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1. Introduction

Let T be a lattice of full rank in R? with d > 2; we assume that the volume of the unit cell
O :=R%/T"is one. Fork € O and p > 0 we denote by N, (k) the number of lattice points in the
ball B(k, p) centered at k of radius p. It is easy to see (and we will show this in the next section
anyway) that

<N ﬂ> = wdpdv
where we denote (f) := [, f(k)dk and w, is the volume of the unit ball in R?. Many efforts have
been spent on studying the upper bounds on the remainder

R,(k) := N,(k) — (N,),

and estimates with optimal powers of p have been obtained in dimensions d > 4%; ford = 2,3
only non-optimal estimates are known.

The question of the size of I, plays a very important role in the periodic problems, in particular,
in proving the Bethe-Sommerfeld conjecture for periodic Schrodinger operators, see e.g. [S] and
[3]. The estimates required in periodic problems are of slightly different nature than the classical
uniform upper bounds. Namely, we introduce the following functions:

op(p) = |IR,ll, = (|R,P)'/?, p=1,2
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(the quantity oy can be thought of as an average deviation of N (-) from its average) and study the
power [ower bounds of o,. The following theorem was proved in [2] (upper bound), [5] (lower
bound, d # 1(mod4)) and [3] (the case d = 1(mod4)):

Theorem 1. 1. Upper bounds For all sufficiently big p the estimate holds:
o1(p) < oa(p) < Cp™ 1. (1.1)
2. Lower bound Suppose that d # 1(mod4) Then for all sufficiently big p the estimate holds:
o1(p) > CpT . (1.2)
Suppose that d = 1(mod4) and € > 0. Then for all sufficiently big p the estimate holds:

o1(p) > Cp'T . (1.3)

3. Exactness of the lower bound Moreover, if d = 1(mod4) and ¢ > 0, then there exists a se-
quence p; — 00, such that

o2(p;) < Cpd(In p;) 1+, (1.4)

Using these estimates, one can prove Bethe-Sommerfeld conjecture for Schrodinger operators
in dimensions 2, 3,4 and for some other periodic operators, see [3] and [4] for details; however,
these estimates cannot prove the conjecture for Schrodinger operators in dimensions d > 5.

One immediate observation one can make from Theorem 1 is the following: if d # 1(mod4),
then both oy and o5 have upper and lower bounds with the same power of p, whereas if d =
1(mod4), such bounds do not exist. This makes it natural to call the cases d = 1(mod4) the
critical dimensions. The question we want to ask is whether there are different set-ups where (for
similar problems) the critical dimensions take other values. This paper deals with the situation
when instead of counting lattice points inside the ball, we count lattice points inside the annuli.
Thus, we introduce two parameters: p (the radius of the annulus) and = 7(p) (half-width of the
annulus) which we assume to be a continuous function of p with n < p. We denote by N, (k) the
number of lattice points in the annulus B(k, p;n) := B(k, p+n)\ B(k, p—n). Similar to the case
of the ball, we have

(Np) = wal(p+m)* = (p— 1)1,

and we define
Rp;n(k) = Npm(k) - <Np;n>-

The purpose of this paper is to find estimates of the following averages of R:
0y p) = 1Rpllp = (| Ry P)'/?, =12,

and, in particular, to establish which dimensions are critical. The answer will depend on how
exactly 1 depends on p. There are four possible regimes of the behaviour of 7:
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1) n=cp;

(i) n — oo, butnp~! — 0;

(i)n =<1Ge c<n<O);

and, finally,

(iv)n — 0.

The first regime is the simplest one: here the answer is exactly the same as it is in the case of
the ball, namely, critical dimensions are d = 1(mod4). The proof of this fact is also very similar to
the case of the ball, and we skip it. The other regimes are much more interesting. In particular, in
the case (ii) all dimensions are critical, and in the case (iii) critical dimensions are d = 3(mod4).
The case (iv) is the most difficult one; here, the answer depends on how quickly 7 tends to zero.
We do not know the precise answer, but if 7 tends to zero slower than any power of p, then the
situation is similar to the case (iii), i.e. critical dimensions are d = 3(mod4). If, on the other hand,
n < p~® with positive a, then there are no critical dimensions (however, we can deal only with o5
in this regime; the case of o, is too difficult for us). We will formulate the precise statements in
the sections where we discuss the corresponding regimes.

2. Preliminaries

Let I' = Z? denote the integer lattice in R? for some d > 2. Denote by O = [0, 1)¢ its fundamental
cell. For any integrable function f : O — C, we use the notation

(f):/of(k)dk and f(b):/@f(k)eibkdk, b € R%

Let B(p) denote the open ball of radius p > 0 in R? centered at the origin and, for 0 < 1 < p,
let
Ap,n) ={k €R":p—n < |k| <p+n}

denote the annulus of the external radius p + 7 and internal radius p — 7 centered at zero.
Let x(-, A) denote the characteristic function of a set A C R%. Fork € O and 0 < 7 < p,
denote by

N,k)=> x(m—k B(p)) and  N,u(k)=> x(m—k, A(p,n))

mel’ mel’

the number of points in the ball of radius p and the annulus of radii p + 7, p — n centered at k.
Obviously,
N,

pn — Npt+n —

N,

p—n-
Since

) = [ 30 xm =k Bk = [l o))k = vol(B(p) = ',

d
mel’ R
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where w, is the volume of the unit ball in R?, we have

(Npar) = (Npin) = (Npp) = vol(A(p,)) = wa((p+m)* = (0 —1)7).

We shall estimate the remainder term
Rpn=Npy— <Npm> = Npy— wd((ﬂ + U)d —(p— U)d)-
In particular, we shall estimate the norms
||RP777HP = <|Rpﬂ7|p>1/pa p=12.

Throughout the paper, we assume that 7 is a function of p and consider different regimes of 7(p)
as p — oo. Namely, we distinguish between the situations when 7)(p) is bounded away from zero
and infinity (Section 4.), 7(p) tends to infinity (Section 5.) and 7n(p) tends to zero (Section 6.). In
Section 3. we gather ancillary statements which can be used for several regimes of 7.

3. Preliminary results

In this section we introduce notation and prove some technical statements which will be used
later and which are relevant to several regimes of 7 simultaneously. In Lemma 2 we give simple
upper and lower bounds for the norms ||R,,||; and ||R,,||2. Since the lower bound is in terms
of the Fourier coefficients and as we will later use Parseval’s identity to further estimate || R, ,||2,
we compute the asymptotics of the Fourier coefficients in Lemma 3. In Lemma 4 we study two
explicit families of functions which are closely related to computing the lengths of elements of the
lattice. Finally, Lemma 5 is one of the most important tools to prove main results of the paper. It
guarantees that the leading term in the asymptotic of the Fourier coefficients found in Lemma 3
can be kept away from zero despite the oscillating trigonometric term.

Denote by I'* = (277Z)¢ the lattice dual to I' = Z<. For any vector x € R? we denote by
x = |x| its Euclidean norm. For 1 < i < d, we denote by e; the i-th basis vector of I'*. Obviously,
e; = 2m.

For each x € R we denote by w|x] the distance from x /7 to the nearest integer. Observe that
w satisfies the triangle inequality and w[nz| < nwlz| for any x € R and n € Z.

Denote R, = N, — (N,) = N, — wap®.

Lemma 2. There is a constant c such that, forall0 <n < pandb € I'*
B d-1

Proof. The lower bound follows from

||an7||1 :/O|Rp,n(k)|dk2 ’/ORpm(k)eibkdk :Rpm(b)-
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To prove the upper bound, observe that according to [3, Th. 3.1] there is a constant ¢; such that®
IR,||» < c1p®  forall p> 0.
Using 17 < p we obtain

HRpmHl < HRPWHZ = HRPJrT] - Rpan? < HRp+nH + HRP*ﬂH?

d— d—1 d—1
2 2

d-1 dt1 a1
<2c(p+mn) 2 <2 zp2 <cp?2

for some ¢ > 0. U

Lemma 3. Forany b € I'*,

r /2 o\ 42 ‘
fb)— { gz ) g blp +m) = (Z42) T Jaga(blp — ) ,;E + g, o
L =Y,

where J,, denotes the Bessel function of the first kind.
Ifn(p)/p — 0 then

~ 2 d—1_ _d+1 . d—3 . d+1
Ry yp)(b) = — \/;(%)gwb‘zSm(bn(p))sm(bp— 0)+nlp)pzb-20(1) (B2
uniformly in b € I'*\ {0}.

Proof. Repeating the computations from [3] we have, for all b € T'*\ {0},

N,(b) = /O N, (k)e®kdk = /O > x(m -k, B(p))e™*dk

mel
4 2w P 4/2
s ()t
<p

Similarly, N,(0) = wap®. Hence

2mp\ /2 .
Ry(b) = ( b ) Jas2(bp) ?fb £ 0,
0 ifb=0.

3In the paper, it is stated only for p large enough. However, using continuity in p and the observation that, for p
small enough,

1R |[3 = (1—vol(B(p))*vol(B(p))+vol(B(p))* (1—vol(B(p))) = vol(B(p))(1—vol(B(p))) < vol(B(p)) = wap’,

and so , s
[[Rpll2 < Vwap? < wap =,

we can use it for all p > 0.



L. Parnovski at al. Critical Dimensions for counting Lattice Points in Euclidean Annuli

Now (3.1) follows from &, ,(b) = R,.,(b) — R,_,(b).
Suppose now that 7(p)/p — 0. The Bessel function .J;/, has the following asymptotics* as
x — 00 (see formula (4.8.5) of [1])

2 = —2n :
Jaja(w) o<\ — — (COS T — Z Vagpx ™ " — sin(x — )

n=0 n

NE

(_1)na2n+1x72n71>

Il
o

with ag = 1 and some real coefficients ax, kK > 1. The symbol o here means that this asymptotic is
true when truncated after an arbitrary power z~* of z, with the error of order O(x~*~1). Moreover,
this asymptotics can be differentiated termwise”.

Let
[
Lijo(x) = Jajo(x) % — cos(x — 0)

0 ()
o< cos(z — 0) Z(—l)”a%x—% — sin(z — Z ) agny1r 2"
n=1 n=0

Then I,5(z) = O(z™') as © — oo. Further,

I/5(2) o — sin(z — 0) Z(—l)"agnx_zn — cos(x — Z 1)"2nag,x 2"
n=1 n=1
— cos(x — 0) Z(—l)"a%ﬂx”" + sin(x — Z "(2n + 1)ag, 1z "2
n=0 n=0
Truncating this formula after the leading term, we obtain
Ip(x) = O(2z™1). (3.3)

4I’ve taken it from Richard’s notes — double check
5True? Reference?
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Using (3.1) we obtain for b € I'*\ {0},
Ry (b) = (M)M%z (blp + 1)) = (M)dﬂhm(b(ﬂ =1(p)))
—VE@@ )
\/z(%)g N (COS (b(p +n(p)) — 0) — cos (b(p — n(p)) — 0)

- \/g(%)
+ Lo (b(p +1(p)) = Lay2(b(p — 1(p)) + 0(77(/))/[)))
= \/%(27r)2pd2lb‘+ ( — 2sin(bn(p)) sin(bp — 0) + 2bn(p) 13,5 (£ (b, p))

d—1

d—1, _d+1
(p+np) 70 é(@pwp+n

NI

[SI[oH

(b= (o) T b5 (L2 (bl -

ISH

O(n(p)/p)).
where £(b, p) € (b(p—n(p),b(p+n(p)) and O(-) is uniform in b. Using the asymptotics (3.3) we
obtain I}, ,(£(b, p)) = (bp)~*O(1) uniformly in b, which completes the proof. O

Lemma4. (1) Let m € Nand I > 0. Foreacht > 0, x € [0,I] and k € Z N [0, m] denote

Fra(t) = /(1 + xt)? + k22,

Then there is ty > 0 such that

o0

Fra(t) = an(k (3.4)

n=0

on [0,ts], where ap(k,z) = 1, a1(k,x) = x, and a,(k, -) is a polynomial in x of degree n — 2 for
alln > 2.
(2) Let m € N. For eacht > 0 and x € [—27, 27|, denote

g:(t) = V1 + 2tz + 422,

Then there is t, > 0 such that

= by(a)t" (3.5)
n=0

uniformly on |27, 27| x [0,t,], where b,(-) is a polynomial in x of degree n for all n. > 0.
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Proof. (1) The functions f;, have no singularities for x = k& = 0 and otherwise they have sin-
gularities at (—x + ik)~!. In the latter case they are uniformly separated from zero by distance
(I? + m?)~Y2 which implies the choice of t;. Further, using a,(k,z) = f,g;)(O)/n! and dif-
ferentiating f?, = (1 + xt)> + k*t*> we obtain the required formulas for ay and a; as well as
as(k,r) = k?/2. Continuing for n > 3 we get

2 f) 4 2mf Y 4 Z ( )fmf;; 9

Evaluating it at zero and using induction we obtain that f,glg(()) ,5271)(0) is a polynomial of de-

gree n — 2 and f,gzi(()) f,g;i)(O) are polynomials of degree n — 4, which implies that f,gr;)(O) is a
polynomial of degree n — 2 and so is a,(k, -).

(2) The singularities of the functions g, are uniformly separated from zero by distance 1/(4).
Using by, (z) = ¢{”(0)/n! and differentiating g2 = 1 + 2tz + 4722 we obtain by(k,z) = 1,
bi(x) = x and by(z) = —x?/2 + 27, Continuing for n > 3 we get

299" +Z( >gx gy = 0. (3.6)

Evaluating it at zero and using induction we obtain that ¢.” (0) gt (0) are polynomials of degree

n, which implies that g (0) is a polynomial of degree at most n

To prove that the degree of gén) (0) (and so of b,,) is exactly equal to n, denote its coefficient at
x" by p,. Then py = 1, p; = 1, p» = —1 and (3.6) implies the following recurrent formula for
n >3

1 1
n:_52< )plpn i+
=1

It can be easily seen by induction that p,, = (—1)""!|p,| and p,, # 0 as p;pn—i = (—1)"|p;||Pn_i|
for all 7.

It remains to prove that the series representing g, (t) converges uniformly in x and ¢. Let
¢n,n € NU {0} be Catalan numbers, that is, o = 1 and ¢,,41 = > . ¢i¢n—; for n > 0. Let us
prove that |¢(™ (2)(0)] < 2(27)"nlq,_; for all n € N. For n = 1 we have |¢")()(0)| = |z| < 27
and for n = 2 we have |¢®(2)(0)| = 47% — 2? < 472, which imply the required formulas. For
n > 3, it follows inductively from (3.6) as

-1 n—1
1 n! 4 .
) ()| < = @A) a™=D(0)] < 2(27)"n! i
9 (0) 2; o Ol )] < 220" Y i
n—2
= 2(2m)"n! Z GiGn—2-i = 2(27)" nlgy 1.
i=0
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This implies |b,(x)t"| < 2(2mty)"qn—1. Since the radius of convergence of the series ) | ¢,t"
is 1/4, the series (3.5) converges uniformy in x and ¢ once t, < 1/(87). O

Lemma 5. Suppose n is such that

1
lim inf 1287(0) 5 (3.7)
p—oo  logp

Then for any € > 0 there exists o € (0,1/2) such that for any p large enough one can find an
element b(p) € T with the properties b(p) < p°, w[b(p)p — 0] > «, and w[b(p)n(p)] >

Proof. Let ¢ > 0 be given. Without loss of generality we assume ¢ < 1. Let m be such that
L <e/8 L=2m,and I = L(m+1) + 1.

Observe that the inequality w[b(p)p — 0] > « follows from the inequality w[4b(p)p] > 4 since
0 € (w/4)Z. We will prove the statement of the lemma with the latter inequality instead of the
former.

Step 1. We start by slightly generalising the proof of Lemma 3.3 from [3] Namely, we will

find @ € (0,1/6), an integer valued function n(p) satisfying® n(p) =< pm m—1 and integer-valued
functions k;(p), 0 < i < [, taking values between 0 and m such that all elements

satisfy bi(p) < p*/%, wlAbi(p)p] = 8
Foranyn € Nand k € ZN [0, ] the length of the vector ne; + ke, is given by

B (k) = 27vn? + k2.

Denote B (k) = Bu(k+1) — Bu(k), k € ZN[0,m — 1], and, for all 2 < i < m, B (k) =
BY ™V (k+1) — BY™V(k), k € [0,m — i]. It has been shown in Lemma 3.3 from [3] that

B (0) = An'="(1 4+ O(n ™),
where A # 0. Define
IR
n(p) = [(8|Al7" p)m-1], (3.9)
where |- | denotes taking the lower integer part. Then, for each 0 < i < 1,
4B (0)p=7/2+ o(1)
as p — 00, so that

o (0)p] =1/2 4+ 0(1). (3.10)

®Define symbol =<
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Now let « be such that 23 < 1/4, which in particular implies o € (0,1/6). For each 1,
if w[4By,p)1i(k)p] < 8a for all k € Z N [0,m] then w[4BS&))+i(0)p] < 2MF3q < 1/4, which
contradicts (3.10) for p large enough. Hence for each i and p there is k;(p) € Z N [0, m] such that

w[4By(p)+i(ki(p))p] > 8 and so the elements b; defined in (3.8) satisfy w[4b;(p)p] > 8. The
estimate b;(p) < p*/? follows from —= < £/8 < £/3.

Step 2. Let k € Z € [0, m] be fixed. For any n € N, let h,, : [0, I] — R be defined by
hion(z) = 2m\/(n 4 2)2 + k2 = 2/ (1 + 2/n)2 + k2 /n? = 210 fi. . (1/n),

By Lemma 4, for all n > 1/t¢, one has

hin(2) = 2708/ (14 2/n)? + K2 /n? = 27 fro(1/n) = 27 )~ ay(k, 2)n'~, (3.11)
i=0
Let0 <[ < Landlet0 < z9g < --- < x; < [ be some integers. Let us consider

Zé‘:o ¢;jhi . (z;) and choose integer coefficients ¢;, 1 < j < [, in such a way that the first [ +2 lead-
ing terms in the decomposition with respect to the powers of n disappear. To do so we use (3.11)
to get

l 9] l
Z cihign(x;) =27 Z nt~’ Z cja;(k, ;).
=0 i=0 j=0
Equating the first [ 4 2 coefficients to zero we obtain the linear system

l
Zc]azkxj 0, 0<i<Ii+1

j=0

of [+ 2 equations in [+ 1 variables, which, according to Lemma 4 is equivalent to the linear system

Y ai=0,  0<i<l-1

=0

of [ equations in [ + 1 variable. Since the system has integer coefficients it has an integer non-zero
solution ¢;(x), 0 < j <[, where = = (xo, ..., xz;). Moreover, since a;2(k, -) is a polynomial of
degree [, we have

l

Zc] x)apa(k, ;) = C(k, ) # 0.

Jj=0

This implies

l
ch Vhgn () = 200 (k, 2)n~" "1 + o(n~'71).

J=0

10
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Observe that this asymptotic is uniform in [, x, and k as they can take only finitely many values.
Hence

l
Min™"7t < ‘Zc](a:)hkn(:c]) < Myn™'71, (3.12)

=0
for all [, x, and k, where M, = winfy , |C(k,x)| > 0 and My = 4winfy . |C(k, z)| < oo.

Step 3. Now we will show that there is i(p) € Z N [0, I] such that w[b;(,) (p)n(p)] > p~</3.
First, let us choose I(p) € Z N [0, L] in such a way that it satisfies

(0)
pt < pm T () < p T, (3.13)
This is equivalent to

1

l(p) +1 _ logn(p)
log p

m — 1 log p

+e/4.

By the assumption on 7 and since it is bounded by p from above, we have

> log1(p)

1
lim inf M >0 and lim sup
p—oo  logp p—oo logp

<1

L+1 _ 2m+1
m—1 "~ m-1

Now the existence of I(p) for all p large enough follows from ﬁ < ¢/8 and > 2>
1+ ¢/4.

Second, since I = L(m + 1) + 1, by the pigeon hole principle there are integers 0 < z((p) <
o < 2yp)(p) < I such that all k,,(,)(p) are equal, 0 < i < [(p). Denote the corresponding value

by k(p). Using the uniform bound (3.12), the asymptotic (3.9), and the estimate (3.13) we obtain

U(p)

_ _ _Up+1 e
10| D 3@ (o) rioyni (w5(0)) | > Min(p) ™D (p) =< p~ &5 n(p) > oo/
j=0
On the other hand, by (3.12)
& —l(p)—1 _Up)+1 —/8
n(p)( ZCj(x(p))hw),n(p)(%(p))‘ < Man(p) """ n(p) =< p~ =T n(p) < p~" < 1/2

=0
and so

U(p)
w10 D i @)oo (@50 | > M~/

j=0

with some constant M3 > 0 for all p large enough.

11
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Third, assume w(b;(p)n(p)] < p=¢/* foralli € Z N [0,I]. Fori € {xo(p),. .., zup(p)} we
have

Wl (1)) = [bi(p)n(p)] < p~/2. (3.14)

By the triangle inequality and using the fact that all ¢;(x) are integers we then obtain

L(p) 1(p)
w[10) Y e5((0) o ]<Z|c] Dl [0 (@5(o)n(0)] < Mg,

7=0
where M, = 2sup, Z;:O |c;j(x)]. It remains to compare this to (3.14) to get a contradiction.

Step 4. Let us now construct an element b(p) with the required properties.

If wlbi,)(p)n(p)] > « then we can take b(p) = by, (p) since by, (p) < p/3 < p° and
w[4bi() (p)p] = 8o = dav.

Suppose w(b;(, (p)n(p)] < a. Define

= [3afbip (p)n(p)];'] < 3ap™?, (3.15)

where the inequality follows from the Step 3. Since

qwbi(p) (P)n(p)] < 3a < 1/2

we have

wlabi(o) (0)1(p)] = qlbico) (p)1(p)]
> (3aw(bipy (p)n(p)] " = V)wlbiy (p)n(p)] > 3o — o = 2. (3.16)

If wl4gb;,)(p)p] > 4o then we can take b(p) = ¢b,,)(p). Indeed, by (3.15) and since
bi(p)(p) < p*/3 according to Step 1 we have

b(p) = gbip (p) < 3ap™® < p°f

if p is large enough, w[4b(p)p] > 4« follows from the assumption above, and w[b(p)n(p)] > «
holds by (3.16).

Suppose w[4qb;(,(p)p] < 4. Then we take b(p) = (¢ — 1)b;,)(p). The bound b(p) < p°
holds by the same argument as above and by the triangle inequality

w[4b(p)p] = w[4bip) (p)p — 4qbir)(p)p] > 8a — 4ar = 4o
wb(p)n(p)] = wlgbip) (P)n(p) = iy (P)1(p)] > 20 = = @

follow from (3.16) and the assumptions above. O

12



L. Parnovski at al. Critical Dimensions for counting Lattice Points in Euclidean Annuli

4. Annuli of bounded width

In this section we consider the case when 7 is bounded away from zero and infinity (although
one of the results is proved in a more general setting). It turns out that the norms || R, ,,||: and
|| R0 |2 behave differently depending on whether d = 3 mod 4 or not. In the case d = 3 mod 4
the precise asymptotic is computed in Theorem 7, as in such dimensions the trigonometric term
appearing in the asymptotic of the Fourier coefficients can be easily kept away from zero (see
Lemma 6). In the case d # 3 mod 4 controlling the trigonometric term becomes more difficult
(this is done using Lemma 5), which results in an upper and lower bound becoming different and
not delivering a precise asymptotic. However, it turns out that such an asymptotic does not exist as
the norms behave differently along subsequences. For that reason we call such dimensions critical
and study them in Theorem 8. [ THINK THIS TEXT SHOULD BE IMPROVED..]

Lemma 6. Assume 1 < 1 and d # 3 mod 4. Then there are positive constants cy, co such that for
all p > 0 there is b(p) € I'* satisfying b(p) < ¢, and

|sin(b(p)n(p)) sin(b(p)p — 0) > co.

Proof. Let by, by € I'* be such that b; /by ¢ Q, which is obviously possible in I'*. We will show
that, for any p > 0, we may choose b(p) to be one of the four points by, by, 2by, 2bs, so we let ¢;
be larger than max{2b;, 2b,}.

Since by /by ¢ Q we have

|sin(2by )| + [sin(2box)| # 0 for all z # 0.
As 7 takes values in a compact interval not containing zero, there is a constant ¢; > 0 such that
|sin(2011(p))| + |sin(2ban(p))| > ¢ for all p > 0.

Hence for any p, there is i(p) € {1, 2} such that

|sin(2bip)1(p))| > /2.
Using the double angle formula, we obtain

[sin(bi(n(p))| > é1/4.
On the other hand, since 6 # mm, we have

|sin(z — 0)| + | sin(2z — 6)| # 0 forall x € R.

Since this is a continuous periodic function, it is bounded away from zero by a constant ¢, > 0 and
SO

|sin(biyp — )] + [sin(2bi,)p — 0)| > 2.
Hence we have for either b(p) = b;(,) or b = 2b;,),
sin(b(p)p — 0)] > &2/2.

The result follows with ¢y = ¢1¢5/8. O

13
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Theorem 7. Assume 1(p) < 1 and d Z 3 mod 4. Then

d—1
Rl < [[Rpmipll2 = p 2

Proof. The upper bound follows from Lemma 2. To get the lower bound, observe that § # 7m as
d # 3 mod 4. Hence for each p we can pick b = b(p) according to Lemma 6. Then by Lemma 3

|Rpm(p) (b(P)> | > CP% .

since the trigonometric part of the first term on the right hand side of (3.2) is bounded away from
zero by Lemma 6 and the second term is then negligible. The lower bound follows now from
Lemma 2. O

In the following theorem, the condition 1 =< 1 is replaced by a weaker condition: 7(p) does not
have to be separated from zero but should not approach it too fast.

Theorem 8. Assume 1) satisfies (3.7) and is bounded from above, and d = 3 mod 4.
(1) For any 6 > 0, there is a positive constants ¢ such that for all p sufficiently large

d—1

- d—1
pz < [Rpnollt < [|Rpmeollz < cp .
(2) There is a sequence p, — oo such that

loglogpn>zlczO(1) a1
log pn,

a—1 d—1
RPJI(/J)Hl #p 2 and ||Rp,n(p)||2 £pz.

Proof. (1) The upper bound follows from Lemma 2. To get the lower bound, observe that since
d = 3 mod 4 we have § = mm for some m € Z. Without loss of generality we assume that 6 < 1
and let 0 < ¢ < -22.. For each p, we pick b = b(p) according to Lemma 5. It follows from

dr1-
Lemma 3 that

d—1
HRPHJI(Pn)HQ = pn2 (

that is,

Byt (b(p) = —2\/?2@%¥b<p>-d¥1<—1>msm<b<p>n<p>> sin(b(p)p)

The trigonometric part of the first term on the right hand side is bounded away from zero by
Lemma 5 and the second term is then negligible. This, together with the estimate b(p) < p7,
implies that there is a constant ¢; > 0 such that for p large enough

d—1_ _d+1 d—1_
5 é

|Rp,77(p) (b)| > cp

The lower bound follows now from Lemma 2.

14
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(2) The existence of such a sequence p,, follows from the argument in the proof of Theorem 3.1
in[3]. Letn € Nand M,, = {jm| : m € Z¢,0 < |m| < n}. We apply Lemma 3.4 from [3] to
the set of reals M,,, which states that for any set of reals {a, ..., } and any () € N there are
integers py, . . ., p, and g with Q < ¢ < Q™! such that |o;q — p;| < Q™! for all i. So for Q = \/n
there is a natural number p,, such that

| Mn|+1

<pp<n 2 4.1)

[NIES

n
and
| sin(2mp,|m|)| < |sin(2rn1?)| < 2wn =12 for all jm| < n.
Since 7)(+) is bounded from above, it follows from Lemma 3 that there is a constant ¢; such that
Riﬂ](ﬂ) (b) < cip? o sin?(bp) + c1p? P4t

for all sufficiently large p and all b € T*\{0}. Using Parseval’s identity’ we obtain, for all n large
enough,

A

1R o I3 = Z Rin,n(pn)(b) = Z Ry, (o) (2mm) + Z Ry, (o) (27m)

bel* meZ¥\{0},/m|<n meZ4 |m|>n

< cop! Z lm|~%""sin*(27p,|m))
0#|m|<n
+oapt Y T epl Y m[
Im[>n m|5£0
< czpt T +espl P < caplTIn T (4.2)

with some positive constants ¢, c3, ¢4 since p, > /n by (4.1).
Finally, we use the right hand side of the inequality (4.1) and the estimate % < (3n)? to
obtain

log pn, < (3n)%logn (4.3)

for all large n. Consider the function f(z) = 3z(logz)a. It is easy to see that its inverse satisfies
f(y) = sy(log y)~2(1+0(1)) as y — oo. Using (4.3) and the monotonicity of f for large values
of the argument we obtain

1 | n O\ d
n > ((log pn)t) = (%) ‘o)

for large n. Combining this with (4.2) we arrive at

1

=1 rloglog pp \ 24
Byl = 5" (221820 0
H ann(pn)Hz p lngn ( )

for all large n. Restricting the sequence (p,,) to those large indices completes the proof. O

"It seems to be correct in this form (without any constants) since the cell of 7% has unit volume but double check.
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5. Annuli of width tending to infinity

In this section we are mainly interested in the case when 7(p) — oo and n(p) = o(p). However,
the theorem below is proved for a more general case. It turns out that in that case all dimensions
are critical. [ MORE TEXT...]

Theorem 9. Assume limsup,_, ., 1(p) = oo, 1(p) = o(p) and n satisfies (3.7).
(1) For any 6 > 0, here is a positive constant ¢ such that for all p sufficiently large

d—1

- d—1
P < Romip)ll < |Rpipll2 < cpz .
(2) There is a sequence p, — oo such that
d—1

that is,

d=1 d—1
RPJI(P)Hl #p 2 and ||Rp,n(p)||2 £pz.
20

Proof. (1) The upper bound follows from Lemma 2. To get the lower bound, let ¢ < =75 and, for
each p, pick b = b(p) according to Lemma 5. It follows from Lemma 3 that

By (b(p) = —2\/2 (27)2p"T b(p)~"%" sin(bl(p)n(p)) sin(b(p)p — 0)

The trigonometric part of the first term on the right hand side is bounded away from zero by
Lemma 5 and the second term is then negligible. This, together with the estimate b(p) < p~,
implies that there is a constant ¢; > 0 such that for p large enough

d+1 d*lia

- d=1_,
[Rpu(p)(b)| > c1p 252 > p2
The lower bound follows now from Lemma 2.

(2) The existence of such a sequence p,, is proved similarly to Theorem 3.1 in [3]. Letn € N
and M,, = {|m| : m € Z¢,0 < |m| < n}. We apply Lemma 3.4 from [3] to the set of reals M,,
which states that for any set of reals {«,...,a,} and any Q € N there are integers py, ..., pm
and ¢ with Q < ¢ < Q™" such that |o;q — p;] < Q! for all 7. Let (Q,)nen be a sequence of
natural numbers such that ¢),, — oco. Then, for each n, there is a natural number ¢, > (),, such
that

|sin(27q,|m|)| < |sin(27Q; )| < 27Q;* for all jm| < n.

Since 7 is continuous and limsup, ., 1(p) = oo, for all n large enough there is p, such that
1(pn) = gn. Obviously p, — oo.

16
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It follows from Lemma 3 that there is a constant ¢; such that
R ) (b) < crp® 0 sin® (b (p)) + cin(p)?p™ b~

for all sufficiently large p uniformly in b € T'*\{0}. Using Parseval’s identity we obtain, for all n
large enough,

[ Rpn(pn) ||2 Z an n(pn Z Ry, n(pn) (27m) + Z Ry, y(pn) (27m)
bel™ meZ\{0},|m|<n meZd |m|>n
<eptt Y Im|T sin® (2 (p,) m])
0#|m|<n
+epp ' Y T ean(p)on Y fmf
lm|>n |m|#0

< ept QT +n(p)?/p?) = pio(1),

with some positive constants cs, c3. O

6. Annuli of width tending to zero

In this section we study the case when 7(p) converges to zero. [MORE TEXT...]

Lemma 10. Assume 1n(p) — 0 as p — oo. Then there is a positive constant ¢ such that for all p
large enough

=1 1
1R pio)ll2 < cp™= n(p)2.
Proof. It follows from Lemma 3 that there is a constant ¢; such that
B (b) < 17 sin? (b)) + exn(p) 2

Using Parseval’s identity and the inequality | sin(x)| < |z| we obtain

1 Ronio|15 = ZRMP) b) = Z an(p b) + Zéi,n(p)<b)

ber+ bel*\{0},b<1/n(p) bel* ,b>1/n(p)
< C1/)d717](,0)2 Zb—dﬂ +C1,0 Zb d—1 + e p 77 )2 Z bfdfl
bel™\{0},b<1/n(p) bel™*,b>1/n(p) bel*\{0}

= cop” 'n(p) + c2p”n(p)*.

The observation that 77(p)? = o(n(p)) completes the proof. O
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Theorem 11. Assume 1n(p) — 0 as p — oo and d # 3 mod 4. Then

d—1 1
||Rpm(p)||2 =p 2 n(p):.

Proof. The upper bound follows from Lemma 10. To prove the lower bound we use the fact that
d # 3 mod 4.
It follows from Lemma 3 that

5 8 pde1 . o
RS ) (b) = —5(2m) p" 107 sin® (bn(p)) sin® (bp — 0) — p* 26~ In(p) O(1)

uniformly in b € T'*\{0}. For all b € I'*\{0} satisfying b < 1/1(p) we have |sin(bn(p))| >
+bn(p). Hence

2
2

Rim(p)(b) > - (2m) 4 p o iy (p) sin(bp — ) — p? 2 n(p)O(1)

™

uniformly for those b.
Since d #Z 3 mod 4 we have 6 # 7m for any m € Z and so

sin(z — ) + sin*(2z — 0) # 0 forall z € R.

Since this is a continuous periodic function, it is bounded away from zero.
Using Parseval’s identity we get

HRPWU’)Hg - Z Rim(p) (b) > 1/2 Z (R?w(p) (b) + Rim(p)@b))
bel'™* bel*\{0},b<1/n(p)
1 - 41 41
= F(27r)dpd n(p)? Z (b= sin®(bp — 0) + (2b) " sin®(2bp — 0))
bel™*\{0},b<1/n(p)
= p"n(p)O(1)
> 21" 2p (p)? D b (sin(bp — 0) 4 sin®(2bp — 0)) — o(p M (p))
bel™*\{0},b<1/n(p)
S o d=10 2 pdHl _ (i1
> c1p™ n(p) o(p™1(p))
bel*\{0},b<1/n(p)

> cz,od_ln(P) - O(Pd_ln(P))a

which some positive constants ¢, co. ]

Lemma 12. Let p be a non-constant polynomial and a < b. For each s > 0, let F; = {y € R :
wlsy] > 1/4}. Then there is a constant c such that for any s large enough there is a finite collection
of disjoint open intervals {I; : 1 < i < n} with the properties I; C [a,b], |I;| > ¢/s for all i,
n > cs, and U I; C p~(Fy).

18
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Proof. Let s be large enough and leta < t; < --- < {,, < b be the points of local maximum
or minimum of the polynomial p on (a,b). Denote by [A, B] the range of p on [a, b]. Obviously,
F,N[A, B] contains at least |s(B — A)/7 | — 1 disjoint open intervals of length 7-. Let us consider
only those not containing the points p(t;), 0 < ¢ < m. There are atleastn = [s(B—A) /7| —m—1
such intervals. Denote them by {J; : 1 <i < n}.

B—A =«

Let ¢ = min Z( sup |p'(t)]) - }. Obviously n > cs for r large enough.
tela,b]

2 7 2

Further, for each 7, J; does not contain local extrema of p and hence there are disjoint intervals
I; Cla,b),1 <i<mn,suchthat [; C p~'(J;) and |I;| = |J;|/|p'(&)| for some & € I;. This implies
;| > |J;|% = ¢/s. Since U, J; C F, we also have U, [; C p~*(F}). O

For each o € (0,1/2) and r > 0, denote

Bu(r,p) ={ael™:r <a<2rand[ap], > a}.

Lemma 13. Let r be a function of p such that, as p — o0, either r(p)p~" — oo for all vy or
r(p) < p" for some vy > 0. Then there is o € (0,1/2) and c € (0, 7/4) such that

Ba(er(p), p)| =< r(p).

Proof. It suffices to show that there is & € (0,1/2), ¢ > 0 and m € N such that for all p large
enough and each a € I'* with cr(p) < a < 2¢r(p) at least on of the points a + ke;, 0 < k < m
satisfies w(|a + ke |p] > a.

Denote 0 = (a,e;)/a € [—2m, 27|. Compute

la + kei| = Va2 + 2kad + 472k2 = aV'1 + 2ka=10 + 472k2a~2 = agy(k/a) = Z bi(0)k'a* ",
i=0

according to Lemma 4.
Letm = 1ifr(p)p™ — oo forally > 0andlet 1/y <m < 1/y+ 1if r(p) < p”. Consider

zm: Ck|a + ke1| = i al_ibi(ﬁ) i Ckk’i
k=0 =0 k=0

and choose the coefficients ¢, 0 < k < m, in such a way that the first m leading terms in the
decomposition disappear. To do so, we need to solve the linear system Y, ik’ = 0,0 < i <
m — 1, of m equations in m + 1 variables. Since the system has integer coefficients it has an integer
non-zero solution ¢, 0 < k& < m. Moreover, since the Wandermonde matrix is non-degenerated,
we have

f: cek™ = C #0.
k=0

19
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Denote D = > /" ¢xk™"!. We have

m

P Z ckla+ ke =p Z al_ibi(Q) Z ekt = C’pal_mbm(e) + Dpa~"bp,41(0) + O(pa—m—l),
k=0 i=0

k=0

where O(-) is uniform in 6. If m # 1/~ the second term is negligible for all a satisfying cr(p) <
a < 2cr(p) for any choice of ¢, so we pick ¢ € (0,7/4) arbitrarily. Otherwise, if m = 1/, we
choose ¢ so small that

|Dpa™""bpms1(0)| < De™™pr(p) ™Y max |bpi1(9)| < 1/16

0]<2r

which is possible since pr(p)~'/7 < 1. Observe that the last term is always negligible due to the
choice of m. This implies that

pz ckla+ kei| = Cpa' by (0) + wola, p),
k=0

where |@g(a, p)| < 1/8 for all a satisfying cr(p) < a < 2cr(p) if p is large enough.

To deal with the first term, we use Lemma 12 with p = Cb,,, (which is non-constant as m > 1
and so it has degree m by Lemma 4), [A, B] = [—27,27], and s = pa'~™. We obtain that, if p is
large enough, then for each value a € (cr(p),2cr(p)) there is a finite collection of disjoint open
subintervals {I;(a) : 1 <i < n(a)} of [—2m, 2] with the properties |I;(a)| > cip ta™ !, n(a) >
c1pa'™™, with some constant ¢;, and such that for all § € U?:(‘i) I; one has w[Cpa'~™b,,(0)] > 1/4
and, consequently,

w[pick|a+kely] > 1/8. 6.1)
k=0

Hence, all points a from the set A(p) = {a € T'* : cr(p) < a < 2cr(p), (a,e1) € Ul al;(a)
satisfy (6.1). Observe that proportion of such points in the annulus {a el™:cr(p) <a< 2cr(p)%
is positive as a|I;(a)| > c1p7'a™ > c1p7'r(p)™ — oo uniformly in a due to the choice of m, and
|URY ali(a)] > an(a) max; |I;(a)| > ca > éir(p).

Let o > 0 be such that a )" [cx| < 1/8. It suffices now to show that each point a € A(p)
has the property that at least on of the points a+ke;, 0 < k < m satisfies w[|a+ ke |p] > . If this
is not true then using the triangle inequality for w and the fact that the coefficients ¢, 0 < k& < m,
are integers we obtain

W [pz crla+ ke1|] <Y Jalwlla+ keilp] < @Y e < 1/8,
k=0 k=0 k=0
which contradicts (6.1). O
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Theorem 14. Assume 1n(p) — 0 as p — oo and d = 3 mod 4.
(1) If n(p)p” — O forall v > 0 orn(p) < p~7 for some v > 0 then
a1 1
||Rp,77(p)||2 = p 2 n(p):.
(2) If n(p)p? — oo for all v > 0 then for any § > 0 there is a positive constant c such that for
all p sufficiently large

d—1

d—1__ d—1 1
p 2 < ||Rp,77(p)||2 <cp zn(p)z.

1
Ifn(p) (lolgol%) ¢ — 0o as p — oo then there is a sequence p,, — oo such that

=1 1
l2 = pn”® n(pn)20(1),

| |ann7(pn)

d-1 1
Rﬂm(p)||2 £pz 77(P)2

Proof. Observe that the upper bound in both statements has been proved in Lemma 10, and the
lower bound in (2) has been proved in Theorem 8, as its assumption (3.7) is satisfied. So it suffices
to prove the lower bound in (1) and construct a sequence p,,.

that is,

(1) Since d = 3 mod 4 we have 0 = wm for some m € Z. It follows from Lemma 3 that, for
some constants ¢y, ¢y > 0,

R (D) > c1p™ 1o~ sin® (b (p)) sin® (bp) — c2p” b~ ()

uniformly in b € '\ {0}.

Let (p) = 1/n(p). By Lemma 13 there is o € (0,1/2) and ¢3 € (0,7/2) such that
|B.(csr(p), p)| =< r(p)?. Observe that for any b € B,(c3r(p), p) we have 0 < c3 < bn(p) <
2c5 < /2 and so sin(bn(p)) > 2bn. Further, any b € B, (csr(p), p) satisfies [bp]. > o and so
sin?(bp) > ¢4 for some ¢4 > 0. Using Parseval’s identity we obtain

HRPﬂ?(P)Hg = Z Rz,n(p) (b> > Z Rz,n(p) (b)

ber™ beBa(car(p).p)

> csp™n(p)* Y 0 =" E(p)O(1)

beBa(csr(p),p)
> cop™n(p)® Y b = o(p" n(p))

bel™* car(p)<b<2c3r(p)
> crp'n(p)?r(p) + o(p™ 'n(p)) = czp™ 'n(p) + o(p* 'n(p))

with some positive constants cs, cg, 7.

(2) Consider the sequence p,, constructed in Theorem 8. Since its assumption (3.7) on 7 is
satisfied we have

a1 rloglog py, \ 2a a-l 1
Bptontllz = pn® (S 25 ) *0(1) = pu mlpn) 0(1)

according to the slow decay of 7. U
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