COMPLETE ASYMPTOTIC EXPANSION OF THE SPECTRAL
FUNCTION OF MULTIDIMENSIONAL ALMOST-PERIODIC
SCHRODINGER OPERATORS

LEONID PARNOVSKI & ROMAN SHTERENBERG

ABSTRACT. We prove the complete asymptotic expansion of the spectral function (the
integral kernel of the spectral projection) of a Schrédinger operator H = —A + b acting
in R? when the potential b is real and either smooth periodic, or generic quasi-periodic
(finite linear combination of exponentials), or belongs to a wide class of almost-periodic
functions.

1. INTRODUCTION

We consider the Schrédinger operator
(1.1) H=-A+D

acting in R%. The potential b = b(x) is assumed to be real, smooth, and either periodic,
or almost-periodic; in the almost-periodic case we assume that all the derivatives of b are
almost-periodic as well. Let E\ = F)\(H) be the spectral projection of H and e)(x,y) =
ex(H;x,y) = e(\; H;x,y) be its integral kernel (also called the spectral function). We
put N(A;x) = N(\;x; H) := ex(x,x) and call N(\;x) the Local Density of States (LDS)
of H. The study of the asymptotic behaviour of the LDS (for much more general classes
of operators) has been the subject of many papers, see e.g. [1, [3, 4, 8, 14, 21, 2§].

The Pastur-Shubin theorem implies that the integrated density of states (IDS) N (\; H)
is the mean of the local density of states over the spatial variable:

‘ f[—A,A]d N(X\;x)dx
(1.2) N(A) = MN(\x) = Ah_rgo oA

In our paper [18], we have proved that, subject to several assumptions, the IDS admits
a complete asymptotic expansion:

(1.3) N(X) ~ A2 (Cd +iajw‘),

J=1
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meaning that for each L € N one has

L
(1.4) N(\) = /2 (cd +y ajxf) + R
=1
with Rz(\) = o(A2~L). In those formulas,
d/2
_ _Wd_ __ T
(1.5) Cy= @n) and wy T+ d2)

is a volume of the unit ball in R?; coefficients a; are real numbers that depend on the
potential b. They can be calculated relatively easily using the heat kernel invariants
(computed in [6]) and the results of [I3]; they are equal to certain integrals of the
potential b and its derivatives. Below, we give more details about the history of proving

3.
The first aim of our paper is to prove the ‘localised’ version of (1.3)):

(1.6) N(\;x) ~ A2 (Cd + i a; (x)xf>.

J=1

According to [6] and [13], if (1.6 holds, we must have

_ 7;(x)
(1.7) aj(x) = AT =+ 1)

where 0;(x) are local heat invariants given by

B ! (—1)'T'(j + d/2) ket j 2%
73(x) _Z4kk!(k+j)!(j—k)!F(k+d/2+1)Hy (=3

k=0

Here, H, is our operator ([1.1]) acting in variable y. Moreover, we obviously have
(1.8) a; = Mya;(x).

It is clear that (1.6)) (with remainder estimates being uniform in x) immediately implies
(1.3), but the opposite is not true. Formula (1.6 has been proved in the one-dimensional
periodic case in [23].

Remark 1.1. Suppose for the moment that b belongs to a bigger class of potentials: b is
bounded together with all its derivatives; we denote the collection of all such potentials
by USB(RY) (this stands for uniformly smoothly bounded). Then the IDS of H may
be not well-defined, but the LDS still exists. We formulate two conjectures about the
asymptotic behaviour of LDS in this wider class of operators.

Conjecture 1: Asymptotic formula holds for Schrodinger operators with USB
potentials.
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Conjecture 2: Suppose, two potentials by, by € USB(RR?) coincide in a neighbourhood
of x. Then

(1.9) N x; Hy) — N, x; Hy) = O(A™).

As [0] and [20] show, Conjecture 1 and Conjecture 2 are equivalent. To the best of
our knowledge, the only situation (apart from the periodic and almost-periodic cases
established in our paper) when Conjectures 1 and 2 have been proved is when b has
compact support, [20] and [32]. Unfortunately, it does not look likely that the method
used in these papers can be extended to a bigger class of operators. Indeed, this method,
if it works, allows one to obtain the complete asymptotic expansion not just for the
spectral function e, but even for its derivative with respect to A. Obviously, such an
expansion cannot exist for an arbitrary USB potential; most periodic potentials in R
give the obvious counter-examples (because of the existence of infinitely many spectral
gaps). It seems that Conjectures 1-2 are not known in full generality even in the one-
dimensional case.

The second result of this paper is obtaining the information about the asymptotic
behaviour of the spectral function off the diagonal. In the off-diagonal case we obtain
the complete asymptotic expansion for the so called non-degenerate directions ;:% which
form the set of full measure on the unit (d — 1)-dimensional sphere (see Theorem [2.5 for

the exact formulation); for such directions we prove that

o0

GA(X, y) ~ COS()‘I/2|X - Y|) dq(x7 Y)
=0

A\(d=1)/4=a/2

=]

(1.10)

+sin(A2[x = y|) Y ag(x, y) A2,
q=0

More precisely, in all cases (on and off-diagonal, both degenerate and non-degenerate) we
have reduced the problem of finding the asymptotic expansion of the spectral function
to computing certain rather complicated integrals. In the diagonal case these integrals
can be computed with the brute force, whereas in the non-degenerate off-diagonal case
these integrals can be computed (or rather approximated) using the stationary phase
method. Computing these integrals in the degenerate off-diagonal case is technically too
difficult a task; we may return to it in a further publication. In the one-dimensional
periodic case was also obtained in [23]. Unfortunately, unlike in the diagonal case,
we cannot say much about the coefficients d,(x,y), a,(x,y), since the results of [6] are
not known off the diagonal. The results of [I5] show that these coefficients depend only
on the behaviour of the potential in the neighbourhood of the interval joining x and y.

There is a long history of results related to proving the expansions (1.3)-(1.4) for
the IDS. In the one-dimensional case the complete expansion (|1.3)) was obtained in [23]
for periodic potentials, and in [22] in the almost-periodic case. For higher dimensional
periodic operators, the important steps were: [5], [11], [12], [19], [29], [31]. At last,
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the complete expansion ([1.3) was obtained in [I7] for d = 2 and in [I8] for arbitrary
d. Finally, in the multidimensional almost-periodic case, formula was known only
with L = 0 and R(\) = O(A"2), see [206], until (L.3) was proved in [18]

On the other hand, if we talk about the asymptotic expansions (1.6)) and ([1.10]) of the
spectral function, then, with the exception of the already mentloned paper [23] where
these formulas were obtained in the case d = 1 and b periodic, the only other results,
to the best of our knowledge, were one-term asymptotics of the LDS and zero-term
asymptotics (i.e., optimal estimates, without the first term off the diagonal.

Now let us dlscuss the method we employ to prove and 1.10)) and the additional
difficulties we have encountered compared with the proof of ( -D Let us assume that
A belongs to a spectral interval [A\g, 2)¢] and obtain the asymptotic expansion there; it
is a relatively simple task (explained in Section 3) how to ‘glue’ asymptotic expansions
obtained in different spectral intervals.

The first step, as in [1§], is to perform the gauge transform to H (see also [30, 31} 19]).
This results in obtaining two operators, H; and Hs such that:

1. H, is unitary equivalent to H: H; = UHU !, with an explicit (although compli-
cated) formula for U;

2. H, and H, are close to each other: ||Hy — H|| < A7V, where N is arbitrarily
large (but fixed) number. In fact, we will need even better ‘closeness’ we will show that
[|(Hy — H)(—A + I)%|] < AN, where both s and N are large (but fixed).

3. Finally, H, is ‘almost diagonal’ in the interval [Ag, 2)g]. This means that for a large
portion of values of the dual variable & inside the annulus {& € R9, )y < [€]2 < 200},
the symbol of Hs has constant coefficients (so Hs has no off-diagonal terms for such &).
These ‘good’ values of & belong to the so called non-resonant region. In the other, so
called resonant regions, many (but not all) off-diagonal terms of Hy are also zeros. As a
result, Hs has many invariant subspaces.

The next step is to compare the spectral functions of H and Hs. Let us recall how this
step was done when we were studying the IDS in [I8]. First, we proved that N(\; H) =
N(\; Hy) using the representation of the IDS as the von Neumann trace of F) and the
basic properties of this trace. Then we have used the fact that the IDS is monotone with
respect to the operator and therefore, if ||Hy — Hi|| < A~V this implies that

(1.11) N =AY Hy) < N\ H) < N+ AN Hy).

The first step (from H to H) is rather simpler when we study the spectral function:
we use the fact that (at least formally) we have

6(>\7 H7 X0, YO) = (E)\(H)(Sxm 5y0)

= (U_1E>\<H1)U5X0>5YO) = (EA(H1>U5X0’ U(SYO)'

It is a much more serious problem to switch from H; to Hs. In general, it is obviously
not true that if we change the operator by something small, then the spectral projection

is changed by something small. This statement, however, becomes true if we consider
the change of the spectral projections in a certain weak sense, see Lemma This

(1.12)
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Lemma is probably the first of two important new ideas in our paper. Lemma then
shows that despite the fact that the delta-function does not belong to Ls, the function
FE\dx, is inside Ly (with the control of its norm) which makes legal most of the formal
computations.

The next step is to compute

(1.13) (Ex(H2)Udx,, Udy,).

Here, we use the trick ideologically similar to formula (10.18) in [I8] when, in order
to calculate a certain object for a real analytic family of operators, we extend this
family to the complex plane, express this object as a contour integral and then, after a
chain of manipulations (expanding our integral in geometric series and using the Cauchy
integral formula), we return back to the real axis having expressed the difficult object
in a convenient and explicit form. This time we need to express the spectral projection
of a real analytic family of operators. We again go into the complex plane, write the
spectral projection as the Riesz integral and then change the variables so that instead
of integrating against the spectral parameter, we are integrating against the parameter
of the family. Afterwards, we similarly return back to the real axis and express in
the explicit form. This is done in Lemmas and and formula . This is the
second important new idea of our paper.

After these steps, we have reduced the problem to computing certain explicit (though
complicated) integrals. In the diagonal case, these integrals are precisely of the form that
was already computed (essentially by brute force) in [I8]. Off the diagonal, the integrals
become too complicated to compute by hand, but we can use instead the stationary
phase method to compute them. This is where we use the fact that the direction x — y
is non-degenerate: otherwise, even the stationary phase integrals become too involved.

As it has already been mentioned, many constructions and results needed for our proof
are either identical, or similar to corresponding statements from [I8]. This refers, in
particular, to most of Sections 5 and 6. In order to keep the size of our paper reasonable,
but make it self-contained, we have been using the following convention: we write in
detail all the definitions and statements from [I8] necessary for our proof. If the proof of
a certain statement is identical (or essentially identical) to the proof of the corresponding
statement of [I8], we omit it. However, if the proof requires substantial changes (like,
e.g., the proof of Lemma , we write it here completely. Still, we believe that it would
help to understand our paper better if the reader reads [I8] first.

Another convenient convention that we were already using in [I8] is this. Let A be
an elliptic pseudo-differential operator with almost-periodic coefficients. Usually, we are
assuming that A acts in Ly(RY). However, we can consider actions of A (via the same
Fourier integral operator formula) in the Besicovitch space By(R?). The space By(R?) is
the space of all formal sums

o0
Z Cj€e; (x),
j=1
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where
(1.14) ep(x) := 0

and Y277 |e;]* < +oo. It is known (see [25]) that the spectra of A acting in Ly(R?) and
By(R?) are the same, although the types of those spectra can be entirely different. It is
very convenient, when working with the gauge transform constructions, to assume that
all the operators involved act in By(R?), although in the end we will return to operators
acting in Lo(R?). This trick (working with operators acting in By(R?)) is similar to
working with fibre operators A(k) in the periodic case in a sense that we can freely
consider the action of an operator on one, or finitely many, exponentials, without caring
that these exponentials do not belong to our function space. In most of the situations
it will be clear from the context which is the space we work in, but sometimes we will
indicate this by writing A” (resp. AP) for actions in Ly(RY) (resp. in By(R?)).

During our computations, we will obtain some ‘extra’ asymptotic terms that are absent
in the final expansion (compare e.g. with (3.2)). The way we get rid of these extra
terms is different in the on and off-diagonal cases. On the diagonal we use the a priori
form of the asymptotic expansion given by the asymptotics of the heat kernel computed
in [6] and [7]. Off the diagonal, we use the Seeley type formula for the meromorphic
extension of the complex powers of H (although we could have used the heat kernel
extension obtained in [I5] and [10]).

The plan of the paper is as follows. In Section 2, we give necessary definitions and
formulate the main results. In Section 3, we discuss how to ‘glue’ asymptotic expansions
obtained in different intervals of the spectral parameter and how to get rid of the ‘ex-
tra’ asymptotic terms. In Section 4, we prove several auxiliary statements (since these
statements are quite crucial for our method, we have decided to prove them in a special
Section rather than to move their proofs to an Appendix). In Section 5, we introduce
the resonance regions and the coordinates in these regions. In Section 6, we discuss the
classes of pseudo-differential operators we will work in and introduce the method of the
gauge transform. Finally, in Section 7 we finish the proofs of the main statements.

Acknowledgments. We are grateful to losif Polterovich for fruitful discussions and to
Marcello Seri for reading the preliminary version of this manuscript and making useful
comments. The research of the first author was partially supported by the EPSRC grant
EP/J016829/1.

2. NOTATION AND MAIN RESULTS
Since our potential b is almost-periodic, it has the Fourier series
(2.1) b(x) ~ > b(0)ep(x),
6c®

where © is a (countable) set of frequencies.
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Remark 2.1. Although for general almost-periodic functions the series does not
need to be convergent, the assumptions we impose on b later will imply that is, in
fact, an equality. If b is periodic, then @ C I'T, where I'T is the lattice dual to the lattice
I of periods of b.

Without loss of generality we assume that ® spans R? and contains 0; we also put
(2.2) O, =0+0+---+0

(algebraic sum taken k times) and @, := Uy®,, = Z(O), where for a set S C R¢ by
Z(S) we denote the set of all finite linear combinations of elements in S with integer
coefficients. The set ©,, is countable and non-discrete (unless b is periodic, in which
case ®,, = I'"). The first condition we impose on the potential is:

Condition A. Suppose that 6y,...,0,; € O4. Then Z(0,...,0,) is discrete.

It is easy to see that this condition can be reformulated like this: suppose, 6,...,0,4 €
©o.Then either {6;} are linearly independent, or ijl n;0; = 0, where n; € Z and not
all n; are zeros. This reformulation shows that Condition A is generic: indeed, if we
are choosing frequencies of b one after the other, then on each step we have to avoid
choosing a new frequency from a countable set of hyperplanes, and this is obviously a
generic restriction. Yet another equivalent reformulation of this condition is as follows:
Let 0 be any proper linear subspace of R?. Denote

(2.3) bu(x) = Y b(B)ep(x).

0cONY
Then by is periodic. Condition A is clearly always satisfied for periodic potentials, but it
becomes meaningful for quasi-periodic potentials. If d = 2, this condition simply means
that any two collinear frequencies are commensurate.

Our main result will hold in the cases when b is smooth and either periodic or quasi-
periodic satisfying condition A. The rest of the conditions on the potential are required
only when it is ‘truly’ almost-periodic. These extra conditions state that we have a tight
control over the approximations of b by quasi-periodic functions. In the proof we are going
to work with quasi-periodic approximations of b, and we need these conditions to make
sure that all estimates in the proof are uniform with respect to these approximations.

Condition B. Let k£ be an arbitrary fixed natural number. Then for each sufficiently
large real number p there is a finite set @(k; p) C (O N B(p'/*)) (where B(r) is a ball of
radius r centered at 0) and a ‘cut-off” potential

(2.4) by (x) = Y ¥ (0)ep(x)
0€0O(k;p)

which satisfies

(2.5) 16— b(k;p)Hoo < p_k'

The next condition we need to impose is a version of the Diophantine condition on
the frequencies of b. First, we need some definitions. We fix a natural number k (the
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choice of k will be determined later by how many terms in (T.4) we want to obtain) and
denote © := [O(k; p)];. (see for the notation) and © := © \ {0}. We say that U
is a quasi-lattice subspace of dimension m, if 2 is a linear span of m linear independent
vectors Oy, ..., 0, with 8, € © V. Obviously, zero space (which we will denote by X) is
a quasi-lattice subspace of dimension 0 and R? is a quasi-lattice subspace of dimension
d. We denote by V,, the collection of all quasi-lattice subspaces of dimension m and
put V := U, V. If &€ € R and U is a linear subspace of R?, we denote by &y the
orthogonal projection of &€ onto 2, and put U+ to be an orthogonal complement of U,
so that £y = & — £y. Let U, U € V. We say that these subspaces are strongly distinct,
if neither of them is a subspace of the other one. This condition is equivalent to stating
that if we put 20 := U N4, then dim 2 is strictly less than dimensions of U and . We
put ¢ = ¢(B, ) € [0,7/2] to be the angle between them, i.e. the angle between U © 0]
and UO2, where B S is the orthogonal complement of 2J in . This angle is positive
iff U and 2 are strongly distinct. We put s = s(p) = s(©) := inf sin(¢(, 1)), where
infimum is over all strongly distinct pairs of subspaces from V, R = R(p) := supgg |0|,
and 7 = r(p) := inf,_s/|6|. Obviously, R(p) < p*/* (where the implied constant can
depend on k and k).

Condition C. For each fixed k and k the sets O(k; p) satisfying (2.4) and (2.5)) can
be chosen in such a way that for sufficiently large p we have

0cO

(26) s(0) =
and
(2.7) r(p) > p %,

where the implied constant (i.e. how large should p be) can depend on k and k.

Remark 2.2. One can understand Conditions B and C in the following way. These
conditions specify how quickly the Fourier coefficients of b should decay, given the Dio-
phantine properties of the frequencies.

Now we can formulate our first theorem.

Theorem 2.3. Let H be an operator (1.1)) with smooth real potential b which is either pe-
riodic, or quasi-periodic satisfying Condition A, or almost-periodic satisfying Conditions
A B, and C. Then for each L € N we have (uniformly in x € R?):

(2.8) N(\;x) = X2 <Cd + Z a;(x)A7 + O(AL)>

j=1
as A — o0.

Remark 2.4. Following [06], [7], and [13], it is straightforward to compute the coefficients
a;. For example, we have
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and
d(d — Q)wd

24(2m)d

Our second result concerns the off-diagonal behaviour of the spectral function.

(30%(x) — A b(x)).

as(x) =

Theorem 2.5. Let H be an operator satisfying all the conditions of the previous Theo-
rem. Suppose that the direction @:z‘ is not orthogonal to any of the vectors in O \ {0}.
Then for each L € N we have:

2L
ex(x,y) = cos(A\Y?|x — y|) Z Gg(x, y)N@—D/A=a/2
q=0
(2.9) .
+sin(AY?)x — y|) Z g (%, y)AN@-D/4=a/2 | p(\(@-D/4=L)
q=0

as A — o0o. The asymptotic expansion is uniform along every non-degenerate direction
when |x —y| is bounded and separated away from 0.

Remark. 1. Obviously, the coefficients d,(x,y), a,(x,y) are real-valued but unlike
the on-diagonal case, here we don’t know them explicitly. It is nevertheless possible to
compute first few coefficients using our constructions. In particular, 4o and ag are (as
expected) the same as for the free operator —A:
(2.10)

2

2m|x — y|)t+)
Moreover, holds for all x # y including degenerate directions.

2. Our set of non-degenerate directions has full measure but in general is not open.
Still, as can be seen from the proof, for every fixed L formula holds for all directions
not orthogonal to any of the vectors in @;\ {0}, k = k(L), the latter set being just finite.
Corresponding partial expansion is uniform in any compact set within these directions
and outside of |x —y| = 0, coefficients d,(x,y), a,(x,y) being smooth.

. m(d—1 _
e, ¥) = ¢ A A sin (Wrx |- %) (1+0(172)).

As we have mentioned earlier, certain parts of the proof are virtually identical to cor-
responding parts of [I8] and will be omitted. In particular, at the end of Section 3 of [1§]
it is explained how to obtain the asymptotic formula for the IDS in the almost-periodic
situation assuming we can obtain it for quasi-periodic potentials. This explanation works
in the case of LDS (and the spectral function off the diagonal) as well. Therefore, we
will prove our results only for quasi-periodic potentials and from now on we assume that
b has finitely many frequencies and, thus, that ©(k; p) = ©.

In this paper, by C or ¢ we denote positive constants, The exact value of which can
be different each time they occur in the text, possibly even each time they occur in the
same formula. On the other hand, the constants which are labeled (like C1, c3, etc) have
their values being fixed throughout the text. Given two positive functions f and g, we
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say that f > g, or g < f, or g = O(f) if the ratio % is bounded. Wesay f =< gif f > ¢
and f < g.

3. MORE NOTATION AND AUXILIARY RESULTS

In this section, we start explaining our method. Let us put p := v/A. The first result
of our paper (about the LDS) is a consequence of the following theorem:

Theorem 3.1. For each L € N we have (uniformly inx €RY):

(3.1) N(p*x) = Cap" +Z Z a;(x)p 7 (In p)” + o(p™")

p=0 j=—d+1
as p — 0.

Once the theorem is proved, it immediately implies

Corollary 3.2. For each L € N we have (uniformly in x € R?):

(3.2) N(\;x) = A2 (c +Za] JIANT 4 o(A~ ))

7=1

as A — 00.
Proof. The proof is the same as the proof of Corollary 3.2 from [1§]. O

Next we choose sufficiently large po > 1 (to be fixed later on) and put p, = 2p, 1 =
2"pg, Ay := p2; we also define the interval I,, = [p,,4p,]. The proof of Theorem will
be based on the following lemma:

Lemma 3.3. For each M € N and p € I,, we have:

(3:3) N(p*;x) = Cap” +Z Z @ (X)p ™ (I p)? + O(p ™).

p=0 j=—d+1
Here, ajpm(-) : RT — R are some functions depending on j, p and n (and M) satisfying
(3.4 05 n () = O(pZI/a41).
The constants in the O-terms do not depend on n or x (but they may depend on M ).

Remark 3.4. Note that (3.3) is not a ‘proper’ asymptotic formula, since the coefficients
ajpn(x) are allowed to grow with n (and, therefore, with p).

In Section 3 of [18] it is explained, how to prove Theorem assuming that Lemma
is established (see also the details for the off-diagonal case below). Therefore, what
we have to do is to prove Lemma [3.3]

For the off-diagonal case the technical result which we prove is the following.
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Lemma 3.5. Let the direction ;=3 be not orthogonal to any of the vectors in O \ {0}.

Then for each M € N and p € I,, we have:

4M
ep(x,y) = cos(plx —y[) Y alpn)(x,y)p "I
——d+1
(3.5) s g
sin(plx —y[) Y alpn)(x,y)p "I 4+ Ag(n)(x,y) + O(p, ™).
p=—d+1

Here, a(p;n)(-,-), a(p;n)(-,-), Ao(n)(:,-) : RT x RY — R are some functions depending
on p (and M) satisfying

(3.6) la(p;n)(x,y)| + la(p;n)(x,y)| = O(pF/*H92), |Ag(n)(x,y)| = O(p}h).

The constants in the O-terms do not depend on n (though they may depend on M ). They
are uniform along every non-degenerate direction when |x —y| =< 1.

Let us now prove Theorem [2.5[assuming Lemma |3.5 has been proved. First, we obtain
expansion (2.9) with the extra constant term and then prove that this constant is, in
fact, zero.

Lemma 3.6. Suppose the statement of Lemma[3.5 holds. Then for each L € N we have:

2L
ex(x,y) = cos(A\Y?|x — y|) Z lq(x, y) N4 D/Ama/2
q=0
(3.7) .
+ sin()\l/2|x -yl Z g (X, y))\(d—l)/4—q/2 + Ao(x,y) + O(/\(d—l)/4—L)’
q=0

as A — oo. The asymptotic expansion is uniform along every non-degenerate direction
when |x —y| =< 1.

Proof. The proof is similar to the derivation of Theorem from Lemma (3.3, However,
this time the proof is rather more involved than the corresponding proof in [18], and
therefore we write it here in detail. Let M be fixed. Denote

4M

En(phx,y) == Ao(n)(x,y) + cos(p|x — y|) Z a(p;n)(x,y)p P @D/
(3.8) w p=—d+1
+ sin(p|x — y|) Z a(p;n)(x,y)p P~ @/2,

p=—d+1
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Then whenever p € J,, := I,_1 N I, = [pn, 2px], we have:
En(p% %, y) — Enr (P’ %, y) = E(n)+

(3.9) e ' M |
cos(plx—y1) D2 Ei(mp D dsin(obe—yl) 30 Fm)p
j=—d+l j=—d+1
where
(3.10)

t(n) == Ao(n) — Ag(n—1), t;(n) :=a(j;n)—a(j;n—1), £jn):=a(j;n)—a(j;n—1).
On the other hand, since for p € J,, we have (3.5 for both n and n — 1, this implies

4M

t(n) + cos(plx — y|) Z fi(n)pI—(@=0/2
(3.11) J’jﬂj“
+sin(plx —y|) D £(n)p "I = 0(p,M).
j=—d+1
Claim 3.7. For each j = —d+1,...,4M we have:
(3.12) t(n) = O(p, ™), t;(n) = O(pi+d=1/2-M)y ii(n) = O(pi+(d-D/2=M)
Proof. Put

si=ppys F) = Hnpls Fi(n) = ()l g ) = ()bt IV,

Then

(3.13)
P(s) :==7(n)+
AM aM
cos(spulx —yl) Y2 H)sI D2 g sin(spulx —yl) Y0 Hln)s T2 = 0()
j=—d+1 j=—d+1

whenever s € [1,2]. Now, to show the estimates on coefficients we choose 8M + 2d — 1
points in a special way. We put

2m pnlx =yl pulx =yl
= [ | —— l=1,...,4M +d—-1
K pnlx — Y] ({ 27 o) B ’
so that sin(s;p,|x —y|) = 0 and cos(s;p,|x — y|) = 1. We also put
2 pulx —y] pulx —y] ™
| = | —— — (=1,...,AM +d -1
T ok — Yl ([ o | er s ) T 2k =yl e BT ’

so that sin(s;p,|x —y|) = 1 and cos(s)p,|x — y|) = 0. Finally, we put

- 2m pulx =y pulx — Y]
= 4M —_—
° Pnlx — | <{ 27 (M +d) 2 - bM
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if d is even (so that there is no sin(sp,|x — y|)s" present in (3.13))) and

N 2m pnlX — Y| v PnlX = Y| ™
:: 4 d
T oyl ({ 0| M) 277 50 ) ) T apax—y]

if d is odd. We also notice that, assummg pr is sufficiently large, we have s, —s; < M1,
Sip1 — 5 X< M~ and § — sqpr1q-1 < M1 uniformly in n and |x —y| < 1.

Even d. First, we use the points {s;}, 5. Then and the Cramer’s Rule imply
that for each j the values 7;(n) and 7(n) are fractions with a bounded expression in the
numerator and a uniform non-zero number in the denominator (the denominator is a
Vandermonde determinant). Therefore, 7;(n) = O(1) and 7(n) = O(1). Next, we use
the points {s;}. Then the estimate for 7(n), (3.13)) and the Cramer’s Rule again show
that 7;(n) = O(1).

Odd d. Again, we use the points {s;} and then the points {s;}. As above, we see that

(3.14) #(n) = O(1), #(n) = O(1) for j# —(d—1)/2;
and
(3.15) %,(d,l)/g(n) + %(n) = 0(1), t(d,l)/g(n) + %(n) = O(l)
Now, we use the point § together with . We have

1 . 1 . N
(316) E'ff(dfl)/g(n) + T(TL) = 0(1), E’T,(dfl)/g(n) + T(TL) = 0(1)

This and give T_ (d— 1)/2( ) 0(1) s ( )/2( ) O(l) s 7~'(n) = O(l)

~

This shows that i(n) = O(p;™), £;(n) = O(ph" V™M) and i;(n) = O(p 127

as claimed. 0
Thus, for j < M —(d—1)/2, the series Y .°_ #;(m) is absolutely convergent; moreover,

for such j we have:

(3.17)

a(j,n)(x,y) = a(j,0)(x,y) + Z £(m) = a(j,0)(x,y) + Zg (m) + O(piH=D/2=My _

m=1 1

a(7)(x,y) + O(py =027,

where we have denoted a(j)(x,y) = a(j,0)(x,y) + >.oc_, t;(m). Similarly, for j <
M — (d —1)/2 we have

(3.18)

3
I

n

a(j,n)(x,y) = a(j,0)(x,y) + Y &;(m) = a(j,0)(x,y) +

m=1

a(j)(x,y) + O(py V27,

F1(m) + O(pf 1021 =

Mg

1

3
I
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where we have denoted a(j)(x,y) := a(j,0)(x,y) + > o_, t;(m). Finally,

Ag(n)(x,y) = Ao(0)(x,y) + D E(m) = Ag(0)(x,y) + > {(m) + O(p, ") =:

m=1 m=1

(3.19)
AO(Xv y) + O(p;M)a

where we have denoted Ag(x,y) := Ao(0)(X,y) + > o, t(m).

Since |a(j,n;x,y)| + |a(j,n;x,y)| = O(p{/“d/?) (

lemma), we have:

it was one of the assumptions of

aM
: M

(3.20) > (almxy) + laG,nx,y) e, 02 = 0(pa ®),

j=M—(d—1)/2
assuming as we can without loss of generality that M is sufficiently large (the required
‘largeness’ of M is independent of p,). Thus, when p € I,,, we have:
M—(d—1)/2—1
ep(x,y) =cos(plx—y]) > alp)(x,y)p P N2
p=—d+1
(3.21) M—(d—1)/2-1
sin(px—yl)) D ae)(xy)p Y 4 Ag(xy) + O(p, M),
p=—d+1

Since constants in O do not depend on n, for all p > py we have:

[M/3]—d+1
ep(x,y) =cos(plx —y|) > alp)(x,y)p "4
p=—d+1
(3.22) (/341 o
sin(plx —yl) D ap)ey)p R+ Ao y) +O0pn T T)
p=—d+1
Taking M = 6L + 1 and making change ¢ = p+ d — 1, we obtain (3.7)). 0

Lemma 3.8. For all x #y we have Ag(x,y) = 0.

Proof. The proof is similar to the approach Shenk and Shubin [23] used to get rid of
the constant in the one-dimensional case (strangely enough, they used this trick on the
diagonal; the trick they used for similar purpose off the diagonal does not work in high
dimensions).

First, we notice that, without loss of generality, we can assume that the spectrum of H
is contained in [2, +00). Indeed, if this is not the case, we consider instead the operator
H + sI with sufficiently large s; it is easy to see that this change does not affect the
constant in (13.7)).

Let us construct the complex powers of H. For Rz < —d/2, the operator H* has the
integral kernel K (x,y) holomorphic in z; the Seeley type theorem (see [27, 24]) then
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implies that this kernel can be meromorphically continued to the entire complex plane;
moreover, Ky(x,y) =0 when x # y. For Rz < —d/2, we have:

(3.23) KZ(X,y):/ )\Zd,\e()\;x,y):/ 2N e\ x, y)dA.
1 1

If we plug (3.7) with L = d into the RHS of (3.23)), we will see that the value at z =0
of the meromorphic continuation of all the terms in the RHS, except Ay, will be zero, so
we have Ay(x,y) = Ko(x,y) = 0. O

Remark 3.9. As we have mentioned in the introduction, we also could have used the
heat asymptotic expansion of [15] to get rid of the constant Ay.

The rest of the paper is devoted to proving Lemmas [3.3] and [3.5

4. PERTURBATION OF THE SPECTRAL FUNCTION

In this section, we study the spectral projections of two self-adjoint operators H; and
H, that are sufficiently close to each other and compare them. We assume that both
H, and Hj act in a Hilbert space § and are bounded below: H; > al. These operators
will be assumed to be close not just in the usual operator norm, but also in the abstract
version of the Sobolev norm. More precisely, we fix a number s > 0 and assume that

(4.1) I|(Hy — Ho)(Hy+ (1 —a)])*|] <e < 1.
For any self-adjoint operator H and any Borel set I C R we denote by
(4.2) E(I;H)
the spectral projection of H corresponding to the set I. We also put
(4.3) E\(H) = E((—o0, \]; H).
Let f € 551./2We want to prove that E\(Hy)f — Ex(Hp)f is small. Let 6 > ¢ (later we will
put 0 = e'/?).

Lemma 4.1. Suppose that A —a > 1. Then we have
(4.4) 1B((=00, A = 8J; HY)E(IX + 6, +00); Hy)(Hy — a+ 1) < ==

Proof. Let us assume that
(45) ¢=E((—00, A= d]; Hi)¢, (H2—a+1)* = E((A+0,00]; Ha)(H2 — a+1)*,

and ||¢|| = ||¢|| = 1. The statement is equivalent to proving |(¢, (Hy—a+1)%)| < we/é.
Denote by v = vy the closed square contour in the complex plane symmetric about the
real axis and intersecting it at two points: A and —N, where N > —a is a large number.
Then we have

(4.6) o= /(H1 —2) o dz.
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Note that the integral fw<H1 — z)7!'dz does not need to converge in general, so we
understand the integral in the RHS of (4.6)) in the strong sense. Now we have:

(6. —a+ 10) = [ (=276, (1 —a+ 1))

_ /(¢, (Hy — %) (Hy — a+ 1)*0)d
(4.7) K
= /(¢a (Hy—2)"'+ (Hy — 2)""(Hy — H2)(Hy — 2) ") (Hy — a 4 1)*¢)dz

_ /(¢, (Hy — 2)"\(Hy — Hy)(Hy — a+ 1)*(Hy — 2)" ) dz:

Y

in the last line we have used the fact that (here, 7 is the contour complex conjugated to
7v; in fact ¥ =)

(4.8) / (Hs — 2) " E((\ + 6, 00]; Hy)dz = 0.

Y

Therefore, we have:

(6,001 < o 11 = 2) Y61 del) ([ 112 = 2) =)

(4.9)
< o[ 10 = 27| el s = 2) 7P el

Now the estimate follows from the spectral theorem, since it implies that

(4.10) lim [ ||(H—2) 7 Jde] < &
N—oo N 5

and

(4.11) lim [ ||(Hy—2)7Y? |dz] < =
N—oo N 5

OJ

Notice that for s = 0 Lemmal[4.1]is a simple version of the Davis-Kahan sin © Theorem
(see e.g. Thms VIIL.3.1-3.4 from [2]).

Lemma 4.2. Let f € . Under the above assumptions, we have:
|EX(Ha) f — Ex(H1) f|| < 2[[E([A — 6, A+ 6]; Ha) f]|

(4.12) + 2120 | E((—00, N]; Ha) f|| + 2med | |(Hy — a + 1) * £
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Proof. We have:

(4.13)
E\(Ha)f = E((—00, A = 8); Ha) f + E([A = 0, A]; Ha) f

= [B((—00, \l; Hi) + E((A, +00); Hi) E((=00, A = 8]; Ha) f + E([A — 6, \]; Ho) f.
To estimate the second term in the RHS we use Lemma [£.1] with s = 0:
[IE((A, +00); Hi) E((—00, A — d]; Ha) f]
(4.14) = [[E((A, +00); H1) E((—00, A = d]; Hy) E((—00, A — 0]; H3) f]|
< 2med || E((—o00, Al; Ha) f]]-
For the first term we perform the same trick as in again, and obtain:
B((—o00, NJ; Hi) E((—o00, A — 8]; Ha) f

(4.15) = E((=00, A Hy)f — E((—00, A[; H1) E((A = 6, A + 0); Ha) f
— E((—o0, \|; H)E([A + 0, +00); Hy)(Hy —a+ 1)°(Hy —a+ 1) f.
Now the statement follows from , , and Lemma . [
Suppose,
(4.16) H=-A+V

acting in RY, where V' € USB(RY). Then E)(H) has the Schwartz kernel (see e.g. [1, 28])
which we denote by e(\; H;x,y); we will often omit writing the dependence on some of
the arguments when it could cause no ambiguity. Let xo be any point from R?; denote
by dx, the Dirac delta-function centred at xg.

Lemma 4.3. E\(H )0y, € Lo(R?) and for large X we have
(4.17) | Ex(H )by, || < A
Proof. We have:

1B = [ 10 Hixo,y) Py = [ o3 Hixo,)elXs Hiy xa)dy
R R

= e(\; H;x0,%0) = O(\?).

We used the fact that e is real-valued and symmetric and £ is a projection. For the last
estimate see e.g. [1]. O

(4.18)

Finally, we will prove another Lemma which we will need in Section 7.

Definition 4.4. For an interval [A\1, As] C R we introduce the set T'([A\1, Ag]) of functions
7(z) satisfying the following properties:

1) 7(z) is analytic in the neighbourhood of the interval [A;, Ag],

2) 7(z) is real-valued on the interval [A;, As],

3) 7/(z) > 0 on the interval [A;, \o].
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In particular, these properties imply that the function 77! is well-defined and analytic
in a neighborhood of the interval [7(\1),7(A\2)]. We will need the following auxiliary
statement which can be considered as a special case of the rule for changing the order of
the integration.

Lemma 4.5. Let 7 € T. Let function f be analytic in a neighborhood of [T(A1), T(As)].
Let T be a contour around interval [\, o] completely inside the domain of analyticity of
the function T and let T be a contour around interval [T(\1),7(\2)] completely inside the
domain of analyticity of the functions 7= and f. Then we have the following identity

r(2) N
@19) T({ | fr) drf ‘ﬂ(d}f;— il / dy f —Tfiiid_’” m

Proof. Denote by I the left hand side of (4.19)). If necessary, shrinking by analyticity I

and I, we may assume that T' = 7(I"). We introduce the change of variables: v := 77(r),
s:=7(p). Then we have

o fi “1Y(s)ds
= [ et

Next, by the properties of 7 and Cauchy Theorem we have

. / o f LI / iy § LN

s) T71(s) —v

Now, the change of notation v by p and s by r completes the proof. [

5. RESONANCE ZONES AND COORDINATES THERE

In this section, we define resonance regions, state some of their properties and introduce
convenient coordinates in these zones. The material in this section follows the narration
of [I8] which contains the proofs of all statements in this section.

Recall the definition of the quasi-lattice subspaces from Section 2: we say that U is
a quasi-lattice subspace of dimension m, if U is a linear span of m linear independent
vectors 64,...,0,, with 8, ¢ © Vj. As before, by ©; we denote the algebraic sum of &k
copies of ©; remember that we consider the index k fixed. We also put ) = 0;\ {0}
For each U € V we put Sy := {€ € U, |£| = 1}. For each non-zero 8 € R% we put
n(0) :=6|6|~*.
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Let 20 € V,,. We say that § is a flag generated by U, if § is a sequence U; € V;
(j=0,1,...,m) such that U; ; C U; and V,, = Y. We say that {v;}L, is a sequence
generated by § if v; € U; © U, and ||v;|| = 1 (obviously, this condition determines
each v; up to the multiplication by —1). We denote by F () the collection of all flags
generated by 0. We also fix an increasing sequence of positive numbers a; (j =1,...,d)
with ay < 55 (these numbers depend only on d) and put L; := py’.

Let 6 € @ We call by resonance zone generated by 6

(5.1) A(6) = {€ €R?, |(§,n(8))| < L1}
Suppose, § € F(U) is a flag and {v;}7L, is a sequence generated by §. We define
(5.2) AF) = {€ R, [(&v))| < L;}.

If dimY = 1, definition (5.2) is reduced to (5.1). Obviously, if §; C §2, then A(F2) C

A(S1).
Suppose, U € V;. We denote

(5.3) E1(V) = Uzerom A(S).
Note that Z;(X) = R? and E,(0) = A(0) if U € V; is spanned by 6. Finally, we put
(5.4) E(Y) := E1 (D) \ (VonE1 () = E1 (D) \ (Viow Usesw AT))-

We call E(0) the resonance region generated by . Sometimes, we will be calling the
region Z2(X) the non-resonance region.

The following results were proved in [I8]. We always assume that py (and thus p,) is
sufficiently large.

Lemma 5.1. (i) We have
(5.5) Ugey E(T) = R%

(1) &€ € B1(D) iff &y € QY), where Q(V) C B is a certain bounded set (more
precisely, Q(0) = Z1(V) NV C B(mL,y,) if dimY = m).
(iii) 2 (R?) = E(]Rd) is a bounded set, E(RY) C B(dLg); all other sets Z,(U) are

unbounded.

Lemma 5.2. Let 0,4 € V. Then (E,(0) N E1(U)) C E1(2W), where W = YV + 4
(algebraic sum).

Corollary 5.3. (i) We can re-write definition (5.4) like this:
(5.6) E(Y) = Ei(V) \ (VugaEi(L0)).

(11) If B # A, then_.( JNEW) = 0.
(iii) We have R? = UyeyE(D) (the di

Lemma 5.4. We have
(5.7) E1(0) N UioeE1 (U) = E1(T) N Ugyow, dim w=1+dim 021 (20).

isjoint union,).
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Corollary 5.5. We can re-write as
(5.8) E(V) := E1(D) \ (Uanow,dim w=1+dim 951 (20)).
Lemma 5.6. Let U € V and 6 € ©j. Suppose that & € E(V) and both points € and
&€+ 0 are inside A(0). Then 6 € U and € + 0 € E(T).
Now we define another important object.
Definition 5.7. Let 0,01, 0-, .. .,0; be some vectors from @i, which are not necessarily

distinct.

(1) We say that two vectors &, 1 € R? are @-resonant congruent if both € and n are
inside A(@) and (§ —n) =10 with [ € Z. In this case we write £ <> n mod 6.

(2) For each & € R? we denote by Yg(€) the set of all points which are @-resonant
congruent to &. For 6 # 0 we say that Yg(€) = @ if £ ¢ A().

(3) We say that & and n are 64,0,,...,0,-resonant congruent, if there exists a se-
quence §; € R? j =0,1,...,] such that &, = &, & = n, and £ € Yo, (§;_1) for
ji=1,2,...,1.

(4) We say that n € R? and & € R? are resonant congruent, if either £ = n or € and
n are 01,0, ..., 0,-resonant congruent with some 64,0,,....0; € @;}' The set
of all points, resonant congruent to £, is denoted by Y (&). For points n € Y (£)
(note that this condition is equivalent to & € Y(n)) we write n <> &.

Note that Y (&) = {£} for any € € E(X). Now Lemma [5.6| immediately implies
Corollary 5.8. For each & € E(U) we have Y(§) C E(U) and thus
2(V) = u&ea(m)r@)‘
Lemma 5.9. The diameter of X (&) is bounded above by mL,,, if € € E(D), LV € V,,.
Lemma 5.10. For each € € E(0), U # R?, the set Y (&) is finite.

Next, we are going to introduce a convenient set of coordinates in E(0). Let U € V,,,
m < d, be fixed. Then, as we know, & € 5, (U) if and only if £y € Q(U). Let {4} be a
collection of all subspaces U; € V1 such that each U; contains 0. Let u; = p;(0) be
(any) unit vector from 4U; © Y. Then, for £ € E;(*Y), we have £ € E,(4;) if and only if
the estimate [(§, ;)| = [(§g2, ;)| < Lyny1 holds. Thus, formula implies that

(5.9) B(D) = {€ €RY, &y € AUV) & V) [(€gr. 15(D))| > Linsa}-
The collection {p,;(%0)} obviously coincides with
(5.10) {n(0y.), 0 € ©; \ V}.

The set E(2U) is, in general, disconnected; it consists of several connected components
which we will denote by {Z(2),}/_,. Let us fix a connected component Z(),. Then

for some vectors {[Lj(p)};-]il C {#£u,} we have
(5.11) E(V), = {€ €RY, &y € AUV) & V) (€gs 5(p)) > L };
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we assume that {fi; (p)}jil is the minimal set with this property, so that each hyperplane
{S € Rda gQ} € Q(m) & <£Q]J-7/1j(p)> = Lerl}a J=1... Jp

has a non-empty intersection with the boundary of Z(),. It is not hard to see that
J, > d —m. Indeed, otherwise E(J), would have non-empty intersection with =;(0’)
for some ', U C Y'. We also introduce

(5.12) E(V), == {& € V-, Vj (£, i1;(p)) > 0}
Note that our assumption that Z(), is a connected component of Z(U) implies that
for any & € E(), and any 0 € ©; \ U we have

(5.13) (€,0) = (§,0y1) #0.
We also put K :=d —m — 1.

Throughout most of this paper, we will assume that the number J,, of ‘defining planes’
is the minimal possible, i.e. J, = K + 1. In the general case we refer to Section 11 of [1§]
where it is explained how to deal with the case of arbitrary Z(*0), when x =y. In the
off-diagonal case x # y, we explain in Remark how the general case is reduced to this
simplified one. If J, = K + 1, then the set {f; (p)}jK:tl is linearly independent. Let a =
a(p) be a unique point from U+ satisfying the following conditions: (a, ft;(p)) = L1,
j =1,...,K + 1. Then, since the determinant of the Gram matrix of vectors fi;(p)
is > p~ we have |a] < L;,410%". We introduce the shifted cylindrical coordinates in
E(),. These coordinates will be denoted by & = (r; ®; X). Here, X = (X1,...,Xy)
is an arbitrary set of cartesian coordinates in (). These coordinates do not depend
on the choice of the connected component Z(),. The rest of the coordinates (r, ®) are
shifted spherical coordinates in U+, centered at a. This means that

(5.14) 1(€) = €. — a
and
(5.15) ® =n(€y. —a) € Sy..

More precisely, ® € M, where M = M, = {n(£y. — a), & € E(Y),} C Sy. is a

K-dimensional spherical simplex with K + 1 sides. Note that

M, = {n(€y: —a), § € E(V),} = {n(€yr —a), Vi (Eyr, () > Lini1}
={n(n), n:=&y —a €TV, Vj (n,f1;(p)) > 0} = Syr NE(V),.

We will denote by d® the spherical Lebesgue measure on M,,. For each non-zero vector
w1 € U+, we denote

(5.17) W(p) = {n € T", (n,pu) =0}

Thus, the sides of the simplex M, are intersections of W (f,(p)) with the sphere Sy..
Each vertex v =v;, t =1,..., K +1 of M, is an intersection of Sy. with K hyperplanes
Wi(g;(p)), j=1,...,K +1, j#t This means that v; is a unit vector from 0+ which

(5.16)
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is orthogonal to {f1;(p)}, j = 1,..., K + 1, j # t; this defines v up to a multiplication
by —1.

Lemma 5.11. Let p be fized. Suppose, @ € O \ U and Oy = Z]K:ng bifr;(p). Then
esther all coefficients b; are non-positive, or all of them are non-negative.

Assume that the diameter of M, is < (100d?) !, which we can always achieve by taking
sufficiently large k. We put @, := T—0(Epr —a 1 (p), q=1,..., K+1, where ¢(-,-) is
the angle between two non-zero vectors. The geometrical meaning of these coordinates is
simple: ®, is the spherical distance between ® = n(£y. —a) and W (g, (p)). The reason
why we have introduced @, is that in these coordinates some important objects will be
especially simple (see e.g. Lemma below) which is very convenient for integration
in Section 7. At the same time, the set of coordinates (r, {®,}) contains K + 2 variables,
whereas we only need K +1 coordinates in 20+. Thus, we have one constraint for variables
®;. Namely, let {e;}, = 1,..., K + 1 be a fixed orthonormal basis in U+ chosen in
such a way that the K + 1-st axis passes through M,. Then we have e; = ij{l ajify
with some matrix {a;}, j,{ =1,..., K + 1, and ft; = f1;(p). Therefore (recall that we
denote 1 := €y — a),

K+1

(5.18) n;=(n,e;) =r Z ajqsin @

q=1
and, since 72(€) = |n|* = Zj{;{l 77, this implies that
(5.19) > O ajsin®,)? =1,
Joa
which is our constraint.
Let us also put

o
(5.20) ;= ﬁ = Z ajqSin @,
q=1

Then we can write the surface element d® in the coordinates {n;} as

dny...dny dnj ...dny
MK+ (1= 3 )
where the denominator is bounded below by 1/2 by our choice of the basis {e;}.

The next lemma describes the dependence on r of all possible inner products (£, 6),
0 € ®;, £cE(Y),.

Lemma 5.12. Let £ € 2(U),, V€ V,,, and § € O;.
(1) If @ € 0, then (€, 0) does not depend on r.

(5.21) 4d =
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(i) If 0 ¢ T and Oy = ) by, (p), then
(5.22) (€,0) = (X,00) + Lns1 » by +7(£) Y bysin®,.
q

q

In the case (ii) all the coefficients b, are either non-positive or non-negative and each
non-zero coefficient b, satisfies

(5.23) |by| =< 1.
Finally, let us denote (recall that \, = p?)
(5.24) X, = {€ € R? £ € 0.7\, 17.5),]}.
We also put
(5.25) A=A, = Ugex, T(€).

Lemma implies that for each & € A we have |£|> € [0.5)\,,18),]. In particular, we
have

(5.26) ANERY = 0.
For each U € V,,, m < d, we put
(5.27) A(D) = A, NE().

6. PSEUDO-DIFFERENTIAL OPERATORS AND THE GAUGE TRANSFORM

This section is another one where we present definitions and results from [18]; as
before, the proofs of all statements can be found either in that paper or in [30], [31], and
[19]. In this section, we construct operators H; and H described in the Introduction.
Since we have agreed that our potential is quasi-periodic, it is enough for our purposes
to deal with quasi-periodic pseudo-differential operators.

6.1. Classes of PDO’s and their properties. For any f € Ly(RY) we define the
Fourier transform:

- e X f(x)dx d
IO = oy /R Fx)dx, € € R

Let b = b(x,€), x, € € R, be a quasi-periodic (in x) complex-valued function, i.e. for
some finite set O of frequencies (we always assume © to be symmetric and to contain 0)

(6.1) b(x,€) = > b(6,&)es(x)
0cO
where R
b(8,€) = M (b(x;, &)e—o(x))
are Fourier coefficients of b (recall that M is the mean of an almost-periodic function).
Put (t) := /1 + [t]2, Vt € R We say that the symbol b belongs to the class S, =
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Sa(B) = Sa(8,©), a €R, 0 < B <1, if for any [ > 0 and any non-negative s € Z the
condition

(6:2) [bIiY = max > 7(8)" sup () DZHO,£)| < 00, [s] =51+ 52+ 50,
:EC)

is fulfilled. The quantities (6.2) define norms on the class S,. Note that S, is an
increasing function of o, i.e. S, C S, for o < y. We also have:
(6.3)

> (6) sup (£) TV (DEN(0, € +m) — Dh(6,£)]) < Coli, (o=, s = s,
0cO

with a constant C' depending only on «, s. For a vector n € R? introduce the symbol
(6.4) by(x,€) = b(x, € +n),n € R,

so that by, (0,€) = b(0,& +mn) . The bound (6.3) implies that for all |5| < C we have
(6.5) b= b7 < CIbL ),

,s+1
uniformly in n: |n| < C.
Now we define the PDO Op(b) in the usual way:

xX) = 1 x, £)e$*(Fuy
(6.6) Opux) = g / b(x, €)' (Fu) (€) .

the integrals being over R?. Under the condition b € S, the integral in the r.h.s. is
clearly finite for any u from the Schwarz class S(R?). Moreover, the condition b € S
guarantees the boundedness of Op(b) in Ly(R?), see Proposition Unless otherwise
stated, from now on S(R?) is taken as a natural domain for all PDO’s at hand, when
they act in Ls. Notice that the operator Op(b) is symmetric if its symbol satisfies the
condition

(6.7) b6, &) =b(—6,¢ +6).

We shall call such symbols symmetric.

We note that in the very beginning when we consider , our operator Op(b) is a
multiplication by a function b (in particular, b € Sy). However, during modifications
and transformations below our perturbation will eventually become a pseudo-differential
operator. Thus, it is convenient in abstract statements to consider b a pseudo-differential
symbol from some S, class.

Now we list some properties of quasi-periodic PDO’s. The proof is very similar (with
obvious changes) to the proof of analogous statements in [30]. In what follows, if we need
to calculate a product of two (or more) operators with some symbols b; € S, (©;) we
will always consider that b; € Saj(zj ©®,) where, of course, all added terms are assumed
to have zero coefficients in front of them.
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Proposition 6.1. Suppose that |b|(()?3 < 00. Then Op(b) is bounded in both Lo(R?) and
By(R?) and || Op(b) | < 10155,

Since Op(b)u € S(RY) for any b € S, and u € S(R?), the product Op(b) Op(g),
b€ S.(©1),9 €S,(0,), is well defined on S(R?). A straightforward calculation leads to
the following formula for the symbol b o g of the product Op(b) Op(g):

(bog)(x,&)= > bO,&+d)y(e,E)c @,

0€®, e,
and hence
(6.8) bog).&) = Y b(6.€+¢)i(e.€). x € O+ O, £ €RY
0+p=x
We have

Proposition 6.2. Let b € S,(01), g € S,(©3). Thenbo g € Su1(01 + O2) and

|b‘39|zaJrv < Clblls |g|z+(\a|+s )B,s

with a constant C' depending only on I, «, s.

6.2. Gauge transform and the symbol of the resulting operator. From now on
we fix §: 0 < 8 < ay. The symbols we are going to construct will depend on p,,; this
dependence will usually be omitted from the notation.

Let « € C*(R) be a non-negative function such that

1, z <1
) < < 1 — ) — 4
(6.9) 0<:<1, uz) { 0, 2> L1,
For @ € ©,0 # 0, define the following C*™-cut-off functions:
+6/2| —3p,
o) = o |EEO2Z0 ),
10p,,
10 (6.6+6/2)
= 1 (000
el
The function eq is supported in the shell p,/4 < |€+ 60/2| < 23p,,/4. We point out that
(6.11) eg(§) =e-9(§+0), va(§) =p-o(§+0).
Note that the above functions satisfy the estimates
(6.12) Dieo(€)] + Dipo(8)] < p, .

As before, we assume that k is fixed. Put

Xo(&) = eq(&)pa(&)(|€ + 0> — [€P)! co(§)po(€)

2(0.£+ %)
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when 6 # 0, and xo(&) = 0.

Theorem 6.3. We can find a unitary operator U and self-adjoint operators Hy and Ho
such that the following properties hold:

1. leUilHU,' ~

2. ||Hy — H|| < p, %%,

3. Hy = —A+ W, where W = W is the operator with symbol w = wi(x,&) and w
satisfies the following property:

(6.13) @(6,€) =0, if (EZAB) & £ A), or (E+0ZAB) & €€ A), or (0O;);

4. U =¢€", where ¥ = Zle U, W, = Op(¢;). Moreover, ¥;, b;, t; € S,(8) for any
v e R, ¥ is a bounded operator, and

) J
(6.14) 017 < G2 (1el?),) =1
Assuming po is large enough (depending on 1, s,~v,b and l;:), we get
(6.15) 10157 < o b1
5. The symbol of W satisfies

(6.16) wi,(0,€) = 7;(6,€)(1 — eg(&§)pa(£)),
where §;(0,€) = 0 for 8 ¢ O;. Otherwise,

7:(0,€) = b(6 +ZZO (6,8)b 5+1H o (£+ )

(6.17)

(& + @))pe (& + ¢
+ZZC (6.) SHH e €j¢;<+_> )
J=1 j’ J 2

where the second sums are taken over all 8; € ©, 9;, q5j € O, and

s p

618)  C0.9=3 Y OO [Jeo &+ d)ur( + o).
p=0 67,¢07€O®s11 (1<j<p) Jj=1

Here Cs(f”)(e) depend on s, p and all vectors 0,0j,0;,¢j,0;/,¢;-/. At the same time,

coefficients C’s(p)(O) can be bounded uniformly by a constant which depends on s only.

We apply the convention that 0/0 = 0.

The next results only partially have been proved explicitly in [I8], but follow easily
from the previous Theorem.
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Theorem 6.4. 1. We have z/;m(O,S) =0 for 8 € ©,,. Otherwise,
(6.19) Vm(0,6) = C1,(6,8) H )Xo (€ + ¢),

where the sum is taken over all 0; € ©, 9;, qu € 0, and C! (0,&) admit representation

stmilar to (6.18]).
2. We have

(6.20) U=1+ Z \D;n + Ufc—i-l’ \Il;n = Op(?/)in),
m=1

where symbols !, admit representation similar to (6.19) and the estimate slightly worse
than (6.14]):

(621) I¢m l,s S Cm L Pemt) (Iblgi),3m> L Z L.
The error term U, admits the estimate
k+1
() Bk+1 (0)
(622) Iul~c+1|ll < pn (h+14) <I I k+1 5124-1) :

Proof. The first statement was proven in [18]. The second statement follows by expanding
the exponential U = e'¥ into the Taylor series and estimating each term using (6.14])

and Proposition (6.2} 0
Lemma 6.5. Fiz s < fk/4. Then
(6.23) |(Hy — Ho) (=2 + 1) < o,

As a consequence, the estimate (4.1)) holds.

Proof. Though the estimate ([6.23)) was not written in [18] explicitly, it easily follows from
the proofs of Theorems [6.3] and [6.4] there. O

Corollary 6.6. As a function of §, F(Udx,) is uniformly bounded over xo (and §), with
constant depending only on k. Moreover, we have

(6.24)

k
F(Ubx,)(€) = (2m) ™2 H6x0) 4 (2m) =423 " N " 4jy, (0,€ — 0)e &%) 1 R(£:x0) =

m=160cO,,
U(f, XO) + Rxm

where

(- %) —B(R41)+ 4L 0 k+1
(6.25) |Rall < tgalos ™ < (101 o)

15541

uniformly over Xg.
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Proof. Use (6.22)) with v = —(d+1)/(28), [ = s = 0. O

7. PROOF OF THE MAIN RESULTS

Now we carry on with the proof using the gauge operators from the previous section.
For any set € C R? by PP(€) we denote the orthogonal projection onto span{e¢}¢ce in
By(R?) and by P(€) = PX(C) the same projection in Ly(R?), i.e.

(7.1) P(€) = FxeT,

where F is the Fourier transform and ye is the operator of multiplication by the charac-
teristic function of €. Obviously, P(€) is a well-defined (resp. non-zero) projection iff €
is measurable (resp. has non-zero measure).

Let N be fixed (this is the number of precise asymptotic terms we need to obtain)
and let A = p? with p € I,, and n being fixed (and large). We start by using Theorem
and find operators U, H; and H, with the properties listed there and put ¢ := p_7*.
The value of k will be chosen later; it will depend on N. We are interested in the value
of the kernel of the spectral projection e(\; H; Xg, ¥o), when xq and yj are fixed. We can
write this value, at least formally, as

(72> 6()‘; H: %, yO) = (EX(H>5X07 53’0) = (EA(H)(EA(H)(;Xo)v EA(H)(s)’o)'

As we have seen in Lemma [4.3| both Ey(H)dx, and Ej\(H)dy, are elements of Lo, so
the inner product in the RHS of (7.2]) can be understood in the usual L, sense. Since
H, =UHU™!, we have E\(H) = U™'E\(H,)U, and so

(7.3) e(A; Hixo,y0) = (Ex(H1)Udx,, Udy,).
Also,

(7.4) | EX(H1)U b || = [|UEX(H)dx, || = [[Ex(H)dx, ||,
so E\(H1)Udy, belongs to Ly and (see Lemma

(7.5) |EX(H)Ud, || = O(XY").

We apply Lemma with 6 := €!/? and obtain
| Ex(Ha)Ubx, — Ex(H)Uby|| < [[E([X = "2 X+ &%), Hy)Udy ||+

7.6

= e'?|| E((—00, Al; Ha)Udx, || + "?||(Ha + (1 — a)I) Uy, ||

and

(7.7) ||Ex(H2)Ubxy — Ex(H1)Ubx|| < [|E([A — €2, X+ '/%]; Hy)Udy, ||+

e[| E((—o00, N; H1)Udx, || + " 2|[(Hy + (1 — a)I)*Ubs,|l.
Now, we choose s > d/4 so that (see Corollary (—A + I)~*Udx, belongs to Ly and
(7.8) [|(=A + 1)Uy, || < 1.
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Then clearly we have

(7.9) |(Hj+ (1 —a)])*Ubs|| <1, j=1,2.

Therefore, the last terms in (7.6) and (7.7) are O(/?). We also notice that ([7.5) and
(7.7) imply

(7.10) | Ex(H2)Uby, || = O(AY4).

What all this means is that it is enough to obtain precise asymptotics for the spectral
projection of H,, and this is what we will concentrate on now. Moreover, instead of
studying (Ex(Hz)Udx,, Udy,) for A € 1I,,, we will study

(7.11) e(N, X" Hy; U xo,y0) == (E(N, \"]; H2)Udx,, Udy,)

for N = ()%, N = (p")2, p,p" € I, with \" > X. As we will see later, the following
estimate holds:

(7.12) [|E([X — Y2, X+ eV, Hy)Udy, || = e(X — €Y% N+ €% Hy: U xq, %) < £¥/2p2.

In fact, (7.12) is an immediate corollary of ([7.43]). Now (7.12)), (7.10)), and (7.6]) imply
(7.13) |Ex(Ha)Ubyy — Ex(H1)Udy|| < '/*pl/2.

By choosing k > 4(M + 2d)/j3, we make sure that the RHS of (7.13) is O(p; %) and,
therefore,

€(>\; H;X07Yo) = (E/\(Hl)U(Sme)\(Hl)U(Syo) =
(EA(HQ)U(SXW EA(H2)U5y0) + O(p;M)

Here we also used ([7.5)) and ((7.10)).

Therefore, from now on we discuss only the spectral projections of H,. Condition
implies that for each & € A the subspace PZ(Y(£))$ is an invariant subspace of
H, acting in By(R?). When we consider the action of Hy in Ly(R?), this subspace becomes
trivial, so in order to get an interesting invariant subspace in Lo, we need to integrate
P(Y(£))H over £ in some open domain. For example, the subspace PL(A)Ly(RY) is the
invariant subspace in Ly. We denote the dimension of PZ(Y(£))$ by ¢ = ¢(&) (which is

finite by Lemma [5.10)) and put
(715) HQ(&) = HQ(T(E)) = Ho ‘?B(T(ﬁ))fj :

This operator acts in a finite-dimensional space ¢ := PB(Y(£))$, so its spectrum
is purely discrete; we denote its eigenvalues (counting multiplicities) by A (Y (£)) <
A (Y(€)) < --- < A(Y(§)) and the corresponding orthonormalized eigenfunctions by
{hjre(x)}. Next, we list all points 7 € Y(£§) in increasing order of their absolute
values (and if the absolute values are equal, we label them in any reasonable way we
want, for example, in the lexicographic order of their coordinates). In such a way, we
have put into correspondence to each point n € Y (€) a natural number ¢t = t(n) so
that t(n) < t(n') if |n| < |n’|. Now we define the mapping g : A — R which puts into
correspondence to each point n € A the number Ay, (Y (n)). Similarly, we define the

(7.14)
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mapping h : A — By(R?) by the formula he := hyg) ye). Then for each & € A the
expression (27) ¢ > mex(e) m(X)hn(y) is the integral kernel of the projection P(Y(£)).

When € ¢ A, we put g(&) := [€|* and hg := e, so that now the functions g and h are
defined on all R?. Denote

(7.16) Gri={§ R, g(§) <A}

It has been shown in [I8] that {h¢}ecpa is an orthonormal basis in By(R?). Moreover,
for each A € [0.75)\,,, 17A,,] the function

(7.17) e(\; Hy;x,y) := (27?)_d/G he(x)he(y)dE, x,y € R?,

is the integral kernel of the spectral projection E)(Hy) of the operator Hy in Lo(R?).
Formula was used in [I8] to compute the IDS of the operator H. It will be more
convenient for us to use (|7.11]) and below to compute the spectral function of H.

Since each space P(E(0))$ (and even each component P(E(J),)$) is invariant under
H,, they are invariant for F)(Hs) as well, and therefore, if we denote

(7.18) E(T;p; I; H) == P(E(V),) E(I; H2)P(E(D),),
we have

(N N Hy; Usxo,yo) = ) D (E(Tips [N, A']; Hy)Ub,, Udy,)
0V p

=: Z Z e%;p()\/7 )\”; HQ; U7 X0, y0>7

0V p

(7.19)

the sum being over all lattice subspaces of dimension at most d — 1 (the contribution
from Z(R?) is zero for large p, since Z(R?) is bounded).

Let us fix the connected component Z(0),, of the resonance zone and study the con-
tribution from it to the RHS of (7.19). Suppose that two points & and &' have the same
coordinates X and ® and different coordinates 7 and /. Then (see [18]) & € =, implies
¢ € B, and Y(&) = Y(€) + (¢ — €). This shows that two spaces $H,(X,®) := $
and 9,/ (X, @) = $)¢ have the same dimension and, moreover, there is a natural isom-
etry Fee @ ¢ — e given by F e, — e, ), v € Y(). This isometry al-
lows us to ‘compare’ operators acting in )¢ and £, . Therefore, abusing slightly our
notation, we can assume that Ho(€) and Hy(¢') act in the same (finite dimensional)
Hilbert space $(X1, ..., Xy, oy, ..., &)K) We fix the values (X7, ..., X, oy, ... ,(iDK),
X =(X1,...,Xm) €QAV), &= (&,...,Px) € M, and study how these operators de-
pend on 7. We denote by Ha(r) = Hy(r; X1, ..., Xy, @1, . . (IDK) the operator Hy(§) with
£ = (Xy,..., X, Py, ... CTJK) acting in H(Xq,... Xm,CI>1,.. ,®x). Sometimes we
will still want to emphasise that those operators for each r act in their own Hilbert spaces;
then, we will use the notation Hy(r). Thus, Ho(r) acts in (X1, ..., Xm, @1, ..., Px) and
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]:12(7’) acts in 9,.(X1, ..., X, Py,..., Dy ). We will also use the notation f H2 ) dr for
[a,b]
the direct integral of these operators (emphasising that each ‘fiber’ operator Ha(r) acts
in its own Hilbert space $),.).
As we have seen in Theorem [6.3] the symbol of the operator H, satisfies

(7.20) ha(x, &) = [€]* + wj(x, &) = r? + 2r(a, n(w)) + |a]® + wy(x, £) + | X,

where the Fourier coefficients of wy satisfy , , and we have denoted w =
£€y. — a. This immediately implies that the operator Hs(r) is monotone increasing in 7;
in particular, all its eigenvalues \;(H»(r)) are increasing in r. Thus, the function g(&) is
an increasing function of r if we fix other coordinates of &€, so the equation

(7.21) 9(&) =’

has a unique solution if we fix the values (X, ..., X, Ci>1~, . ,@;S); we denote the r-
coordinate of this solution by 7 = 7(p) = 7(p; X1, ..., Xim, ®1,..., Px), so that

(7.22) gE(X1, ., X, 7, By, .., B)) = PP

Notice that the operator Hy(r) will stay the same if we replace the coordinates X to
Y in such a way that the resulting point n = (Y1,..., Y, 7, @1, ..., Px) is equivalent to
£ so that Y (&) = Y(n). In this case we will say that X and Y are equivalent, X <> Y.
We also denote Q() := Q()/ . If we fix the class of equivalence X from Q(2) and
®, there will be ¢ representatives X M. ..., X@ from the class X. Then we will have ¢
numbers 7(p; X9 @), j =1,... ¢ corresponding to a single pair (X, ®); we will label
them in the increasing order and denote 7;(p; X, ®),j=1,...,q

Let us denote by S = S(r) the operator with symbol 2r<a, n(n))+lal*+w;i(x, &)+ X2
acting in (X, ..., X, Py, ..., CTDK), so that Hy(r) = r*I + S(r). Then ([6.17)) implies

(7.23) ISP < pptoe, [1S'(r)]] < pie,
and
(7.24) 578l <pls 122

The operator Hy(r) can be analytically continued to the complex plane (at least to the
domain |z — p| < p/8; see Remark 10.1 from [18]). We will denote such an extension by
Hy(z).

Now consider the function u(&;xo) introduced in (6.24). Let us fix the values of
(X1, ., X, Py, .. CIDK) and consider the restriction of u(§; XO) to X (r; X, <I>) as a func-
tion ofr, we call it then i =u(r;xo) € H(X1, ..., X, @1, ..., Pg). Formula (6.24) shows
that u(r;x¢) admits the analytical extension into the complex plane; we will denote this
extension by u(z;Xg).
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From the above discussion (see in particular Corollary , it follows that

em;p(X» N's Hy; U X, Yo)

7. ~ ~ /
o B /fz(m) = M, dq)/TK( (N, X']; Hy(r))a(rs o), @(r; yo)) dr + O(p, ™).

Here, d® is understood as (5.21)) (see also (5.20), a := Tl(p ,®) (in fact, we can
decrease a and the integral will not change) and b := 7,(p"; X, ®) (similarly, b can be
increased without changing the integral).

Now, we notice that all functions 7; introduced above belong to the space T'([X', \"])
introduced in Definition (this easily follows from ([7.23))). Let [’ be an appropriate
contour around interval [a,b], i.e. I' be completely inside the domain of analyticity of
the operator Hy(r).

Lemma 7.1. Let f(z) and g(z) be analytic so that T' is also inside their domain of
analyticity. Then the following formula holds

b A”

(1.26) [ (B N XDF0).9(0) dr = Qm [ an 75 (Halz) — ) £(2).9(2)) d.

a

Proof. First, consider the case when the intervals [7;(\'), 7;(\")] do not intersect for all
J. It is allowed that several eigenvalues coincide identically and thus are represented by
the same function 7; '(r). Let I' be a contour around [X', X] which is inside the domain

of analyticity of all the functions involved. By fj we denote a contour around interval
[7;(XN), 7j(A")] so that I'; do not intersect for all j. Then we have

2]

/E()\ Hy(r dr—/ > E dr—z / E;(Hy(r)) dr.

[a,b] [a,p] T Ti)>T T fam (V)]

Here, Ej(ﬁg(r)) is the orthogonal projector onto the span of h; () — the eigenfunction

of Hy(r) corresponding to A\;(Y(&)) — its eigenvalue number j. Recall that operators
Hy(r) and E;(Hs(r)) act in the space U,. Thus,

D
/ E(IN, X' Hy(r))dr =) / E;(Hy(r)) dr
[a,b] O RRATe )

(7.27)

_ b / 7{
o & ﬁ
r

T V) ()]
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We use the singular decomposition inside f‘j for r and inside I" for pu:

() = ) 1) () = ARG )

with analytic function G;. Now, Lemma [41.5 leads to the following identity.

[ BN XD 0.9 dr = / s ]4 (H(2) — 1)1 (), 9(2)) d= =

)\l/

i | f ((Ha() = 1) (=), 9())

Next, if intervals [7;(\'), 7;(A")] can touch each other at boundary points only then for-
mula can be easily justified by continuity from the intervals [\ +¢€, A" —¢] (note that
only construction of the auxiliary contours fj was based on the non-intersection assump-
tion). Finally, to prove in the general case it is enough to divide interval [\, \"]
into finitely many subintervals at pre-images of the points of intersection of different
functions 7; and combine the results for each subinterval (note that for each subinterval

the contour I” can, by analyticity, be extended to the contour around [a, b]). O

Now we want to extend the contour of integration in the RHS of ([7.26]). Denote by r
the contour of radius p, /8 around p’ = (X')*/2. The following result was proved in [16]

Lemma 7.2. Let 0 < p" — p' < pn/8. Assume that the operator (H(z) — p) is not
invertible, where p € [N, X"] and z is inside I'. Then z is real (and belongs to [a,b],
where a = 11(p") and b = 7,(p")).

Corollary 7.3. We have:

(7.28)
€m;p()\/7 X/; Hj; xo, YO)
)\/I

: X q K — _1uzx z > -M
" omi Q(m)dX M,,dq)x/dﬂz{z ((Ha(2) = p)~"a(2:%0), (23 yo)) dz + O(p, ™).

Now we carry on the calculations and notice that on the contour I’ we can extend the
resolvent in the geometric series (recall that Hy(2) = 221 + 5(2); we also denote pu = p?):

(7.29) (Hy(z 1= Z — )"V 2 el
=
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Therefore, using the Cauchy integral formula we have

o () — ) ) 0z ) dz
1 - K ! —(1+1) (1+1) ( al

T30 =5 20 PN ) Ve ) Y (S @il x), o)) d
=3 E D e 4y (S o). ireyo)] |, -

Denote the RHS of (7.30) by J = J(p; X; ®; X, yo). Using explicit formulae (6.17) and
(6.24), we deduce that J is a sum of the terms of the following form:

(7.31) > Z et iyl pm £ (X (n), X (v)) f2(@) f3(X (1), X (v); p; @),

NEY (&) veY (£

m < K —1 < d— 2. Here, function f; is a smooth function of X coordinates of n and
v only. It consists of contributions from the (shifted) cut-off functions ¢g(&€ + 0') with
0 c ¥, from the terms in 6.18) corresponding to 6,0 € U, and similar terms in
the inner products (S'(p)a (p, xo), (p, ¥o)); these inner products are the reason why we
need double sum in (we have expressed this inner product as a sum of all matrix
elements of S'(p) times corresponding elements of the two vectors). The function fo(®)
is a product of powers of {sin ®,}. This function comes from differentiating and

e~ "&x0=yo) with respect to r. Finally, f5 is of the following form:
i T
(7.32) f3(X; @) = [ [+ p > bl sin(®@y)) ",
t=1 q

This function corresponds to the negative powers of inner products (£ + ¢,, 8;) which can
be calculated using Lemma part (ii). Here, {b}} are coefficients in the decomposition
(@1)wr = >, byfag; recall that these numbers are all of the same sign and satisfy (5.23).

Without loss of generality we will assume that all bf] are non-negative. The number

(7.33) Lo =10, ... bieyy) = (X, (0)w) + Ling1 Dbl +

q

satisfies [, < pom+1, since our assumptions imply [(X,0y)| < p2m. Here ¢; is some
constant which depends on k only and comes from various inner products (¢, 0;); these
products in its turn appear because of the shift of the argument £ in (6.17)). Note that [,
depends on X, but not on ® or p. The number k;, = k(b, ..., b% ) is positive, integer,
and independent of .
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By denoting 8 :=mn —v € (Y(&) — Y (&)), we can re-write (7.31)) like this:
(7.34)

Z S el O 0 £ (X (1), X (-6)) £2(@) (X (1), X (0—6): 5 ®).

0c(Y(§)—T (&) neX (&)

Recall that (7.28) involves the integration against dX (where X is a class of equivalence
with respect to ). If we integrate against dX instead, we can get rid of the summation
over different 1 in ([7.34]):
ewp(N', A"; Ha:Us X0, ¥o)

)\//
— [ ax [ b [ pdpates %oy + 05 ).
aw) I,

(7.35)

where J is the sum of the terms of the following form:

(736) S O (X (€):0) fo(@) fo(X (€)i i), m<K—1<d—2,
0e(Y(§)-Y (&)

with f; satisfying the same properties as before. Note that £ is the point with coordinates
(X, p, ®).
We have

(7.37) (€,%0 — yo) = (X, (X0 — yo)u) + (a, (X0 — yo)yr) + PZ Sqsin dg,

q

where constants s, are coefficients in the decomposition (xq — YO)WJ_ = >, Sabte(D)-
Our objective is to compute the sum of the integrals of | over various domains
2(7),. So, we need to integrate the functions of the form
(7 38) Fr := (Sin CI)I):;“ s (Sin q)f;()an (Sin CI)K+1)nK+1 efz‘qu 5¢8in g
. : - . .
[T+ p Zj:l b; sin @)+

7.1. The diagonal case. On the diagonal xq3 = y( the integral Jr = i Fyd® is
MP

exactly of the same form as in [I8] and we can directly apply the results from [1§],

Lemma 10.4:

Lemma 7.4. We have:

K 0o
(7.39) Jk =Y (n(p)*> d(p,q;n)p",
q=0 p=0

where

(7.40) |d(p, q;n)| < p3Pp, 7,
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where Q := Y, k;. These estimates are uniform in A, E|

From Lemma [7.4 we immediately obtain (cf. [I8]) the asymptotic formula
(7.41)

d—1 o)
/ dX [ d®pJ(p; X;0;x0,y0) = Y (In(p))* D dp,ain)p™®, p>pil?,
Q) My q=0 p=—d+1
where
(7.42) |d(p, g;n)| < p/3T2E=D/3,

Now, to calculate ([7.35]) we integrate ([7.41)) against dp. Then taking the summation over
all M, and U €V (see (7.19)) we obtain

6()\” )\I’ HQ, U, ; X0, Xo)

(7‘43) ’ 1" m—p/2 . P/2
=Y IO Y g m )~ SO0 S e g
q=0 p=—d q=0 p=—d

where

(7.44) |d(p, q;n)| < p2/324/3,

Recall that for [N, \'] C I, formula describes (up to an error O(p,™)) the
kernel e([N, N']; Hy; U;xg,Xg) introduced in ([7.11). Strictly speaking, so far we have
proved only assuming that p” — p’ < p,/8, but in the general case we cover
the interval [\, \"] by several (at most 16) smaller intervals where this assumption is
satisfied, and then sum formulae for each of these intervals.

Therefore, for \'/? € I,, we have

([ o0 )\] HQ’ U; X07X0> ([1027/\]7 H27 U;Xo,Xo) + 6([_Oo>p$z]’ H27 U7 X07X0) -

(7.45) & o
S ) S dp A2 4 ey + 0, M), A € 1,
q=0 p=—d
where
d [e%)
(7.46) en = e([—00, p}]; Ha; Us X0, %0) — »_(In(p7))" Y a(p, ¢;n)pn "
q=0 p=—d

'We recall that coefficients d(p, ¢; n) depend on X via [;.
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Obviously, |¢,| << p&tt. Using (7.14), we obtain the following asymptotic expansion for

n

e([—o0, Al; H; %0, X0):

d 00

e([=00, Al H;x0,%0) = > _(In(A)? Y a(p, g;n)A ™+ O0(p, M) =

(7.47) = =
d 6M

> )Y alp,gm)A PP+ 0(p,M), NP e,

q=0 p=—d
where
(7.48) |a(p, 4;n) (xo)| < o *+ 1,

and O-term here does not depend on n (though it can depend on M). In fact, a(0,0;n) =

d(0,0;n) 4 ¢, and a(p, ¢;n) = d(p, ¢;n) for [p| 4+ ¢ # 0. It is also not hard to see that the
estimates are uniform in x, € R?. This proves Lemma .

Remark 7.5. The explicit form of the principal term in (3.3)) is just a consequence of
the a priori fact that N(p*x) = Cgp?(1 + 0(1)) (see, e.g., [1]).
7.2. The off-diagonal case. Now we assume that xg # yo. Denote n := ﬁ As we
have stated in the introduction, we will consider only the (generic) case when xq — yo is
not orthogonal to any of the vectors 8 € ©, so in particular xy — y, is not orthogonal
to any of the vectors @ € ©;. For large p this implies that the vector pn belongs to
the non-resonant region Z(X). What we plan to do is, essentially, computing integrals
of the form using the stationary phase approach. All the computations are quite
standard; however, since we are using rather special set of coordinates, we have to be
careful when introducing the partition of unity, etc. Therefore, we give some explanations
of what we do here, but do not calculate everything in detail.

We start by introducing the partition of unity dictated by our coordinates in A. We
start by treating the resonant regions of the lowest rank, i.e. computing the integrals
over Z(X). So, let us fix the component

(7.49) E(X), = {£ € R, & V) (& f;(p) > Li}

for some vectors {f1;(p)}9_,. Next, for each vector @ = f1;(p), j = 1,...,d we introduce
three functions ef = (&), £ € A, k = 1,2, 3, with the following properties:

1. All functions e} are smooth and satisfy 0 < e < 1and S3o_ eb =1 in A.

2. ey depends only on the projection Py(€) := (€,0)/|0|; e equals zero when Py(€) >
pt and ey equals one when Py(€) < $p2'.

3. ep depends only on the angle ®; := 5 — ¢(€ — a, 1;(p)); €j equals zero when
Py(€) < p2t and e} equals one when Pp(&) > 2p2*.

4. All partial derivatives of these functions satisfy

(7.50) IDieg| < p, 7.
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It is a simple (but quite tedious) exercise to check that such a partition exists. Now
we consider the contribution to (7.35) when we multiply the integrand by H;l:l ep.
Case 1. pn ¢ E(X),. Then the contribution to the integral (7.35)) equals (see (7.38))

(7.51) / (sin @)™ ... (sin ®g_q)™4-1(sin Py)™ d&)e(é)eiiplxo—yolf(é)'
Mp Ht 1(lt+PZ] b sin @)

Here, f is smooth (in fact analytic) in ®, and V is never equal to zero inside M,. The
best way to see this is to use the original form of f (cf. (7.38]) and (7.37))). The function
e is a smooth cut-off with support strictly inside M, satisfying

(752) |D%€| < p|7f|(1—5)

(these estimates follow from ([7.50)) after rescaling). It is easy to see that each integration
by parts (we integrate the exponential and differentiate other factors along (xg — yo))
improves the estimate of the integral by at least p.,”. This shows that these integrals are
O(p, ™).

Case 2. pn € E(X),. Then the contribution to the integral is again given by
(7.51), the only difference being that now there is a point c E M, such that V f(c) =0,
and the Hessian of f at ¢ is non-degenerated (again see and - Here we need
to be just a little bit more careful. Let ¢ be an addltlonal cut off function such that

1. € is smooth and 0 <¢e < 1.

2. ¢ depends only on ®; € equals one in a neighborhood of the point ¢ and € equals
zero in a neighborhood of the boundary of M,,.

3. All partial derivatives of € satisfy

(7.53) IDLé| < Cly.

It is not hard to see that such function exists. Then we split (7.51]) into two integrals.
The integral with additional factor (1 — €) can be estimated as in Case 1. For the

integral with additional factor € we notice that now all sums ijl b; sin ®; are uniformly

separated away from zero by some constant which depends on k only. Thus, we can use
geometric progression for denominators:

lS
t —s—1
(le+p E b sin @;) E p (Z Y )s+1'

Jj=1 j=17J

This leads us to the standard stationary phase integrals. As a result, we obtain the
following asymptotics (see [9], Theorem 7.7.5):

et xo— onZC+ pin p=(d=1)/2 4 o—ip"Ix0~ yo\z —p—(d—1)/2

_ ¢t xo=yol Z . (p; n)(p/)—p—(d—l)/2 — e~ i#'[x0=vol Z c_(p; n)@/)—p—(d—l)/?
p=0 p=0

(7.54)
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For coefficients c.(p;n) we have the estimate

(7.55) lex(pin)| < pB?

which follows from the bound on ;.

Remark 7.6. When we were considering these two cases, we were formally assuming
that the assumption J, = K + 1 made in Section 5 holds; since we are dealing with the
non-resonant region now, this assumption has the form J, = d. In the general situation,
it is easy to see that the contribution is still O(p, ) in Case 1. When dealing with Case
2, we first place the point ¢ inside any simplex-type domain (with J, = d) constructed
analogously to , i.e. we choose vectors py,..., p,; so that

(7.56) ce{€eRY (& p,) > Lo} C B(X),.

Notice the choice of the parameter Lo rather than L; in ; this is done so that we
could be sure that our simplex is indeed contained in Z(X),. Next, we construct the
cut-off € assuming that the coordinates ® are defined as in Section 5 with respect to this
newly constructed simplex. Then the expression to compute has form ([7.51]) where all
the coordinates @4, ..., ®, are separated away from zero. The rest of the calculations in
Case 2 are unchanged.

This covers the case of integrals over the non-resonant regions. The rest of the inte-
gration takes place over the resonant zones. Strictly speaking, those resonant zones are
twice the width of the resonant zones we had before (since the support of e can spread
to the region of width 2p2!, whereas the width of our zones was p%!). Nevertheless, we
can extend the coordinates X to these wider resonant zones.

Consider now the contribution to from a resonant partition function; by em-
ploying a further partition of unity, we can assume that the integration takes place inside
one resonant region Z(Y), and therefore the integral has the following form (we assume
the ® coordinates to be fixed and consider only the integral in X variables):

(7.57) eii@’(xo_yo)m)/ 6§p, X)fi(X) C{X (X (x0=y0))
o) [Ty (1(X) + b

Here, e(p, X) is a smooth cut-off that satisfies the estimates
(7.58) [Die| < p, 197,

and (see (7.33)) L:(X) := (X, (0:)w) + Lyns1b' + ¢ >> pf. Finally, function f;(X)
consists of the (shifted) cut-off functions @g(& + 0') with @ € U and the terms (cf.
7.32)) 1;,(X)~*. Thus, the derivatives of the function f; admit estimates of the form
7.58)). Again, each integration by parts (integrating the exponential and differentiating
other factors along (xg — yo)y) improves the estimate by at least p.”, and thus the
corresponding contribution is O(p, ™).

Now, integrating (7.54]) over p and repeating the arguments from the diagonal case
(see in particular (7.35) and ((7.36))) we obtain the following asymptotic expansion for
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e([—o0, A]; H;x0,y0) (here we also use that e([—oo, A|; H; X, ¥o) is real-valued):

AM
e([—o00, AJ; Hi X0, ¥0) = cos(A?[xo — yol) Y a(psn)A P>~ D/4y
(7.59) » P
sin(AY2|xo — yol) Z a(p;n) APV L AG(n) + O(p M), A2 e,
p=—d+1

Here, the real-valued coefficients a(p; n) = a(p;n)(xo, Yo), a(p;n) = a(p; n)(xo, yo) satisfy
(7.60) a(p;n)| + la(p:n)] < pi/*+72,

and the O-term does not depend on n (though it can depend on M). The constant term
Ap(n) = Ap(n;x0,y0) plays the same role as the constant term ¢, (see (7.46)) in the
diagonal case:

aM
Ag(n) == e([—00, p2]; Hy; U; X0, y0) — cos(pn|xo — yol) Z a(p;n)p,P-d-1/2
p=—d+1
(7.61) "
_ sin(pn|xo — y0|) Z EL(p; n)p;p_(d—l)/?
p=—d+1

Obviously, we have
(7.62) [ Ao(n)] < pf-

This proves Lemma |3.5]
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