus.
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What is the reason for the exact quantisation and its robustness against perturbations
such as disorder? In the bulk, the electrons are localised in orbits, and therefore form
an insulating state. At the edges of the sample however, one expects skipping orbits,
implying that electrons can move around the edges. This motion is unidirectional, where
the chirality is set by the orientation of the magnetic field. These edge modes are protected
against disorder since there is no channel for back-scattering.

04/12/2017, 17)43

Page 1 of 1https://topocondmat.org/w3_pump_QHE/figures/skipping_orbits.svg

cyclotron orbits

left-moving skipping orbit

right-moving skipping orbit

cyclotron orbits

right-moving skipping orbit

left-moving skipping orbit

It was realised by Thouless, Kohmoto, Nightingale, and Nijs in 1982, that the protection
of the exact quantisation of the Hall conductance is routed in topology. They demonstrated
that the integer quantum Hall states are characterised by a topological invariant which is
defined in a very similar way to the Euler characteristic χ of a manifold. The TKNN
topological invariant or Chern number ν is defined as an integral of the Berry curvature

F(k) = −iεij〈
∂

∂ki
ψ(k)| ∂

∂kj
ψ(k)〉 (9.3)

of the electronic wavefunction ψ(k) over the two-dimensional Brillouin zone,

ν =
1

2π

∫

BZ

d2k F(k). (9.4)

Because of the periodic boundary condition in kx and ky the Brillouin zone is equivalent to a
torus. The Chern number of the integer quantum Hall state is equal to the number of filled
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Landau levels. Thouless, Kohmoto, Nightingale, and Nijs computed the Hall conductance
using the Kubo formalism and found that the same integral (9.4) enters in the expression for
σxy, proving that σxy = ν e

2

h
and hence establishing the link between the exact quantisation

and topology.

9.3 The Haldane model
Haldane made an important contribution that established the link between topological
properties of the insulating bulk, characterised by topological invariants, and the presence
of gapless modes (‘skipping orbits’) that propagate around the edges of the system. This
is often referred to as the bulk-boundary correspondence.

Haldane was interested in the question whether it was possible to obtain a quantum Hall
state in the absence of an applied magnetic field. In 1988, he succeeded in constructing a
simple model of spin-less, non-interacting fermions that indeed exhibits energy bands with
non-zero Chern numbers, separated by an energy gap and located below and above the
chemical potential. Such a state is a topological Chern insulator, exactly like the integer
quantum Hall state.

In his model, now referred to as the Haldane model, he considered spin-less fermions
on a honeycomb lattice that hop with amplitudes t1 between neighbouring sites 〈i, j〉 and
with complex amplitudes t2 exp(iφij) between next-nearest neighbour sites 〈〈i, j〉〉,

Ĥ = t1
∑

〈i,j〉

(
c†icj + h.c.

)
+
∑

〈〈i,j〉〉

(
t2e

iφijc†icj + h.c.
)

+M
∑

i

εic
†
ici,

where t2 ≥ 0 and φij = φ if the 2nd-neighbour hopping is in an anti-clockwise direction
and φij = −φ if it is in a clockwise direction. The last term in the Hamiltonian (9.5) is an
on-site potential with εi = 1 if the site i is on sub-lattice A and εi = −1 if the site is on
sub-lattice B.

r

r + a1r + a2

a2 a1 A

B
1

23

t1

t2e
i�
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while for Bp&0, relativistic Landau levels are obtained
as follows:

e,„~= ~ [(rn,c ) +nb ~ eBp ~
c ] ' (n ~ I ),

e p =am, c sgn(eBp) .

(4a)

(4b)

Every n ~ 1 level that evolves out of the upper band as
Bp is turned on is balanced by a level that evolves from
the lower band. However, the n =0 "zero-mode" energy
is not symmetric under Bp —Bp. It evolves from the
upper band if am, eBp is positive, and from the lower
band if it is negative.
In the time-reversal symmetric case t2sin&=0, the two

masses m+ and m — are equal, and the sum of the
Landau-level spectra derived from the two distinct zone
corners is particle-hole symmetric, and invariant under
Bp Bp. In this case, a" 0 by time-reversal invari-
ance. As the Hainiltonian is changed, tr"i' remains in-
variant, provided the Fermi level remains in a gap.
When Bp 0, models where the Fermi level is in the gap
and rn ~ and m —have the same sign can evolve continu-
ously from the time-reversal invariant case, and hence
have 0'~ 0.
To calculate tr"r for models where rn~ and trt have

opposite signs, I continuously turn on the external field,
then vary m+ and m until they become equal, at the
same time varying the Fermi level so at all times it lies in
a gap. Comparison of the occupation numbers of the
Landau levels obtained this way with those obtained by
continuously applying the field to the time-reversal in-
variant system shows that they differ by the complete
filling of one Landau level. Thus at T=O and with a
fixed chemical potential, the application of a weak exter-
nal magnetic field to a system where m~ and m have
opposite signs induces an extra fteld dependent g-round-
state charge density Atr ~ e Bp/h relative to the field-
independent charge density when these parameters have

f2

FIG. 2. Phase diagram of the spinless electron model with
~
tzlt~ ~

& —,'. Zero-field quantum Hall effect phases (v=+' l,
where o' =ve /h) occur if (Mlt2( &343(sing~. This figure
assumes that i2 is positive; if it is negative, v changes sign. At
the phase boundaries separating the anomalous and normal
(v=0) semiconductor phases, the low-energy excitations of the
model simulate undoubled massless chiral relativistic fermions.

the same sign. This allows 0." in the limit Bp=0 to be
evaluated as ve /h, where v= 2 [sgn(m —)—sgn(m+)l=+ 1 or 0. The phase diagram of v for the spinless
electron model as a function of M/t2 and p is shown in
Fig. 2.
I note that when the model has neither an inversion

center nor time-reversal invariance (i.e., when both M
and t2sinp are nonzero), so ~m~ ~

e ~m —~, the spec-
trum is no longer invariant under k —k, and the
fermion-doubling principle is defeated. In particular,
along the critical lines in the phase diagram where one of
rrt+ or rrt vanishes, the model has a low-lying massless
spectrum simulating nondegener ate relativistic chiral
fermions.
When m, 0, the fermion field theory derived from

the expansion (2) about the Fermi point with vanishing
gap has a charge-conjugation symmetry (particle-hole
symmetry) which is not present in the lattice model with
t2&0 from which it is derived. In the continuum field
theory, there is no lower bound to the Dirac sea of filled
electron states, and the establishment of absolute as op-
posed to relative values of cr"~ is ambiguous. Jackiw in-
vokes the charge-conjugation symmetry of (2) with
m =0 to assign the value o" =0 in the case of a
particle-hole symmetric Fermi level, where the "zero-
mode" Landau level (4b) is half filled. This would imply
a quantum Hall effect with v= 2 a if the zero mode is
filled, and v =——,

' a if it is empty. This suggests
"charge fractionalization, " and violates the principle
that a noninteracting electron system can only exhibit an
integral QHE. The model studied here shows how the
high-energy cutoff structure of a model with undoubled
fermions described by the relativistic Hamiltonian (2) at
low energies must break the charge-conjugation symme-
try, and give an extra contribution of +' —,

' to v, restor-
ing an integral QHE. Thus even if the low-energy spec-
trum consists of undoubled chiral fermions, their
partners must be present at high energies to restore a
properly integral QHE.
When electron spin is included without any other

change, there is an equal contribution from both spin
components, and 0 "r is doubled. However, a periodic lo-
cal magnetic field with the full symmetry of the lattice
will also couple to electrons with a Zeeman term 0'
=y&S', where S' is the azimuthal electron spin. This
term will relatively displace the up-spin and down-spin
bands by an energy ) hp, and if this exceeds the gap at
the Fermi level, the system will become a partially spin-
polarized metal. If —,

'
~ y ~

ii exceeds 3J3
~ t2 ~, the QHE

phases are completely eliminated, but if it is smaller,
they survive for small enough M and t2sinp. (The direct
transition from the normal to the anomalous semicon-
ductor phase as M is varied is then replaced by an inter-
mediate spin-polarized metallic phase. ) For the realiza-
tion of the internal field proposed earlier, yh (in units of
the rydberg) is given by C'g/a, where C' is another

2017

F.D.M. Haldane (1988)
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In momentum space the nearest-neighbour hopping takes the form

t1
∑

〈i,j〉

(
c†icj + h.c.

)
= t1

∑

r

(
c†A(r)cB(r) + c†A(r + a1)cB(r) + c†A(r + a2)cB(r)

)
+ h.c.

= t1
∑

k

(
1 + eika1 + eika2

)
︸ ︷︷ ︸

=:γ(k)

c†kAckB + h.c.

= t1
∑

k

(
c†kA, c

†
kB

)( 0 γ(k)
γ∗(k) 0

)(
ckA
ckB

)
,

The lattice vectors are given by a1 =
(√

3
2
, 3

2

)
and a2 =

(
−
√

3
2
, 3

2

)
where we set the lattice

constant to a = 1. For simplicity, let us assume that the complex-hopping term is purely
imaginary, φ = π/2, exp(±iφ) = ±i. In momentum space, we obtain

∑

〈〈i,j〉〉

(
t2e

iφijc†icj + h.c.
)

= it2
∑

r

(
c†A(r + a1 − a2)cA(r)− c†A(r + a1)cA(r)

+c†A(r + a2)cA(r)− c†B(r + a1 − a2)cB(r)

+c†B(r + a1)cB(r)− c†B(r + a2)cB(r)
)

+ h.c.

= 2t2
∑

k

[sin(ka1)− sin(ka2)− sin(k(a1 − a2))]

×
(
c†kAckA − c†kBckB

)

= t2
∑

k

(
c†kA, c

†
kB

)( s(k) 0
0 −s(k)

)(
ckA
ckB

)
,

where in the last step we have defined s(k) = 2 [sin(ka1)− sin(ka2)− sin(k(a1 − a2))].
Finally, for the on-site potential we obtain

M
∑

i

εic
†
ici = M

∑

r

(
c†A(r)cA(r)− c†B(r)cB(r)

)

=
∑

k

(
c†kA, c

†
kB

)( M 0
0 −M

)(
ckA
ckB

)
. (9.5)

Combining the terms, the Hamiltonian can be written as

Ĥ =
∑

k

(
c†kA, c

†
kB

)( dz(k) dx(k)− idy(k)
dx(k) + idy(k) −dz(k)

)(
ckA
ckB

)

=
∑

k

(
c†kA, c

†
kB

)
(d(k) · σ)

(
ckA
ckB

)
,

where dx(k) = t1Re[γ(k)], dy(k) = −t1Im[γ(k)] and dz(k) = M + t2s(k). d(k) is a
three-dimensional vector field and hence describes a mapping from the two-dimensional

110



Brillouin torus to a closed surface in three dimensional space. Diagonalising this two-by-
two Hamiltonian, one obtains the dispersion

ε(k) = ±‖d(k)‖ = ±
√
t21|γ(k)|2 + (M + t2s(k))2. (9.6)

For M = t2 = 0 the dispersion vanishes linearly at the points K± = 2π
3

(
± 1√

3
, 1
)
, forming

so-called Dirac cones. The alternating potential M and the imaginary hopping t2 both
open a gap in the spectrum. In the presence of both terms, the gaps at K± are given by

∆± = |M ∓ 3
√

3t2|. (9.7)

kx kx kx

ky ky ky

✏(
k
)

✏(
k
)

✏(
k
)

M = 0.2t1 t2 = 0.07t1M = t2 = 0
t2 = 0 M = 0

While the electron dispersions for the cases M > 0, t2 = 0 and M = 0, t2 > 0 look
identical, the electronic wave functions and their topological properties are very different.
In both gapped phases, ε(k) never reaches zero and the closed surface defined by all the
vectors d(k) therefore does not include the origin. In this case one can show that the Berry
curvature is equal to

F(k) =
1

2
d̂(k) ·

(
∂d̂

∂kx
× ∂d̂

∂ky

)
, (9.8)

where d̂(k) = d(k)/‖d(k)‖. From the above equation, it is clear that the Berry curvature
F(k) is equal to half the solid angle element of the mapping d̂(k) and the integral of F(k)
is therefore and integer multiple of 2π. The Chern number

ν =
1

2π

∫

BZ

d2k F(k)

describes how many times d̂(k) wraps around the sphere as a function of k. Evaluating
the integral for the Chern number we find

ν =

{
0 if 0 ≤ 3

√
3t2 < |M |

1 if 0 ≤ |M | < 3
√

3t2
(9.9)

in agreement with Haldane’s result. At the points M = ±3
√

3t2, the gap closes at one
of the Dirac points K± and a transition between a conventional insulator (ν = 0) and a
topological Chern insulator (ν = 1) occurs.
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9.4 Bulk-boundary correspondence
Within the Haldane model, it is also possible to address the question whether there exist
conducting edge modes if the gapped, insulating state has a non-trivial topology with
non-zero Chern number. In order to establish this correspondence, one diagonalises the
Hamiltonian of the Haldane model on a strip that is infinite along the x direction but has
a finite width Ly along y. This system should be viewed as one-dimensional system with
many lattice sites in the unit cells, giving rise to a large number of bands as a function
of the continuous momentum kx. Almost all of the bands have a trivial relation to the
dispersion of the infinite, two-dimensional system: making the size along y finite, simply
leads to bands corresponding to cuts through the two-dimensional dispersion with discrete
momenta ky(j),

εj(kx) = ε(kx, ky = j
2π

Lz
).

Since the two-dimensional system is an insulator, non of these bands will cross the Fermi
energy. In addition, there could be non-trivial modes that are localised near the edges. If
these modes are conducting they would have to cross the Fermi level and should therefore
be clearly visible in the gap between the quasi-continua of bulk bands.

2

FIG. 1: (Color online) The structure of graphene ribbons with
(a) zigzag edges and (b) armchair edges. The rectangle with
the dashed line is the unit cell.

edges in the y direction [see Fig. 1(a)]. In the following
we replace index i with (mns) to denote the lattice site,
where (mn) label the unit cells and s label the sites A
and B in this cell. The distance of the nearest neighbor-
ing lattice sites is set to be unity throughout this paper.
Since the lattice is periodic in the x direction, we can use
a momentum representation of the electron operator

cmns =
1√
Lx

∑

kx

eikxXmnscns (kx) , (2)

where (Xmns, Ymns) represents the coordinate of the
site s in the unit cell (mn), and kx is the momentum
along the x direction. Let us consider the one-particle
state |ψ(kx)⟩=∑ψns(kx)c†

ns(kx) |0⟩. Inserting it into the
Schrödinger equation H |ψ⟩=ϵ |ψ⟩, one can easily get the
following two eigenvalue equations for sites A and B:

ϵψnA = (M + f+)ψnA + g−(ψ(n+1)A + ψ(n−1)A)

+ t1ψ(n−1)B + g0ψnB,

ϵψnB = (−M + f−)ψnB + g+(ψ(n+1)B + ψ(n−1)B)

+ t1ψ(n+1)A + g0ψnA, (3)

where f±=2t2 cos
(√

3kx ± φ
)
, g±=2t2 cos

(√
3

2 kx ± φ
)
,

and g0=2t1 cos
(√

3
2 kx

)
. Eliminating the B sites, we ob-

tain a difference equation for A sites

ψn = b(ψ(n−1) + ψ(n−3)) + dψ(n−2) − ψ(n−4), (4)

where

b =
1

g+g−

{
2(g+ + g−)ϵ+ 2g0

[
t1 − t22

t1

]

+
t2
t1

g0M sinφ− 4t22 cos

(
3
√

3

2
kx

)
cos 2φ

}
,

d =
1

g+g−

{
2
(
M2 + t21 − ϵ2

)
− f+f− (5)

+4t2

[
g2
0

t21
− 2

]
(ϵ cosφ− M sinφ)

}
− 2,

and ψnA was replaced by ψn. Eq. (4) is the so-called
Harper equation [8, 9]. The next key step is to represent
Eq. (4) in the transfer matrix form. After a tedious but
straightforward derivation, we find that by introduction
of a new wave function ϕn, which is a linear transforma-
tion of the original wave function ψn,

ϕn = ψn +
−b +

√
b2 + 4(2 + d)

2
ψn−1 + ψn−2, (6)

then the new wave function ϕn can be written in the
following transfer matrix form

(
ϕn

ϕn−1

)
=

(
t −1
1 0

)(
ϕn−1

ϕn−2

)
≡ M̃(ϵ)

(
ϕn−1

ϕn−2

)
,

(7)

where t=
b+

√
b2+4(2+d)

2 . More generally, we take ϕ0 and
ϕLy as the wave functions at two open edges. Then we
get a reduced transfer matrix linking the two edges as
follows:

(
ϕLy+1

ϕLy

)
= M(ϵ)

(
ϕ1

ϕ0

)
, (8)

where

M(ϵ) =
[
M̃(ϵ)

]Ly

=

(
M11(ϵ) M12(ϵ)
M21(ϵ) M22(ϵ)

)
. (9)

All kind of solutions of Eq. (8) are obtained by different
choices of ϕ0 and ϕ1.

Similarly, one can obtain the eigenvalue equations of a
graphene ribbon with armchair edges,

(ϵ− M)ψnA = t1e
−ikaψnB + t1e

i ka
2

[
ψ(n+1)B + ψ(n−1)B

]

+ t2
[
e−iφψ(n+2)A + eiφψ(n−2)A

]

+
t2
t1

g0

[
eiφψ(n+1)A + e−iφψ(n−1)A

]
,

(ϵ+ M)ψnB = t1e
ikaψnA + t1e

−i ka
2

[
ψ(n+1)A + ψ(n−1)A

]

+ t2
[
eiφψ(n+2)B + e−iφψ(n−2)B

]

+
t2
t1

g0

[
e−iφψ(n+1)B + eiφψ(n−1)B

]
. (10)

However, because the derivation of the Harper equation
for a graphene ribbon with armchair edges is too sophis-
ticated, here we do not write out the transfer-matrix ex-
pression of this Harper equation. Moreover, because the
main results and the discussions on the graphene ribbons
with zigzag and armchair edges are similar, in the follow-
ing we focus our attention to the graphene with zigzag
edges. The general open boundary condition is

ϕLy = ϕ0 = 0. (11)

x (infinite)

(fi
ni

te
)

3

With Eqs. (8) and (9), one can easily get that the solu-
tions satisfy

M21(ϵ) = 0 (12)

and

ϕLy−1 = −M11 (ϵ)ϕ1. (13)

If we use a usual normalized wave function, the state is
localized at the edges as
{

|M11(ϵ)| ≪ 1 localized at y ≈ 1 (down edge),
|M11(ϵ)| ≫ 1 localized at y ≈ Ly − 1 (up edge).

(14)
Because the analytical derivation of the energy spec-

trum in the presence of edges is very difficult, we now
start a numerical calculation from Eqs. (3) and (10).
Varying all the controllable parameters, which are the
relative site energy M/t1, the next nearest neighbor hop-
ping t2/t1, and the complex phase φ, we can get three
different cases happening in the energy spectrum of the
graphene ribbons. We draw in Figs. 2(a)-(c) [Figs. 3(a)-
(c)] the energy spectrum of graphene ribbons with zigzag
(armchair) edges as a function of kx for these three dif-

ferent cases, i.e., the case M/t2 < 3
√

3 sinφ (case I),

the case M/t2 < −3
√

3 sinφ (case II), and the case

M/t2 > 3
√

3| sinφ| (case III), respectively. The num-
ber of sites A (B) in y direction is chosen to be Ly=40.
Clearly, from Figs. 2 and 3 one can see that there are
two dispersed energy bands (the shaded areas) with two
edge states (the colored lines) lying in the energy gap.
It is our task to show that the geometric nature of the
edge states in these three kinds of parameter regions are
totally different, which can be described by the wind-
ing numbers of the edge states on a complex energy RS
within the topological edge theory [6].

To show this, first, we ignore the open boundary con-
dition and consider the bulk Bloch function at sites with
y-coordinate of (Ly−1). For Bloch function, ϕ

(b)
0 and

ϕ
(b)
1 compose an eigenvector of M with the eigenvalue ρ,

M(ϵ)

(
ϕ

(b)
1

ϕ
(b)
0

)
= ρ (ϵ)

(
ϕ

(b)
1

ϕ
(b)
0

)
. (15)

In order to discuss the wave function of the edge state, we
extend the energy to a complex energy. In the following,
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If we use a usual normalized wave function, the state is
localized at the edges as
{

|M11(ϵ)| ≪ 1 localized at y ≈ 1 (down edge),
|M11(ϵ)| ≫ 1 localized at y ≈ Ly − 1 (up edge).

(14)
Because the analytical derivation of the energy spec-

trum in the presence of edges is very difficult, we now
start a numerical calculation from Eqs. (3) and (10).
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the case M/t2 < −3
√
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while for Bp&0, relativistic Landau levels are obtained
as follows:

e,„~= ~ [(rn,c ) +nb ~ eBp ~
c ] ' (n ~ I ),

e p =am, c sgn(eBp) .

(4a)

(4b)

Every n ~ 1 level that evolves out of the upper band as
Bp is turned on is balanced by a level that evolves from
the lower band. However, the n =0 "zero-mode" energy
is not symmetric under Bp —Bp. It evolves from the
upper band if am, eBp is positive, and from the lower
band if it is negative.
In the time-reversal symmetric case t2sin&=0, the two

masses m+ and m — are equal, and the sum of the
Landau-level spectra derived from the two distinct zone
corners is particle-hole symmetric, and invariant under
Bp Bp. In this case, a" 0 by time-reversal invari-
ance. As the Hainiltonian is changed, tr"i' remains in-
variant, provided the Fermi level remains in a gap.
When Bp 0, models where the Fermi level is in the gap
and rn ~ and m —have the same sign can evolve continu-
ously from the time-reversal invariant case, and hence
have 0'~ 0.
To calculate tr"r for models where rn~ and trt have

opposite signs, I continuously turn on the external field,
then vary m+ and m until they become equal, at the
same time varying the Fermi level so at all times it lies in
a gap. Comparison of the occupation numbers of the
Landau levels obtained this way with those obtained by
continuously applying the field to the time-reversal in-
variant system shows that they differ by the complete
filling of one Landau level. Thus at T=O and with a
fixed chemical potential, the application of a weak exter-
nal magnetic field to a system where m~ and m have
opposite signs induces an extra fteld dependent g-round-
state charge density Atr ~ e Bp/h relative to the field-
independent charge density when these parameters have

f2

FIG. 2. Phase diagram of the spinless electron model with
~
tzlt~ ~

& —,'. Zero-field quantum Hall effect phases (v=+' l,
where o' =ve /h) occur if (Mlt2( &343(sing~. This figure
assumes that i2 is positive; if it is negative, v changes sign. At
the phase boundaries separating the anomalous and normal
(v=0) semiconductor phases, the low-energy excitations of the
model simulate undoubled massless chiral relativistic fermions.

the same sign. This allows 0." in the limit Bp=0 to be
evaluated as ve /h, where v= 2 [sgn(m —)—sgn(m+)l=+ 1 or 0. The phase diagram of v for the spinless
electron model as a function of M/t2 and p is shown in
Fig. 2.
I note that when the model has neither an inversion

center nor time-reversal invariance (i.e., when both M
and t2sinp are nonzero), so ~m~ ~

e ~m —~, the spec-
trum is no longer invariant under k —k, and the
fermion-doubling principle is defeated. In particular,
along the critical lines in the phase diagram where one of
rrt+ or rrt vanishes, the model has a low-lying massless
spectrum simulating nondegener ate relativistic chiral
fermions.
When m, 0, the fermion field theory derived from

the expansion (2) about the Fermi point with vanishing
gap has a charge-conjugation symmetry (particle-hole
symmetry) which is not present in the lattice model with
t2&0 from which it is derived. In the continuum field
theory, there is no lower bound to the Dirac sea of filled
electron states, and the establishment of absolute as op-
posed to relative values of cr"~ is ambiguous. Jackiw in-
vokes the charge-conjugation symmetry of (2) with
m =0 to assign the value o" =0 in the case of a
particle-hole symmetric Fermi level, where the "zero-
mode" Landau level (4b) is half filled. This would imply
a quantum Hall effect with v= 2 a if the zero mode is
filled, and v =——,

' a if it is empty. This suggests
"charge fractionalization, " and violates the principle
that a noninteracting electron system can only exhibit an
integral QHE. The model studied here shows how the
high-energy cutoff structure of a model with undoubled
fermions described by the relativistic Hamiltonian (2) at
low energies must break the charge-conjugation symme-
try, and give an extra contribution of +' —,

' to v, restor-
ing an integral QHE. Thus even if the low-energy spec-
trum consists of undoubled chiral fermions, their
partners must be present at high energies to restore a
properly integral QHE.
When electron spin is included without any other

change, there is an equal contribution from both spin
components, and 0 "r is doubled. However, a periodic lo-
cal magnetic field with the full symmetry of the lattice
will also couple to electrons with a Zeeman term 0'
=y&S', where S' is the azimuthal electron spin. This
term will relatively displace the up-spin and down-spin
bands by an energy ) hp, and if this exceeds the gap at
the Fermi level, the system will become a partially spin-
polarized metal. If —,

'
~ y ~

ii exceeds 3J3
~ t2 ~, the QHE

phases are completely eliminated, but if it is smaller,
they survive for small enough M and t2sinp. (The direct
transition from the normal to the anomalous semicon-
ductor phase as M is varied is then replaced by an inter-
mediate spin-polarized metallic phase. ) For the realiza-
tion of the internal field proposed earlier, yh (in units of
the rydberg) is given by C'g/a, where C' is another

2017
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N. Hao et al. (2009)

In the figure, the energy spectra of the strip system are shown for two different sets of
parameters, one corresponding to a trivial insulating state (ν = 0), and one for a topological
Chern insulator with ν = 1. As expected, only in the latter case there exist conducting
modes that cross the Fermi level. An analysis of the eigenvectors shows that these modes
propagate along the edges, the right-moving mode (red) along the upper edge of the strip
and the left-moving mode (blue) along the lower edge.
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