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ASYMPTOTIC EXPANSION OF THE INTEGRATED DENSITY OF
STATES OF A TWO-DIMENSIONAL PERIODIC SCHRODINGER
OPERATOR

LEONID PARNOVSKI & ROMAN SHTERENBERG

ABSTRACT. We prove the complete asymptotic expansion of the integrated density of
states of a two-dimensional Schrodinger operator with a smooth periodic potential.

1. INTRODUCTION

Let H be a Schrodinger operator
(1.1) H=-A+V

acting in RY. The potential V is assumed to be infinitely smooth and periodic with
I' C R? being its lattice of periods. We denote by O = R?/T" the fundamental quotient
of I' and by v the L*-norm of V. We also denote by I't a dual lattice to I' and put
Of = R?/TT. Denote by N(\) the (integrated) density of states of the operator H. The
density of states is defined by the formula
: N Hp))

Here, H ,(:,L) is the restriction of H to the cube [0, L]? with the Dirichlet boundary condi-
tions, and N(\; A) is the counting function of the discrete spectrum of (a bounded below
operator with compact resolvent) A. If we denote by Ny(\) the density of states of the

unperturbed operator Hy = —A, one can easily see that for positive A one has
~ 1

1.3 No(N\) = \4/2

( ) 0( ) (27T)dwd )
where

/2
].-4 - —-——--
(14) YT T+ d2)

is a volume of the unit ball in R?. There is a long-standing conjecture that for large \ the
density of states of the perturbed operator enjoys the following asymptotic behaviour as
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A — 00:

(1.5) N\ ~ NO(A)<1 +3 ejxj),
j=1
meaning that for each K € N one has

(1.6) N = No(A) (1 +3 ejxj) + Rie(\)

with Rx(A) = o(A2X). In those formulas, e; are real numbers which depend on the
potential V. They can be calculated relatively easily using the heat kernel invariants
(computed in [2]); they are equal to a certain integrals of the potential V' and its deriva-
tives. Indeed, in the paper [7], all these coefficients were computed; in particular, it
turned out that if d is even, then e; vanish whenever j > d/2.

So far, formula (L5 has been proved only in the case d = 1 in the paper [11]. In
the multidimensional case, only partial results are known, see [1], [4], [5], [9], [12], [13].
In particular, in [13] it was shown that when d = 2 formula (L6]) is valid with K = 2
and R(\) = O(A57°) for any positive € in [4] it was shown that when d > 3 formula
([L8) is valid with K = 1 and R(\) = O(A°) with some small § when d = 3 and
R(\) = O(AF" In\) when d > 3.

The aim of this paper is to establish the complete asymptotic formula (LH) in the
2-dimensional case. Namely, we will prove that if d = 2, we have:

- 1
(1.7) N(A) = E(A —b) + 0O\ )
for each K € N as A\ — oo with

1
(1.8) b:= “ol(0) /OV(x)dx.

Note that in view of [7], it is enough to establish that (@) holds for each K with some
constants e;, then (L) would follow automatically. Moreover, suppose that we have
proved the following asymptotic formula:

(1.9) N = B (14D ;A7 + 30627 In(h) ) +o(AF5),

Then, applying the same arguments as in [7], together with some straightforward cal-
culations (one needs to compute the Laplace transform of A=/ In )), it is easy to show
that (L9) still implies (I7). Therefore, our aim would be to prove (L9)). It was quite
surprising for us when we were performing the calculations that the terms containing
logarithms were actually ‘present’ in the asymptotics of N, although the coefficients é;
in front of these terms turned out to be zero.
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Remark 1.1. The coefficients ¢; in front of logarithmic terms can be non-zero if one
allows non-local pseudo-differential perturbations V. For example, suppose, I' = Z? and
V' is a pseudo-differential operator of order zero with the following symbol:

(1.10) v(x,&) = [cos(2mxy) 4 cos(2mxs) + cos(2m(z1 — x2))]x1(|&]) x2(arg(§)),

where x; is a smooth cut-off to the interval [1,+00), and xy is a smooth cut-off to
[—0.1,7/4]. Then the formula (L.9) would still be valid, with é; # 0. This can be seen by
repeating the arguments of our paper for non-local operators and a careful computation
of all coefficients. Since in our paper does we do not consider non-local perturbations, we
will not go into more details, but we may return to this example in a further publication.

The method we apply to establish (L9) consists of two parts. The first part is, es-
sentially, the method used in [§] in order to prove the Bethe-Sommerfeld conjecture in
all dimensions, while the second part consists of a detailed analysis of the eigenvalues
coming from the different zones (resonance and non-resonance ones); when working in
the resonance regions, we use some arguments from the theory of analytic functions of
several complex variables. Dealing with the resonance regions is the part of the proof
which at the moment we cannot extend to higher dimensions (more of this later).

The first step of the proof, as usual, consists in performing the Floquet-Bloch decom-
position to our operator (LI]):

(1.11) H:/H(k)dk,

where H(k) = Hy + V(x) is the family of ‘twisted’” operators with the same symbol as
H acting in
9= L*(0).

These auxiliary operators are labelled by the quasi-momentum k € R?/I'"; the domain
D (k) of H(k) consists of functions f € H2(O) which are restrictions of functions f €
H2 _(R?) satisfying the following condition: f(y + x) = e*f(x), ~ € [. We refer
the reader to [I0] for more details about this decomposition. Now it would be useful to
introduce a different density of states

(1.12) N\ = [ N\ H(k))dk
ot
which is more convenient to deal with. It is known (see e.g. [10]) that
~ 1
1.1 N(A) = —N(N).
(1.13) ()= 75N

Therefore, for our purposes it would be enough to prove (I.9) for N instead of N.
The next step is to assume that the potential V is a finite trigonometric polynomial
whose Fourier coefficients

(1.14) V(m) :

1
= 7701(0)/01/()()6

“imxgx meTT
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vanish when |m| > R. The justification of the fact that it is enough to consider such
potentials is relatively straightforward, but rather tedious: one should keep a track of
how all important estimates depend on R. It is, however, obvious that we can assume
without any loss of generality that V(O) = 0. Indeed, otherwise we consider a new
operator Hy := H — b (b is defined in (L)). Note that H; = —A + 1} and the constant
Fourier coefficient of V; vanishes. Since N (\; H) = N(A—b, H,), we see that asymptotic
formulas (7)) for H and H; are equivalent. Therefore, we can (and will) always assume
that [,V (x)dx = 0.

Next, instead of trying to prove (L9]) for all values of A\, we will prove it assuming
that A is inside a fixed interval: X € [A,, 16A,], where \,, = 4"\ is a large number, and
we will allow the coefficients in (L9) to depend on n (however, the remainder should be
uniform in n). We will show that if we can prove such formulas for all n with coefficients
growing not too fast, this would imply the validity (L.9) for all \.

Next, we will construct a good approximation of all the eigenvalues of all operators
H (k) simultaneously (to be precise, we will need to approximate only eigenvalues which
are inside the interval [\, —100v, 16, + 1000]). This is done essentially in the same way
as in [§]; the fact that we work in two dimensions brings a considerable simplification,
whereas the fact that the coordinates we introduce have to satisfy certain additional
conditions — see section 4 — brings a slight complication compared to [§].

Having constructed this approximation, we are ready to start computing N(\). The
approximation of eigenvalues is explicit in the non-resonance regions; thus, it is a rel-
atively straightforward (but slightly tedious) task to compute the contribution to the
density of states coming from these regions. The logarithmic terms appear on this stage
(resonance regions do not produce any logarithms). The crucial tool for working in
non-resonance regions is the implicit function theorem (or Banach contraction mapping
theorem), similarly to how it was used in [§]. It is much more difficult to compute a
contribution to the density of states coming from the resonance zones. The main prob-
lem lies in the fact that the approximation of the eigenvalues we have constructed is not
explicit: it expresses eigenvalues of H (k) in terms of the eigenvalues of an expression
A+ eB, where A and B are explicitly given symmetric matrices and € ~ p~! is a small
parameter. Of course, one can expand the eigenvalues of A + B in powers of &, but the
coefficients in this expansion will not be uniformly bounded in the quasi-momentum k,
so we will not be able to integrate this expansion in k. Thus, we need to analyse the
situation deeper. Let us denote by P the projection onto the kernel of A (it is the pertur-
bation of zero eigenvalues of A we are interested in). Then a priori there are two reasons
why the coefficients in the asymptotic expansion of A + B can be large: either A has
eigenvalues close to zero (not the case in our situation), or the operator PBP has eigen-
values close to each other. The latter possibility is actually occurring in our problem.
However, it turns out that PBP is ‘essentially’ unitary equivalent to a one-dimensional
Schrodinger operator on an interval with quasi-periodic boundary conditions. Therefore,
there could be not more than two eigenvalues of this operator located near each other (at
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this place we strongly use the fact that our operator H is two-dimensional). The rest of
the computations is similar to the non-resonance regions, only instead of solving equa-
tion p + G(u) = p which we had to do in the non-resonance region (and where we used
implicit function theorem), now we have to solve the equation p? + X (u)p + Xo(p) = 0.
The tool for dealing with equations of this type exists in the theory of functions of several
complex variables and is called the Weierstrass Preparation Theorem. After using this
theorem, we obtain the expressions for eigenvalues in the non-resonance regions; these
expressions are no longer analytic in p, but contain square roots of analytic functions;
however, these square roots will cancel after integration in k to produce an asymptotic
formula which contains only powers of p.

The rest of the paper is organised as follows: in the next section we give all necessary
definitions and basic facts (the Weierstrass Preparation Theorem and corollaries from
it). In Section 3 we reduce the problem of finding an asymptotic formula valid for all A to
the problem of finding such a formula valid only for A inside a fixed interval. In Section
4 we describe what exactly we mean by a simultaneous approximation of all eigenvalues
of all H(k) and give some idea about the general strategy of the proof. In Section 5
we formulate auxiliary results which were proved in [§] and introduce the partition of
the k-plane into resonance and non-resonance regions. In Section 6 we deal with the
non-resonance regions, and, finally, in Section 7 (the most complicated one) we compute
the contribution to the density of states from the resonance zones.

Acknowledgment.The first author acknowledges the warm hospitality of the De-
partment of Mathematics of University of Alabama at Birmingham where part of this
work was carried out. The work of the first author was also partially supported by the
Leverhulme trust and by the EPSRC grant EP/F029721/1. The work of the second
author was partially supported by the LMS grant. Both of us are very grateful to Yu.
Karpeshina and A. Sobolev for useful discussions.

2. NOTATION AND BASIC FACTS

Let T be a lattice in R?. We denote by O = R?/T" the fundamental domain of T', by
['" the lattice dual to I', and by Of = R?/T'T its fundamental domain.

For each vector x € R? we denote by x* the result of rotation of x by —5 and
n(x) := |—§‘, assuming x # 0. If x;,x, € R? are two non-zero vectors, we denote by
¢(x1,X3) the angle between them (0 < ¢ < 7).

If £ € R?, there exists unique decomposition & = v + k with v € I'f and k € Of. We
call v =: [£] and k =: {&} resp. the integer part and the fractional part of €.

If H is a bounded below self-adjoint operator with compact resolvent, then p;(H) is
its j-th eigenvalue (counting multiplicities).

We also assume that the average of V' over O is zero.

By C' or ¢ we denote positive constants, The exact value of which can be different each
time they occur in the text, possibly even each time they occur in the same formula. On
the other hand, the constants which are labeled (like C1, c3, etc) have their values being
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fixed throughout the text. Given two positive functions f and g, we say that f > g, or
g < f, or g =0O(f) if the ratio % is bounded. We say f < gif f > g and f < g.
The results in the rest of this section are quoted from [3].

Theorem 2.1. (The Weierstrass preparation theorem). Let F' be analytic and bounded
in a neighborhood w of 0 in C" and assume that F'(0, z,) /2 is analytic and # 0 at 0. (In
other words it means that (? F/022)(0,0) =0 forj =1,...,p—1, and (?F/9zP)(0,0) #
0). Then one can find a polydisc D C w such that every G which is analytic and bounded
in D can be written in the form

(2.1) G=qF +,

where q and r are analytic in D, r is a polynomial in z, of degree < p (with coefficients
depending on 2’ = (z1,...,2,-1)) and

(2.2) sup |g| < C'sup |G|.
D D

The representation is unique.

Remark 2.2. It follows from the proof that polydisc D and constant C' can be chosen
to depend only on sup |F|, p and ((6PF/9z£)(0,0))~ .

Now, choose G := 2P and put W := 22 —r, h:= ¢~ . We have

Corollary 2.3. If f satisfies the hypothesis of Theorem [2.1], then one can write F' in a
unique way in the form

(2.3) F=hW,

where h and W are analytic in a neighborhood w' of 0, h(0) # 0, and W is a Weierstrass
polynomaal, that is,

24) W) = 4+ Y a2k,

where a; are analytic functions in a neighborhood of 0 vanishing when 2’ = 0.
Moreover,

(2.5) sup(|h| + |h|™!) +sup |W| < O,
and w' and Cy depend only on sup |F|, p and ((0PF/02P)(0,0))~ .

Corollary 2.4. Assume that a set of functions F := {F'} satisfies the following proper-
ties:

1. Functions F are analytic in a neighborhood w of 0.

2. For some p we have (3 F/022)(0,0) =0 forj=1,...,p—1, and (0P F/9zF)(0,0) #
0.
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3. We have the bounds
(2.6) sup sup |F| < C, sup |(0PF/02P)(0,0)| < C.
FeF

FeF w

Then there exist a neighborhood w' and a constant Cy such that for any ' € F the
representation (2.3) and estimate (2.5) hold. Moreover, w' and Cy are uniform with
respect to {F'} and depend only on w, p and constant C' from (2.0]).

3. REDUCTION TO A FINITE INTERVAL OF SPECTRAL PARAMETER
The main result of our paper is the following theorem (or, rather, the corollary from
it; we put p := V/\):
Theorem 3.1. For each K € N we have:
K K
(3.1) N(p*)=mp"+ Y e;p +InpY é;p70 +o(p™)
j=0 J=2
as p — 0.

Once the theorem is proved, it immediately implies

Corollary 3.2. For each K € N we have:

(3.2) N(A) = E 47r\(‘)\ / x)dx + O(A )
as A — 0.

Proof. First of all, we notice that [2] implies that

(3.3) / e AN (N)dA ~ 72N g g0
0 1=0

as t — 0+, where g; are constants depending on the potential. Now the corollary follows
from theorem B.] property (LI3), and calculations similar to that of [7]. Indeed, [7]
implies that if all coefficients €; vanish, then all coefficients e; vanish as well. It remains
to show that all coefficients é; vanish. Suppose, this is not the case. We consider
separately even and odd values of m. Suppose first that é,; is the first non-zero even
coefficient with hats. Then we consider the following integral:

(3.4) I(t) ::/ e MA7" In Ad\
1

and, after elementary calculations, find that the asymptotic expansion of I(t) as t — 0+
contains a term t*~! In? ¢ with a non-zero coefficient. This term is absent from the Laplace
transform of other terms from the expansion (B1). Thus, our assumption that ég, # 0

contradicts (B.3)).
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Suppose now that éox1 is the first non-zero odd coefficient with hats. Then, similarly
to the previous case, we consider the following integral:

(3.5) I(t) = / e MATERHD/2 1 Nd X
1

and find that the asymptotic expansion of I(t) as t — 0+ contains a term ¢2*=1)/2In¢
with a non-zero coefficient. This term is absent from the Laplace transform of other
terms from the expansion ([B.I]). Once again, we have reached a contradiction with (B.3]).
Thus, all coefficients é,, vanish, and our corollary follows from [7].

U

The rest of the paper is devoted to proving theorem [3.11

To begin with, we choose sufficiently large py > 1 (to be fixed later on) and put
Pn = 2pp—1 = 2"py; we also define the interval I, = [p,,4p,]. The proof of the main
theorem will be based on the following lemma:

Lemma 3.3. For each M € N and p € I,, we have:

(3.6) ) =mp +Z€; n)p~ +lnpzeg n)p~ +0(p,M).

Here, e;(n), éj(n) are some real numbers dependmg on j and n (and M) satisfying

2j+1

47
(3.7) e5(n) = O(pn™), é(n) = O(pn ).
The constants in the O-terms do not depend on n (but they may depend on M ).

Remark 3.4. Note that (3.6]) is not a ‘proper’ asymptotic formula, since the coefficients
e;(n) are allowed to grow with n (and, therefore, with p).

Let us prove theorem [3.1] assuming that we have proved lemma Let M be fixed.
Denote

(3.8) N, (p?) :==7p +Ze] n)p- +laneJ

Then whenever p € J,, :=1,_ 1N1I, = [pn, 2py], we have:

(3.9) N, (p?) — Zt n)p~ +1ant

where

(3.10) tj(n) :=e¢;(n) —e;(n—1),  {;(n) = e;(n) —¢;(n—1).

On the other hand, since for p € J,, we have both N(p) = N, ( ) + O(p; M) and N(p) =
Na-1(p) + O(py™), this implies that 352 ¢;(n)p™ +1np 3200 £ (n)p~ = O(p™).
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Claim 3.5. For each j = 0,...,6M we have: t;(n) = O(pi MInp,) and t;(n) =
O(pi~™).

Proof. Put x := p~'. Then Zf tj(n)z? —Inz Z ti(n)z? = O(p;M) whenever z €

(L=, p ). Put y = xpy, 75(n) := (t;(n) + £;(n) Inp,)ph =7, and 75(n) = —t;(n)p)~
Then

(3.11) P(y) := Z n)y’ + ZT] v Iny = O(1)

,7:

whenever y € [%,1]. Consider the following 12M functions: 3/ (j = 0,...,6M) and
yiny (j = 2,...,6M) and label them hy(y),...h1ap(y). These functions are linearly
independent on the interval [%,1]. Therefore, there exist points yi,..., Y1201 € [%,1]
such that the determinant of the matrix (h; (yl))ﬁMl is non-zero. Now (B.I1)) and the
Cramer’s Rule imply that for each j the values 7;(n) and 7;(n) are fractions with a
bounded expression in the numerator and a fixed non-zero number in the denominator.
Therefore, 7;(n) = O(1) and 7j(n) = O(1). This shows first that ;(n) = O(p/~™) and
then that ¢;(n) = O(p/ M Inp,) as claimed. O

Thus, for j < M, the series Y~ t;(m) is absolutely convergent; moreover, for such

J we have:
(3.12)

O)—i—th(m):ej —l—Zt piMInp,) = e; + O(pi~"1np,),

where we have denoted e; := e;(0) +>_>°_, t;(m). Similarly, for j < M we have

(3.13)  &(n) = &;(0)+ Y t(m) = ;(0) + > E5(m) + O(pi ™) = &; + O (o)),

where we have denoted éj:=¢;(0) + > t;(m).

m=

+7
Since e;j(n) = O(pn ) (it was one of the assumptions of lemma), we have:

M

(3.14) Z\ej Vol = O0(pi *) =Opn *),

assuming as we can without loss of generality that M is sufficiently large. The sum with
hats on is estimated similarly. Thus, when p € [,,, we have:

M-1 M-1

(3.15) N(p) = mp* + Z eip + Z éjp Inp+ O(p™1np) + O(p—%).

=0 j=2



10 L. PARNOVSKI & R. SHTERENBERG

Since constants in O do not depend on n, for all p > py we have:

M-—1 M—1
s P _M
N(p)=mp"+ Y ep?+ Y ép7lnp+0(pv)
3.16 7= =
(3.16) 01/ /6
. . M
=7+ D> ep i+ Y EpIInp+O0(pTe).
=0 =2

Taking M = 6K + 1, we obtain (B.1]).
The rest of the paper is devoted to proving lemma [3.3]

4. DESCRIPTION OF THE APPROACH. INTEGRATION IN NEW COORDINATES

From the previous section it is clear that we can study the density of states N(p) as-
suming that p € I,,. Throughout the paper we will assume that n is fixed and sometimes
will omit index n from the notation; however, we will carefully follow how all estimates
depend on n. If we need to make sure that p, is sufficiently large, we will achieve this
by increasing pg, keeping n fixed.

First, we discuss the general strategy. In this section we describe how to construct the
asymptotic formula for N(p) using certain objects (mappings f and g and coordinates
(r, @) satisfying certain properties); in the next sections, we will construct these objects.

Let us fix sufficiently large n, A = p? with p € I,,, and denote

(4.1) A= A(p) = {& € R? [€]* € [\ — 1000, A + 1000]},

where v := ||V]|s. Obviously, A is an annulus of width ~ p~'. We also fix a number
M € N. Our aim is to construct good approximation of the eigenvalues lying close to .
Namely, we will construct two mappings f, g : R*> — R such that for each &, f(§) is an
eigenvalue of H({£}); moreover, f : {£ € R?, {¢} = k} — o(H(k)) is a bijection for each
k (here, we count all eigenvalues of H (k) according to their multiplicities; the functions
f,g depend on n, M and p). The difference |f(&) — g(&)| is required to be sufficiently
small at least when & € A, namely, we postulate that the following two properties hold:

(1) [£(&) — g(&)] < p, ™ for & € A;

(i) /(&) — €3] < 20, similarly, [g(€) — [€7]] < 20.

Notice that the second property implies that if & ¢ A, then the following three in-
equalities are equivalent: f(&€) < X if and only if g(&) < A, and this in turn happens if
and only if |&| < p.

Remark 4.1. Rigorously speaking, the functions we will construct will satisfy property
(i) not in the whole annulus A, but in a slightly smaller annulus {£& € R?, |£|> € [\ —
90v, A 4+ 90v]|}. Indeed, in the process of constructing f and g we will have to reduce
the width of the set A by 2v several times. One obvious solution to this problem would
be to introduce sets A; = {€ € R?, |€|> € [\ — 99v, A\ + 99v]}, As, etc. However, this
would introduce extra notational complexity to a paper which is already overburdened
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with notation. Thus, we will keep calling A all annuli of slightly smaller width whenever
necessary.

Finally, we will construct function ¢ in such a way that it satisfies some asymptotic
formulas. The next lemmas describe why these functions are going to be useful. Denote

B(A) := fH((—00, A]).
Lemma 4.2. Suppose f : R? — R is a measurable mapping such that f : {€ €

R2 {&} = k} — o(H(k)) is a bijection (including multiplicities) for each k. Then
N(X) = vol(Bs(X)).

Proof. Denote by xp,(x the characteristic function of By(\). By Fubini’s theorem we
have:

vol(By(N) = [ x o0 (€)d¢
(4.2) e
= [ #e48) =k s(©) < Nk = [ NOIodk= N (.
ot ot
O

Our next task is two-fold: to show that under certain conditions we can replace By in
lemma by B, so that the error is not too big and, secondly, to compute vol(B,()))
(or, at least, to expand this volume in powers of ). Unfortunately, assumptions (i)
and (ii) on functions f and g made above are not the only necessary requirements to do
this job: we also need to check that function g behaves in a ‘nice’ way in some suitable
coordinates. Since the complete set of required conditions looks rather nasty, we will
introduce these conditions slowly, on at a time, to show why each particular condition is
required. First, we check that the polar coordinates could do the trick.

Lemma 4.3. Let A\ = p? be fized and let N be a fized natural number. Suppose f : R? —
R is a measurable mapping such that f : {& € R?, {€} = k} — o(H(k)) is a bijection
for each k (counting multiplicities). Suppose, g : R? — R is a measurable mapping and
that f,g satisfy properties (i) and (ii) above. Suppose also that %(rei‘z’) > p whenever
€ =re € A.Then N(A\) = vol(B,(\)) + O(p~™).

Proof. Assumptions of lemma (namely, property (ii) above) imply that the symmetric
difference Bf(A\)ABy(A) C A. The boundary of the ‘ball’ By()) is a subset of A; since
the function g = ¢(r, ¢) is increasing in r, for any fixed ¢ the intersection of B,(\)
with any semi-infinite interval {re’°, r € [0,00)} is an interval {re’®, r € [0, Z]}, where
Z = Z(¢o) is a well-defined function. Since % > C4p, we also have that if r < Z(¢) —
Crlp~™™=1 then A —g(re'®) > p~™ and so f(re’®) < X and &€ = re’® € By(\). Similarly,
it r > Z(¢) +Cy'p~™1 then g(re’?) — A > p™ and so f(re’) > X and € = re' ¢
Bf(A). Thus, the symmetric difference By(A\)AB,(\) C {& = re" € R?, |r — Z(¢)| <
Cy'p~™™=1} and thus vol(Bf(A\)ABy()\)) < p~™. Together with lemma[LZ] this finishes
the proof. O
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Later on, we will apply lemma in a more general situation, when r is not precisely
the radial coordinate, but ‘close’ to the radial coordinate in a certain sense; more pre-
cisely, we will need the following statement (with proof being exactly the same as proof

of lemma [.3):

Corollary 4.4. Let 8§ be a curve of length < 1, and let (r,®) (r € RT, & € §) be

coordinates in A(p) such that the Jacobian ‘ ggf”gg ‘<< p. Suppose, f : R? — R is a
measurable mapping such that f : {€ € R?, {&} = k} — o(H(k)) is a bijection for
each k (counting multiplicities). Suppose, g : R? — R is a measurable mapping and
that f,g satisfy properties (i) and (ii) above. Suppose also that %(r, ®) > p. Then

N(A) = vol(B, (X)) + O(p~™).

Remark 4.5. Obviously, lemma is a special case of corollary .4 with 8§ = S! being
a circle of radius 1 centered at the origin and (r, ®) being the usual polar coordinates.

Remark 4.6. Suppose that another set of coordinates (7, <I>) satisfy shghtly different
conditions: ® € 8 where § is a curse of length < p, but the Jacobian } oG ’y }<< 1.
Then the coordinates (r, ®) := (7, %) satisfy all assumptions of corollary IZE, so the
conclusion of this corollary will also be valid for such coordinates. We will be using both
types of coordinates, depending upon convenience.

Remark 4.7. The coordinates (r, ®) which we will introduce in further sections will be
defined simultaneously for all p € I,,, i.e. they will be defined for all points

(4.3) £ cA™ =U,cr Alp).

Unfortunately, we need to make our assumptions about the coordinate system (r, ®)
even more complicated. First of all, we will need to use different coordinates systems in
different parts of A™, so we assume that we have a decomposition of A™ as a disjoint
union:

(4.4) A™ =L AP

for simplicity, we assume that all sets Al(") are open, and treat (€.4) modulo points on
the boundaries of these sets. We also assume that there is a coordinate system (r, ®)
in each Al(") (r(€) € RT, &(&) € §;, where §; is a curve of length < 1) and that this
system satisfies all assumptions of corollary [£.4. Whenever we talk about the Jacobian

‘ ggfg; }, we will assume that it is defined only at points & located inside some Al("),

i.e. the Jacobian is not defined for points on the boundary of .Al("). Other conditions we
always assume are: r(§) ~ |&|, and for each fixed @y the intersection

(45) ‘Al(n) N {E = (Ta (I)O)a re [0’ OO)} = {E = (Ta (I)O)a re [7“1,7’2]}

is an interval with endpoints €, = (1, ®o) and &, = (rq, @) satisfying |&;]* = p2 — 100v
and |&,|? = (4p,)? 4+ 100v. The latter condition, while looking rather horrific, is easy to
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check and will be always automatically satisfied in our constructions. Roughly speaking,
it is needed to ensure that the curve {& = (r,®¢), r € [0,00)} (which happens to be a

semi-infinite interval in all our constructions) cannot enter or leave Al(") from the ‘sides’.

Technically, it is required to make sure that formulas (£I8) and (£I9) imply (£20).

Let us introduce more notation. Put

(4.6) At = {EeR? g(&) < p* < I€I*}

and

(47) A" ={ge R € < p* <g(&)}

Lemma 4.8.

(4.8) vol(B,(p?)) = mp* + vol AT — vol A~

Proof. We obviously have B, (p?) = B(p?)UAT\ A~. Since A~ C B(p?) and ATNB(p?) =
(), this implies (4.8). O

Remark 4.9. Property (ii) of the mapping ¢ implies that we have AT, A~ C A. Thus,
statements L2HA imply that in order to compute N()), we need to analyse the be-
haviour of g only inside A.

In order to apply corollary 4.4l and lemma [4.§ for computing the asymptotic behaviour
of N(p), we need even more assumptions. Roughly speaking, the next lemma says that
whenever all objects involved enjoy a power asymptotics at infinity, then so does B, (\).

Lemma 4.10. Let | € N and o € (0,1) be fizred. Suppose that all assumptions of
corollary[f7] and remark[f7 are satisfied and that for fived ® the point € = (r, ®) € A™

has an absolute value |€| which has an asymptotic expansion in powers of r:
22
(4.9) gl=r@€) [1+ >
j=1

]
a;(2(§)r(§)~ | +0(r(€)™).

and this formula can be formally differentiated once with respect to r, i.e.

o L |
(4.10) G =1 2 (= Day(@©)r(e) 7+ 0lr(©) ).

Suppose also that the function g enjoys the following asymptotic behaviour in r(&) when
£ e A:

[7=2]

11—«

(4.11) 9 =7 |1+ Y a;(@E)r(&)~ | + 0 &)™)

Jj=1
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Finally, suppose that the Jacobian also satisfies an asymptotic formula:

5]

)

(z,y)
a(r, D)

(4.12) — (&) +

a;(2(§)r()~ +0(r(E)™).

(]

J=1

All functions a;, a;, etc. are measurable and bounded (but not necessarily continuous)
functions of ® and are O(p™), a < 1. Then

[1V1+2]

l—a
(4.13) vol(A* NAM™) —vol(A~ NA™) = p* Y~ b;p~7 + 0(p~™)

Jj=1

and all b; are O(p*).

Remark 4.11. It may seem strange that absolute value of the power in the remainder
term in the above formulas is smaller than the upper summation limit. This is caused by
the fact that the coefficients a;, d;, b;, etc. are allowed to grow together with p: compare
this with remark [3.4l

Proof. First of all we notice that without loss of generality we can assume that

[1%+2
-«

]
(4.14) g(&) =7 |1+ Y a(@E)rE)~ |,

J=1

since corollary L4l implies that the error caused by using this approximation is O(p~).
Let us for a moment fix some value ®y. Then the RHS of (AI4]) is an increasing function
of r for sufficiently large 7. Let us call by Q' = QL the inverse function to (EI4), i.e.

(4.15) Q') [ 1+ Y a (@)@ )~ | =t

It is an easy exercise to show that the function Q' also enjoys the asymptotic behaviour
as €] — oo:

T
R

(4.16) Qu(t) =17 [ 1+ bi (®(€))t7/% | +O(7)

1

<.
Il

and that the coefficients b; = O(p®/). Note that Q' is also monotone increasing, so the
inequality g(&) < p? is equivalent to r(€) < QL(p?).

Equation (4I0) implies that the RHS of (4.9) is an increasing function of r. Let us
denote by Q% = Q2% the inverse function to it. Then again it is easy to show that Q? also



DENSITY OF STATES 15

enjoys the asymptotic behaviour:

(4.17) Q*(t)y=t |1+ J(PENE | +o@™M)

with b; = O(p®). Moreover, Q*(t) is a monotone function for large ¢, so the inequality

|€] < p is equivalent to r(&) < Q3 (p).
Now we can re-write definitions (4.6)-(4.7) in the following way:

(4.18) AT = {€ e R, Q3(p) < r(8) < Qu(0*)}
and
(4.19) A7 = {€ e R Qa(p”) < r(€) < Qi (n)}-
Therefore,
n n 1— n Q}P(p2) 8(a:,y)
(n)y _ (n)y _
(4.20) vol(AT NA;"™) — vol(A™ N A, )_/sl/g(p) a0 cb)drd@.

Now (413) follows from (4.16), (417), and (AI2). O

Remark 4.12. When applying lemma .10l later, we will first establish asymptotic for-
mula (£I1) only for & € A(p) with a fixed p € I,,. After this formula is established for
each p € I, we just check that the coefficients do not depend on the particular choice

of p, so this formula holds for all £ € Al(").

Remark 4.13. Note that logarithms have made a brief appearance in the RHS of (4.20)
before being canceled out.

Remark 4.14. Lemma gives us only a priori estimates on coefficients b;. In fact,
we will be able to say more about them. For example, since AT, A~ c Aand vol A < 1,
this implies that the LHS of (4.13)) is bounded and, thus, leads to additional restrictions
on the first several coefficients b;. Later we will come back to this discussion.

5. ABSTRACT PERTURBATION RESULTS AND DECOMPOSITION INTO INVARIANT
SUBSPACES

In this section, we begin the construction of the mappings f, g with properties (i), (ii)
stated in the previous section. First, we formulate the abstract result which was proved
in [8] (lemma 3.2 and corollary 3.3).

Lemma 5.1. Let Hy, and V be self-adjoint operators such that Hy is bounded below
and has compact resolvent and V is bounded. Let {P'} (1 =0,...,L) be a collection of
orthogonal projections commuting with Hy such that if | # n then P'P" = P'VP" = 0.
Denote Q := I —>_ P'. Suppose that each P! is a further sum of orthogonal projections
commuting with Hy: P' = ;;0 P} such that PIV P} =0 for [j —t| > 1 and P;VQ =0

J
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if § < gi. Let v :=||V|| and let us fix an interval J = [A1, Xa] on the spectral azis which
satisfies the following properties: spectra of the operators QHyQ) and P}HOP}, 7 >1 lie
outside J; moreover, the distance from the spectrum of QHyQ to J is greater than 4v
and the distance from the spectrum of PIHyP} (j > 1) to J, which we denote by a’, is
greater than 12v. Denote by p, < --- < p, all eigenvalues of H = Hy + V' which are
inside J. Then the corresponding eigenvalues [iy, . . ., i, of the operator

H:=> P'HP'+ QH\Q
l
are eigenvalues of >, PP HP', and they satisfy

Ji
[ = pir| < max [(61))2”+1 [T - 6?1)‘2] ;

J=1

all other eigenvalues of H are outside the interval [A1 + v, Ay —v]. More precisely, there
exists an injection G defined on the set of eigenvalues of the operator Y., PPHP' (all
eigenvalues are counted according to their multiplicities) and mapping them to the subset
of the set of eigenvalues of H (again considered counting multiplicities) such that:

(a) all eigenvalues of H inside J have a pre-image,
(b) If i1 € [\ + 2v, Ay — 20] is an eigenvalue of Y, PPHP', then

Jl
|G(ﬂr) - ,ur| < mlaX [(6v)2jl+l H(aé - 62})_2] )
j=1
and
(¢) G(ii;) = prsr(H), where T is the number of eigenvalues of QHyQ) which are
smaller than ;. B
Finally, we have: ||H — H|| < 2v.

Let us fix n and M, and let A\ = p? be a real number with p € I,,. Consider the
truncated potential

(5.1) Vix)= > V(men(x),

meB(Ry)NTT
where
em(Xx) = ! M) m e T,
vol(0)
and

(5.2) V(m):/OV(x)e_m(x)dx

are the Fourier coefficients of V. R, is a large parameter the precise value of which will
be chosen later; at the moment we just state that R, ~ p? with p > 0 being small.
Throughout the text, we will prove various statements which will hold under conditions
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of the type R, < pi’. After each statement of this type, we will always assume, without
possibly specifically mentioning, that these conditions are always satisfied in what follows;
at the end, we will choose p = min p;.

Since V' is smooth, for each m we have
(5.3) sup |V (x) — V'(x)| < R™.

x€R2

This implies that if we denote H'(k) := Hy(k)+ V"’ with the domain D(k), the following
estimate holds for all n:

(5.4) i (H(K)) — iy (H'(K)] < B;™ < o™

Thus, if we choose sufficiently large m, namely m > M /p, we can safely work with the
truncated operator H' instead of the original operator H.
For each natural j we denote

(5.5) 0, =TT N B(jR,), Oy := {0}, & := ©;\ {0}.

We also choose a number M := 3M. Each vector from ~ € @éM generates a one-
dimensional linear space {tv, t € R}. The intersection {tv, t € R} N O . contains two
vectors with the smallest length. We call such vectors the primitive vectors. Note that
if @ is a primitive vector, then so is —0. Let 04, ...,0 be the set of all the primitive
elements of ©f -. We choose the labeling in such a way that if we take n(6;) and start
rotating it counterclockwise, we meet n(6s), n(03), etc. in consecutive order.

Lemma 5.2. If v, v € @’15]\;[ are two linearly independent vectors, then the angle

d(vy,v) > R2 for large R,.

Proof. 1t is a simple geometry (and was proved, e.g. in [§], lemma 4.2 and corollary
4.3). O

Corollary 5.3. Under assumptions of lemma [543 we have |(n(y),n(v1))| > R.? for
large R,,.

Let @ = 0, be a primitive vector which we consider fixed for the moment. Let us
introduce cartesian coordinates on a plane where the first axis goes along 6+, and the
second axis goes along 6. We call this set of coordinates coordinates generated by 6.
Sometimes, we will also need the cartesian coordinates which are fixed and independent
of the choice of 8;; we will call such set of coordinates universal coordinates.

This choice of coordinates generated by 8 means that each €& € R? has coordinates
(€1,&), where & = (€,n(81)) and & = (€,n(0)). Let us fix this coordinate system for
now. We also define a = q,, to be the smallest real number which satisfies two conditions:
1/3 2a }

T e 2t
Now we can make the following definitions:

(5.7) A(8) == {€ € R?, |(£,n(0))] < a},

(5.6) a>p
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(5-8) 21(0) = {€ € A(p) NA(8), (£.67) > 0}.

Obviously, the intersection A(p) N A(@) consists of two connected components, and the
condition (&, 0") > 0 chooses one of them. We also define

(5.9) E0(0):={n=&+10, & € =(0), t € R},
(5.10) =3(0) :=Z5(0) N A(0),

and

(5.11)

Figure 1

2

.

-

7
7.

=
=
S
K

7
7

Figure 2
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Figure 3
Lemma 5.4. Suppose R, < pi/*°, € & A(0) and~v =10 € O - Then ||E+~>— &7 >
1/3
Pr -

Proof. Indeed, we have

1€+~ = 117 > (€, M) = |7 > a > p/°.

Lemma 5.5. Let n € Z,(0). Then |n — p| < p~'/3.

Proof. Indeed, since n € A(p), we have |n|*> = n? +n3 = p*> + O(1). However, since
n € A(0), we have n2 = O(p*3). Thus,

m=(p*+0(p"*)"? = p(1+0(p™ ") = p(1+ O(p™"7)) = p+ O(p™'?)),
which finishes the proof (recall that 7, is positive). O

Since points in = have the same first coordinate as the points from =;, we immediately
obtain:

Corollary 5.6. Let £ € Z5(0). Then |& — p| < p~'/3.

Let us denote
p—=p-(0) == inf{m, n = (m,n2) € Z:(0)}
and
p+ = p+(0) == sup{n, n = (m,n2) € Z1(0)}.
Then lemma implies p, — p_ < p~'/3. Moreover, we can give another equivalent
definition of =,:

(5.12) Z2(0) ={n = (m1,m2), m € (p-,p+)}

Note that we obviously have the following equalities:

(5.13) p- =1inf{n, n = (m,n2) € Z4(0)}
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and

(5.14) a = inf{[nz|, m = (n1,m2) € Z4(6)}.
Denote

(5.15) p— = sup{m, n = (m,n2) € Z4(0)}
and

(5.16) a = sup{|nz|, m = (m1,m2) € Z4(6)}.

Lemma 5.7. We have: p_ —p_ = O(p~') and a — a = O(p~'/3).

Proof. Let 1 := (p_,a), n:= (p_,a), and 9 := (p_,a). Then all these points belong to
Z4(0). Thus, |n]?—|n|? = p*> —p% = O(1). Since p_ ~ p, this implies p_ —p_ = O(p™?).

Similarly, [77]* —[9|* = @® —a® = O(1). Since a ~ p'/*, this implies a—a = O(p~'/%). O

Lemma 5.8. Suppose R, < pi/'°, & € (E3(0) UE4()), and let v € O, be linearly

independent of . Put n := & +~. Then ||n|? — p?| > p*° and, in particular, n € A(p).

Proof. Since v and @ are linearly independent, v; # 0; moreover, corollary implies
|71] > R;% > p~'/°. Corollary 5.6 implies |¢; — p| < p~'/3. Thus, |n, — p| > p~'/° and
It = p*| > p~ P (1 + p) > p*°.

Since 72 < p*?, this implies ||n|> — p?| > p*/°, so n & A(p). O

Now we make one more definition
(5.17) =5(0) = Z3(0) \ (24(6) + Ujea{6)).
Lemma 5.9. Suppose € € Z5(0) and j € Z. If €+ jO € A(B), then £ + jO € =5(0).
Proof. Indeed, our assumptions imply that & 4+ j@ € Z3(0). Moreover,

£+ 70 & (24(0) + U ez{70}).

Lemmas [5.8 and immediately imply

Lemma 5.10. Suppose R, < pi/°, € € =5(0), and v € © If €+~ € A(p), then

— 15M "
£+ €550).

Proof. If ~ is linearly independent from 6, this is proved in lemma 5.8 Suppose that
v =370, 7 € Z. Then £ + v € Z5(0), so if we assume £ + v € A(p), this means that
either & +~ € Z3(0), or £ +~ € Z4(0). The last possibility contradicts the definition of
E5(0). Thus, & + € A(0) and now the statement follows from lemma [5.9 O

Lemma 5.11. =;(0) C Z5(0).
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Proof. Definitions of the sets =; immediately imply that =Z,(6) C Z3(0). Thus, it remains
to prove that if & € Z4(0) and j € Z, 7 # 0, we have n := & + j0 ¢ A. Without loss
of generality we may assume that £ > 0. Then & € [a, a] (see (5.14) and (5.16])), and
thus lemma 5.7 implies & = a4 O(p~'/3). The second condition in (5.6) implies that the
distance between each point of the set {a+j|0]|,7 € Z,j # 0} and +a is at least Lg'. Thus,
[1ma2] = |&a]| > Lg‘ for sufficiently large p. Since n; = &, this implies ||n|? — |€]?| > p'/3|6).
Since € € A, this means that np € A. This finishes the proof. 0J

Now we discuss the relationship between Z5(8;) for various j.
Lemma 5.12. Suppose, R, < pi/'® and j1 # jo. Then (25(0;,) + O1557)NE5(85,) = 0.

Proof. Denote n; := pn(BjL). Then the definition of =5 and corollary imply that the
distance between any point € € Z5(6;) and n; is O(p'/?). On the other hand, lemma [5.2
implies that [n; —n,,| > R,%p > p*/*. Thus, if £, € Z5(0;,) and &, € Z5(6;,), we have

|€, — &,| > p'/2. Since p'/? > R,,, this finishes the proof. O
Now we define

(5.18) D= D(p) = UL Z:(6)

and

(519) B = B(p) = Ap) \ D(p)

The sets Z5(0) are called resonance regions corresponding to 6. The set D is called
the resonance region. Finally, the set B is called the non-resonance region. Obviously,
B consists of L connected components, each one is located ‘between’ ;- and 6y, for
some [, where of course we use the convention that 8,.1 = 6;. We call this connected
component (located ‘between’ 6;- and 6, ,) B;. More precisely, we define (see figure 4
at the beginning of the section 6)

(5.20) B ={xeB, (£0,)>0&(£0,) <0}
We also define

(5.21) Z0(0) :=Z=5(0) + O,

and

(5.22) Zo(B) =B+ 0Oy.

Lemma 5.13. We have:

(5.23) (Z0(0;,) +©y7) N Eo(0),) =0

when ji1 # jo and
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Proof. Formula (£.23) follows from Lemma [5.12] Suppose formula (5.24) does not hold.
Then there exists a point § € Z5(6;) and v € O, such that n := {+~v € B C A.
Lemma implies that 7 € Z5(0;). This means that n ¢ B in view of (5.I8) and

G19). O

Let us introduce more notation. Let € C R? be a measurable set. We denote by
PX)(C) the orthogonal projection in § = L2([0,27]¢) onto the subspace spanned by the
exponentials eg(x), £ € C, {{} =k.

Lemma 5.14. For arbitrary set € C RY and arbitrary k we have:

(5.25) VPl (e) = Pl (e + 0,)V'PR(e)
Proof. This follows from the obvious observation that if € = m + k € € and |n| < R,
then £ +n € (€+6y). O

We are going to apply lemma [5.1] and now we will specify what are the projections P]l
The construction will be the same for all values of quasi-momenta, so often we will skip k
from the superscripts. We denote P! := P®)(Z4(0,)),l = 1,..., Land P° := PX)(Z,(B)).
We also put

Pli= 3><k>((55(9l) +Oures) \ (E5(0) + @GMH_l)), I=1,...,L,j=1,...,M,
Pl:= P (=Z5(0)) + Oyyy), I=1,..., L,
PO = ﬂ><k>((93+ej)\(93+@j_l)),j: 1,..., M,

PY .= Pl)(B).

Finally, we define Q := I — Y1 P\, H(k) := .5 P'H'(k)P' + QHy(k)Q, and J :=
[A —90v, A + 90v].

Lemma 5.15. Let ji,,(H'(K)) € J. Then |pn(H(K)) — pn(H'(K))| < p~2M/3 = p=2M

Proof. This follows from lemma [5.1] and from properties of the sets = formulated in
lemmas 5. 4H5. 11l Indeed, let us check that all the assumptions of lemma [5.1] are satisfied.
Lemma implies that if [ # n then P'P" = P'V'P™ = (. The properties P}V’Ptl =0
for |j —t| > 1 and P/V'Q = 0 if j < j; follow from lemma 514 The distance from
the spectrum of QHyQ to J is greater than 4v: this follows from the fact that @ is a
projection to all the exponentials e with £ lying outside of the union =Zy(B) U U;=(6,;)
and, thus, satisfying & ¢ A. Finally, let us show that the distance from the spectrum
of PIHyP} (j > 1) to J is greater than cpy/®. When [ = 0, this follows from Lemma [5.4]
and the fact that A(6,) N B = for any primitive vector 8, from ©j . Suppose, | # 0.
It is enough to prove that if

n e ((Z500) +07) \ (Z5(01) + Oy
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with 6; € ©f -, then
(5.26) > = [ > p'.

Since n € (Z25(0,)+0-,;), we can write it as n = £+~ with £ € Z5(0;) and v € ©,,;. If v
and 6, are linearly independent, (5.26]) follows from lemma 5.8l Suppose, « is a multiple
of 8. Let us introduce coordinates generated by 6, as above (after corollary[5.3]). Then we
have n; = & € [p_, p4+]. Moreover, since n) € Z5(6,)+06,;, we have |ns| > a+6;|. Indeed,
suppose |n2| < a + |0;]. Assume as we can without loss of generality that 7y > 0. Then
n—0, € =3(0,). Since & € Z5(0,), we have: § — 0, = € + 70, & =4(0,) + Z0,. Therefore,
n—0,€=5(0,),s0m € =5(0;) + Ogyy. This contradiction shows that |n:| > a + |6,].

Let us now denote by v the point with coordinates vy = p_ and v, = a. Then v € A,
so |[v]? — p? < 1. But

P2 — V)2 >0 —a® > (a+16)]) — a® > a > p,
Thus, [n|? — p? > p/?, which finishes the proof. O

Now we are going to construct mappings f, ¢ : R? — R with properties stated in the
previous section. Let & € R? with {¢} = k. Then we are going to define

(5.27) f(&) = up(H(k))
and
(5.28) 9(€) = pp(H (K)),

where p = p(£) is a natural number chosen in a certain canonical way so that the mapping
p: {€ € R? {¢} = k} — N is a bijection. Leaving aside for a moment the question of
the precise definition of this mapping, we notice that if we define the functions f and ¢
by formulas (5.27) and (5.28)), then the properties (i) and (ii) formulated in the previous
section will be satisfied due to lemmas and 5.1l So, now we discuss how to define
the mapping p. Before doing it, we need more definitions. Let € € A. Then & belongs
to exactly one of the sets B, Z5(601),..., Z5(01). If & € B, we define

(5.29) YY) =&+0,.
If & € Z5(0,), we define
(5.30) Y(§) =70 (&6) :={&+70,€=3(01), j €L} + Oy

We call two vectors &, and &, equivalent, if Y (&,) = Y(&,). Note that &,,&, € A could
be equivalent only if they belong to the same Z5(8;).

Now suppose that 7 € R?. Then we can define Y (n7) in the following way: if n € Zo(B),
then we have nn € Y (&) for a unique & € A (then € € B); if n € Z(0,), then we have
n € Y(§) for a unique (up to the equivalence) & € D (then & € Z5(6;)). In both these
cases we put Y (n) := Y(&). Finally, if n & (Zo(B) U UL ,Z0(0,)), we put Y (n) := {n}.
We also define P(n) := PU (Y (n)).
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Lemmal[5.4limplies that the operator P°H’(k)P® admits a decomposition into invariant
subspaces:

(5.31) P'H'(K)P' = P PEH(KP().
£€eB{€}=k

Similarly, lemma [5.8 implies that for each [ = 1,..., L we have:
(5.32) PP = @D P H'(K)P(E),

where the union in the RHS is over all classes of equivalence of £ € Z5(8,) with {£} = k.
Finally, we obviously have:

(5.33) QHo(k)Q = @D P(n)Hy(k) P(n),

where the union is over all § & (Zo(B) U UE,Z4(0;)), {n} = k. Moreover, since all
projections P(n) in (5.33) are one-dimensional and we have assumed that [, V(x)dx = 0,
we can replace Hy(k) with H'(k) for the sake of uniformity so that

(5.34) QHy(k)Q = 5 P(n)H'(k)P(n).
Thus,
(5.35) H(k) = P P(n)H'(k)P(n),

where the union is over all (non-equivalent) n € R?, {n} = k.
Suppose now ) € R?, {n} = k. Then |n|? is an eigenvalue of P(n)Hy(k)P(n), say

(5.36) nl* = 1 (P(n) Ho(k)P(n)).

If |n|? is a multiple eigenvalue, say |n|> = |9|?, 7 € Y (n), then we order those eigenvalues
according to the crystallographic order of their universal coordinates. This means that
we write |n|* = 1, (P(n)Ho(k)P(n)) and |7 = pei(P(n)Ho(k)P(n)) if n1 < i, or
m = m and 1y < 72. Thus, we have put into correspondence to any point 7 a number
t =t(n), t varies between 1 and the number of elements in Y(n). (Although we will not
use this function ¢(n) in this section, it will be of much use for us later on). Next, we
define

(5.37) v(n) == pum) (P(n)H' (k) P(n)).

Due to (B3H), the set {v(m), {n} = k} coincides with the set of all eigenvalues of
H(k) (including multiplicities). Let us label these eigenvalues in an increasing order;
in the case of multiple eigenvalues we, as before, label them in accordance with the
crystallographic order of their coordinates. Then to each point 7, {n} = k, we have put
into correspondence a number p = p(n) such that

(5.38) v(n) = pp(H(Kk)).
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Thus defined mapping p is the mapping we are using in the definitions (5.27)) and (5.28]).
The rest of this paper is devoted to introducing the coordinates (r, ®) and checking that
the conditions of lemma [4.10] are satisfied. We start from the non-resonance region B.

6. NON-RESONANCE REGIONS

Suppose that & € B; (recall that B, is defined in (520) and ¢(x1,Xs) is the angle

between two non-zero vectors x; and x3). Put ¢; := %. Throughout this section,
we fix the coordinate (&1, &) introduced after corollary 5.3 and related to 8;. Namely, we
put & = (€,n(67")) and & = (£,1n(,)). There is a unique point v = v/(I) satisfying the
following two properties: (v,n(6;)) = a and (v,n(0,41)) = —a; we have v; = acot ¢y,

vy =a, so [v| = G-

A(6y) |

ABri

Alp)
Figure 4

We introduce the following pseudo-polar coordinates (r, ®) on B;: (&) = |€ — v|
and ®(&) = ¢(& — v,0;") when € € B;. Obviously, ®(&) € [0,2¢] =: & = 8 and
r(&) ~ p when € € B;. We also have the following formulas: & = vy + r(§) cos(P(&))
and & = vy + 1(&) sin(P(£)). Therefore,

€ = () cos(®(&)) + ] cos ) + (r(€) sin(®(&)) + v sn )
o — (1) cos@(8) + a2 1 (r(€)sin(@(8)) + o)

This implies that there is a complete asymptotic formula:

(6.2) €]~ r(&) (1 + Zgj(q)(ﬁ))r(é)_j)
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with b; = b;(®(£)) < ¢/ RY < p,% as r(&) — oo, uniformly over £ € B;, and this formula

can be differentiated once. (Here we assumed that R, < pi/ 12.)

The following lemma was proved in [§] (lemma 6.1 there):

Lemma 6.1. Let R, < ,0%24. Then the following asymptotic formula holds:

g(&) ~ &

(6.3) +> Y > Apa&m) T (&)

in a sense that for each natural K we have

g9(&) = €
(6:4) +y N Y AnndEm) T (Em) T +o(p )

s=1mn,..., nSEQ’M ni4-4ng>2

uniformly over R, < ,0%24 and & € B. Here, Ay, . ,, is a polynomial of the Fourier

coefficients V(nj) and V(nj—nl) of the potential and the exponentsny, ..., ng are positive
integers.

Corollary 6.2. We have:
(6.5) 9(&) = I€* + G(&) +o(p™),

where
66)  GE&=> > > A Em) T (Em) T

Remark 6.3. Since, as we have seen in lemma [£.3] and corollary [4.4] the terms of order
O(p~™) do not contribute to asymptotic formula (3.6]), we can re-define

(6.7) 9(&) = €] + G (&)

Lemma 6.4. Assume R, < p,l/%. For each m € N and n € O such that i is not a

multiple of @; or 0,1 there is a complete asymptotic formula:
(6.8) (&m)™" ~ Y r(€) Ve (2(€))
j=m

uniformly over § € By, where |c]'| K ,02/2. Sitmilar formulas are valid if m is a multiple
of 0111 and 0 < ®(&) < ¢y, or if m is a multiple of 6, and ¢ < P(E) < 2¢.
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Proof. We have: & = v + r(€)n(€ — v). Therefore, (£,1) = (v,n) + r(&)(n(€ —v),n).
Our constructions and corollary 5.3 imply |(n(¢ — v),n)| > R, 2. Thus,

Em " =r"mE-v)n) 1+ nE -v)m ym)

(6.9) B = o . _
= (& —v),m) Y (—1Yr € —v),n) 7 (v,n)
j=0
and (n(€—v),n) (v, n) < R¥pl/* < pi/*. Now formula () is obtained from (6.9) by
raising both sides to the m-th power. The proof of the last two statements is similar. [

Unfortunately, lemma does no longer hold if i is a multiple of 8; or 6,,; and
®(&) is close to 0 or 2¢,; respectively. Therefore, we cannot apply lemma without
modifications. This means, we need to do some extra work.

Let us fix an angle ® for a moment, 0 < & < 2¢; and let &€ = (r, ®) where only r
varies. Denote by ro = 7o(®; p) a unique value of r which corresponds to & satisfying
€|? = p?. It is easy to check that the partial derivative 2& = O(p~*/3). Therefore, there
is a unique value of r such that corresponding point & = (r, ®) satisfies g(&) = p?; we
denote this value of r by 1 = r1(®; p).

Lemma 6.5. There is an asymptotic decomposition

(6.10) ro ~ p(1+ ijp_j),
j=1

where p; = p;(®) = O(pi/Z) uniformly over ®.

Proof. This follows from the explicit formula which can be easily obtained using the
cosine theorem:

(6.11) ro = —acos(¢; — ®)(sin ¢;) " + \/,02 — a%sin?(¢; — ®)(sin ¢;) 2.

O
Lemma 6.6. We have:
X . 1 [2%
(6.12) vol(AT NB;) —vol(A” NBy) = 3 / (ri(®; p)? — 1ro(®; p)?)d.
0
Proof. Integrating in polar coordinates, we have:
(6.13)
R . 2¢y r1 2¢y 70 2¢y r2 _ 2
vol(ATNB;) —vol(A~ N'B)) = / d<I>/ rdr — / d<I>/ rdr = / < %40,
0 0 0 0 0 2
OJ

The last two lemmas show that in order to compute vol(AT N B;) — vol(A~ N By), it
remains to compute 1. We do it using the sequence of approximations. Assume as above
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that @ is fixed. Put 7y := r¢ and &, := (7y, ). The further elements of the sequence are
defined like this: €,,.; = (Fm41, ) is a unique point satisfying [€,,.1|> = p*> — G(&,,)-

Lemma 6.7. For each m € N we have:
(6.14) T ="Tm+ O(p™™).
Proof. Put

(6.15)  H(r) := —acos(¢; — ®)(sin ;)" + \/p2 — G(r,®) — a?sin®(¢; — ®)(sin ¢;) 2

Then H'(r) = O(p~*/3). Moreover, r; is a unique solution of equation r; = H(ry).
Thus, Banach contraction mapping theorem tells us that the sequence 7, satisfying
Fgp1 = H(Fp,) converges to ry and |r; — Fp1| < p~try — F|. Since ry = rog+ O(1), this
finishes the proof. 0J

Corollary 6.8. We have:

1

2¢y
L /0 (Far (B3 9)> — ro(®; p)*)d® + O(p~™).

(6.16)  vol(A* NB;) —vol(A~ N'B) = 5

Analogously to (G.I1]), we have:

(6.17) Fpp1 = —acos(¢; — ®)(sin ;)" + \/p2 — G(rp,, ®) — a?sin®(¢; — ) (sin ¢;) 2
Taking into account (6.6), (6.11I), (6.17), and lemma [6.4], we obtain that
(6.18) iu=rotpt Y Cia(®)pT (€ n(0)

J,8205j+52>2

for 0 < & < ¢;. Here, C;4(®) are polynomials of cos(¢; — ®) and sin(¢; — @), and
1C;.5(P)] < P2 RV Similarly,

(6.19) fu=ro+tp "t Y Ciu(®)p (€ n(0141)) "
J,8205j+s>2
for ¢ < ® < 2¢y. Here, C;4(®) are polynomials of cos(¢; — ®) and sin(¢; — ®), and

1C;4(®)] < p P R2UT) " Now, note that (£&,,1(6,)) = a + rosin® and (&,,n(0,1)) =
—a — T s1n(2gz5l — ®). Substituting these expressions into (6.16) and computing the
integrals, we obtain the following lemma, which is the main result of this section:

Lemma 6.9. Assume that R, < p1/24. Then

M
(6.20) vol(AT NB,) — vol(A~ N By) Z Cip™ +1Inp

=1 7=2

MS'

]p_j + O( _M>

where |C| < p_l/G 1Cy], 1G] < ,02]/3a J=2.
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7. RESONANCE REGIONS

Let us now consider n € D, say n € Y (&) with £ € =Z5(0,), and try to compute g(n).
The key result in this section is corollary [.1T], where we compute g(n) in this setting.
In the rest of this section, we fix [ and omit it from the notation, so that € := 6,. We
also assume that n is fixed and will frequently omit it from the notation. As above, we
introduce the coordinates n = (11,7,) so that 71 = (n,n(6+)) and 7, = (n,n(0)). We
obviously have 1, ~ p and |n,| < p/. It is convenient to denote r := 1; and ® := 1, to
indicate that (r, ®) are going to play the same role as in corollary 4] (or rather remark
48] and lemma [ I0} note that (r, ®) satisfy all properties of remark [1.6l

Let vy = 0,v4,...,v, be a complete system of representatives of ©,; modulo 6.
That means that v; € ©,;; and each vector v € O,;; has a unique representation
v = v; +mb, m € Z. We denote the coordinates of v; by (v;,v}) and put ¥; =
W;(&) = (€+v;+ (Z0)) N Y(&). Then each set ¥; consists of points having the same
first coordinate; the distances between points in W, are multiples of |#|. Moreover,

(7.1) ) =UJw

and this is a disjoint union.

Let us compute diagonal elements of H(§) := P(&)H'(k)P (&), where k = {&}. Put
H(E) = P(&)9H, so that H(&) can be thought of as an operator acting in $(§).

Let n € Y(&). Then n can be uniquely decomposed as

(7.2) n=&+ml+v;

with m € Z. Recall that H(€) = P(€)(Ho(k)+V')P(&) and Hy(€)e, = |n|*e, whenever
n € Y(&). We obviously have:

nl* =€+ v+ mb]* = (r +))* + (& + v + m|0))°
=724+ 2u5r + I/Jl-z + (& +vj + m|6)|)?.

This simple computation implies that

(7.4) H()=r*1+rA+B.

Here, A = A(€) and B = B(€) are self-adjoint operators acting in P(&)$) in the following
way:

(7.3)

p
(7.5) A=2> " vPM(w));
=0
in other words, for n € ¥, we have
(7.6) Ae, = 2vje, = 2(n — &)1ey,
and

(7.7) Be, = (V)" + (& + V) +m|6])* + P(£)V)ey,
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for all n € ¥;(§) with v; and m being defined by (7.2]). These definitions imply that

(7.8) U = ker A = PX(W)H(€).
Notice that

(7.9) 1A@) < R, < py/?
and

(7.10) IB(&)| < pi/?.

Let us state more properties of A and B.
Lemma 7.1. Let p be a non-zero eigenvalue of A. Then |u| > R 2.

Proof. Formula (Z.6]) implies that the eigenvalues of A equal {¥;}. We also have: v} =
(v;,n(0%)). Now the statement follows from corollary [5.3] O

Let us define P to be the orthogonal projection onto % = ker A acting in H(€) and

B := PBP : 0 — 9. Note that considering operators acting in ¥ means considering
only 7 =0 (and thus vq = 0) in (Z.3) and (7). Thus, in particular, we have:

(7.11) Be, = ((& +m|0])* + P(£)V')e,

if g =€+ mb € ¥y(€). We also denote ny := [%] and ky = {%} (note that 7y is not
the second coordinate of n = [£]; this is why we did not call it ny).

Lemma 7.2. We have:

(7.12) pita(B) — pi(B) > 1

uniformly over j, n, | and & € Z5(0).

Proof. Denote by T' the number of elements in {£ + 76, j € Z} N A(8). Inequality (T.12)
obviously holds if j > T"— 2. Indeed, denote by By the operator B with potential V'
being identical zero. Then we have |u;(B) — ;(By)| < v. On the other hand, it is easy
to check that pi;,9(Bo) — 11(Bo) > a ~ p'/3.

Let us assume now that j < T — 2. Then we will compare eigenvalues of operator B
with the eigenvalues of a certain one-dimensional Sturm-Liouville operator. Let T(é) =

N

{€+70, j € Z}, P(&) :=PR(Y(£)), and H(&) := P(£)$. Consider an operator B = B,
(later on in the proof, we will need to remember that these operators depend on n) acting

in §(&) by the formula
(7.13) Bey = ((&2+10])* + P(E)V)e,

for each n = &£ + 70 € T(ﬁ) Then, in the same way as we proved lemma [5.15] using
lemma .11 we can show that if j < T', we have

(7.14) 145(B) — 115(B)| < py M=V,
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However, the operator Bis unitary equivalent to a one-dimensional Schrodinger operator
—y” +V on the interval [0, 27|6|~!] with a potential

. o\ Y2 .
(715) V = VB,Rn = Z (‘2_|) ezx(£2+m|0|)v(m0)
s

meZ, /mB|<Ry

and quasi-periodic boundary conditions y(|0\) = 2Ry (0) and y (IG\) = e2rkaig/ ().
Indeed, the isometry S which establishes this unitary equivalence is given by S : eg4.,9 —

12
101\"? Jiz(ea+miol)
2T

e.g. [10]) imply that

(7.16) ia(B) = 1y(B) > 6]

The simplest way to see why this inequality holds is to notice that the distance between
eigenvalues of B and the unperturbed eigenvalues {(m + 52)20]%} ez is at most the
Lo,-norm of the potential V97 r,- This shows that (7ZI6]) holds when j > Cv, whereas
for finitely many j satisfying 7 < C'v we can use the fact that ,uj+2(B) =+ uj(B), since
an eigenvalue of a one-dimensional differential operator of second order cannot have
multiplicity three. Inequalities (ZI6) and (ZI4]) prove (TI12) for j < T. Let us prove
that this estimate is uniform in j, n, and [. Indeed, the uniformity of (ZI4) follows from
lemma 5.l Consider (7I6). Uniformity in j follows from the remark after (T.I6). It
follows immediately from the same remark that (7.16) is uniform when L. -norm of the
potential ‘797 R, satisfies

Standard results about one-dimensional Schrodinger operators (see

10°

n
Since the potential V' is infinitely smooth, we have |V (v)| < |v|~2, which shows that
there are only finitely many € for which ((TI7) is not satisfied. This shows uniformity of
(CI6) in I. It remains to prove the uniformity of (ZI6) in n when 0 is fixed. First, we
notice that (TI6) holds for sufficiently large j > jo, where j, depends only on ||V||,
but not on n. Suppose now that (Z.I6]) is not uniform in n. Then there is a value of j
such that

n—oo

(7.17) \|‘79,Rn||oo <

(strictly speaking, we need to pass to a subsequence ny if necessary). However, these
limits are the eigenvalues of the limit operator B,, with the potential

. 6\"* . .
(719) Vo,oo _ Z (_) ezx(€2+m|0|)v(m0)‘

2
meZ

The required result now follows from the fact we already used above that a second

order one-dimensional differential operator By, cannot have an eigenvalue of multiplicity
three. 0
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Our next task is to compare eigenvalues of H (&) and H(¢') when € and & are two
different vectors lying in Z5(0). This is not a straightforward task, since these operators
act in different Hilbert spaces (£(&) and $(¢&') correspondingly). Thus, first of all we
need to be able to map these Hilbert spaces onto each other. The natural candidate for
such a mapping is

(720) F&E’(en) = en+£r_5.

Ideally, we would like this mapping to act as follows: Fge : (&) — $H(£') and be an
isomorphism. Unfortunately, in general this is not the case since the sets Y (&) and Y (¢')
can contain different number of elements. In fact, it may well happen that n € Y(£), but
(m+& — &) & Y(¢). However, the mapping F has the suggested property in one very
important special case: when ®(£) = ®(¢’) (in other words, when the second coordinates
of € and ¢’ coincide). Indeed, suppose that ®(&) = ®(¢’). Then obviously

{€+760,€E5(0)), 1 € Z} + (£ — &) = {& + 70, € Z3(6,), j € Z}.
Thus, we also have
Y+ (-8 ="(),

and so the mapping Fgg is an isometry between (&) and $(&') with Fggl, = Fpe.
Moreover, if we look carefully on formulas (Z.6) (the first equality there) and (7.7), we
realize that the definitions of operators A(&) and B(€) do not depend on &, so we
have Fg ¢A(&')Fee = A(€) and, similarly, Fg ¢B(€')Fe e = B(€). Thus, all operators
A(€) are unitary equivalent when & runs along any horizontal line ®(&) = ®g; the
same statement holds for B(£). It is convenient to think of all such operators as being
identical operators A(®) and B(®Py) acting in the same Hilbert space H(Py). We also
notice that if ®(&) = ®(¢’), then the isometry Fg ¢ leaves the function ¢ (defined after
(5.36)) invariant. This means that whenever n € Y(§¢) and ' =n+ & — £ € Y(¢'), we
have t(n) = t(n’).

Denote § = 8t = [—a,a], | = 1,..., L (recall that 8" were already introduced in
the previous section). Now it seems to be a straightforward task to apply lemma
in the resonance region similarly to how we did it in the non-resonance region. Indeed,
formulas (£9), (£I0), and (EI2) are immediate corollaries of [€|*> = r(&)? + ®(£)?, and
(11 follows from the standard results of perturbation theory (see, e.g., [6]) applied to
the operator pencil r A(®)+ B(®) = r(A(®)+r"'B(®)). The problem with this approach
is that the coefficients a;(®) in (A.I1I)) are not bounded in general. This unboundedness
of the coefficients is caused by the fact that the eigenvalues of B can be located very
close to each other. However, lemma shows that the multiplicity of any cluster of
eigenvalues of B cannot be greater than 2. This observation will be of a great help to
us.

It will be slightly more convenient to introduce new operators A = A,, := R%2A and
B = B, :== R?B (and B := R2B = PBP); we will be assuming from now on that
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R, < pi/ %> The reason for this change is that lemmas [7.]] and can be reformulated
in a more uniform way:

Lemma 7.3. There is a positive constant Cy which satisfies two properties: if u is a
non-zero eigenvalue of A, then |u| > Cy and

(7.21) pia(B) — p;(B) > 3G,
uniformly over j, n, l and &.

Remark 7.4. 1) It will be convenient to assume that Cy < 1/10, which we will be doing
from now on. .
2) Of course, we have slightly better estimate for eigenvalues of 1;(B). The distance

between 1;49(B) and u;(B) is > R2. But (7.2I)) is enough for our purposes.

The importance of lemma[7.3] can be seen from the following remark. Suppose that we
could establish the inequality (ZZI)) with y;,(B) instead of ji;,2(B). Then, using the
approach from the previous section, we could prove that the coefficients a;(®) in (411
are bounded, and this would finish the proof of our main theorem. However, in general
it could happen that two eigenvalues of B lie close to each other. Our further course of
action will reflect this possibility. We will divide the segment 8§ = [—a, a] into two disjoint
parts, § = SUS. Roughly speaking, $ will be the region where the eigenvalues of B
are far from each other, and $ will be the region corresponding to couples of eigenvalues
of B lying close to each other. To be more precise, we need yet more notation. Let
€€ Z5(0) and g = (1,12) € Wo(&) (recall that Wy = {€+ZO}NY (&), so P = P (Ty);
this means, in particular, that 7, = &;). Then (1,)? is an eigenvalue of the unperturbed
operator By(£), say (12)% = ,uT(n)(BO). Here, as above, we use the convention that if two
eigenvalues (15)? and say (12)? coincide, we label them according to the crystallographic
order of their universal coordinates (of course, this could happen only if the quasi-
momentum ks is either 0 or 1 /2). Thus, we have defined a mapping 7 : ¥y(§) — N.
Notice that we can talk simply about the value 7(n), without specifying what & is, since
if € Wo(§;), j = 1,2, then Wo(&;) = ¥o(&,). Next, for any point n € Wo(§), we define

(7.22) h(n) = pir(my)(B(€)).
and
(7.23) h(n) = fir() (B(€)) = Rih(n).

Then, we can reformulate (T.21)) like this: for each n € ¥y(&), there is at most one point
v e ¥,(£), v # n such that |h(v) —h(n)| < 3C2. Notice that this whole construction
does not depend on the first coordinate 7; (we can recall the paragraph after the proof
of lemma at this stage), so we can think of 7 as a mapping 7 : 1, — 7(n), where n
is any point with second coordinate 7, such that n € ¥(§) for some £ € =;5(0). Then

the domain of thus defined mapping 7 is some interval I which consist of all second
coordinates 7, of points n € Wo(&) with & € =Z5(0); obviously, I D [—a,a]. Similarly,
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iy v fhrn) (B(€)) is a well-defined function on I. Let s be a small parameter which
we will fix later on. At the moment, we put s = %Cg, but we will decrease s later. We
define I, = 1:1(5) to consist of all points 7y from I such that there exists a non-zero
integer m such that 7, 4+ m|6| € I and

(7.24) | h(n) — h(n: +m|0)) |< s.

In other words, I; consists of all points 7 such that the eigenvalue of B corresponding
to 7 is close to being multiple. We also put Iy = Io(s) := I\ I;(s). Let us study the
properties of this partition. First of all, due to lemma [[3] for each 7, € I, equation
([7.24) is satisfied for precisely one value of m; obviously, then 7, +m|@| also belongs to
I,. Thus, we can define a mapping ¢ : I; — I; by the formula t(n2) = m2 + m|6|, where
m # 0 is chosen so that (7.24)) is satisfied. Obviously, then (> = Id. We can extend the
mapping ¢ to the whole I by requesting that ¢(n2) = 1o whenever 7y € Iy. Sometimes we
will slightly abuse this notation by writing ¢(n) := (11, ¢(n2)).

Lemma 7.5. Suppose 0o € [—a,a]. Then t(nz) € [—a,al.

Proof. If g, € I, the statement is obvious. Suppose, 7, € (I; N [—a,a]). Without loss
of generality we can assume that 7, is positive. Notice that |h(ny) — |ne|?| < v. This

implies that whenever 7y < a/2, the statement holds. Suppose, 17 > a/2 > pi/ % Then
if (T.24) is satisfied, we have

(7.25) | [m2” = 2+ m[B]] |< s+ 2v,
and thus
(7.26) | (1] = 2+ ml0]] | p~?

Since 7 is assumed to be positive and 7, +m|8)| is negative (otherwise there is no chance
or (Z.26)) to hold), this means

m
(7.27) | ne + 51| |< p '/
Obviously, we will have the same inequality for ¢(1):

m _
(7.28) [ lm)l+ 510 < o7,

so both 7, and «(72) are close to (i.e. within distance o(1)) points of the form +£%|6|.
Now the second condition (5.6]) implies that the distance from a to any point of the form
+7316)| is at least |@]/4. Thus, if |1, < a, this implies that [¢(n2)] < a. O

Now let us establish the relationship between the labeling 7 : ¥(€) — N used to
define mapping h and the labeling ¢ : Y(&) — N defined by (5.30).

Lemma 7.6. Let T be the number of elements in X (&) whose first coordinate is strictly
less than &. Then for each m € Wy(&) we have

(7.29) tn)=7(n)+T
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Proof. 1t follows from the proof of lemma [5.8 that whenever p € Y (&) \ ¥o(£) and
n € ¥y(€), the following two conditions are equivalent: p; < 7 and |u| < |n|. Indeed,
to say that pu & W (&) is equivalent to saying that py # n;. Suppose that p; < 7. then
mo— > R72 50 (m)? — ()% > pR™2 > p"/°. Since |us| < a < p'/?, this implies
|| < |m|. The case py > n; is treated similarly. The rest follows from the definitions of
mappings ¢t and 7. U

Now let us recall that because of (Z4]), we are interested in studying eigenvalues of
the operator pencil

(7.30) Z(r) =rA+B=r(A+r"'B)=R2Z(r),
where
(7.31) Z(r)y=rA+ B,

r = &, and operators A and B depend on ®(&) = & for some point & = (£1, &) € Z5(0).
These operators act in the Hilbert space which we have denoted by H(P(£)); see the
paragraph after the proof of lemma for the discussion of this Hilbert space. To
be more precise, we fix a point n € Y(§) and study the function g(n). We are only
interested in eigenvalues of Z(r) which are bounded as r — oo (which means, they can
be considered as perturbations of zero eigenvalues of A or, equivalently, that n € ¥y (&)).
The first order of approximation of such eigenvalues as  — oo are eigenvalues of B. We
will consider separately two cases: 7, € I, and 1, € Iy. The former case is much more
difficult, and we give all necessary details. The latter case is much simpler and can be
treated analogously to the first case (alternatively, one can apply methods similar to
those we used in the previous section); we will make some remarks on this case later.
So, let us assume that 7, € I 1.

Recall that P is a projection onto ker A = ker A; we also denote P’ := P(§) — P. Let
Py (< P) be projector onto span of two eigenfunctions of B corresponding to h(n,) and
h(.(n2)); put P, :== P—P,. By p we denote a spectral parameter, which at the moment we
assume satisfies || < 2||BJ|. Operator P’AP’ 4 P is invertible and ||(P’AP'+P)~'|| < ¢
with constant ¢ > 0 uniform with respect to n and 7. Thus, for sufficiently large pg,
operator

.1
(7.32) Sy, = P'AP + P+ ;(B — 1)
is invertible. We have
(7.33) rA+B—pu=(I-PS;"rs,.

Then p is an eigenvalue of rA 4B if and only if 0 is an eigenvalue of 1 —}35/;1. Obviously,
corresponding eigenfunction z belongs to P$(®). Thus,

(7.34) z=8"2+y
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for some y € P'$H(P). We have S,z — 2z = S,y. Then

(7.35) P'S,Pz = P'S,Py, y=(PS,P)'P'S,Pz.
Thus,

0= (PS,P—P—PS,P(P'S,P)'P'S,P): =
(736) 1 - ~ 1~ Iy / 1 / N—1p/ D
~(P(B—p)P —~PB—p)P'(PAP' + —P'(B— j)P)"'P'(B — ) P)z.

Therefore, zero is an eigenvalue of operator P(B — y)P — 1K, where
. 1 .
(7.37) K,=PB - )P (PAP' +-P'(B—u)P)'P'(B - pn)P.
r

Note that since PBP’ = R2PV P’ we have

N .
A
(7.38) 15l + 2 g5 Kl < OO RS,
]:
where C'(N) depends only on N and V', provided r > pf/ * and po(V) is sufficiently large.
Next, we want to narrow the range of u’s which serve as the candidates for being the
eigenvalues of rA + B. Let us at the moment only look for eigenvalues p such that

(7.39) [ —h(n)] < Cs.

If we assume that (Z39) is satisfied, the operator P(B — y)P + P, is invertible (on )
and inverse operator is bounded uniformly in n and 7. We have

. -]
(7.40) PB—p)P — ;KN = (I -PD,")D

73)
where D,, ;== P(B — )P + Py — 1K,,.

Now we repeat the same construction as in (7.34)(Z.37), only with respect to the pair
of projections Py, P instead of P, P(§). As a result, we obtain that p is an eigenvalue of
Z(r) = rA + B if and only if zero is an eigenvalue of the operator Py(B — )Py — G,
where

1 1 1
(7.41) Gu = ;(PoKuPO + ;POK;LP(;(P(;(B — )P — ;P(QK“P(;)‘IP(;K#PO).

The operator Py(B — p)Py — G, is, in fact, a (2 x 2)-matrix. Note that in a suitable
basis, Py(B — )P, is a diagonal matrix with h(n,) — p and h(¢(n;)) — p standing on the
diagonal. Calculating the determinant of Py(B — p) Py — G, in this basis, we obtain that
p satisfying ([Z39)) is an eigenvalue of Z(r) if and only if

(7.42) (00m) = i+ o) () — o+ ) — 57 =0,
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Here, aq, as, and 3 are functions of p and r (depending on 75 as a parameter) analytic
in |g—hn)| < Cs r> pn * and satisfying

(7.43) |a1|+|a2|+|ﬁ|+z(d‘“ d“? )scw)R;t,

with constant C'(N) uniform in n and 1, € I, provided py is sufficiently large. We put
vi:=pu—h(n), e:= p" ,and 0 := h(n2) — h(c(n2)). Then (7.42)) is equivalent to

a1 + oo o o — 32
(7.44) F(v,0,€m) = v* + (6 - EW) - 65;}3/4 ¢ S 0.

Here, we temporarily consider ¢ as independent variable, and «q, as, and 3 are considered
as functions of v and €, depending on 7, and p,, as parameters. It follows from corollary
that there exists a neighborhood w of (v,d,¢) = (0,0,0) such that F' =0 in w if and
only if

(7.45) v? = 2X,(0, € ma)v + Xa(6, €;172) = 0.

Here, X7, X5 are analytic in 0, € in w and X;(0,0;7,) = X2(0,0;7,) = 0 (the difference
between ([45) and (7.44]) is that functions X, X5 do not depend on v). Moreover,
it follows from corollary 2.4] and uniformness of our estimates that w can be chosen to
depend on V only; we also can achieve that w contains the set |e| < €, |d] < o, where, €
and & do not depend on n and 1, € I (they depend only on V). We also have uniform
upper bounds for X7, X, and its derivatives. Indeed, we have uniform upper bound
(Z3). Then analyticity of W (which is equal to v* — 2X; (8, €;2)v + Xa(d, €;1m2) in our
case), (2.5), and Cauchy’s integral formula imply upper bounds for the coefficients X,
X5. Now we can solve quadratic equation (7.45) and obtain v1, = X; + /X7 — X5, or
p12 =h(n) + X; + /X? — X,. Thus, recalling that H(€) = r>+ Z(r) = r* + R, ?Z(r),
we deduce that the points

r? + R2h(n) + R (X1 £/ X2 — Xo) =%+ h(n) + B2 (X1 £ /X7 — Xy)

are eigenvalues of H(&). In particular, the definition of the mapping ¢ implies that there
exist two points, ay, a_ € Y (&) such that g(as) = r® + h(ny) + R;2(X1 + /X7 — X»).
Lemma [5.8 implies that ay. € ¥y(§).

Now we recall that d in fact is not an independent parameter, but § = h(ns) —h(¢(n2)).
Then our functions X, X5 will be analytic in € for |e| < ¢, provided |h(n2) —h(e(n2))] <
0o. Thus, we have proved the following statement:

Lemma 7.7. There exist positive numbers pg, 0o and €y and two functions Xp, X,
X; = X;(0,€em2), such that X; are analytic in § and € when [0| < 0y and |e| < € and
the following property is satisfied. Suppose, € = (£1,&2) € Z5(0) and n € Wo(&) with
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n, € I1(s), s < min(dy, 1Cy). Then, there exist two points ay = o (nz) € ¥o(€) such
that

(7.46) glews) =1 + h(1) + R* (X1 £/ XF — Xa),

where X; = X;(h(n2) — h(e(n2)), %/4;7]2). Moreover, each point v € Wy(€) NI, can be
expressed as v = ax(ug) for some p € Yo(§).

Proof. The last statement is the only one we have not proved so far. However, it follows
from the standard pigeonhole arguments based on the fact that the number of pairs
(ay, ) is the same as the number of pairs (1, t(n2)) with 1y € I1(s). O

Remark 7.8. Instead of assuming that n (and thus p,) is sufficiently large, we prefer to
assume that pg is large enough and prove that estimates hold uniformly for all n (recall
that p, = 2"py). Also, since we always have § = h(n,) — h(¢(n,)) depending only on 7,
we will often skip mentioning the dependence of the functions X; on the first variable
and write X; = X;(e;n2).

Note that X, and their derivatives enjoy uniform upper bounds and we also have
X;(0,0;m2) = 0. Therefore, by decreasing the values of §y and € if necessary, we can
achieve that |X; + /X? — X3| < C3/10 when |§] < dp and |e| < ¢y uniformly over 7,.
Now we can fix the value of the parameter s which we used to define the sets I;(s) and
Io(s): we put s := min(34g, 1C5).

Suppose now that 1 € Iy(s). We have:

Lemma 7.9. There exist positive numbers py and €y and a function Y =Y (€;12), such
that Y is analytic in € when |e| < ¢ and the following property is satisfied. Suppose,
€ = (&,&%) € 25(0) and n € Wy(&) with ny € Iy(s). Then, there exists a point B =

B(i) € Wo(€) such that g(B) = r* + h(ns) + Ry2Y (£ my).

The proof is similar to the above and is even simpler; in fact, this proof essentially is
equivalent to the proof of lemma 6.1 from [§]. That is why we just give the sketch of the
proof and make some remarks on uniformness. We start with the formula (7.37). Now,

Py is a projector onto one-dimensional subspace corresponding to eigenvalue h(ns) of B.
We consider p such that (cf. (7.39))

[ —h(n2)| < 5/3.

Then operator P(B — 1) P 4 P, is invertible. If necessary we increase pg to ensure that
operator D, is invertible. Next, we repeat all further arguments from the proof of lemma
[.7] which are simpler in this case since G, is a scalar-valued function now. We obtain
that p is an eigenvalue of Z(r) if and only if

1
F::h(772)—ﬂ+;a:0,
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where « is analytic in | — h(n)| < s/3, r > p/* and depends on 7, as a parameter. It
also satisfies estimate similar to (7.43) uniformly in n and 9y € Iy. Applying Corollary 2.3
(alternatively, we can just use the implicit function theorem) we obtain that F' = 0 in
3/4 3/4
some neighborhood w of (u,”2~) = (h(n2),0) if and only if 4 = h(ny) + Y (Z2~;n,) for
3/4
some analytic function Y. The neighbourhood w contains the set |22—| = |¢| < €y, where

€9 does not depend on n and 7y € I.

As above, we have Y (0;72) = 0 and Y and its derivatives being uniformly bounded
(actually, the bound depends on &y only). Thus, by decreasing ¢, again if necessary, we
can achieve that |Y| < s/3 whenever |e| < €.

Lemma 7.10. (4) Suppose, 1, € I,(s). Then we either have oy = n and oy = 1(n), or
oy =1 and a; = (n).

(B) Suppose, ny € Io(s). Then we have B3 = .
Proof. Suppose, m and v are two different points from ¥y(&) and v # «(n). Suppose for
definiteness that 7(n) < 7(v), i.e. that h(n) < h(vz). Then:

(a) if both 79 and v, belong to Iy, we have h(ry) — h(n2) > s, so
(7.47) h(n) + Y (:5m2) < h(e) + Y (1),

and thus g(B(n)) < g(B(v)). )
(b) if both 7, and v, belong to I;, we have h(vy) — h(ny) > 3C3, so
(7.48)

h(nz) + X1(+5m2) £ \/Xlz('; m2) — Xo(+sm2) <h(re) + Xi(10) £ \/X12('; vp) — Xo(+5 1),
and thus g(a(n)) < g(a(v)). )

(c) finally, if we have say 1, € I1(s) and vy € Iy(s), we have h(vy) — h(ny) > 3C5, so
(7.49) h(ng) + Xi(5m2) £ \/X12('; n2) — Xa(m2) <h(re) +Y (5 10),

and thus g(a(n)) < g(B(v)).
In all these cases, we have t(n) < t(v). Now the proof follows from the pigeonhole

argument. O

Corollary 7.11. Let § = (£1,&2) € =5(0).
(a) Suppose, n € Wo(&) with ne € I1(s). Then, we either have

(7.50) g(m) = r* + h(n) + R,* (X1 + 1/ X7 — X)

and
(7.51) g(e(m) = 7% + h(m) + B2 (X1 — \/ XT = Xa),

(7.52) g(m) =%+ h(n2) + R2(Xy — /X7 — Xo)
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and

(7.53) g(e(m) = r* + hine) + R* (X1 + 4/ X} — Xa).

(b) Suppose, n € Wo(€) with 1y € Iy(s). Then, we have

3
i
$1)2)-
.

Remark 7.12. Suppose, n and i’ are two different points with the same second coor-
dinate 7y € I;. Then we either have both ¢(n) > t(«(n)) and t(n’) > t((n’)), or both

t(n) < t(u(n)) and t(n') < t(«(n')). This shows that we either have (T.50)—(Z.51]) or
(T52)—(7.53)) simultaneously for both i and 7'

Since the derivative of Y is bounded in {le| < €}, expression (Z.54) is increasing
function of r (assuming, as we always do, that p, is sufficiently large). We denote by
q = q(n2) (= q(®)) the value of r which makes the RHS of the equation (7.54)) equal to p?.
Unfortunately, the same argument will not work with expressions (.50) or (T.52]) (when
we differentiate the RHS of these formulas, we obtain square root in the denominator).
It turns out, however, that if we fix 7y, the equations

(7.55) 2+ h(ng) + R2(X) + /X2 — Xo) = p°

and

(7.56) 2+ h(ng) + R2(X) — 1/ X? — X5) = p?

have exactly one solution each. Indeed, the intermediate value theorem implies that
there is at least one solution to each equation, and later on in remark we will see
that the total number of solutions of (Z.55) and (7.50) is at most two. We denote by
q = q(n2) (= q(P)) the value of r which makes the RHS of the relevant equation (7.50)
or (7.52)) equal to p?.

Then similarly to our proof of lemma [T0l (more precisely, of equation (£20)), we
obtain the following formula:

(7.57) vol(A* N A — vol(A- nAl)) = / (q(n2) — £/ p* — 03)dna.

—a

(7.54) g(n) =r* + h(n) + R, Y (

Thus, in order to compute vol(A* DA(L"JL) —vol(A~ ﬂ.A(L"JZl), we need to compute q(7z).

We will consider the case where 1, € I; (another case is simpler and can be dealt with
in the same way). We also assume for definiteness that formulas (Z50)—(751) are the
valid ones, so we need to solve equation

(7.58) r2 4+ h(n) + B2 (X1 + 4/ X — Xo) =\
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Thus, ¢(n2) is the (only) value of r which makes (Z.58) valid, and ¢(¢(n2)) is the (only)
value of r which solves the following equation:

(7.59) r2 4 h(ne) + B2 (X1 — /X2 — Xo) =\

Now we introduce a new unknown variable

r
(7.60) o= i 1,
so that

(7.61) r=p(l+o0);
we also put

(7.62) é:=p)*/p.

Then direct calculations show that (T58)) is equivalent to
(0% +20) + /& (h(np) + R X1 (E(1+ o) Yimp)) =
— 7R XA AL 4+ o) im) — Xa(E(1+ o) i),

(7.63)

Taking square of the last equality we obtain
(7.64) W(o,&ms) = (0 +2)*0” + &p,*Pw(o, &) = 0,

where w is a certain function; the properties of w follow from the properties of X;. In
particular, w is analytic in |o| < 1/2 and |€| < ¢y/2. Moreover, the bounds for w and its
derivatives are uniform in n and 7y € I;. We see that

W(0,0;m2) = W.(0,0;m2) =0 and W/ (0,0;n) = 8 # 0.
Applying again theorem [21] we obtain that (in the neighborhood of (o,€) = (0,0))
W (o, €mn9) = 0 if and only if
(7.65) 0% — 2X3(&m)o + Xu(&m2) = 0,
where X (€ n,) are analytic in € and X;(0;7,) = 0 for j = 3,4.
Remark 7.13. Since the equation (.65 has two o-solutions, this implies that the total
number of solutions of (Z.55)) and (7.56]) is at most two.

The solutions of (Z.63) are o1(€m) = X3 + /X3 — Xy and 03(;m2) = X3 —
VX% — X4. Thus, we either have q(1n2) = p(1 + o1) and q(c(n2)) = p(1 + 03), or
q(ne) = p(1 + o9) and q(c(n2)) = p(1 + o01); for the sake of definiteness we assume
the former possibility.

Put

T(n2,p) = Ta(n2, p) = q(02) + q(e(n2)) = p(2 + 01 + 02) = 2p(1 + X3).
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According to Corollary 2.4}, X3 and consequently p~'7,, is analytic in ¢ for |é| < ¢(V') with
some constant ¢(V') > 0 uniform in n and 7y € 1:1. Function p~'T,, and its derivatives
are bounded uniformly in n and 7, € 1.

Thus, for n, € [~1 we have p~'T,, is analytic (while o1, oo are only algebraic).

Now assume that 7, € Iy. As usual, this case is similar to the case 17, € I 1, but simpler.
We solve equation

3/4
(7.66) P4 ) + Y (Fmie) = A,

where Y is analytic in 1/r. Using arguments similar to the first case, we obtain that
(C66) has a unique solution r =: q(n2). We define T'(n, p) = T,.(n2,p) = 2q(n2) for
RS I().

Next, notice that |&] < ¢(V) is satisfied if r > po/*2(c(V))™! = pi/® (o *c(V))/2) .
Thus if we assume that py is large enough, we ensure that the set {r > pf/ 5} is included

into domains of analyticity of all our analytic functions.
According to (Z.57]) we have

vol(A* N Ag:).l) —vol(A™ N A(Lnj_l) =

(7.67) /_a (q(na) — M)dm = %/“ (T'(n2) — 2M)d772'

a —a

Note that although ¢(72) is not an analytic function of p (it involves square root of
analytic functions), the function 7'(1),) is analytic.

The proof is almost finished, since the RHS of (7.67)) is analytic in p for sufficiently
large p (recall that |n,] < a < p'/?). The only remaining thing is to obtain some
estimates for coefficients in the analytic expansion of T, (and thus of (Z.67)). We have

- 1
(7.68) T,=pY tjn, 7;2);.
§=0

It easily follows from (7.63)), (7.66) and definition of T, that t, = 2 and ¢; = 0. Since

p~|T,| < C uniformly in 1, for any p > pf‘/ °. we obtain

(7.69) tj(n.me)| < C'o/°
with constant C’ > 0 uniform in n and 7. Substituting it into (.67)), we derive

x n A n I &1
(7.70) vol(A* n.A') — vol(A ﬂA(Lll):§pZej(n)—.,
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where é;(n) = [ (tj(n,n2) — t;(n2))dne. Here, we denoted by t; coefficients in analytic

—a

expansion
. .1
2/ —m=p |2+ Li(n)—=
=2 P
We have
(7.71) |&,] < 4C"pHi/AF1/3,
Next,
[ee] ~ 1 [e.e] » B B
(7.72) po Y lE(n)|= < Col® D7 p3° < Cp, M3 < cp M
j=6M Pn J=6M

with constant C' > 0 uniform in n. Put ej(n) := $€;41(n). Thus, using (ZZ0) and
estimates of the coefficients obtained above, we arrive at

Lemma 7.14.
R ) 60M
(7.73) vol(A* NATY) —vol(A~ NATY) = Y Jejn)p™ + 0 ™) for p € [ow, 4pu),
j=1

with lej(n)] < /5605,

Lemma now follows after summation over [ from lemma [7.14], lemma [6.9, lemma
4.8 and corollary A4l This finishes the proof of lemma [B.3] and, therefore, of theorem
[3.11
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