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Abstract

We consider a periodic pseudodifferential operator H = (—A)! + A (I > 0) in
R which satisfies the following conditions: (i) the symbol of H is smooth in z, and
(ii) the perturbation A has order smaller than 20 — 1. Under these assumptions,
we prove that the spectrum of H contains a half-line.
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1 Introduction

Let H be a periodic pseudodifferential elliptic operator in R. Then its spectrum con-
sists of spectral bands converging to +o0o. These bands are separated by spectral gaps,
and one of the most important questions of the spectral theory of periodic operators is
whether the number of these gaps is finite. There is a wide belief that for d > 2, under
fairly general conditions on H the number of finite gaps is finite (often this statement
is called the ‘Bethe-Sommerfeld conjecture’). This statement (in the setting of periodic
operators) is equivalent to stating that the whole interval [\, 400) is covered by the
spectrum of H, provided A is big enough. If we discard certain very special cases of
operators H (like Schrédinger operator with potential which allows the separation of
variables), then, until recently, the conjecture was known to hold only under serious
restrictions on the dimension d of the Euclidean space and the order of our operator
H, see [PoSK], [S1]-[S3], [Kar], [HM], [PS1], [PS2], [V1], [M]. Another type of sufficient
conditions is assuming that the lattice of periods of H is rational, see [S2], [SS1], [SS2].
In the paper [P], the conjecture was proved for Schrodinger operators with smooth
periodic potentials, without any assumptions on dimension d > 2, or on the lattice of
periods (see also [V2] for an alternative approach to this problem). In our paper, we
prove that this conjecture holds for a wide class of pseudo-differential operators.

Let us describe the results of our paper in detail. Let h = h(x, &) be the symbol of
H and let 2 be the order of H (I > 0). We assume a decomposition h = hy, + a, where
hy, < €% (as |¢] — o0) is the principal symbol of H, and a = O(|¢|%) (as [¢] — oo,
where o < 2[) is the remainder. The symbol h(z, &) is assumed to be periodic in = with
periodicity lattice I'. We denote by I'f the dual lattice, and by © and OF the respective
fundamental domains. We also set d(T') = vol(©Q) and d(I'T) = vol(OT).

We make the following additional assumptions:
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(a) hy(€) = |€]?. This assumption is made mainly for simplicity of exposition; our
results are likely to hold if we replace h, by a more general principal symbol that is
homogeneous in . However it is essential that h,(£) does not depend on z (in other
words, the principal part of H has constant coefficients). This latter assumption, to the
best of our knowledge, is present in all approaches to proving the Bethe-Sommerfeld
conjecture.

(b) We assume that the symbol a(z, ) is smooth in z. This requirement is a major
disadvantage of our method when compared, e.g., with the approach of Karpeshina
(see [Kar] and references therein).

(¢) a = 0(|¢]*) and Vea = O(|¢]*7!) uniformly in 2. We emphasize that we do not
assume the existence of higher (than first) derivatives of a with respect to &.

(d) Finally, we assume that o < 2/ — 1. This assumption is the most restrictive
one. In particular, it means that the results of our paper are not applicable to the
Schrodinger operator with a periodic magnetic potential. Indeed, in a forthcoming
paper [PS3] it will be shown that under conditions (a)-(c) alone, the conjecture does
not hold if we only assume a < 21.

The method of proof in this paper follows very closely that of [P]. However, there
are numerous amendments which, while being not too difficult, are not straightforward
either. We have written in detail most of the proofs, but occasionally we will refer
the reader to [P] if the proof of some statement in our paper is (almost) identical to
the corresponding proof in [P] (otherwise the size of our paper would become almost
intolerable). Here is the list of all the major changes we had to make to [P] to cater for
a bigger class of operators: a generalization of the main approximation lemma has been
given to be able to deal with an unbounded perturbation; the definition of the resonance
sets Z; has been changed; the proof of the asymptotic formula for eigenvalues in the
non-resonance region has been changed (we use the implicit function theorem, which is
slightly easier than the method used in [P]); a complication arising from the fact that
the mappings F¢, ¢, in Section 5 do not any longer provide unitary equivalence, has
been addressed; finally, Lemma now includes two cases (a lying inside and outside
a spherical layer of radius 2p; the latter case allows a much better estimate) and the
rest of Section 6 incorporates this point. Some further changes have been indicated in
the text.

We have also made certain changes in order to make exposition simpler. The major
such change is as follows: for simplicity, we will always assume that the symbol of the
perturbation a(z,§) is a trigonometric potential in z, i.e. that

a(x,g) = Z d(&,f)eg(x), (11)

0cr't, |0|<R
where '
ee(x) = d(T)~Y/2e (1.2)

and

a(0,€) = /O a(@, E)e_p(z)dz. (1.3)



Here, R is a fixed number. The general case of a(z, ) being merely smooth in = can be
treated in the same way as in [P]: for each large p we choose R = p” with sufficiently
small (but fixed) 7 and consider the truncated symbol

a,(l‘ag) = Z Z &(0,5)69(:17) (14)

0ert, |0|<R

Then the difference between eigenvalues of the original operator H = Hg + A and the
truncated operator H' = Hy + A’ (A’ is the operator with symbol @) is an arbitrarily
large negative power of p (strictly speaking, we need to replace A with A’ after our
first cut-off introduced in Corollary [2.6]). Then the results would follow if we carefully
keep tracing how all the estimates for H' depend on R. This has been done in detail in
[P], so in order not to overburden our paper with extra notation, we will assume that
H = H', i.e. that the symbol of the perturbation has the form (LT for a fixed R.

Setting and notation.

We fix a lattice ' € R? and denote by I'! the dual lattice. We denote by O and
O' the respective fundamental domains and set d(I') = vol(O), d(I'f) = vol(OT). We
denote by Fu(€), £ € RY, the Fourier transform of a function u(z) and by a(f), § € I'T,
the Fourier coefficients of a function a(z) which is periodic with respect to the lattice
I'; that is

(Fu)(z) = (2m) 42 /Rd u(z)e @t da a(9) = d(Ir)"/2 /Oa(x)e_iwdzn.

By {¢} we denote the fractional part of a point £ € R? with respect to the lattice I'f,
that is a unique point such that {¢} € O, ¢ — {¢} € T'!. By f < g we shall mean that
there exists 0 < ¢ < oo such that f < cg.

Let 7 > 0. A linear subspace V C R? is called a lattice subspace of dimension
n, 1 < n < d, if it is spanned by linearly independent vectors 61, ...,6, € I'l each of
which has length smaller than r. We denote by V(r,n) the set of all lattice subspaces
of dimension n. We will usually take » = 6 M R for some fixed and large M and R, so
we set for simplicity V(n) = V(6M R, n). Given a subspace V we denote by &y and &
the orthogonal projections of £ € R on V and V' respectively. We also define

©; = B(jR)NTT, e = 0;\ {0}.

Given k € OT and a set U ¢ R? we denote by P(k)(U ) the orthogonal projection
in L?(O) onto the subspace spanned by the set {e¢ : {(} =k, € € U}. Given a
bounded below self-adjoint operator 1" with discrete spectrum, we denote by {u;(7")}
its eigenvalues, written in increasing order and repeated according to multiplicity. By
c or C we denote a generic constant whose value may change from one line to another.
However the constants ¢y, co, etc. are fixed throughout. All constants may depend not
only on the parameters of the problem, i.e. the order 2[, the lattice I' and the symbol
a(x,§), but also on the number M.
We consider the self-adjoint operator

H=(-A\'4+A=Hy+A (1.5)



on L2(R%), where [ > 0 (not necessarily an integer) and A is a periodic PDO of order
a < 20 — 1 and periodicity lattice I'. What we mean by this is that A has the form

Aua) = ()2 | ala, e (Fu)(©)ie.
R4

where the symbol a(z,£) is assumed to have the following properties: as a function of

z it is C'*° and periodic with periodicity lattice I'; moreover, there exists ¢ > 0 such

that

la(z, ) < c()*,  |Vealw,€)] < ()™

for all z, ¢ € R%; here (¢) = 1+¢|. It is standard [RS] that under the above conditions
the operator H admits the Bloch-Floquet decomposition: it is unitary equivalent to a
direct integral,

H:éHW%; (1.6)

the direct integral is taken over O, and for each k € OT the operator H (k) acts on
L?(0O) as follows: It has the same symbol as H and it satisfies quasi-periodic boundary
conditions depending on k: its domain is given by

Dom(H (k)) = {ulo : ue HA(RY) |, u(z+y)=e*Yu(z) all z € R, y € T}

When working with the operator H (k) it is convenient to use the basis {e¢}ej—1 C
Dom(H (k)). In this respect we note that

H(k)eg =t Hy(k)ee + A(k)ee = [€ec +d(I) ™2 Y a(n—&,8)ey, (1.7)
{n}=k

for any & with {£} = k. The domain of H(k) is given, equivalently, by

Dom(H(k)) ={u= ) ueee = » [&[*|ue]* < o0}
{&}=k {&}=k

It follows from (L6 that o(H) = Ugo(H(k)). Each H(k) has discrete spectrum,
o(H(k)) = {\j(k)}32,, where the eigenvalues are written in increasing order and re-
peated according to multiplicity. By standard perturbation theory [K], each \;(k) is
continuous in k € OT and therefore for each j the union Ug{\;(k)} is a closed interval
[aj, bs], known as a spectral band. It follows that o(H) = U32[a;,bj]. In our main
theorem we prove that there is only a finite number of spectral gaps. More precisely
for d > 3, we have:

Theorem 1.1 Suppose that p is large enough. Then A = p* belongs to o(H). More-
over, there exists Z > 0 such that the interval [p? — Zp* =4~ p?! 4+ Z p?!=9=1] lies inside
a single spectral band.

A similar statement is valid for d = 2.



2 Preliminary results

2.1 Abstract results

In this subsection we present some abstract theorems about self-adjoint operators with
discrete spectra. The following two lemmas have been proved in [P]. Roughly speaking,
they state that that the eigenvalues of a perturbed operator H = Hy + A that lie in a
specific interval J are very close to those of ), PHP, where {P} is a carefully chosen
family of eigenprojections of Hy.

Lemma 2.1 Let Hy, A and B be self-adjoint operators such that Hy is bounded below
and has compact resolvent, and A and B are bounded. Put H = Hy + A and H =
Ho+ A+ B and denote by py = pw(H) and iy = ul(ﬁ) the sets of eigenvalues of these
operators. Let {P;} (j =0,...,n) be a collection of orthogonal projections commuting
with Hy such that Y P; = I, PjAP, = 0 for |j — k| > 1, and B = P,B. Letl
be a fived number. Denote by a; the distance from p; to the spectrum of P;HyP;.
Assume that for j > 1 we have a; > 4a, where a = ||A| + |B||. Then |fu — w| <

92n o 2n+1 H?:l(aj _ 2(1)—2‘
Proof. This is Lemma 3.1 of [P].

Lemma 2.2 Let Hy and A be self-adjoint operators such that Hy is bounded below and
has compact resolvent and A is bounded. Let {P™} (m = 0,...,n) be a collection of
orthogonal projections commuting with Hy such that if m # n then P"P™ = PMAP" =
0. Denote Q := I — 3 P™. Suppose that each P™ is a further sum of orthogonal
projections commuting with Hy: P™ = ;20 P such that PPAP™ =0 for |j—1| > 1
and P"AQ =0 if j < jm. Let b:= |[A]| and let us fiz an interval J = [A1, A2] on the
spectral axis which satisfies the following properties: the spectra of the operators QHyQ
and PfHon, j > 1 lie outside J; moreover, the distance from the spectrum of QHyQ
to J is greater than 6b and the distance from the spectrum of PfHOPJk (G >1) to J,
which we denote by ag?, is greater than 16b. Denote by p, < --- < uq all eigenvalues of
H := Hy+ A which are inside J. Then the corresponding eigenvalues [ip, . .., fiq of the
operator
H:=Y» P"HP™+ QHoQ
m

are eigenvalues of Y P™HP™, and they satisfy
[for = prr| < maxc | (60)7+ T (a7 —60) 7| ;
j=1

all other eigenvalues of H are outside the interval [\ + 2b, Ay — 2b].

Moreover, there exists an injection G defined on the set of eigenvalues of the op-
erator y_ PMHP™ (all eigenvalues are counted according to their multiplicities) and
mapping them to the set of eigenvalues of H (again considered counting multiplicities)
such that:

(i) all eigenvalues of H inside [A\1 + 2b, A\g — 2b] have a pre-image,

(i) of pj € [A1 + 2b, Ao — 2b] is an eigenvalue of Y, P"™HP™, then

Jm

|G (pj) =yl < max | (6b)*+ [T (e} —60) 72|,
j=1



and
(iii) we have G(p;(3>>,, P"HP™)) = p;i(H), where | is the number of eigenvalues
of QHyQ which are smaller than \;.

Proof. This is Lemma 3.2 and Corollary 3.3 of [P].
The last two lemmas involve bounded perturbations. The next proposition is a
generalization of Lemma to the case where the perturbation is unbounded.

Proposition 2.3 Let Hy and A be self-adjoint operators such that Hy and H = Hy+ A
are bounded below and have compact resolvents. Assume that A is bounded relative to
Hy and that there exists € € (0,1) and k. > 0 such that

[(Au, u)| < e(Hou,u) + ke||u|?, u € Dom(Hp). (2.8)

Let Py, ..., PN be orthogonal projections commuting with Ho such that P;AP; = 0 if
li—j| > 1. Let P = ziJ\LOPi, Q =1— P, and assume that B,AQ =0 ifi < N. Assume
that AP is bounded and let b = |AP||. Let J = [A1, A2] be an interval on the spectral
axis such that

dist(c(QHoQ),J) > Dy, diSt(O’(PjH()Pj), J)>Dy, j>1, (2.9)

where Dy == (4b+ 2(eXg 4+ kc))/(1 — €) and Dy := 20b. Let H = PHP + QHQ. Then
the following holds true: given an eigenvalue w(H) of H inside J, the corresponding
eigenvalue py(H) of H is an eigenvalue of PHP. Moreover, | (H) — pw(H)| < 3b/4.

Proof. Tt follows from our assumptions that H = H 4+ Py AQ + QAPy. Therefore,
H —2b(Py +Q) < H < H+ 2b(Py + Q), (2.10)
and, in particular,
p(H = 26(Py + Q) < m(H) < w(H + 2b(Py + Q). (2.11)

Notice that the operator H + 2b(Py + Q) can be decomposed as (PHP =+ 2bPy) @
(QHQ+2Q).

Claim. p;(H + 2b(Py + Q)) is an eigenvalue of PHP + 2bPy. Indeed, suppose it
is an eigenvalue of QHQ + 2bQ, say (H + 2b(Py + Q)) = 1i(QHQ) + 2b. Then the
fact that p;(H) € J implies that

A —2b < pi(QHQ) < A2+ 2b. (2.12)
Moreover, from (2.8) and min-max we have
(1 = ui(QHoQ) — ke < pi(QHQ) < (1 + €)ui(QHoQ) + ke. (2.13)

Now, we have either p;(QHoQ) < A\ — Dy or u;(QHoQ) > Ay + D1. In the first case
2I12) and [2I3) give Ay —2b < (14 ¢€)(\ — Dy) + k., which contradicts the definition
of Dy. In the second case we obtain (1 — €)(Ay + D) — ke < A9 + 2b, which is also a
contradiction. Hence the claim has been proved.



So wu(H + 2b(Py 4 Q)) is an eigenvalue of PHP + 2bPy, (H + 2b(Py + Q)) =
wi(PHP + 2bPy), say. Let

a; = dist(u(PHP),0(P;HoP;)), 1<) <N.

From (2.10) we have p;(PHP) € [A\; —2b, \o+2b]. Hence for j > 1, a; > Dy —2b = 18b.
We can now apply Lemma 2.1 to the unperturbed operator PHP = PHyP + PAP
with the perturbation B = 2bPy. We conclude that

N
5 3b
|ui(PHP) — pi(PHP + 2bPy)| < 22V (36N [](a; — 60) 7% < L
j=1

completing the proof of the proposition. O

2.2 Perturbation cut-off

We now return to the operator H introduced in (LE]). We fix p > 0; our aim is to prove
that if p is large enough then p* € o(H). Many of the statements that follow are valid
provided p is sufficiently large; usually this will not be mentioned explicitly.

Lemma 2.4 Let k € O and U,V C R? be such that dist(U, V) > R. Then

PH(V)AR)PW(U) =0 (2.14)

Proof. We simply note that, because of (L), if £ € U, {{} =k, then A(k)e¢ is a linear
combination of e, {n} =k, n € {+ B(R). O

Let x = x, be the characteristic function of the set {¢ € R? : ||¢| — p| < p/2}.
Define the projection P = F~1yF. We have

Lemma 2.5 There exists L > 0 such that | AP| < Lp*.

Proof. Let ap(z,§) = a(z,£)x(€) be the symbol of AP. Then AP =Y, Ap, where

Agu(z) = ()T [ ap(0. 06007 (Fu) €.

The smoothness of a(x,£) with respect to = implies that |a(6, &) < (8) =N (£)® for any
N € N; hence
lap(0,6)] < (6)"Vp*, NeN.

It follows that for any u € L*(R%),

2

gl = em =ty [ ] ap0. e (Fuy €] da

R
= an) [ fap(6. ) F0©Rds

< c(0)7H " ul®




Taking N > d, we conclude that

JAP| < > [l 4g] < p* > (0) N < p°,
pcrt 0

as required. O

Let P(k) be the orthogonal projection on the linear span of the set {e; : {¢} =
k., |l — p| < p/2}. Tt is easily verified that the Floquet decomposition of AP is
Js A(k)P(k)dk, that is (AP)(k) = A(k)P(k). This implies in particular that

IA(k)P (k)| < [[AP|| < Lp*. (2.15)
Let L > 0 be defined in Lemma and put J = [p? — 100Lp*, p* + 100Lp"].

Corollary 2.6 Let k € O be fired. Let P = P(k) be the orthogonal projection on
the linear span of {e¢ : {&} =k, ||¢| — p| < p/2} and let Q = I — P. Define
ﬁ(kz) := PH(k)P. Then the following holds true for p large enough: given an eigen-
value py(H(k)) of H(k) inside J, the corresponding eigenvalue p(PH (k)P +QH (k)Q)

is an eigenvalue of };{(kz), moreover, there exists ¢ > 0, independent of k € OF, such
that | (H (k) — m(PH (k)P + QH(k)Q)| < exp(—cp).

Proof. We shall apply Proposition 2.3 to the operator H (k) = Ho(k) + A(k). We fix a
natural number N (to be determined later) and we write P = @j»v:OPj, where Py is the
orthogonal projection on the liner span of

{ec - {&} =k, ll€l —pl < p/4},
and P, j > 1, is similarly defined for

p, (G—1p p ., Jpr
: = — < — L 20
It follows from Lemma 24l that P;A(k)P; = 0 if |i — j| > 1 and, similarly, P;A(k)Q =0
for j < N. We also note that

b= [|A(k)P|| < Lp® (2.16)

by 2.I5). 1
The inequality s¢ < s* + 1, after substituting s = |¢|eZ—=, implies that |¢|* <
6!5\21 + e/(2=a) for any € > 0. Thus, for any ¢ with {¢} = k,

‘ > &(5—77,77)( < el¢ 4 cem 2

{n}=k

This implies that (2.8)) is valid with k. = ce 7-a. Hence Dy < p®. Since
dist(c(QHoQ), J) > cp?, the first relation in (29) is satisfied; so is the second by a
similar argument.
So all assumptions of Proposition 23] are fulfilled. We conclude that | (H(k)) —
i (H(k))| < 3b/4N. Taking N = [p] — 1 concludes the proof. O
This corollary shows that we can study the spectrum of H (k) instead of H (k).



3 Reduction to invariant subspaces

The Floquet decomposition and Corollary has led us to the study of the eigenvalues
of H(k), k € O, that are close to A = p?. The operator H (k) which was defined in
Corollary is a bounded perturbation of PHy(k)P (for a fixed p), so we can apply
Lemma to it. This will require a specific choice of the projections {P]k }. Because

they have to be invariant for Hy(k), they will be of the form P®*)(U) for some carefully
defined sets U C R, localized near || = p.
We define the spherical layer

A={¢eR?: || - p*| < 100Lp"}.
It has width of order p®~2*1. Note that for all £ € A we have
161> = p*| < p* 22 (3.17)

We fix numbers qg, q1, ..., q4—1 and - such that
O<qgp<q@p<..<g-<1 , a<y<2l—24+qq, (3.18)
and also Y

2
The existence of such numbers follows from our assumption o < 2l — 1. We also define

Q= (3.19)

1 . .
€ = 105 min{2l =2+ ¢y — o,y — o, 1 — qcz—hmsm(qs —qs—1)}

Given a lattice subspace V' € V(n), we define the sets

o(V)={£€ A [gv] <p™}
1(V) = Eo(V)+V)NA;
d—1

Eo(V) =E1(V)\ ( U U EI(W)) ;

m=n+1WeV(m),W>DV
s(V)={=n+60 :neZ(V), 0ecvnrt, |6 - p? <p};

(11 111

We also define o
p=J) U =), B=A\D

m=1WeV(m)
Note that Z3(V) € Z3(V) by BI8]) and =3({0}) = B. We also have
17 = p?| < cp? 7 (3.20)

for all € € =Z3(V).
We now proceed to establish further properties of these sets. Let us stress again
that in what follows we shall often implicitly assume that p is sufficiently large.

Lemma 3.1 Let V€ V(n), 0 <n <d—1. Then for { € Z1(V) we have |{y| < 2p?.



Proof. Let & € Z9(V) be such that £ — & € V. Then

vl <Nl = 1€v Pl + 160 [* = llgl* = €7 + [€v[* < ep 242 + pin
from which the result follows. O
Lemma 3.2 Let V € V(n), 0 <n <d—1. Then for £ € Z3(V) we have |Ey| < 2pT.

Proof. Let us write £ =7 + 0 with n € Z5(V), 8 € V. NT't. Then, by @17),

a—204+2 p2qn,

&2 = [ = nv]> = p* —cp
and therefore, by ([B.20),
v [? = [€]° = &7 < (p° + cp?7HH2) — (p° — cp® PR = pPin) < 2p%0,
and the result follows. O
Corollary 3.3 If £ € Z(V), then |{y| < p?m .

Lemma 3.4 Let V€ V(n), 0 <n<d—1. Let £ € E3(V), £ =n+ 0 with n € Eo(V)
and § € VNTT. Then 0] < pi.

Proof. We have [0 = |0v| < [&v] + [nv] < cp. O
Lemma 3.5 If £ € Z5(V) then
@) 1€l = pl < e Q) lé5] = pl < ep® 7" (3.21)

Proof. Part (i) follows directly from the definition of Z3(V'). Part (ii) follows from (i)
and Lemma O
The following geometric lemma will be used repeatedly in what follows.

Lemma 3.6 We have
’§V1+V2’ < ’§V1‘ + ‘g\/z’ ’ (3'22)

for any two subspaces Vi and Vy generated by vectors in TT N B(R).

Proof. Suppose that V7 and V5 are two lattice subspaces such that W # V; and
W # V,, where W := V] + V5 (otherwise the estimate is trivial). Let ¢ be the angle
between V; and V5. This means that ¢ is a minimum of angles between £; and £ where
& € Uj := W ©Vj (the orthogonal complement). Then a simple geometry shows that

SARSSA
QERAE THLEELAL i) 3.23
|£V1+V2| = sm(gb/2) ( )
Since the number of pairs (V1,V3) is finite, this proves the statement. O

Remark 3.7 The key part of extending the proof to the case when the symbol a is just
smooth in x (and is no longer a trigonometric polynomial in x) is checking how the
constant in (F23) depends on R. This has been done in detail in section 4 of [P
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Lemma 3.8 Let V; € V(n;), i = 1,2, be two lattice subspaces such that neither of them
is contained in the other and assume that ngo > ny. Then for any & € Z2(V;), i = 1,2,
we have: |& — &| > pinaTeo,

Proof. Suppose to the contrary that |&; — &| < p%27¢. From Lemma B.I] we have
|(&)v;] < 2p% and therefore

[(EDvs] < 1€ — &l + [(E2)vy| < pT2 T 4 22 < 2pTnzteo
Letting W = V; + V5 and m = dim(W) we have m > ny and hence, by (3.22)),

[(E)w] < c|E)n ]+ [(E)w) < e(pt™ + 2pTm2T0) < pm,

Hence & € =Z1(W), which is a contradiction. O

Lemma 3.9 LetV; € V(n;), i = 1,2, be two lattice subspaces such that neither of them
is contained in the other. Then for any & € Z3(V;), i = 1,2, there holds |§; — & >
maX{pQ'nl , p‘]'nz }

Proof. Assume that ng > ny. Writing & = n; + 0; with n; € Z2(V;) and 6; € V; N rt,
we have from Lemmas [3.4] and B.8]

€1 — &l > [m — m2| = [61] = [62] > pn2 T — cptnz > pinz

Proposition 3.10 If V; € V(n;), i = 1,2, are two different lattice subspaces, then
EW) +0um) N (E(V2) +On) = 0.

Proof. If neither of Vi, V5 is contained in the other, then the result follows from
Lemma [B.9] so we assume that V; C V5. We consider & € Z3(V;) and shall prove that
the difference § = &; — &, cannot belong to ©47. Let n; € E9(V;) and 0; € V; N I'f be
such that & = n; + 6;. We distinguish two cases:

(i) 0 € V. In this case we write no = 7 + a with 7 € Z¢(V3) and a € V. We then
obtain 1 =7+ (a+ 602+ 60 — 61) € Z1(V2), which contradicts the fact that n; € Z9(V4).
(ii) 6 ¢ V,. We argue again by contradiction, assuming that 6§ € ©4ps. Then, in
particular, |#] > 1. We claim that [ng - 6] > pT27<|d]|; indeed, if this were not the
case then we would have with U being a linear span of V5 and 6 (and thus a lattice
subspace):

< cl(m)va| + 2 - 0])
< c(pt + plnT)
S pQ7L2+1.

|(n2)v]

Therefore, 1y € Z1(U), which is a contradiction. Hence
€2 0| > |m- 0] — |02 - 6] > an2+EO — 12Rpn2 > an2+50/2 ,

and therefore

16 =% > 6o+ 0P — 6| — |&f* - p*
> Cp2l—2+qn2+eo _ p’\/
> p,
which is a contradiction. O

Proposition B.I0 is one of the main results of this section. We now state some
additional lemmas which will also be useful in what follows.
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Lemma 3.11 Let £ € Z3(V), V € V(n), and 6 € Oapr, 0 € V. Then ||+ 0% — p?!| >
20-2+qn
p :

Proof. Let € =n+ 0’, ne EQ(V), 9 ¢ VNIT. Then |£ . 9| S pq"+60 since otherwise we
would have
- 0] <[£-0] 410" 0] < ph2t0 4 cptn < 2pInteo|g|

and therefore n € Z;(V + {t0 : t € R}) by (8.22)). Hence

1€+ 012 — 11| = [1g]* — p*|

=

20—2 qn
> cp pq +eo _ p"/
>

p2l—2+Qn . O0

1€ + 6% — |

Lemma 3.12 Let V € V(n) and let € € Z3(V) and § € VNTT. If € + 0 ¢ Z3(V) then
1€+ 0] = p*| = p7.

Proof. Let & = 0/ 4+ 0,1 € Zo(V), ¢ € VAT, Then £4+60 =5 + 0 +6) ¢
Z5(V) 4+ (V NT1), and the result follows from the definition of Z3(V"). O

Corollary 3.13 Let £ € E3(V) and 0 € Oapr. If E+ 60 & Z3(V) then
1€+ 01 = p*| > p7.

Proof. The result follows from Lemma B.ITlif # € V and from LemmaBI2if 6 ¢ V. O

We can now use the results obtained so far and apply Lemma[2.2]in our context. Let
k € O be fixed and let the projection P = P(k) be as in Corollary Given a lattice
subspace V € V(n), 0 <n < d— 1, we set P(V) =P®) (Z(V)). The above statements
imply that P(V)P = P(V). The next proposition provides information about the
proximity of the parts of o(H(k)) (or o(PH(k)P)) and (>, P(V)H(k)P(V)) that
lie near p. The sum is taken over all lattice subspaces V.

Proposition 3.14 There exists a map G from the set of all eigenvalues of the operator
H(k) := >, P(V)H(k)P(V) that lie in J into the set of all eigenvalues of PH (k)P
such that whenever (>, PH(k)P) € J, we have:

(Y PV)HE)P(V)) = G(u(Y_ P(V)H(R)P(V)))| < cp~ MOt
v v

This mapping is an injection and all eigenvalues of PH (k)P inside Jy := [\ —90L, X +
90L] have a pre-image under G.

Proof. We apply Lemma 2.2 to the operator PH (k)P = PHy(k)P + PA(k)P. We use
the projections { P(V')}, where V ranges over all possible lattice subspaces of dimension
smaller than d; these are orthogonal by Proposition B.I0l Each P(V) is further writen
as a sum of orthogonal and invariant (for Hy(k)) projections, P(V) = Zj]\/io P;(V),
where

PRy(V)=P® (E5(V)),
Pi(V)=P®((Es3(V)+6;)\ (Es(V) +0,-1)), j=1,....M.

12



It follows from Lemma [2.4] that
PWV)A(k)P(V2) =0if Vi # Vo,
Py(V)A(R)P (V) =0if [j =1 > 1,
Pi(V)A(k)(P = > P(V))=0if j < M.
\%

Let us also check that the remaining two conditions of Lemma are satisfied. We
have

o((P =" P(V)Ho(k)(P =" P(V)))
1% 1%
= {lg*  {e =k, [IgP =oM< p"/2, £ UVEV)}
c {|g* : ¢¢ A},

and therefore

dist(o((P = P(V))Ho(k)(P =Y _ P(V))),J) > 6| PA(k)P|
1% Vv

We also note that for 1 < j < M,

o(P;(V)Ho(k)P;(V)) = {I¢7 : {& =k, € Es(V)+0;)\ (E3(V)+6,-1)}
c {[E* : e Es(V)+0m) \Es3(V)}.

Corollary B.I3] together with the fact that a < v imply that a;(V) > ¢p? and, in
particular,

a;(V) := dist(o (P} (V)Ho(k)P;(V)), J) > 16| PAK)P||, j > 1.

Hence Lemma 232l can be applied. We conclude that there exists an injection G from the
set of all eigenvalues of )\, P(V)H (k)P(V') that lie in J into the set of all eigenvalues
of PH (k)P such that for any (3", P(V)H (k)P(V)) € J there holds

m(> POVH(R)P(V)) = G(w(d>_ P(V)H(k)P(V)))|
1% 1%

M
max (6] PA(K)P()* M+ T](a;(V) = 6| PA(k)P))~>
j=1

IN

< Cp—2M(~/—a)+a;

this completes the proof of the proposition. |
Let us briefly describe the aim of the next two sections. Proposition B.14] has led to

the study of the operators P*)(Z(V))H (k)P®*)(Z(V)), where V is a lattice subspace
and k € OF. It will be proved that for fixed k and V we have a direct sum decomposition

PWEWV)HEPW(EV)) = @ H(E)
3
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where the sum is taken over certain { € ZE9(V) with {¢} = k and H (&) are certain
operators. Rather than keeping k fixed, we intend to study the spectrum of H (&) as
¢ varies continuously. For each £ we shall choose a specific eigenvalue g(§); the choice
is such that §(¢) = |¢|? in the unperturbed case. We then study how §(¢) varies as &
varies. This turns out to depend on the location of £. If £ € B (resonance region), then
g(&) varies smoothly with £. If however £ € D (non-resonance region), then we do not
have this good dependence anymore. In this case a new function g(&) is introduced,
which is very close to g(¢) and is smooth along one direction only.

4 Non-resonance region
Lemma 4.1 If & € B and 0 € ©)y; then || + 0% — p?!| > p?=2ar,

Proof. We have | - 0] > p?, since otherwise { € ZE1({tf : t € R}). Hence, since
a<2l—2+4q,

IE+017 = p*| = lle+01" — 1| = 1€ = o™
> cp?T2ta _100Lp"
> epl2ta
as required. O

Let us fix a § € B with {¢{} =: k. From (2.I5) we have

IPE (& + 01r) AR)PY (€ + Onn)l| < Lp™. (4.24)

Lemma 4.2 There ezists a unique eigenvalue §(&) of P¥) (€ + 0y ) H (k)P®) (£ +0Oy)
which lies within distance Lp® of |€|*.

Proof. The existence of such an eigenvalue follows from (£24]) and the min-max princi-
ple. To prove its uniqueness we argue by contradiction: let us assume that there exist
two such eigenvalues. Then there exists an eigenvalue of P*) (¢ + @) Hy(k)P®) (¢ +
©y) which is different from [¢|? and which is within distance 2Lp® of |£|*. Hence
1€ + 0% — |€)?] < 2Lp™ for some 6 € ©',. This implies that

1€+ 0]* — p*| < (102L)p°
contradicting Lemma Z.1] O

We shall obtain some more information on the eigenvalues g(¢), & € B. First, we
observe that the matrix of PR (& + Oy H(K)PH) (€ + Oy) (with respect to the basis
{ecto}toco,, of RanP ¥ (§ + Oys) and for some ordering 0 = 6y, 01, 6,,... of ©yf) has

the form
a0o ((5 )) a9, ((5 )) aog, ((§ ))
ag,0(§)  as,6,(&) age,(&) ..
aézo(f) g0, (&)  @p,0,(§) .. (4.25)
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where (cf. (L))
€+ 02 + (2m)~%2a(0,£ +0), 0=10,
age (§) = g
(2m)~Y%a(0 — 0,6 +0), 0 +£0.

The size of this matrix is fixed and does not depend on p. Expanding the determinant
we find that the characteristic polynomial p(u) can be written as

p(w) = (T (a0w(©) =) (a00(€) =+ 1(&,1))- (4:26)

0ce’,

The function I(€,p) is a (finite) sum I(€, ) = Iy + Iy + Iy + ... where each I, is a
linear combination of terms of the form

Poi1(&61,62,...)

T,(& p) = 4.27
) = a0 © = 00,0, — 10, © =y 2D
and I, is a linear combination of terms of the form

(a0, 0, (€) — 1) (g, 0, (€) — 1) - - - (g, 00, () — 1)

here P stands for a polynomial of degree k in the off-diagonal terms agg(§), 6 # ¢,
of the above matrix. We restrict our attention to p inside the interval Jg := [|¢[* —
Lp®, €)% 4+ Lp®] where we already know that the equation p(u) = 0 has §(£) as its
unique solution.

Lemma 4.3 For 6 € ©'y; and p € J¢ we have |agg(§) — p| > pA-2ta,

Proof. From Lemma [4.1] we have

> |l€+ 01 = p = 10* = €] = (11 — ul = (2m)"?|a(0,£ + 6)]
> ep?l T2t _100Lp® — Lp® — cp®
>

21—2+
cp an 0O

lage (&) — p

It follows from (4.26]) and Lemma [.3] that g(¢) is the (unique in J¢) solution of
apo(§) —p+1(&p) =0. (4.29)
Lemma 4.4 We have |0I/0u| < p~1=27%0) yniformly over all p € Jg.

Proof. Let T, and T), be as in [@27) and [@28) respectively. Using Lemma E3] we
obtain by a direct computation that

% < Cp—(n+l)(21—2—a+th) , % < Cp—(n+l)(21—2—a+q1) :
ou ou
the result follows. O

15



Proposition 4.5 We have
3€) = [ +G(©), €eB, (4.30)

where G is a differentiable function satisfying

(i) GO < p®;
(i) VGl <p

Proof. We shall only prove (ii), the proof of part (i) being similar and simpler. Let us
define G by (£30). From (4.29]) we have

I(, € + G(€)) — G(&) + (2m)~¥%a(0,€) = 0. (4.31)
Defining
F(&t) = 1€ | +1t) —t+ (2m)"Y%a(0,6),  €€B, |t| < Lp™,

we thus obtain F\({,G(§)) = 0 on B. From Lemma [£.4] we have |0F/0t| > 1/2, so an
application of the implicit function theorem yields that G is differentiable and

VG| < 2|VeF| .

Hence it remains to estimate the partial derivatives OF/0¢;. Note that I, (&, [£]? +1) is
a linear combination of terms of the form

Poi1(§;01,02,...) .
Ty (1€ + 04, = [€12 + (2m)=9/2a(0,€ + 6;,) )

To(, €17 +1) = (4.32)

2A—2+4q1
202

By Lemma[4.3each factor in the denominator is larger in absolute value than cp
Also, the derivative of each such factor with respect to & does not exceed cp
Similarly we have | Py, 41| < cp™t)% and [0P,41/0&] < cp™+tDe=1. These facts imply
that the partial derivatives with respect to & of the RHS of (432]) are estimated by
cp~l=2ta—a)nta—a - The argument is similar for I, (&, |62 4+ ) which is a linear
combination of terms

((2m)~"%a(0,€) — t)Pu (& 61,62, )
T (16 + 65, Pt = €P! + a(0,€ + ;) — t)
Similar calculations show that the partial derivatives with respact to £ of this expression

are also smaller than ¢p~(#—2tai—®)nta—a1 The worst estimate corresponds to n = 1;
recalling (8:19) completes the proof of (ii). O

To(& 17 + 1) =

5 Resonance region

We shall now study the eigenvalues of P(V)H (k)P(V'), where V€ V(n),1 <n <d-—1,
is fixed. Let £ € Z5(V') be given and let k = {¢}. We define

V() =@E+(vnIh)nss(V), Y(E)=Y()+06un,
P& =PW(Y(€)), H(¢) = P(OH(k)PE)
Hy(§) = P(§)Ho(k)P(&) | A(€) = P(&)A(K)P(E) .
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Recalling the decomposition ¢ = &y + &, &y € V, &5 € VL, we also define

r@€) =& . & =& /().

We note that r(§) =< p by B2I). The triple (r(£),&(,,&v) can be thought of as cylin-
drical coordinates of the point & € Za(V).

Lemma 5.1 (i) The sets Y (&), € € Zo(V), either coincide or are disjoint.
(i) If Y(&) =Y (&) then & — & €V and, in particular, r(&1) = r(&2).

Proof. Assume that Y (1) N Y (§2) # 0. Then there exist ; € Z3(V) and 0; € Oy,
j = 1,2, such that & + 07 = & + 05. We claim that the difference 61 — 65 lies in V.
Indeed, suppose it does not. Then the relation & = & + (61 —62) together with Lemma
Bl yields ||&|* — p%| > p? =2+ > p7| contradicting the fact that & € Z3(V). Hence
& — & €V, and both (i) and (ii) follow. O

Part (i) of Lemma [5.1] points to an equivalence relation defined on Z5(V'), whereby
& ~ & if and only if V(&) = Y(&). We thus have for each k € O the direct sum
decomposition

P(V)H(k)P(V) =D H(©), (5:33)

where the sum is taken over all equivalence classes of this relation with {£} = k.

Hence we intend to study the operators H (&), £ € Z2(V). In fact, we shall compare
the eigenvalues of two such operators H(&1) and H(&2); this will be carried out using
auxiliary operators denoted by H(&,U), where £ € ZE9(V) and U is a subset of Zo(V)
containing . We therefore introduce some additional definitions: given £1,&s € Eo(V)
and letting k; = {&1} we set

Y(6,8)=Y(E)UY (&) —&L+8&), P&, &%) =PR(Y (&, &),
H(&,62) = P(&1,&)H (k1) P(€1,&) ,  Ho(&1,&2) = P(§1,82)Ho(k1)P(&1,62) ,
A(&1,&2) = P(&,62)A(k1) P(61,&2) -
Finally, given a set U C Zo(V') containing £ we define (with k& := {{})
Y(§U) = UgerY(§.6) P&, U) =P Y (£,U)),
H(EU) =P U)H(K)PEU), Ho(&U) =P U)Ho(k)P(,U) ,
A&, U) = P(§,U)A(k)P(&,U) .
We also define the isometry F¢, ¢, : RanP(&1,U) — RanP(&,U) by

F§17§2e77 = e7’]+52—§1 , N € Y(§17U)

Lemma 5.2 Let &,& € Z9(V) satisfy |& — &| < cp® 2+ Then for any & €
Y (&1,62) \ Y (&1) we have [[€]* — p™| > p7.

Proof. Let £ =&+ & — & . Then & € Y (&) and therefore £ = n+ 6 where n € Z3(V),
6 €Oy and n— & € VNIt We distinguish two cases.
(i) 6 ¢ V. In this case Lemma BTl gives ||¢'|* — p?| > p?!=2F4n. Therefore

1E[2E = o2 > (1€ = 2| — |1 — [€] > p?72Tam — cp® Ty — & > 9.
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(i) § € V. Then E—& = (n—E&)+0 € VNTIT. Therefore, since & € Z5(V) and
£ €Y (&) D E3(V), it follows that |[€]% — p?| > p7, which completes the proof in this
case. O

Lemma 5.3 Let £ € Za(V) and let U C Z2(V) be a set of diameter smaller than

cp® 2HL containing €. Then there exists an injection G from the set of all eigenvalues

of H(§) into the set of all eigenvalues of H(E,U), such that each eigenvalue of H(&,U)
in Jp := [p? — 98L, p* + 98L] is in the range of G. Moreover for any p;(H(£)) € Ji
we have

i (H(£)) — G(ui(H (£)))] < ep™ MOt
and
G(pi(H(8))) = pivt(H(E,U)),
where | =:1(§,U) is the number of points n € Y (§,U) \ Y(§) such that |n| < p.
Proof. The proof is an application of Lemma so let us verify that all its conditions
are satisfied. The lemma is applied to the operator H (&, U) which is the sum of Hy(&, U)
and the perturbation A(§, U); we note that [|A(§,U)|| < Lp® by Lemma 25 We apply

the lemma with n = 0. The projection P is P° = P(¢) and is decomposed as a sum

of orthogonal and invariant projections, P® = " =0 PJO, where P = P*)(Y(¢)) and

PEUPH((Y(E) +0;)\ (Y(E) +0;-1)P(EU), 1<j<M.

The fact that

o((P(&,U) — P(€)Ho(k)(P(£,U) — P(£))) =
={n* : {n} =k, neY(EU)\Y ()}

together with Lemma [5.2] yields
dist(o((P(E, U) — P(€) Ho(K)(P(6,U) — PE), ) > o7
Similarly, Corollary B.13] yields
a; := dist(o (P Ho(k1)P}), J) > p7, j > 1.

The above imply that Lemma can be applied. We conclude that there exists a map
G from the set of all eigenvalues of H () into the set of all eigenvalues of H (&, U), such
that each eigenvalue of H(&,U) in Jj is in the range of G' and for any u;(H(&)) € J1

i(H(€)) — G(pi(H(E)))]
M
6l1AE DM [T (a; —6llAE D))~

i=1

IN

Cp—2M(~/—a)+a,

IN

as required. O

Remark. In order to apply Lemma we were forced to consider the smaller
interval J; C J. There will be more occasions where our spectral interval shall need
to be reduced. Strictly speaking, this will require the introduction of several intervals
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J1 D Jo D .... In order not to overburden our notation, we shall not make this explicit
from now on and we shall always use the symbol J for the (possibly slightly reduced)
spectral integral in hand.

Let {n1,...,mp} C O be a complete set of representatives of ©); modulo V, that
is for each 6 € O there exist unique n; € {n1,...,n,} and a € V such that 6 = n; +a.
Letting V; = n; +V and

V() = £+ (;nTH)NY (9,

it follows that for each £ € Zo(V') the sets V;(&), j = 1,...,p, are pairwise disjoint and
P
Y(e) =J ().
j=1

Let U C Z5(V) be a set of diameter smaller than cp®~%+! containing £. We shall
consider the matrix elements of H(§, U) with respect to the basis {e, : n € Y/(§,U)} of
Ran P(£,U). Solet n € Y(&,U). Then there exist a unique 7, and a unique p € VNI
such that

n=E&+pu+m=rE8 +& +p+n. (5.34)

Using Taylor’s expansion we then have
= Ir©8y +&v + p+ el

= (% + D r(©)* (& m),
s=1

where the function bs(&, 1) has the form (using standard multi-index notation) bs(&,7) =
Z|a\:s caPo(&))(&v + 1+ mi)®; here P, is a polynomial of degree |a|. Hence

H(U) =r(©)*T+ Y (&) *Bo(&,U) + A, U), (5.35)
s=1

where the operator B(&,U) is given by Bs(&,U)e, = bs(€§,m)ey, n € Y(§,U). We note
that Corollary B3] together with the fact that diam(U) < p®~2*! give

v + 4| = v+ (v < pr.

Therefore
Bs(&,U)|| = mgles(é”n)l < ps. (5.36)

We also note that for s = 1 we have

b1(&,n) = 20&y - (Ev + 1+ ), (5.37)

so that ||B1(§,U)|| < 1. Concerning A(&,U), we note that for ,a € U and n € Y(§,U),

A&, U)ey — FugA(a,U)Fe aey = (2m)"Y2 >~ faln’ —n,m) —a(n’ —nn+a—9)le, .
neY(&U)
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Since |a(n’ —n,n) —a(n’ —n,n+a—§&)| < cp®ta — €|, we can use the argument in the
proof of Lemma to obtain

IA(E,U) = FagAla, U)Feall < cp®Ha —¢l. (5.38)

We shall now use the above considerations to study how the eigenvalues of H(§,U)
change as & varies. Because the operators H(&,U) act on different spaces, we shall use
the unitary operators F¢ o to move between RanP(£,U) and RanP(a,U). Let us denote
by {A;(&,U)} the eigenvalues of H(,U) in increasing order and repeated according to

multiplicity. By (5.35])
\i(€.0) = ()" +vi(€, ),

where {v;(£,U)} are the eigenvalues of the operator

D(&U) =Y r(&)**Bu(&,U) + A, U).
s=1

We first consider how A;(&,U) varies as r(&) varies.

Lemma 5.4 Let £ € U C Z5(V) where diam(U) < p*~2+1. Assume that for t close
enough to r(§) the point a(t) := t&{, + & belongs in U. Let {\;(t)} be the eigenvalues
of H(a(t),U). Then fort such that a(t) € U,

A1) =t (b

where vj(t) is a function satisfying

20 _ g (pr-zan) (5.39)

Proof. Replacing £ by a(t) in (5.35]) yields
H(a(t),U) =t*T+ > #**B,(a(t),U) + A(a(t),U). (5.40)
s=1

Hence \;(t) = t?! + v;(t), where {v;(t)} are the eigenvalues of the operator
S>t2=5By(a(t),U) + A(a(t),U). Now a simple computation shows that

Fo),eBs(a(t), U)Fe o) = Bs(§,U),
hence

Fuye (Zt” *By(a(t),U)) Fra) = Zt” "By(&,U) =: B(1).

We also have for n € Y (£,U),

Fo) e Ala(t), U)Fe aey = 2m) 2 Y aly —n,n+al(t) — ey = A(t)ey .
7' €Y (&,U)

We note that both B(t) and A(t) act on the same space which is t-independent — namely
Ran P(&,U). Therefore vj(t) = pj(B(t) + A(t)). Letting {¢;(t)} be an orthonormal
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set of eigenfunctions of B(t) + A(t) and recalling (5.36]) we use standard perturbation
theory to obtain

dv;(t dB(t dA(t
50— 1B 1),05000 + (2D g, 0), 00
dB(t dA(t
< 1Y) 420,
dt dt
< Y 21— s Y B, U + o
s=1
< pP2han
here we also used (5.38) to estimate ||dA(t)/dt||. This completes the proof. O

Remark. We can slightly improve estimate (5.39) if we use (5.37]); this however
would not be of any use in what follows. Notice that this lemma is yet another place in
our paper where the proof is more complicated than in [P]. Indeed, in [P] the mappings
Fy(t1),a(t2) Provide unitary equivalence between D(a(t1),U) and D(a(t2),U), whereas
in our paper this is no longer the case.

We next examine the case where 7(§) is fixed.

Lemma 5.5 Let&,a € U C Z9(V) be such that r(€) = r(a) =: r and [¢—a| < cp®~ 2+,
Then

A (E,U) = (0, U)| < p*~2Hn]¢ — . (5.41)

Proof. Let n € Y(&,U). Using the same notation as in (5.34]) we have
‘Bg(é‘; U)en - Fa,st(aa U)Ff,llen‘
= [bs(&,m) = bs(a,n +a =)
= | Y ca|Pal&) (v + it m)™ = Palai)ay + g+ )|

laf=s

< an(S_1)|£ _ (1| .

For s = 1 we can do better because of (5.37)): we have

(e — bl +a - O] = 2A(& - i) ml = 21— af) - ml < S22
Therefore, using also (£.38]), we obtain:
[Fe.aD(E, U) ag — D(a,U)]|
< ZT” *[FeaBs(§U) Foe = Bs(a, U)|| + [|[Fe o A, U) Fa g — A(a, U]
< (pzz—z +Z[r2l—qun(s—1)] +pa—1)|£_ al
5=2
< P e —al.
The result follows. O

Combining the last two lemmas we have
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Lemma 5.6 Let U C Z5(V) be a set with diam(U) < p® 2+, Assume that U con-
tains a piecewise O curve joining &1, &2, of length smaller than c|é1 — &|. Suppose that
wi(H (&, U)) € J. Then

i (H(6,0)) — pi(H(&,0))| < p*7Hé = &l (5.42)

Suppose now in addition that (&)y = (§&2)v and (&)}, = (&2)i,. Then

pi(H(,U)) — pi(H(&,U)) = {20051+ 0(p* 29 Hr(&1) — r(&)).  (5.43)

Proof. Suppose first that (£1)y = (§&2)v and (£1)7, = (£2)7,- Then by Lemma [5.4] there
exists ¢ between r(&1) and r(&2) such that

pi(H(6,U)) — pi(H(&,U)) = 2127 + O 2H9)](r (&) — r(&)).

Since t = p+ O(p?~1) (cf. BZI)) estimate (5.43)) follows. Suppose next that r(&;) =
r(£2). From Lemma [5.5] we obtain

i(H(&1,U)) = pi(H(&2,U))| < cp? 240 (&) — &.

Combining these two cases we obtain (5.42]). O

We now proceed with some more definitions. Let £ € E9(V') be given and k := {{}.
We label the elements of o(Ho(€)) = {|n|* : n € Y(€)} in increasing order; if there
are two different points n1,m2 € Y (§) with |p1| = |n2], then we order them in the
lexicographic order of their coordinates. Hence to each n € Y (§) we have associated a
natural number j(n) such that

nf*" = 10 (Ho (), m € Y(E).

We then define §(§) = p;(e)(H(§)). It follows from Lemma 2.5] that

13(¢) — €| < Lp™. (5.44)
Let us next define for £ € Z5(V),
X&) ={ne=AV) : nv==E&v, 0y =&}

Clearly X (&) is a union of at most finitely many intervals; without any loss of generality
we assume that X (&) itself is an interval. If n1,n2 € X (§), then (cf. (3.17))

_ Il = Inof|

é C,Oa_2l+l,
r(n) +r(n2)

Im =2l = [r(m) —r(n2)]

so X (&) has length smaller than cp®~2+1,

We label the elements of o(Ho(&, X (€))) = {In* : n € Y(&X(€))} in the same
way as above. Hence to each n € Y(£, X (€)) is associated an integer i(n) such that

] = piny (Ho(€, X(€))) , m €Y (€ X(€)).

We then define g(&§) = pie)(H (£, X(£))). Clearly |g(§) — I€12 < Lp® for all € € Z5(V).
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Lemma 5.7 For each § € Z5(V') the function i(-) is constant on X (§).

Proof. Let & € X(§). We must show that the number of points of the set {n €
Y(&,X(&)) : |n] < [€|} coincides with the number of points of the set {n; € Y (&1, X (£)) :
Im| < |&1]}. Let n € Y (£, X(§)) be given and define n; = n+ & — & then n; €
Y(&1,X(€)). We claim that |n| < [¢] if and only if |m| < [£1]. To prove this we
distinguish two cases:

(i) £ —n € V. In this case & — m1 € V, therefore

E1* = Iml* = [E)v I = [m)v® = [&v]? = Inv]* = €7 = [nf?,

and the claim follows.
(ii) & —n ¢ V. We shall prove that in this case

Inl* = ™| > p". (5.45)

If n € Y (&) then (5.45) follows from Lemma [5.2] so let us assume that n € Y/(£). We
then have n = 7 + 6 for some 77 € Z3(V) with 7 — & € VN TT and some 6 € Oy.
Then 6 ¢ V and (5.47) follows from Lemma BITl Similarly we have |jn; |2 — p%| > p7.
Suppose now that |¢] < |n]. Then |n|* > p? + p7. Hence we have

= 0l = o™y —m| = I > p* 4 p7 = ep®
and therefore, since & € A, we conclude that |n;| > |£1]. This completes the proof. O
Lemma 5.8 Let £ € Z2(V) N A. Then:

() 19(8) — g(&)| < p2Mbmerte
(ii) g(&) = r(§)2l + s(&) where s(§) is differentiable with respect to r = r(§) and
s

i 201—24-qn

Proof. (i) We apply Lemma 5.3 with U = X (£). We conclude that that there exists
an injection G from the set of all eigenvalues of H (&) into the set of eigenvalues of
H(&,X(€)) such that each eigenvalue of H (&, X (§)) inside J belongs in the range of
G and for each p;(H(£)) € J we have |G (ui(H(€))) — ps(H(E))| < cp=2MO=a)+e and
moreover

G(ri(H(E))) = pivm(H (& X(£))) (5.46)

where m is the number of eigenvalues of [P(&, X (£)) — P(§)|Ho(k)[P(&, X (€)) — P(&)]
that are smaller than p?. Now, it follows from the above definitions that the difference
i(§) — j(&) is equal to the number of points n € Y (£, X(£)) \ Y(§) such that |n| < |].
Because of Lemma [5.2] this can be rephrased as

i(€) =) = #{n e Y, X(E)\Y(E) : Inl <p}=m. (5.47)

Choosing i = j(£) in (5.48) proves (i).
(ii) This is a direct consequence of Lemma [5.4] (applied for U = X (§)) and Lemma [5.7]
O

The fact that g does not exhibit good behaviour in D except in (locally) one di-
rection, prevents us from estimating |g(b) — g(a)| in terms of |b — a|. The next lemma
compensates for this; it establishes the existence of a conjugate point b + n, n € I'T,
which can be used in the place of b.

23



Lemma 5.9 Let [a,b] C Zo(V)NA be a segment of length |b—a| < cp®~2+1. Then there
exists n € T'1 such that |g(b+n) —g(a)| < cp? 1 |b—a|+O0(p~2MO=D+2) " Suppose now
in addition that there exists m € T'T\{0} such that [a+m,b+m] C Zo(V)NA. Then there
exists ng € I'T, ny # n, such that |g(b+n1)—g(a+m)| < cp? 1 b—a|+O(p~2MO—a)+e),

Proof. The proof is almost identical to the proof of lemma 7.11 from [P], so we will
skip it. O
We can now state the following lemma, which collects together the previous results.

Lemma 5.10 LetV € V(n), 1 <n <d—1, and M > 0 be given. There exist mappings
9,9 : E2(V) — R with the following properties:

(i)  g(&) is an eigenvalue of P(V)H (k)P(V'), where k := {&}. Moreover, for
each k, all eigenvalues of P(V)H (k)P (V') inside J are in the image of g;
(ii) If¢ € A, then
(a) (&) = g(g)] < p2MOm 0t
(b) 1g(&) — I€*'] < 2Lp®;
(iil) g(&) = r(&)* + s(&) where s(€) is differentiable with respect to r = r(£) and

@ — 20—2+qn

Proof. The first statement of (i) follows immediately from the definition of § and (£.33]).
Parts (ii)(a) and (iii) are contained in Lemma [5.8 Finally (ii)(b) follows from (5.44])
and (ii)(a). O

We now proceed to combine the results obtained so far in this section with those of
Section 4. For this we shall need to extend the definition of g(§) for £ € Z52({0}) = B.
We recall the g(&) has already been defined for such ¢ (cf. Lemma [£2]). We extend g
in B defining

9(&) =g(&) , £€B. (5.48)

Hence g is now a function defined on the whole of the spherical layer A.

We shall define one more function f on A; this will have values in o(H). Let £ € A
be given and {{} =: k. Then there exists a unique lattice subspace V' containing &
(so V€ V(n) for some n € {0,1,...,d — 1}; if £ € B then n = 0, while if £ € D
then n > 1). As we have seen g(§) is an eigenvalue of H(&); hence (cf. (£33)
it is an eigenvalue of >\, P(V)H(k)P(V) + QH(k)Q. Ordering the eigenvalues of
Yov P(V)H(E)P(V) + QH(k)Q in the usual way determines a number 7(§) € N such
that §(£) = pre) 2oy P(V)H(K)P(V) + QH(k)Q). We then define

f(&) = pre) (H(K)) .
We have the following

Proposition 5.11 Let N > 0 be given. There exist two mappings f,g : A — R with
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the following properties:

(il) For any k, all eigenvalues of H(k) inside J are in the range of f;

(i) If € € A then [f(§) — g(O) < p~
(iv) 1£(&) = €] < ep™;
(v) Considering the disjoint union A= BU|JI_t Uvey(n) E2(V) we have:

(a) If & € B then g(&) = [¢[* + G(€), where [VG(E)] < ep™ !
(b) If € € Z5(V) then g(€) = r(€)? + s(&), where ‘? <

(i) f(&) is an eigenvalue of H(k), where k := {&};

Note. We do not claim — and indeed it is not the case in general — that either f or g
is continuous in A.

Proof. Part (i) is trivial. Part (ii) follows from Lemma 2.2l The same lemma together
with Corollary implies that

1£(&) = §(&)] < p~2MO)te, (5.49)

This, together with Lemma 510 (ii)(a) (if £ € D) or (548) (if £ € B), implies (iii) if
we choose M sufficiently large so that —2M (y — a) + o < —N. Part (iv) follows from
(iii) and Lemma [5.10 (ii). Finally parts (v) (a) and (b) follow from Proposition 4.5 and
Lemma [5.8] (ii) respectively. O

The next lemma is a global version of Lemma 5.9} once again, the proof is almost
identical to the proof of Lemma 7.14 from [P], so we will skip it.

Lemma 5.12 Let [a,b] C A be a segment of length |b — a| < cp® 2+ Then there
exists n € T'1 such that |g(b+n) —g(a)| < cp? 1 |b—a|+O0(p~2MO=D+2) " Suppose now
in addition that there exists m € TT\ {0} such that [a+m,b+m] C A. Then there exists
ny € TT, ny # n, such that [g(b+n1) — g(a+m)| < cp? b —a| + O(p~2MO—a)+atd),

6 Proof of the main theorem

Let 8, 0 < 6 < p*73, be a parameter, the precise value of which will be determined
later on. We denote by A(6), B(d) and D(4) the intersections of g~ ([p? — 8, p?* + 6])
with A, B and D respectively.

Lemma 6.1 There holds

provided p is large enough.

Proof. 1t is enough to prove (ii) and (iii). Let us consider a point £ € B. We write
¢ = r¢ where r > 0 and [¢/| = 1. Definition (5.48]) together with Proposition
implies that

dg = -1

or ’
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uniformly over ¢ € B. Hence for each £ the segment
{e=r'eB:r>0, g6 el -6,"+0}) (6.50)

is an interval of length =< &p~2*!. Integration over all & € S9! yields (ii). To
prove (iii), let us consider a point £ € Zo(V') and let (r,&{,,&v) be the corresponding
cylindrical coordinates. For 6 € Oy, let

Do(8) = {€ € A(0) : |¢-0] < p' 76|}
It follows from (v) of Proposition .11 that

99 _ o1
ar P

Thus, the intersection of Dy(d) with the semi-infinite interval {§ = (r,&{,,&v), r > 0},
with (§{,,&v) being fixed, is an interval of length smaller than cdp~ 2+, Therefore,
vol(Dy(8)) < (6p~2+1)pt=0pd=2 The number of points 6 € Of,, is fixed. Hence,
since D(6) C Ugeey,, Do(0), we conclude that

vol(D(9)) < Z vol(Dy(8)) < dpt=21=c0
0O,

which implies (iii). O
The next lemma is crucial for the proof of the main theorem. It gives an upper
estimate on the volume of intersections of translates of B(d). Recall that when £ € A,

we have g(€) = [¢[2 + G(€), where [G(&)| = O(p) and [VG(€)] = O(p°~Y).
Lemma 6.2 (i) Let d > 3. Then

vol (3(5) N (B(6) + a)) < (82p~HHdHL 4 jpla—2iHl)day (6.51)

uniformly over all a € R® with |a| > C for any positive constant C. In addition, there
exists ¢y > 0 such that if a satisfies ||a| — 2p| > ¢4, then

vol (3(5) N (B(5) + a)) < cg2pHtdtL, (6.52)
(ii) If d = 2, then
vol (B(a) N (B(6) + a)> < 832381 4 gpaiie2 (6.53)
In addition, there exists cy > 0 such that if a satisfies ||a| — 2p| > c4, then

v01<3(5) N (B(S) + a)) < §3/2p3=3L (6.54)

Proof. First of all, we notice that it is enough to prove this lemma assuming [ = 1.
Indeed, suppose we have established Lemma for [ = 1. In the general case, we
introduce a new function §(¢&) := (g(£))*/!. Then a simple calculation shows that §(&) =
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I€]2 + G(€), where |G(£)] = O(p®) and |VG(£)] = O(p® 1), with & = a +2 — 2] < 1.
Moreover, o 3 3
B(8) C B(8) == {¢€ € B, (&) € [p* = 4,0 + 4]}, (6.55)

with & = §p2~2.. Thus, applying (651]) for g (with [ = 1), we obtain:
vol (5(5) N (B(5) + a)) < (82973 4 pla-1d—dy, (6.56)

After inserting expressions defining § and @&, we obtain (6.51]). The rest of estimates is
similar.

Thus, from now on we assume without loss of generality that [ = 1. In this case we
need to prove the following estimates:

V01<B(5) N (B(6) + a)) < (62pT3 4 gpla—Dd=y g > 3; (6.57)
v01<zs’(5) N (B(8) + a)) < 82 4 §p°2 d=2, (6.58)
and if ||a] — 2p| > ¢4, then
vol (3(5) N (B(5) + a)) < 62p43, 4> 3, (6.59)
vol (3(5) N (B(6) + a)) <82 d=2. (6.60)
Denote by Cy a constant such that
G(&)] < Cap”, |VG(E)] < Cop”, (6.61)
where we have denoted
Bi=a—1<0. (6.62)

We need to estimate the volume of the set

Xi={ec (BN((B)+a),  g() €lp?— 5,0 +4) (6.63)
g€ —a) € [ — 5,07 + 3]}, (6.64)

First, we will estimate the 2-dimensional area of the intersection of X with arbitrary
2-dimensional plane containing the origin and vector a; the volume of X’ then can be
obtained using the integration in cylindrical coordinates. So, let V' be any 2-dimensional
plane containing the origin and a, and let us estimate the area of Xy := V N X. Let
us introduce cartesian coordinates in V' so that £ € V' has coordinates (v, v2) with 14
going along a, and 1, being orthogonal to a. For any £ € A} we have

9(§) = vi +v5 + G(9), (6.65)
and so
26 > [g(&) — g(€ —a)| = |vi — (11 —|al)* + G(€) — G(¢ —a)| = |a] |(|a] = 21)| +[alO(p”).
(6.66)
This implies that |% — v = 0(p®) + O(p~") and, therefore,
2
o, < 2 et
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whenever £ € Ay .

99(¢)
8—1/1 > |(I| . (668)

Thus, for any fixed ¢t € R, the intersection of the line v, = ¢t with Xy, is an interval of
length < p? (we can assume without loss of generality that 8 > —1/2).

Let us cut Xy into two parts: Xy = X% U XE with & = {€ € Xy, [1a] < 2020},
X2 = Xy \ XL, and estimate the volumes of these sets (Cy is the constant from (6.61)).
We start from X‘l,. Suppose that X‘} is non-empty, say & = (v1,12) € X‘l, (note that
|va| < pP). Denote 1 := (v1,0). Then

g9(n) = 9(€) + 0(p*") = p* + O(p*). (6.69)

Similarly,
9(n —a) = g(§ —a) + O(p*) = p* + O(p™). (6.70)
Thus, if X‘l, is non-empty, then |a| ~ p and the first coordinate of any point £ € X‘}

satisfies v1 ~ p. Therefore, we have g—i(ﬁ) > p. Let s; denote the unique positive

solution of the equation g(s1,0) = p?; similarly, let s be the unique positive solution of
the equation g(—s2,0) = p?. Our conditions on g imply that s; = p+ O(1). Estimate
6.69) implies vy = s1 + O(p?’~1); similarly, estimate (620) implies vy — |a| = —so +
O(p?~1). Thus, if X‘l, is non-empty, then we have

la| = s1 4 52+ O(p* 1) = 2p + O(1). (6.71)

Let us now fix ¢, 0 < t < 2Cyp”. Since g—i(ﬁ) > p, the length of the intersection of
X with the line vy =t is < dp~!. This implies that the area of X} is < pP=16. Now
we define the ‘rotated’ set X' which consists of the points from X which belong to
X‘} for some V. Computing the volume of this set using integration in the cylindrical

coordinates, we obtain
vol(X1) <« pld=bB-1g, (6.72)

We now consider X‘%. Let us decompose X2 = X_‘% U X‘Q/, where
X2 ={¢cX? >0} (6.73)

and
XY ={( AP <0} (6.74)

Notice that for any £ € ?%/, formula (([€61])) implies

9g9(§)
81/2

> vy, (6.75)

Let & = (4, 4) be the point in the closure of X_‘% with the smallest value of the first
coordinate: 1/{ < vy for any £ = (v1,1) € X_‘% Analogously, we define £ to be the
point in the closure of X_‘% with the largest first coordinate, ! the point with the largest
second coordinate, and &% the point with the smallest second coordinate. Note that
vh < p.
Let us prove that
Vi — b <4 (6.76)
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Indeed, suppose first that v5 > vd. Let ¢ := (v, 14). Then since g is an increasing
function of 1o when vy > 205p%, we have g(¢") < g(£") < p? + 6. Therefore, g(¢™) —
g(€") < 28. Since g is increasing with respect to vy, estimate (6.68) implies (IB:EI)

Suppose now that v < vh. Let &7 := (v}, v5). Then g(¢" —a) < g(¢' —a) < p?+6.
Therefore, g(£" — a) — g(€" — a) < 25. Since g(- — a) is decreasing with respect to vy,
([6.67) and (6.68) imply (6.70).

Thus, we have estimated the width of X2. Let us estimate its height (i.e. v§ —13).
Let us assume that v! > v¥; otherwise, we use the same trick as in the previous
paragraph and consider g(- — a) instead of g. Let €% := (v}, 14). Then g(£%) < g(¢&!) <
p? +d. Therefore, g(€) — g(£°) < 25. Now, (6.75) implies

v Vs 9
()2 — (19)% = 2/b vodry K /b 8—52(Vf,1/2)dyg < 24. (6.77)
122 V2

2

Therefore, we have the following estimate for the height of X_‘%:
vh— b« ——. (6.78)

Now, we can estimate the volume of X2 := X' \ X! using estimates (6.76) and (6.75)).
Cylindrical integration produces the following;:

2

vol(X?) <« (542 < 52 (vh)4=3 < §2pd=3. (6.79)

b
Vg Ty

Equations (6.72)) and (6.79) imply (6.57). If d = 2, we have to notice that (6.77) implies

vh — 18 < 6'/? and then use (672) and (6.76). Finally, the remark before (6.71]) implies
(658]) and (6.60).

O

Let N be an arbitrary natural number, the precise value of which will be established

later (as well as the precise value of §). We construct the mappings f, g according to
Proposition .11

Lemma 6.3 Let & € B(6) be a point of discontinuity of f. Then there existsn € TT\{0}
such that € +n € A and

l9(& +n) —g(&)] <27, (6.80)

Proof. Let & € B(d) be a point of discontinuity of f. Since f is bounded, there exist
two sequences (£;) and (£;) in B(8) both converging to ¢ and such that the limits
A= lim f(&;) and X := lim f(€;) both exist in R and X\ # \. Let k := {¢}, kj := {&}.
Since f(¢;) are eigenvalues of H(k;), the limit A is an eigenvalue of H (k) [KI; sumllarly
A is an eigenvalue of H(k). Since A\ # X at least one of A\, X is different from f(¢),
say A # f(¢). The fact that X is an eigenvalue of H (k) inside J implies, by (ii) of
Proposition 5111 that A = f(€) for some & € A with {€} = k. Using the continuity of
g in B and (iii) of Proposition [b.11] we conclude that

19(6) = 9(&)| < 19(&) — F(©) +lim |£(§;) — g(§) < 207"
which is (B80). We have & # ¢ since otherwise we would obtain f(£) = f(£) =A. O
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Lemma 6.4 There exists a constant co > 0 with the following property: suppose that
I C B(0) is a straight segment of length T < 6p~2*1. Suppose also that there exists a
point & € I such that for each n € T'T\ {0} we have

either (i) & +n¢gA
or (ii) lg(éo+n)—g(&)l > ca(Tp* " +p7N).

Then the restriction f|r is continuous.

Proof. We argue by contradiction. So let us assume the contrary: for any ce > 0 there
exists a segment I C B(6) of length T < dp~ %+ and a point & € I such that for
any n € I'T'\ {0} either (i) of (ii) is true but the restriction f|; is discontinuous at
some £ € I. By Lemma there exists ng € I'T\ {0}, such that & + ng € A and
lg(&1 +ng) — g(&1)| < 2p~N. Tt follows in particular that I +ng C A hence (ii) above
is true by our assumptions.

We now apply Lemma B I2l with a = & and b = &, (we may assume that o > 2] —3).
We conclude that there exist mq,mo € I‘T, my # ma, such that

9(&0+ma) — g(&)| < (P T+pN) L |g(€o+m2) — g(& +n0)| < c(p* 1T +p 7).

At least one of the mj,ms is non-zero. If m; # 0 then, using also estimate (ii) of
Proposition [4.5] we have

19(&0 +ma) — g(&)] + [9(€1) — g(60)]
C(p2l_1T+p_N) —I-szl_lT
C(p2l_1T+p_N).

l9(&o + m1) — g(&o)|

ININ TN

This contradicts (i) (provided ¢z has been chosen to be large enough). Suppose now
that mg # 0. Then

l9(80 +m2) —g(&)l < |g9(&o +m2) — g(&1 + no)l + [9(&1 +10) — 9(&1)[ +
+lg(&1) — 9(%o)
< C(p2l—1T+p—N) +Cp_N + Cp2l—1T
< o(p T+ p7Y),
which again contradicts (ii). This completes the proof of the lemma. O

Let us now write D(d) as a disjoint union, D(d) = Dy(d) U D1(d) U D2(d), where:
Dy () contains all & € D(J) for which there does not exist any n € T'T\ {0} such that
¢ —n € B(9); D1(0) contains those £ € D(§) for which there exists exactly one such n;
and Dy (J) contains those £ € D(J) for which there exist at least two (different) such
points n.
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Lemma 6.5 Suppose d > 3. Then there holds

BON( U @) -m)=0:

nel'T\{0}
(i) U @@ -nc | BOG)-n);
nel't\{0} nelt\{0}
(iii) V01< U <(B(5) _ n) N B(5))> < 6(52p_4l+2d+1 + 5p(a_2l+l)d—a+d—1) ;
ner't\{0}
(iv) vol( U ((Dl(é) )N 5(5))) < gpil--co
nel't\{0}

If d = 2 then the same estimates are valid provided (iii) is replaced by

(iii") Vol( U ((3(5) —n)N 3(5)>) < (532 ppH 4 ety
nel't\{0}
Proof. Parts (i) and (ii) follow easily from the definition of the sets Dy(J) and D2 (0).

To prove (iii) we first note that from Lemma we have that for any n € I'T\ {0}
there holds

vol((B(8) — n) N B(8)) < ¢(82p~tFd+1 4 gpla—2i+l)d—ay, (6.81)

moreover, if in addition n € I'T\ {0} satisfies ||n| — 2p| > ¢, then we can do better,
namely

vol((B(8) — n) N B(S)) < cd?p~4+d+L, (6.82)

But the number of n € 't \ {0} for which ||n| — 2p| < ¢ is smaller than cp®'; and the
number of n € I''\ {0} for which (B(§) —n) N B(J) is non-empty is smaller than cp.
Hence (iii) follows. Finally, we have

Vol( U ((Dl(a)—n)mB(a)))

nel't\{0}

< Z vol({€ € B(d) : £+ mn € D1(d)})

nel't\{0}
= Z vol{n € D1(8) : n—n € B(0)})
nel'T\{0}
vol({n € D1(41) : n—n € B(J), for some n € rf \ {0}})

vol(D1(9))
pd—Zl—e()

IN

which is (iv). O

It is now the time to choose precise values of N and §. We put § = c3p? =91, where
c3 is a (small) constant to be determined later, and N = d + 2, so that for large p we
have

20N <5 (6.83)

For any unit vector € RY let us define I, = {rn : r >0, r € A(0)}. We then
have
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Lemma 6.6 Let § = c3p? =941 ifd >3 and § = c3p® 5 if d = 2. If c3 is small enough
then there exists at least one € R?, |n| =1, such that I,, C B and the restriction f|r,
18 continuous.

Proof. Let us assume the contrary. Lemma then implies that for any such interval
I, and for any ¢ € I,, there exists an n € I'T\ {0} such that

E+neA , |g&+n)—gé)| <c(Tp* 14 p~N). (6.84)

Since all such intervals I,, cover B(d), the existence of an n € I'T\ {0} satisfying (6.84)
is in fact true for any £ € B(6). But (cf. ([6.50])) the length of each such interval I, is
= 0p~2+1 hence (684) gives |g(¢ +n) — g(&)] < (6 + p~). It follows that

g€ +n)—p*| < [g(€+n)—g(&) +19(&) — p*|
< eld+pN)+4
< (1+¢)9
=: 0.

Hence we have proved that for any & € B(J) there exists n € I'T\ {0} such that
§+n € A(d1), that is B(6) C Uert (o3 (A(01)—n). Recalling that A(d1) = B(61)UD(é1)
and using (i) and (ii) of Lemma [6.5] we obtain

Beo)c |J Bey-nlJ U @@)-n) (6.85)

nert\{o} nEFT\{O}

Combining this with (i) and (ii) of Lemma [6.5 gives

B = | ((8(51)—71 )N B )U U ((Dl(él)—n)ﬂB(é)). (6.86)

nelt\{0} nert\{0}

We now consider the respective volumes in (6.86]). Assume that d > 3. Using part (ii)
of Lemma [6.1] and parts (iii) and (iv) of Lemma [6.5] we conclude that

d—21 (62 p~ a2+ | 61p(a—2l+1)d—a+d—1) 4 6, pt2<o

op <
< 0(52p—4l+2d+1+5p(a—2l+1)d—oe+d—1 +5pd—2l—eg)

= Lh+DLh+1Is.

We have I3 = o(6p?=2"). Since d > 1 we also have Iy = o(6p?~%). Hence we conclude
that
6pd—21 < 6(52p_4l+2d+1.

Recalling that § = c3p% =91, we reach a contradiction if 3 is small enough. The same

argument works when d = 2. O

Theorem 6.7 Let d > 3. Suppose that p is large enough. Then X\ = p* belongs
in o(H). Moreover, there exists c3 > 0 such that the interval [p?' — c3p? =31, p? +
c3p? =91 lies inside a single spectral band. If d = 2 then the same is true, but the

respective interval is [p? — c3p? =6, p? + c3p* 7).
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Proof. Let d > 3. We may assume that o > 2/ —d — 1. Let I, be an interval
with the properties specified in Lemma Then the value of f at the one end of
I, is p% + ec3p% =471 and the value at the other end is p? — c3p?~%1. Since flr, is
continuous, it takes the value p?’. When d = 2 we argue similarly. O
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