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LEONID PARNOVSKI

ABSTRACT. We consider Schrédinger operator —A+V in R? (d >
2) with smooth periodic potential V' and prove that there are only
finitely many gaps in its spectrum.

Dedicated to the memory of B.M.Levitan

1. INTRODUCTION

This paper is devoted to proving the Bethe-Sommerfeld conjecture
which states that number of gaps in the spectrum of a Schrodinger
operator

- A+ V(x), x € R (1.1)

with a periodic potential V' is finite whenever d > 2. We prove
the conjecture for smooth potentials in all dimensions greater than
one and for arbitrary lattices of periods. The conjecture so far was
proved by V.Popov and M.Skriganov [9] (see also [11]) in dimension
2, by M.Skriganov [12], [13] in dimension 3, and by B.Helffer and
A Mohamed [3] in dimension 4; M.Skriganov [I2] has also shown the
conjecture to hold in arbitrary dimension under the assumption that
the lattice of periods is rational. In the case d = 3 the conjecture was
proved in [5] for non-smooth or even singular potentials (admitting
Coulomb and even stronger singularities). An interesting approach to
proving the conjecture was presented by O.A.Veliev in [I5].

There is a number of problems closely related to the Bethe-Sommerfeld
conjecture on which extensive work has been done; the relevant publica-
tions include, but are by no means restricted to, [2], [5] (and references
therein), [7], [8]. Methods used to tackle these problems range from
number theory ([12], [13], [7], [8]) to microlocal analysis in [3] and per-
turbation theory in [5], [14] and [I5]. The approach used in the present
paper consists, mostly, of perturbation theoretical arguments with a

bit of geometry and geometrical combinatorics thrown in at the end.
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There are certain parallels between the approach of our paper and
the approach used in [15]. In particular, there are several important in-
termediate results in our paper and in [I5] which look rather similar to
each other. Examples of such similarities are: precise asymptotic for-
mulae for eigenvalues in the non-resonance regions and some, although
not very precise, formulae in the resonance regions; proving that the
eigenvalue is simple when we move the dual parameter £ along a cer-
tain short interval, and, finally, the use of geometrical combinatorics.
However, here the similarities end, because the detailed methods used
on each step are completely different. For example, paper [15] makes a
heavy use of the asymptotic formulae for the eigenfunctions, whereas in
our paper they are not needed. On the other hand, we prove that each
eigenvalue close to A is described by exactly one asymptotic formula
(i.e. the mapping f constructed in our paper is a bijection in a certain
sense), and this plays an essential role in our proof, but in [I5] this
property is not required at all. In [I5] a very important role is played
by the isoenergetic surface, whereas we don’t need it. This list can be
continued, but it is probably better to stop here and state once again:
the methods of [15] and our paper are different, despite the similarity
of some intermediate results. It is also worthwhile to mention that
asymptotic expressions for eigenfunctions as well as asymptotic formu-
lae for isoenergetic surfaces were obtained by Yu.Karpeshina (see for
example [5]).

In many of the papers mentioned above, proving the conjecture in
special cases comes together with obtaining lower bounds for either of
the functions describing the band structure of the spectrum: the multi-
plicity of overlapping m(\) and the overlapping function {(\) (we will
give a definition of these functions in the next section). For example,
in dimensions d = 2,3,4 it has been proved in [12], [I3], [2], and [§]
that for large A we have

m(A) > AT

and
CN) > N7 (1.2)

however, these estimates do not seem likely to hold in high dimensions.
The estimates of the present paper are rather weaker, but they hold
in all dimensions. Unfortunately, our approach does not allow to say
anything stronger than m(\) > 1 for large A\ (this inequality is equiv-
alent to the finiteness of the number of spectral gaps). However, it is
possible to give a nontrivial lower bound for the overlapping function:
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we will show that in all dimensions for sufficiently large A
CA) > N2 (1.3)

The rest of the introduction is devoted to the informal discussion of
the proof. Since the proof of the main theorem 2.1]is rather complicated
and technically involved, the major ideas are outlined here.

After an affine change of coordinates, we can re-write our operator

[T1) as
H=Hy+V(x), Hy=DGD, (1.4)

with the potential V' being smooth and periodic with the lattice of
periods of V equal (27Z)? (D = iV and G = F? is d x d positive
matrix, where the matrix F is also assumed to be positive). Without
loss of generality, we assume that the average of the potential V' over
the cell [0, 27]? is zero (otherwise we simply subtract this average from
the potential, which will just shift the spectrum of the problem). Let
us fix a sufficiently large value of spectral parameter A = p?; we will
prove that A is inside the spectrum of H.

The first step of the proof, as usual, consists in performing the
Floquet-Bloch decomposition to our operator ((1.4)):

H:/H(k)dk, (1.5)

where H(k) = Hy + V(x) is the family of ‘twisted’ operators with the
same symbol as H acting in L*(T?) where T¢ := {x € RY, |z;] <
m1 < j < d}. The domain D (k) of H(k) consists of functions
f € H*(T?) satisfying the boundary conditions f !xj:ﬂ: ek f |

O | _ giznk; F
Oxj lz;=m Oz lzj=—m7

the quasi-momentum k € R?/Z% see [10] for more details about this
decomposition. The next step is to assume that the potential V' is a
finite trigonometric polynomial whose Fourier coefficients V (m) vanish
when |m| > R. The justification of the fact that it is enough to prove
the conjecture in this case is not too difficult once we keep careful con-
trol of the dependence of all the estimates on R. The main part of the
argument consists of finding an asymptotic formula for all sufficiently
large eigenvalues of all operators H (k), with an arbitrarily small power
of the energy in the remainder estimate. In order to be able to write
such a formula, however, we have to abandon the traditional way of la-
belling eigenvalues of each H (k) in the non-decreasing order. Instead,
we will label eigenvalues by means of the integer vectors n € Z?. Con-
sider, for example, the unperturbed operator Hy(k). Its eigenfunctions

— )
Tj=—T

. These auxiliary operators are labelled by
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and eigenvalues are
{6i(n+k)x}nezd

and

{IF(n +k)[*}neza (1.6)
correspondingly. However, despite our precise knowledge of eigenval-
ues, it is extremely difficult to write them in increasing order or, indeed,
even to derive the one-term asymptotic formula for the j-th eigenvalue
with the precise remainder estimate. It is rather convenient to intro-
duce one parameter which takes care of both the quasi-momentum k
and the integer vector n which labels eigenvalues in . We denote
£ := n+k (notation indicates that & can be thought of as being a dual
variable) so that n = [£] and k = {&} (integer and fractional parts,
respectively). Then we can reformulate formula for the unper-
turbed eigenvalues as follows: there is a mapping f : R — R, given
by the formula f(€) = |F(n + k)|? such that for each k the restriction
of fto {€ € R?: {¢} =k} is a bijection onto the set of all eigenvalues
of H(k) (counting multiplicities). We want to give an analogue of this
(trivial) statement in the general case. Let us define the spherical layer

A:={€eRY | [FEP — X |< 400}

(v is the Lo-norm of V). Let N € N be a fixed number. We will
construct two mappings f, g : A — R which satisfy the following prop-
erties:

(I) for each k the first mapping f is an injection from the set of all
& with fractional part equal to k into the spectrum of H (k) (counting
multiplicities). Each eigenvalue of H (k) inside J := [A — 20v, A + 20v)]
has a pre-image £ € A with {£} = k. The perturbation inequality
|f(&) — |FE&?| < 2v holds for all £ € A.

(I1) for & € A satisfying |F&|? € J we have: |f(&) —g(€)] < p™;

(III) one can divide the domain of ¢ in two parts: A =B U D (both
B and D are intersections of A with some cones centered at the origin
— at least modulo very small sets) such that g(&) is given by an explicit
formula when & € B, we have some control over g(€) when & € D, and
the ratio of volumes of B and D goes to infinity when p — oo.

The set B, called the non-resonance set, contains, among others, all
points & € A which satisfy the inequality

(€, GO)| > p'°|F9 (1.7)

for all non-zero integer vectors € with |@| < RN. The precise formula
for g will imply, in particular, that when & € B we have g(&) = |F&J? +
G(&) with all partial derivatives of G being O(p~¢) for some € > 0.
When £ belongs to the resonance set D, we can give good estimates
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only of the partial derivative of ¢ along one direction; this direction
has a small angle with the direction of £&. The behaviour of g along
all other directions is much worse. Indeed, by considering potentials
V' which allow to perform the separation of variables, one can see that
the function g can not, in general, be made even continuous in the
resonance set. However, we still have some (although rather weak)
control over the behaviour of g along all directions inside the resonance
set; see lemma for the precise formulation of these properties.

One should mention that asymptotic formulae of non-resonance eigen-
values (i.e. the function g(§) for € € B in our notation) and some res-
onance eigenvalues were obtained before in certain cases, using com-
pletely different methods, by O. A. Veliev, [I4] and [I5] and Y. E.
Karpeshina (see [4], [5] and references therein). However, as has been
already mentioned, there are certain distinctions between the settings
of [15] and [5] and the settings of our paper. Because of this, and in
order to make our paper self-contained, it seems sensible to include an
independent proof of the asymptotic formula for eigenvalues.

Before describing how to construct these mappings, we explain first
how to prove the Bethe-Sommerfeld conjecture using them. Put 6 =
p~N. For each i € R? of unit length we denote I,, the interval consisting
of points € = tn, t > 0 satisfying g(&) € [\ — 0, A + J]; we will consider
only vectors n for which I, € B. Suppose we have found an interval
I,, on which the mapping f is continuous. Then property (II) above
together with the intermediate value theorem would imply that there
is a point &(\) € I,, satisfying f(&§(\)) = A, which would mean that
A is in the spectrum of H. Thus, if we assume that \ belongs to the
spectral gap, this would imply that the mapping f is not continuous on
each of the intervals I,. A simple argument shows that in this case for
each point € € B with |g(€) — A| < 0 there exists another point &; # &
with € — &, € Z% and |g(&;) — A\| < 0. The existence of such a point &,
(which we call a conjugate point to &) is a crucial part of the proof; it
seems that similar arguments based on the existence of conjugate points
could be helpful in analogous problems. Afterwards, a geometrical
combinatorics argument shows that for sufficiently small § (6 < p'~¢
would do) some (moreover, most) of the points & € BNg~*([A—4, A+4])
have no conjugate points; the important part in the proof is played by
the fact that the surface g=*(\) N B has positive curvature in each
direction.

Now let us discuss how to construct mappings f and g with properties
described above. This is done in several steps. First, we prove lemma
3.2l which states that under certain conditions it is possible instead of
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studying eigenvalues of the operator H = Hy+ V, to study eigenvalues
of the operator

> PIHP, (1.8)
J

where P7 are spectral projections of Hy; the error of this approxima-
tion is small. This result can be applied to the operators H (k) from
the direct integral . We want therefore to study the spectrum of
the (direct) sum (1.8) where P’ are projections ‘localized’” in some do-
mains of the &-space. The geometrical structure of these projections
will depend on whether the localization happens inside or outside the
resonance regions. The case of a projection P’ ‘localized’ around a
point € € B is relatively simple: the rank of such projections does not
depend on p or the ‘localization point’ &. Thus, in this case we will
need to compute the eigenvalue of the finite matrix P/ H(k)P’. This
can be done by computing the characteristic polynomial of this matrix
and then using the iterative process based on the Banach fixed point
theorem to find the root of this characteristic polynomial. It is much
more difficult to construct projections P? corresponding to the points &
located inside the resonance set D. The form of projections will depend
on, loosely speaking, how many linearly independent integer vectors 6
for which (1.7)) is not satisfied are there. The construction of such pro-
jections is the most technically difficult part of the paper. Once these
projections are constructed, it turns out that the eigenvalues of P? H P?
with large p can be easily expressed in terms of the eigenvalues of the
operator pencil rA + B where A and B are fixed and r ~ p is a large
parameter. The rest is a relatively simple perturbation theory.

The approach used in this paper can be applied to various related
problems. For example, it seems possible to obtain several new terms of
the asymptotics of the integrated density of states using these methods.
It might even be possible to obtain the complete asymptotic formula;
however, this would require much more careful analysis of the mapping
g in the resonance set. As an immediate ‘free’ corollary of our results
we obtain the theorem [7.17] which seems too be new. Loosely speaking,
it states that there are no ‘simultaneous clusters’ of eigenvalues of all
operators H (k).

The approach of this paper works almost without changes for the
polyharmonic operators (—A)! + V with a smooth periodic potential
V. Another possible field of applications of the results of this paper is
studying the structure of the (complex) Bloch and Fermi varieties.

The rest of the paper is constructed as follows: section 2 has all
necessary preliminaries; also, in this section for the convenience of the
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reader we, taking into account the size of the paper, give references
to the definitions of all major objects in the paper. Section 3 proves
the abstract result allowing to reduce computation of the spectrum of
H = Hy+V to the computation of the spectrum of 3~ PIHPI, Pi
being the spectral projections of Hy. Section 4 proves various estimates
of angles between lattice points which are needed to keep track on the
dependence of all results on R — the size of the support of the potential.
In section 5 we apply the abstract lemma from section 3 to our case and
perform the reduction of H to the sum of simpler operators. In section 6
we compute the eigenvalues of these simpler operators corresponding to
the non-resonance set; we also give the formula for g(€) when & € B.
Section 7 is devoted to the study of the properties of these simpler
operators and the mapping ¢ restricted to the resonance set D. Finally,
in section 8 we prove the Bethe-Sommerfeld conjecture.

When this manuscript was ready, I have learned that another article
of Veliev [16] was published recently.
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2. PRELIMINARIES

We study the Schrodinger operator
H = Hy+ V(x), Hy=DGD, (2.1)

with the potential V' being infinitely smooth and periodic with the
lattice of periods equal (27Z)¢. Here, D =iV, and G = F? is d x d
positive matrix; F is also taken to be positive.

Throughout the paper we use the following notation. If A is a
bounded below self-adjoint operator with compact resolvent, then we
denote by {p;(A)} (j =1,2,...) the set of eigenvalues of A written in
non-decreasing order, counting multiplicities.

As we have already mentioned, the spectrum of H is the union over
k € R?/Z? of the spectra of the operators H(k), the domain of each
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H(k) is D(k) and H(k) := DGD + V(x). By $ := L?(T%) we denote
the Hilbert space in which all the operators H (k) act. We also denote
by Hy(k) the operator DGD with the domain ® (k). Let \;(k) =
pi(H(k)) be the jth eigenvalue of H(k). Then it is well-known (see,
for example, [I0]) that each function A;(-) is continuous and piecewise
smooth. Denote by ¢; the image of A\;(-). Then ¢; is called the jth
spectral band. We also define, for each A € R, the following functions:

m() = 447 : A€ 4}
is the multiplicity of overlapping (# denotes the number of elements in
aset). The overlapping function (()) is defined as the maximal number

t such that the symmetric interval [\ — ¢, A +t] is entirely contained in
one of the bands ¢;:

((A) =maxmax{t e R: [\ —t,A\+1t] C {;}.
J

Finally,

N = o #{j: \j(k) < A\}dk (2.2)

0,1

is the integrated density of states of the operator (1.4). For technical
reasons sometimes it will be convenient to assume that the dimension d
is at least 3 (in the 2-dimensional case the conjecture has been proved
already, so this assumption does not restrict generality). The main
result of the paper is the following:

Theorem 2.1. Let d > 3. Then all sufficiently large points X = p? are
inside the spectrum of H. Moreover, there exists a positive constant Z
such that for large enough p the whole interval [p* — Zp'=2, p? + Zp*~9]
lies inside some spectral band.

Without loss of generality we always assume that f[o,zn}d V(x)dx = 0.
Abusing the notation slightly, we will denote by V' both the potential
itself and the operator of multiplication by V.

By B(R) we denote a ball of radius R centered at the origin. By C
or ¢ we denote positive constants, depending only on d, G, and norms
of the potential in various Sobolev spaces H®. In section 5 we will
introduce parameters p, ¢; and M; constants are allowed to depend on
the values of these parameters as well. The exact value of constants can
be different each time they occur in the text, possibly even each time
they occur in the same formula. On the other hand, the constants which
are labelled (like Cy, c3, etc) have their values being fixed throughout
the text. Whenever we use O, o, >, <, or < notation, the constants
involved will also depend on d, G, M, and norms of the potential; the
same is also the case when we use the expression ‘sufficiently large’.
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Given two positive functions f and g, we say that f > ¢, or g < f, or
g = O(f) if the ratio % is bounded. We say f < gif f > gand f < g.
By A = p? we denote a point on the spectral axis. We will always

assume that \ is sufficiently large. We also denote by v the L.,,-norm
of the potential V', and J := [A — 20v, A + 20v]. Finally,

A:={& R, | |FEP — X [< 400} (2.3)

and

Ay i={€ eR?, | [FEP — X |< 200} (2.4)
Notice that the definition of A obviously implies that if & € A, then
| [F¢|—p|<pt.

Given several vectors m,,...,n, € RY we denote by R(n,,...,n,)
the linear subspace spanned by these vectors, and by Z(ny,...,n,)
the lattice generated by them (i.e. the set of all linear combinations of
n; with integer coefficients; we will use this notation only when these
vectors are linearly independent). We denote by M(n,,...,n,) the
d x n matrix whose jth column equals n;. Given any lattice I, we
denote by |I'| the volume of the cell of T, so that if I' = Z(n,,...,n,),
then |I'| is the absolute value of the determinant of M(ny,...,n,). We
also denote, for any linear space U C R, B(; R) := U N B(R). For
any non-zero vector & € R? we denote n(§) := ﬁ Any vector ¢ € R?

can be uniquely decomposed as € = n+k with n € Z¢ and k € [0,1)%
We call n = [£] the integer part of & and k = {£} the fractional part
of &.

Whenever P is a projection and A is an arbitrary operator acting
in a Hilbert space H, the expression PAP means, slightly abusing the
notation, the operator PAP : PH — PXH.

Throughout the paper we use the following convention: vectors are
denoted by bold lowercase letters; matrices by bold uppercase letters;
sets (subsets of R?) by calligraphic uppercase letters; linear subspaces
by gothic uppercase letters. By vol(€) we denote the Lebesgue measure
of the set €. If €; C RY, j = 1,2 are two subsets of R, their sum is
defined in the usual way:

81+82:{€€Rd3 §=¢& +&,§ €€}

Finally, for the benefit of the reader we will list here either the defi-
nitions of the major objects introduced later in the paper or references
to the formulas in which they are defined.

f,g : A — R are mappings satisfying properties listed in theorem
(if the Fourier transform of V' has compact support) and in corol-
laryfor general potentials. The sets ©; and ©'; are defined in ([5.5)).
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The projections P (@) are defined immediately before Lemma m
V(n), &y, €x, and O(V) are defined at the beginning of subsection 7.1.
The sets Z(U) and Z;(V) (j = 0,...,3) are defined in formulas (5.7)-
(5-11); the sets X;(&), Y(€), Y(&1;&,), and Y (& U) are defined by
formulas , , (7.11)), and (7.15)) correspondingly. The numbers
p and ¢, are defined in @D K = pP and L,, = p?. The projection
P(&) and the operator H'(§) are defined in 1- and 1- correspond—
ingly. The sets B and D are defined in nd ) and €
are defined by formula . Operators A and B are deﬁned by (7-30)
and (7.31]). Finally, the sets A(d), B(d), and D(J) are defined before
Lemma [R.11

3. REDUCTION TO INVARIANT SUBSPACES: GENERAL RESULT

The key tool in finding a good approximation of the eigenvalues of
H(k) will be the following two lemmas.

Lemma 3.1. Let Hy, V and A be self-adjoint operators such that H
1s bounded below and has compact resolvent, and V and A are bounded.
Put H= Hy+V and H = Hy +V + A and denote by w = w(H)
and i = m(ﬁ) the sets of eigenvalues of these operators. Let {P;}
(7=0,...,n) be a collection of orthogonal projections commuting with
Hy such that ) P, =1, P;VP, =0 for|j—k| >1, and A= P,A. Letl
be a fized number. Denote by a; the distance from p; to the spectrum of
P;HyP; Assume that for j > 1 we have a; > 4a, where a == ||V||+]|4]|.
Then |fu — pu| < 22"a® 1 [[7_, (a; — 2a) 7

Proof. Let HL = H +tA, 0 < t < 1 and let u(t) = w(H(t)) be
the corresponding family of eigenvalues. We also choose the family of
corresponding normalized eigenfunctions ¢(t) = ¢;(t). We will skip
writing the index [ in the rest of the proof. Elementary perturbation
theory (see, e.g., [6]) implies that u(t) is piecewise differentiable and

dp(t) _
—5 = (A9(1). o(2)). (3.1)

Let ®; = ®,(t) := P;j¢(t), and let Vi; := B,V P; (so that Vj, = 0 if
|7 — k| > 1). Then the eigenvalue equation for ¢(¢) can be written in
the following way:

Hy®o + VooPo + Vo171 = p(t)Po
Ho®j + Vjj1®j1+ Vi@ + Vij @i = p(t)®;, 1<j<n (3.2
Ho®p + Vi 1®n1 + Vit ®y + tA(I)n = M(t)q)n
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Indeed, let us apply Py to both sides of equation (Ho+V +tA)p = puo.
We will obtain

Now we use the following identities:

PV¢ = PkVZqu_ Y RVPo= > Vyd (34

J,li—k|<1 gli—kl<1
and A =P,A = (PnA) = AP, = P,AP,, so
P A¢ = 6 AD,,. (3.5)

Identities (3.3)—(3.5) imply (3.2)).

Let us now prove, using the backwards induction, that for all k,
1 <k<mnandallte][0,1] we have

2a
O ()] <
o] < —=

i (1)l (36)

Indeed, from the last equation in (3.2)) we see that
D, (t) = —[Pu(Ho+ Vi +tA — u(t)) Py Vi1 @1 (2). (3.7)

Since |p— pu(t)| < a, the distance from p(t) to the spectrum of P, HyP,
is at least a, — a. Since ||V,,, + tA|| < a, this implies

1
P,(H, tA — u())P,] 7| < .
1P (Ho 4 Vi 84 = () P < =

Thus, (B implies [|@,(0)]] < +25:/|%,-1(2)]l, and (BT) holds for
k = n. Assume now that we have proved (3.6) for all & between j + 1
and n, 1 < j < n. Then, analogously to (3.7]), we have:

®;(t) = —[Pj(Ho+V;;—pu(t) P Vi 21951 (6)+V; 11 ®jua (1)), (3.8)

SO

125(B)1] < ——- (1@ (B)]] + || @1 (1))
] 2a> (3.9)
< oo 12 O o 1250l

where we have used the validity of (3.6|) for & = j + 1. This shows that
(3.6) holds for k = j, since

2a? 1
(a; — 2a)(ayer —20) ~ 2
Using and the fact that ||®|] < 1, we see that
o
[Tj=i(a; — 2a)

@] <
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Since the RHS of (3.1)) equals

(PrAF9(t), 9(t)) = (ADn(t), Pn(t)),
this finishes the proof O

Now we formulate the immediate corollary of lemma [3.1] which we
will be using throughout.

Lemma 3.2. Let Hy and V' be self-adjoint operators such that Hy is
bounded below and has compact resolvent and V' is bounded. Let {P™}
(m = 0,...,T) be a collection of orthogonal projections commuting
with Hy such that if m # n then P"P" = P™VP"™ = (0. Denote
Q:=1-> P™. Suppose that each P™ is a further sum of orthogonal
projections commuting with Hy: P™ = ;’;0 P such that PV P" =
0 for [j =1 > 1 and P'VQ = 0 if j < jm. Let v := [|V]| and
let us fix an interval J = [Ai, Xo] on the spectral axis which satisfies

the following properties: spectra of the operators QHy() and PfHOPf,

J > 1 lie outside J; moreover, the distance from the spectrum of Q) Hy(Q)
to J is greater than 6v and the distance from the spectrum of PfHOPf

(7 > 1) to J, which we denote by a;?, 1s greater than 16v. Denote by
tp < -+ < pg all eigenvalues of H = Hy+V which are inside J. Then
the corresponding eigenvalues fi,, ..., fiy of the operator

H:=) P"HP™+ QHyQ

are eigenvalues of Zm P™"HP™, and they satisfy
Jm
|ty — pir| < max | (60)7H ] J(ar = 6v) 2| ;
j=1

all other eigenvalues of H are outside the interval [\ + 2v, Ay — 20].

Proof. Assumptions of the lemma imply that
H=H+(@Q+3 FRIVQ+)_ P = Q_PIVQ_ P

Therefore, 1 —20(Q+3,, P") < H < H+20(Q+3,, P™), and the
elementary perturbation theory implies that for all [

w(H = 20Q+ 3" P) < w(H) < w(H +20(Q+ 3 P)). (3.10)

The operators H + 2v(Q + 3, P") split into the sum of invariant
operators QHoQ + 2vQ and P"HP™ £ 2vP" (m = 0,...,n). The
spectrum of operators Q HyQQ+2v@ is outside [\ —4v, Ay+4v] due to the
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assumptions of the lemma. Therefore, since the shift of an eigenvalue
is at most the norm of the perturbation, for p <1 < ¢, wu;(H £+ 2v(Q +
> Pj7)) is an eigenvalue of one of the operators P™HP™ + 2vP}" .
If we now apply lemma to each of the operators P"HP™ + 2vP}"
with A := £20P" and a = 3v, we will obtain

| (P HP™ £ 20P]" ) — py,(P™HP™)|

jm
< GHm Ly 2im+l max H(a}n — 6v) 2
=1
Jm
< max (6v)2m+t H(a}” —6v)7?| =7,
=1

(3.11)

provided pi(P"HP™) € [\ — 4v, Ay + 4v]. Let us now define the
bijection F' mapping the set of all eigenvalues of H to the set of all
eigenvalues of {y(H +2v(Q + 3, Pl"))} (counting multiplicities) in
the following way. Suppose, u is an eigenvalue of H. Then either
= p(QHoQ), or p = pu(P™H P™) for some k, m. We define F'(u) :=
e (QHoQ+2vQ) in the former case, and F'(u) 1= py,(P™HP™+2vPj")
in the latter case. Then the mapping F' satisfies the following proper-
ties:

IF() — ] < 20 (3.12)
moreover, if p € [A\; — 4v, Ay + 4], then
F(u) -l < 7 (3.13)
(this follows from (3.11])). A little thought shows that this implies
i +20(Q+ ) P) —m(H) <7 (3.14)

for p <1 < gq. Indeed, suppose that (3.14) is not satisfied for some [,
say

lF +20(Q + 37 ) = () > 7 (3.15)

in particular, this implies i (H +20(Q+3" P")) > A1 —2v. Then the
pigeonhole principle shows that /' maps at least one of the eigenvalues
we(H), k < 1to ut(H+2v(Q+Z P ) witht > 1. If e (H) < )\1—41)

this contradicts (3.12)), and if e(H) > A\ — 4, this contradicts (3-13).
These Contradictions prove (3.14)). Similarly7 we prove that

| (H — 20( Q+Z (H)| <. (3.16)
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Estimates (3.14)) and (3.16]) together with (3.10) prove the lemma. [

Corollary 3.3. If all conditions of lemma |3.4 are satisfied, there ex-
ists an injection G defined on a set of eigenvalues of the operator
>, PTHP™ (all eigenvalues are counted according to their multiplici-
ties) and mapping them to a subset of the set of eigenvalues of H (again
considered counting multiplicities) such that:
(i) all eigenvalues of H inside J have a pre-image,
(1t) If p; € (M + 2v, Ay — 20] is an eigenvalue of Y P™HP™, then
Jm
(G (1) = ps| < max | (6v)¥+ [T —60)-2],

j=1
and
(1it) G(pi (>, P"HP™)) = pjn(H), wherel is the number of eigen-
values of QHyQ) which are smaller than A;.

Proof. Statements (i) and (ii) follow immediately from lemma[3.2] and
to prove (iii) we just notice that if p; (>, P™HP™) € J, then

(Y PTHP™) = pj(QHoQ + > P HP™).

4. LATTICE POINTS

In this section, we prove various auxiliary estimates of angles between
integer vectors.

Lemma 4.1. Let ny,...,m, € Z% be linearly independent. Let I' =
Z(ny,...,m,) and suppose that vy, ...,v,_1 € I' N B(R). Then there
exists a vector @ € I', @ # 0 orthogonal to all v;’s, such that

n—1
6] < 2"|T[ ] ] Iv] (4.1)
7=1

and, therefore, |0 < 2"|T|R".
Proof. For r > 1let A, C R(ny,...,n,) be the set
A, ={&€R(ny,....,m,)  [(§vy)|<l,j=12,...,n—1, &|§]| <r}.

This set is obviously convex and symmetric about the origin. Moreover,

n—1
vol(A,) > r H v,
j=1
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By Minkowski’s convex body theorem (see, e.g., [1], §III1.2.2 Theo-
rem II), under the condition vol(A,) > |['|2" the set A, contains at
least two non-zero points =0 € I'. The above condition is satisfied
if TH?:_Il lv;|7t > 297, that is if r > 2d|F|H?:_11 lv;|. Since v;’s
and @ are integer vectors, the condition [(6,v;)| < 1 is equivalent to
(0,v;) = 0. This implies the required result. O

Lemma 4.2. Let 0y,...,0,,u € Z N B(R) be linearly independent.
Then the angle between p and R(0y,...,0,) is > R~

Proof. Suppose this angle is smaller than R~ . Then the lattice
' =Z(0,...,0,,p) has || < 1. Lemma then implies that there
exists a vector 8 € I', @ L 0;, || < R". Then, since 6 and p are non-
orthogonal integer vectors, we have: |(u,0)| > 1, and sin of the angle
between p and R(6,...,8,), which equals cos of the angle between p
and 0, is bounded below by @]~ ||~ > R~ L. O

Corollary 4.3. Let 0,,...,0,,u € Z2N B(R) be linearly independent.
Then the angle between Fu and R(FOy, ..., F0,) is > R~ 1.

Proof. This is equivalent to saying that for each & € R(64,...,0,)
the distance between F(n(u)) and F¢ is larger than ¢cR™"~!. But the
distance between F(n(u)) and F€ is not greater than the largest eigen-
value of F times the distance between n(u) and £€. Now the statement
follows from lemma 2] O

It is possible to generalize lemma 4.2 a bit: if we talk about distance
from a vector to a linear sub-space instead of the angle between a vector
and a subspace, we can drop the assumption that |u| < R:

Lemma 4.4. Let 6y,...,0, € Z°N B(R) and p € Z* be linearly
independent. Then the distance between p and R(01,...,0,) is> R™".

Proof. The distance between p and R(64,...,8,,) equals %.

The square of the denominator of this fraction is the determinant of
the n x n matrix A with A, := (0;,0;) = O(R?), so the denominator
is O(R™). Similarly, the square of the numerator is the determinant of
(n+ 1) x (n + 1) non-singular matrix with integer entries. Therefore,
the absolute value of the numerator is at least 1. This proves our
statement. U

The following result is a generalization of lemma and the proof
is similar:

Lemma 4.5. Let T be as above and let vy, ... v, € TNB(R) (m <n)
Then there exist linearly independent vectors @+, ...,0,_,, € I' such
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that each 0; is orthogonal to each v; and
[T 16 <] Ivil < TR (4.2)
I=1 j=1

Proof. Applying lemma n —m times, we see that the set of vectors
from I' which are orthogonal to v; form a lattice I',_,, of dimension
n—m. Let 8; (j = 1,...,n —m) be successive minimal vectors of
I',,_,,. That means that 6, is the smallest nonzero vector in I',,_,,;
0, € I',,_,, is the smallest vector linearly independent of 8; 85 € I',,_,,
is the smallest vector linearly independent of 84, 85, etc.

For r > [604] let A, C R(ny,...,n,) be the set

Ar={§ € R(ny,...,m,) - [(§vp)| < Lj=12....m, &g <r}.

This set is obviously convex and symmetric about the origin. Moreover,
vol(A,) > r" " [T wil ™" (4.3)
j=1

Applying again Minkowski’s convex body theorem, we find that the set
A, contains at least

N = 270" vol(A,)] > [T~ [T Ivsl ™ (4.4)

j=1
pairs of points +u, € I', k= 1,..., N. Obviously, each p, is orthogo-
nal to each v;. Suppose, 1 < |0,,_,|. Then, obviously, |0, <7 < |0,41|
for some p < n —m — 1. The dimension of R(uy, ..., py) is then < p,
and each p, is a linear combination of 64,...,0, with integer coeffi-

cients. Denote I', := Z(6,...,0,). Minkowski’s second theorem (see,
e.g., [1], §VIIL.2, Theorem I) shows that

P
[T16: < Ty (4.5)
=1

A simple packing argument shows that N|I',| is smaller than the volume
of the ball of radius (p+1)r in R(64,...,0,),i.e. N|I')| < rP. Estimate

(4.5)) implies
p
N H |05| < rP.

=1
Therefore, if the condition

p
N[ 6> crr (4.6)

=1
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is satisfied, where C' is sufficiently large, this implies that r > |6,.4].
Estimate (4.4]) shows that if
m n—m—1
r>CT vl TT 1817, (4.7)
j=1 1=1

then condition (4.6)) with p = n—m —1 will be satisfied and this would

guarantee that r > |0,_,,|. In other words, if r is greater than the
RHS of (4.7)), then r > |0,,_,,,|. This implies

m n—m—1
|0n—m| < |F|H|Vj| H |0l|_17
j=1 =1
which finishes the proof. U

Let vq,...,v, € R? (n < d). We denote by M = M(vy, ..., v,) the
d x n matrix whose jth column equals v;. We also denote

L A Avys = /det(M"M) (4.8)

(M*M is obviously non-negative, and so is the determinant). The
reason for the notation is that we can think of |1 A-- - Av, |2 as being
the Hilbert-Schmidt norm of the tensor vy A --- A v,,.

Lemma 4.6. Let vy,...,Vp, iy, ..., i, € RE Let Vi = R(vy, ..., v,)
and Vo = R(py, ..., w,,). Let o be the angle between Vi and V. Then
the following inequality holds:

[Pi A Ava Apg A A gl
[ A Av oy A A g2

sina > (4.9)
Proof. If we multiply matrix M from the right by a non-singular n x n
matrix B, the expression is multiplied by det B. This observation
shows that elementary transformations of the set of vectors v (i.e. mul-
tiplying v; by a non-zero scalar, adding v; to vy, etc) do not change
both sides of ; the same is the case for elementary transformations
of the vectors p. Thus, we may assume that vectors v form an or-
thonormal basis of V7, vectors p form an orthonormal basis of V5, and
the angle between v, and p, equals a. Notice that now the denomina-
tor of the RHS of equals 1. Next, we notice that an orthogonal
change of coordinates results in multiplying M from the left by a d x d
orthogonal matrix and thus doesn’t change and the RHS of ;
the LHS of is obviously invariant under an orthogonal change of
coordinates as well. Assume, without loss of generality, that n > m.
Then, applying an orthogonal change of coordinates, we can make our
vectors to have the following form: v; =e; (j = 1,...,n, where e; are
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standard basis vectors), p; = pje; + gjenyyj, (p5,¢; > 0, pf +¢; = 1).

Elementary geometry implies cos & = p1, and so sin @ = ¢;. Computing
the determinant, we obtain:

n
A A Avg Ap A Apglla =[] o <o
j=1

The lemma is proved. O

Lemma 4.7. Let vy,...,Up, by, ..., i, € Z2N B(R) be linearly inde-
pendent. Let Vi = R(vy,...,v,) and Vo = R(py, ..., p,,). Then the
angle between Vi and Vy is > [T7_ [v;| 7 TIZ, [~ > BT,

Remark 4.8. 1t is not difficult to see that the power —n — m in lemma

is optimal.

Proof. We use the inequality and notice that the numerator of the
RHS is a square root of an integer number (since all vectors involved
are integer) and is non-zero (since the vectors are linearly independent).
Therefore, the numerator is at least 1. The denominator is, obviously,

< [I5=; 5l T2, []- This finishes the proof. O

Using the same argument we have used while proving Corollary [4.3]
we can prove the following

Corollary 4.9. Let vi,...,Un, fhy,..., i, € 22N B(R) be linearly
independent. Let Vi = R(Fvy,...,Fv,) and Vo = R(Fpy,...,Fu,,).
Then the angle between Vi and Vo is > R™™™

Lemma 4.10. Letv,,...,v, € Z°NB(R) and py, . . ., 1, € Z°NB(R)
be two sets. We assume that each set consists of linearly independent
vectors (but the union of two sets is not necessary linearly indepen-
dent). Let Vi = R(vy,...,v,) and Vo = R(py, ..., 1,,). Suppose,
dim (Vi NVy) = 1. Then there are | integer linearly independent vec-
tors 04,...,0, € (Zd NVin Vg) such that |0;] < R™ 1. Moreover,
the angle between orthogonal complements to (Vi3 N Va) in Vi and Vs, is
bounded below by CR™, a = a(n,m,l) =n+m+2(m+n—101+1).

Proof. Denote M = M(vy,...,Vp, — 4y ..., —p,,). The rank of M
equals k :=m 4+ n — [. Without loss of generality we can assume that
the top left k£ x k minor of this matrix is non-zero (otherwise we just
change the order of the vectors —u; or the order of the coordinates z;).
In order to find the basis of the intersection V; N V5, we have to solve
the system of equations

Mt = 0. (4.10)
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Indeed, if t = (t1,...,tn4m)” is a solution of (4.10]), then > gt tpVp =
Z;n:1 tniqtty € Vi N Vo, Now the simple linear algebra tells us that
the basis of solutions of is formed by the vectors of the form
(1,8, 1,0,...,0), (t1,...,tx,0,1,...,0),..., (T1,..., 7%, 0,...,0,1).
Using Cramer’s rule, we find that each of the numbers s;, t;, 7;, etc
is a ratio of two determinants, each of them an integer number < R*;
moreover, the denominator is the same for all of the numbers s;, ;,
etc. After multiplication by the denominator, we obtain an integer
basis of solutions of with entries < RF. For any such solution
t the following estimate holds: | Y77 #,1,| < R*"*. This proves the
first statement of lemma. To prove the second statement, we first use
Lemmal[4.5to construct integer bases {n,,...,n, ,} and {&,,..., &, ;}
of the orthogonal complements to Vi NV5 in V} and V; correspondingly

with properties
n—l

H |,’,'j| < Rn+l(m+n—l+1)

j=1
and

m—l

H |£| < Rm+l(m+n—l+1)

; .

j=1
Now Lemma [4.7] produces the required estimate. This finishes the
proof. 0

Using the same argument we have used while proving Corollary [4.3]
we can prove the following

Corollary 4.11. Let vy,...,Up, by, .-, b, € Z2 N B(R) be two lin-
early independent families of vectors. Let Vi = R(Fvy,...,Fv,) and
Vo = R(Fuy,...,Fu,). Then the angle between orthogonal comple-
ments to Vi N Vs in Vi and Vy is > Rnml),

5. REDUCTION TO INVARIANT SUBSPACES

Let A = p? be a large real number. In this section, we use lemma
to construct the family of operators H (k) the spectrum of which
(or at least the part of the spectrum near \) is close to the spectrum
of H(k). Consider the truncated potential

Vi)=Y V(m)en(x), (5.1)
meB(R)NZ4
where

1 i(m,x
em(X) := (27r)d/26< X m e 74
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and
V(im) = V(ix)e_m(x 2
( ) /[0’2#}61 ( ) m( ) (5 )

are the Fourier coefficients of V. R is a large parameter the precise value
of which will be chosen later; at the moment we just state that R ~ p”
with v > 0 being small. Throughout the text, we will prove various
statements which will hold under conditions of the type R < pYi. After
each statement of this type, we will always assume, without possibly
specifically mentioning, that these conditions are always satisfied in
what follows; at the end, we will choose v = min ;.
Since V' is smooth, for each n we have
sup |[V(x) - V'(x)| < C,R™". (5.3)
x€Rd
This implies that if we denote H'(k) := Hy(k) + V' with the domain
D(k), the following estimate holds for all n:

|1 (H (k) — p; (H'(k))| < C, R7" (5.4)

Throughout this and the next two sections, we will work with the
truncated operators H'(k). These sections will be devoted to the con-
struction of mappings f, g with properties specified in the introduction.
Let M € N be a fixed number. For each natural ;7 we denote

©; :=Z N B(jR), O, := {0}, O} := 0, \ {0}; (5.5)

Let U C R? be a linear subspace of dimension n and r > 0. We
say that U is an integer r-subspace if U = R(64,...,0,,) and each 6;
is an integer vector with length smaller than r. The set of all integer
r-subspaces of dimension n will be denoted by V(r,n). We mostly
will be dealing with V(6 M R,n); for brevity we will denote V(n) :=
V(6MR,n). If £ € R and U € V(n), we denote €y and €5 vectors
such that

£=Ey+ &y Ex €T, G&y L V. (5.6)
If B € V(n), we put O(B) := Oy NV, O'(V) := O(V) \ {0}. By
P, qn (n=1,...,d) we denote positive constants smaller than 1/3; the

precise value of these constants will be specified later; we also denote
K = p? and L,, = p?.
Let U € V(n). We denote

E0(V) :={€ € A, [€x| < Ln}, (

Z1(D) = (Z6(V) + V) N A, (
Eg(m) = El(m) \ (qu:nJrl UQUGV(m):‘UCQU =1 (QH»? ( :

=,(0) = () + B(T, K), (5.10



BETHE-SOMMERFELD CONJECTURE (18.11.2007) 21

and finally,
=(U) = =3(0) + Oy (5.11)
These objects (especially Z3(0) and Z(U)) play a crucial role in
what follows; the pictures of them are shown in Figures in the case

d = 2 (here, the integer subspaces U are 1-dimensional, so U = R(6)
with 8 € ©’; we have called Z;(0) := Z,(R(0))).

FIGURE 1. The set Z4(0) in the 2-dimensional case

It may seem that the definition of these objects is overcomplicated;
for example, one may be tempted to define Z3(0) by Figure |5 This
definition is indeed simpler and it would work in the 2-dimensional
case; however, if we try to extend this definition to higher dimensions,
we would find out that lemma [5.12] no longer holds. One more remark
concerning the definitions of the sets = is that it is very difficult to
make a mental picture of them in high dimensions (even when d = 3).
A good approach to working with these sets is to do it on a purely
formal level, without trying to imagine how they look like.

We also put

D = UL _; Uggevim) Z1(20) (5.12)
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FIGURE 2. The set =,(6) = Z5(0) in the 2-dimensional case

and
B:=A\D. (5.13)

We will often call the set D the resonance region and the set B the
NON-TESONANCE TEGLON.

Note that the definitions — make sense for the subspace
iy := {0} € V(0). In particular, we have Zo(y) = Z1(h) = A,
EQ(L[O) = Eg(ﬂo) = B, and

Z(ty) = B + Oy (5.14)

Let us now formulate several properties of the sets Z;. In what
follows, we always assume that p and R are sufficiently large. We also
assume that L, = p% with ¢,41 > ¢, + 3p for all n, ¢ < 1/3, and
K = p? with ¢¢ > 3p > 0. We also put ¢y = 0 so that Ly = 1. From
now on, we fix the values p and ¢, satisfying these conditions; say, we
put

G = 3np, p=(9d)7". (5.15)
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7\
-
N

FIGURE 3. The set Z3(0) in the 2-dimensional case

Finally, we assume that M > 2 and that p? > R?’, where (3 is the
maximal possible value the exponent «(n,m,[) from lemma can
attain.

Lemma 5.1. Z3(R%) = ().

Proof. This statement is obvious since if U = R%, then for each & we
have & = &€g; therefore one cannot have a point £ € A with |£y| <
Lq < p'/3. O

Lemma 5.2. Let U € V(n), 0 < n < d, and & € =Z,(V). Then

Proof. The condition & € =Z;(¥) means that €& € A and there exists
¢ € A, €y < L, such that & — & € Y. These conditions imply

[F&ql” — [FEQ°| = |FE)? — [FETP| < 1.
Now the statement is obvious. O

Corollary 5.3. If &€ € Z(), then |€y] < L.
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=6

FIGURE 4. The set Z(0) in the 2-dimensional case; here,
© = {(0,0),(£1,0), (0,£1)} consists of five elements.

Lemma 5.4. Suppose, By € V(ny) and Vs € V(ny) are two subspaces
such that neither of them s contained in the other one. Let §; €
EQ(Q}]‘). Then |€1 — €2| > L.

Proof. The conditions of lemma imply |(§;)w,| < Ln;, j = 1,2. Let
W =V, + Vo, U=, NV, dimyU = [. Then 2T is an integer 6 M R-
subspace, say 20 € V(m). Also, conditions of lemma imply that 20 #
U;, so m > n;. Suppose, the statement of lemma does not hold, i.e.
€1 — &;| < Ly. Then [(§; — &,)w,| < L1 and thus [(§;)w,| < Ln,. By
corollary [4.11] the angle between F; and F, is at least C R=(1m2.4)
Since the projections of &, onto U; and U, are smaller than L,, and
2L, respectively, it is a simple geometry to deduce that |(&;)a| <
(L, + Lpn,)R*™m20 - Due to the conditions stated before lemma ,
this implies |(&1)a| < L. Therefore, & € =;(20). Now definition
implies that &, € Z5(U;), which contradicts our assumptions.
Thus, [£, — & > L. O
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[

FicurRE 5. Bad definition of the set Z3(@) in the 2-
dimensional case

Corollary 5.5. Suppose, By € V(ny) and Vs € V(ng) are two sub-
spaces such that neither of them is contained in the other one. Let
Lemma 5.6. Let U € V(n) and € € Z3(°0). Then ||F€)? —p?| < KL,
and ||[Feg|? — p?| < L2.

Proof. The assumption of lemma imply that there exists n € Z,(°0)
such that £ —m € U and |€ —n| < K. Lemma implies [£y| <
L,, and thus ||[F&|* — [Fn|?| = ||[F€y|* — [Fnyl?| < KL,. The first
statement now follows from the fact that n € A. Now we compute:

p*— |Féx|* = [FE° + O(K L,) — [Féx|* = [Fé|* + O(K L) = O(L3)
by corollary [5.3] O

Factorizing the LHS’s of the estimates from this lemma, we immedi-
ately obtain the following

Corollary 5.7. Let U € V(n) and € € Z3(0). Then ||FE| — p| <
0 and |[FES| - p| & po
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Lemma 5.8. Let U € V(n) and & € Z3(0). Suppose, for some n € A
we have § —m € V. Then n € Z5(V).

Proof. Definition implies that € =Z;(0). Therefore, in order to
prove our lemma, we need to show that for any 20 € V(m) (m > n),
U C W, we have n ¢ Z1(2W). Suppose, this is not the case and
n € Z1(20). Then the fact that & € =Z3(U) means that there exists a
vector € € (V) with £ —€ € V. But then n—£& € U C 20. Therefore,
£ € Z,(20). This contradicts the assumption & € Z5(%). The lemma
is proved. 0

Lemma 5.9. Let U € V(n) and € € Z3(W). Suppose, for some n € 0
we have a == € +n & Z3(0). Then ||[Fa|* — p?| > K*.

Proof. Let & be the point which satisfies the following conditions: & —
a €U, & € A, and the vector ag is a non-negative multiple of &g (a
simple geometrical argument shows that such a point always exists).

Then lemma |5.8 implies that & € Z5(W). Therefore, since o € =3(°V),
we have ||Fay| — |[Fay|| = |[Fayg — Fag| > K. Moreover,

IFal* — [Fé&l’| = [[Foy|” — [Fay[|
. . L2
= [|[Fagy| — |Fay|| |[Fay| + [Fay|| > ([Fay| — [Fag|)” > K>
This finishes the proof, since ||[F&|? — p?| < 1. O

Lemma 5.10. Let ¥ € V(n) and & € Z3(V). Suppose, 8 € Of,,,
0 ¢ 0. Denote =€+ 0. Then ||Fnl? — p?| > K*L,.

Proof. Let 20 be the linear span of ¥ and 6, and let 4l := R(@) be the
one-dimensional subspace.

Assume first that |&,| < K?L,. Then, since [£y| < L,, the ge-
ometrical argument similar to the one used in the proof of lemma
implies that |€gy| < L,11/2 (recall that the assumption we have
made on the exponents p and ¢, imply that L,,; > K3L,). Since
& € Z5(), there exists a vector € € Z5(Y), |€ — €| < K. Therefore,
[€oul < [€gnl + [(€ — &)aw| < Lyt1, which implies § € Z(20). This
contradicts the condition £ € Z,(Y).

Therefore, we must have |€y| > K2L,. This implies

[Fn|* — [F&]%| = [[F(§y + 0)* — [F&y[*| > K*L,.

Now it remains to notice that lemma implies that ||F¢|? — p?| <
K L,. This finishes the proof. O

Corollary 5.11. Let U € V(n) and & € =Z3(W). Suppose, 8 € O,
and =€+ 0 € Z3(0). Then ||Fn|? — p?| > K>
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Proof. If @ € U, then the statement follows from lemma [5.9 and if
0 ¢ U, the statement follows from lemma [5.10] O

Lemma 5.12. For each two different integer subspaces U; € V(n;),
j=1,2,0<n; <d we have (E(V1) + O1) N (E(V2) + ;) = 0.

Proof. Suppose, € € (Z(T1) + O1) N (Z(V2) + O1). Then corollary
implies that one of the subspaces ; is inside the other, say U; C Y.
Moreover, there exist two points, & € Z3(;) and &, € =Z3(U2) such
that 0j = gj — 5 S ®M+1' Then 0 := €1 — 52 =0,—065¢ ®3M-

There are two possibilities: either 8 € U,, or 6 ¢ Us.

Assume first that 8 € Y. Since §; € Z3(U;), there exist points éj €
Z2(%0;) such that éj —§;, €9y, \éj —§,| < K. But then £, — &, €9,
Since &, € Z(V,) C Z1(Ys), according to definition this means
that €, € Z;(Y,). Now definition implies €, & Z,(U;) which
contradicts our assumption.

Assume now 0 ¢ Us. Then lemma [5.10] implies

IF&|* — p°| = [|[F (&, + 0)° — p*| > K*Ly,.
However, this contradicts the inequality ||F&,|* — p?| < KL,, which
was established in lemma [5.6l O

Corollary 5.13. Each point & € A belongs to precisely one of the sets
=(0).

Proof. Indeed, definitions (5.7)—(5.14)) imply that each point & € A
belongs to at least one of the sets Z(¥). The rest follows from lemma

.12 O

Let us introduce more notation. Let € C R? be a measurable set.
We denote by PX(€) the orthogonal projection in § = L2([0, 27]%)
onto the subspace spanned by the exponentials e¢(x), £ € C, {§} = k.

Lemma 5.14. For arbitrary set C C R? and arbitrary k we have:

VPR (e) = PR (C + 0,)V'PR(e) (5.16)
Proof. This follows from the obvious observation that if £ = m+k € €
and [n| < R, then £+ n € (€ + ©;). O

We are going to apply lemma |3.2] and now we will specify what are
the projections PJZ The construction will be the same for all values of
quasi-momenta, so often we will skip k from the superscripts. For each
U e V(n),n=01,..,d—1weput P(U) := PX(Z(Y)). We also
define Pj(‘l]) = fP(k)((Eg(m) + @]) \ (Eg(m) + @jfl)), ] = 1, ey ]\47
Py(T) = PR (Z5(T)). We also denote Q := I — (3 P(T)) (the sum
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is over all integer 6M R-subspaces of dimension n = 0,1,...,d — 1).
Now we apply lemma with the set of projections being {P(U)},
J = [A = 20u, A + 200], and Hy = Hy(k). Let us check that all the
conditions of lemma [3.2] are satisfied assuming, as before, that all the
conditions before lemma [5.1| are fulfilled. Indeed, lemmas [5.12] and
imply that P(0;)P(Us) = 0 and P(U;)VP(U,) = 0 for differ-
ent subsets U; and Y, (in particular, @ is also a projection). Prop-
erties P(B) = Y1 Pi(V), P{(V)VRA(DV) = 0 for [j — | > 1 and
P;(B)VQ = 0for j < M follow from the construction of the projections
P;(0) and lemma [5.14] Since A C UgZ3(), the distance between the
spectrum of QHy() and J is greater than 6v. Corollary implies
that the distances between the spectra of P;(U)HyP;(0), j=1,..., M
and J are > K?. All these remarks imply that we can apply lemma
W (or rather corollary and, instead of studying eigenvalues in-
side J of H'(k), study eigenvalues of H(k) := > P(U)H'(k)P(D);
the distance between any eigenvalue of H'(k) lying inside J and the
corresponding eigenvalue of H (k) is < p~1Mp,

To be more precise, we do the following. Assume & = n+ k € A.
Then & € Z() for some uniquely defined U € V(n). In the following
sections, we will define a mapping g : & — () (P(U)H' (k)P (%)),
where 7 = 7(&) is a function with values in N. The mapping g
will be an injection and any eigenvalue of P(0)H'(k)P (L) inside J
will have a pre-image under §. Then, g(£) is also an eigenvalue of
> PO H' (K)P(D) + QH'(K)Q, say

3(6) = e (X PIOH (1OP(T) + QH'(K)Q).

Pl

Then lemma implies that [§(&) — pn e (H'(k))| < p™*MP. We
then define £(€) == jure/(H(k)) so that [5(€) — F(€)] < p~7. In
order to construct the mapping g, we compute § (or at least obtain
an asymptotic formula for it) and then, roughly speaking, throw away
terms which are sufficiently small for our purposes.

In the next two sections, we discuss how to obtain an asymptotic
formula for g when p is large. We will consider separately the case
€ € Z3(Mp) = B (recall that Uy = {0} € V(0) and we have called B
the non-resonance region) and the case of £ lying inside the resonance
region D. We start by looking at the case £ € B.



BETHE-SOMMERFELD CONJECTURE (18.11.2007) 29

6. COMPUTATION OF THE EIGENVALUES OUTSIDE RESONANCE
LAYERS

First of all, we notice that lemma [5.10] implies that the operator
P(84o)H' (k)P (o) splits into the direct sum of operators. Namely,

P(th) H' (k) P(tlo) = D PY(E + O1) H' ()P (€ + Our).  (6.1)
the sum being over all & € B with {£} = k. We denote by g(&)
the eigenvalue of PH (& + O,)H'(k)PX (€ + O,/) which lies within
the distance v from |F€|? (Lemma implies that this eigenvalue is

unique). Our next task is to compute g(£). In this section we will
prove the following lemma:

Lemma 6.1. Let R < ppdfl/Q. Then the following asymptotic formula
holds:
(&) ~ [Fgf*

in the sense that for each m € N we have

9(&) — ¥

m

B Z Z Z Anl ~~~~~ ny <£7 G771>_n1 c. <E, Gnr>_”r

r=1 my,...m, €0, 2<n1++np<m

= O(p—(m+1)p)‘ s
6.3

uniformly over R < ppd_l/Q. Here, A, . ., is a polynomial of the

----- P

Fourier coefficients V(nj) and V(nj —m,) of the potential.

Proof. Let us denote
a(n) = [F(€ +n)|*. (6.4)
The matrix of P(& + Oy)H' (k)P (& + O)y) has the following form:

~ ~

a0 Vi) Vi) .. Vi)
V() a(mn) Ving—m) .. V(n,—m)
% / 1%

(m.) V(m:—m) a<":72) (6.5)
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The diagonal elements of this matrix equal [F (& +n)|* (with n run-
ning over ©,/) and off-diagonal elements are Fourier coefficients of the
potential (and are thus bounded). Let L be the number of columns of
this matrix; obviously, L < R%.

Let us compute the characteristic polynomial p(u) of - The
definition of the determinant implies

p(n) = (IT (atm) = w) + 3 Julp) (6.6)

UISSIY;

where J,, consists of products of exactly (L — m) diagonal terms of
(6.5) and m off-diagonal terms. Put J,,, = J' + J/, where J/ (resp.

m?

JI') consists of all terms, not containing (resp containing) (a(0) — u).
Then we can re-write as

p(n) = (I atm = w) (@@ =) + 1), (67)

neoOy,
where 7() = Y57 () + 5y Lu(p) with
P
" Ileer, (aln) — 1)
and I
I, = “

yeor (a(m) — )

We can easily compute the first several terms:

— |V (n)|?
[1(/'0 T n; a(,n) . N’ (68)
— 2R(V(m)V (n — )V (1))
POO== 2 Tt - @i -
o R (6.9)
P = —(a(0) — Vin—n)”
B = O =10 2 )= et
Overall, I,,, is the sum of O(R™) terms of the form
Wm(nlv co »77n>
(@)~ p) - talm,) — ) (10
and I,,, is the sum of O(R™) terms of the form
(a(0) — p) Wonl, - ) (6.11)

(a(ny) —p) ... (a(n,) —p)
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Here, W,,(ny,...,n,) and Wm(nl, ...,m,) are some polynomials of
V(n;) and V(n; —n,).

On the interval [a(0) — v,a(0) + v] the equation p(u) = 0 has a
unique solution, which we have called §(&); this is the solution of the
equation a(0) — u + I(n) = 0. After denoting F(u) := a(0) + I(u),
this equation becomes equivalent to p = F'(u). Throughout the rest
of the section we will assume that p € [a(0) — v,a(0) + v]. Then,
since £ € B, lemma guarantees that |a(n) — a(0)] > p* for
n € ©),. This implies I,,(1) = O(R™p=2"?) = O(p~""); similarly,
I,(1) = O(p~""). Computing the derivatives, we see that %]n(u) and
%fn(u) are O(p~"P) as well. Slightly more careful analysis shows that
in fact I, = O(R% ™) = O(p~?) and &Il = O(Rp™) = O(p~?).
Indeed, we have:

neay, M) —
1 7 () 2 :
_ _577;;, [V (n)| (a(n) — T a(—nm) — M)
L () () 2 "
_ _577%4 V(n)| ((am) — p)(a(—n) — M))
B o al0)+ |Fyl — 4
_ n§M |V (n)] (<a(,,7) — ) (a(—n) - u)>’

and it remains to notice that 3-, o, |V (n)|? :
of the Ly-norm of V. These estimates show that when R < pr¢ /2,

we have I(p) = O(p~?) and %F(,u) = %I(,u) = O(p~%). We will

find 5\(5) using a sequence of approximations. We define a sequence
wi in the following way: po = a(0), prr1 = F(ur) = a(0) + I(ux).

Since |pr+1 — §(&)| = [F(ur) — F(3(8))| = lux — §(€)|0(p~) and
1o — 9(€)] = O(1), we have:

e — 3(€)] = O(p™7). (6.13)

Therefore, we will prove the lemma if we show that for all £ > 1 the
approximation p enjoys the same asymptotic behaviour (6.2)), at least
up to an error O(p~*?). This computation is straightforward. For
example, we have

= [FEP + L(IFEP) + L(FEP) + L(FEP) + 0(p™),

is bounded by the square
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and, using ((6.12)), we obtain:

a _ 2 [Fnl®
Blalo) == 2 VO oy =) o= — a0
_ 2 [Fn|?
= 2 VO G gy PP (e P — [Fa)
— 2 [Fnl®

_ o, A7 [Fn*(F§ Fn)
= 2 VO pgre pr

neoe’,

= ) V)P ) 47 [Fn["*(FE, Fny) "
neoe’, n=1

= V(P> 4 Fn|" 2, Gn)
ne@’NI n=1

(6.14)

Computations of I,(a(0)) are similar (and, obviously, I5(a(0)) = 0),
only now the result will have terms which involve inner products of &
with two different n’s. Thus,

H1 = |FE|2 + Z Z Am,nz <€> G"71>_n1 <€> G772>_n2 + O(p_3p)7

71,M2€0), M1,n2
(6.15)
the sum being over all ny, ny with ny + ny > 2 (in fact, we can take
the sum over n; + ny = 2, since other terms will be O(p~")). Using
induction, it is easy to prove now that

M = |F€|2
k+1

30D D A (&G0 (6,Gn) T (6.16)

+O(p~ "),

-----

of {V(T]])} and {V(nj —mn,)}. Indeed, if uy satisfies (6.16]), then a
calculation similar to ((6.14]) shows that for each n € ©’), the fraction
a(n)l—uk can be decomposed as a sum of products of negative powers
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of (§,Gmn;). Therefore, all functions I,(ux) (and, thus, I(u)) ad-
mit similar decomposition. This implies that the next approximation

i1 = |FE&? + I () also satisfies (6.16)).
Estimate (6.13)) now shows that the asymptotic formula (6.3) holds.

O
We now define g(£) as the finite part of the RHS of the expansion

(6-2), namely
9(&) = [FEP?

(6.17)

Lemma 6.2. We have:
19(€) = g(&)] < p~H. (6.18)
Proof. This follows from lemma U

7. COMPUTATION OF THE EIGENVALUES INSIDE RESONANCE
LAYERS

Now let us fix W € V(n), 1 < n < d-—1, and try to study the
elgenvalues of P(‘U)H’( JP(0). Let £ =n+ ke E3(). We denote
(

P
Y, = = (€+(BNZHY)NE/(V). =0123, (7.1)
Y =7Y(&) :=Y3(&) + Ou, (7.2)
P(g) = PR (Y(¢)), (7.3)
H'(§) := P(&§)H'(k)P(§), (7.4)
Hy (&) := P(§)Ho(k)P(§), (7.5)

and
Vi = P(§)V'P(§). (7.6)

Out of all sets denoted by the letter Y, we will mostly use Y3(£) and
Y (€); see Figures [617] for an illustration of these sets when d = 2. Let
us establish some simple properties of these sets.

Lemma 7.1. Suppose, n € Y(€)\ Y3(&). Then ||[Fn|> — X > K? (in
particular, n ¢ A).

Proof. The assumptions of the lemma imply that n = € + 0 with
€€ Y3 and 6 € Oy If O € B, the statement follows from lemma
5.10, Assume 6 € U. Then n € Z3(U) (otherwise we had n € Y5(§)).

Now the statement follows from lemma [5.9] O
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-

FIGURE 6. The sets Z3(0) and Y3(&)

Lemma 7.2. We have Y3(§) C Z3(0) and Y(&) C Z(V). Ifn €
Y (&), then m — & € Z4. If for some &,,&, € Z3(0) we have Y (&) N
Y (&) # 0, then Y(&;) = Y(&,).

Proof. The first three statements follow immediately from the defini-
tions. Assume Y (&) N Y(&,) # 0, say n € Y(&) N Y(&). Then
n = éj + 9]', 7 = 1,2, with éj S 53(‘13) and Hj € O,. Then
£, =&, + (0, —0,). Since 8, — 0; € Oy, lemmas and [5.6/ imply
that 8, — 6, € U. Therefore, £&,— &, € (BNZY), s0o X (&) = Y(&,). O

Lemma[7.2)implies that the operator P(U)H’(k)P () splits into the

direct sum:

P(0)H'(k)P(T) = D H'(§), (7.7)
the sum being over all classes of equivalence of & € Z3(U) with {£} = k.
Two vectors &, and &, are equivalent if Y(&;) = Y(&,).

Remark 7.3. The programme formulated at the end of section 5 re-
quires to put into correspondence to each point & € =Z3(*U) a number
§(&) which is an eigenvalue of P(0)H'(k)P(0). It is natural to choose
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FIGURE 7. The sets Z3(0) and Y(£); here, © =
{(0,0), (£1,0), (0, £1)} consists of five elements.

G(€) to be an eigenvalue of H'(£), say §(§) = p;j(H'(E)), where j = j(§)
is some natural number, and the mapping j : Y(£) — N is (at least)
an injection. There are certain technical problems with defining the
function j. The first problem is that the sets Y (&,) and Y(&,) can
have different number of elements for different &, &, € =Z3(U) (as Fig-
ure [§| illustrates), and the mapping j obviously has to take care of this
fact. The second problem is that the mapping j cannot possibly be
continuous (otherwise, since it takes only natural values, it would be
constant and therefore not an injection), so g as well cannot be contin-
uous. Finally, we want (&) not to change too much when we change &€
a little. We cannot exactly achieve this (since, as we mentioned above,

¢ must be discontinuous), but we can achieve some weaker version of
this (see lemma for the precise statement).

Hence, we will study operators H'(k) for each & = m + k € Z(0)
with {€} = k. Recall that we have denoted by &y and E% vectors such



36 L.PARNOVSKI (18.11.2007)

V&)
Y€

)

FIGURE 8. The sets Y3(&;) (dots) and Y5(&,) (crosses)
have different number of elements

that & = &€y + €y, € € T, G€y L V. Let us also define

r=1r(€) = |Féy|, &y = &x/7, (7.8)
so that |[F&€y| = 1. We can think of the triple (r, £y, £y) as the cylin-

drical coordinates on Z(J). Corollary implies that [€g] < p;
corollary [5.7] implies

= pl = O(™ ) = O™, (7.9

since ¢, < 1/3; in particular, we have r > 0. The current objective is
to express the asymptotic behaviour of eigenvalues of H'(&) inside J in
terms of r. In order to do this, we want to compare the eigenvalues of
H'(&,) and H'(&,) when &,,&, € Z(U) are two points which are close
to each other. Since the operators H'(&,) and H'(,) act in different
Hilbert spaces P(§;)$), we first need to map these Hilbert spaces onto
each other. A natural idea is to employ the mapping Fe ¢, : P(&)$ —
P(&,)$ defined in the following way:

FEhEz(e”l) = 6"7+52—§1' (710)
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This mapping is ‘almost’ an isometry, except for the fact that it is not
well-defined, i.e. it could happen for example that n € Y(&;), but
(m+& —&) & Y(&,) (Figure [§] illustrates how this can happen). In
order to avoid this, we will extend the sets Y (£). We do this in the
following way. First, for &,,&, € Z2(*U) we define

Y(£;8,) =Y(§)U (T(€2) — &+ 51) (7.11)

and, similarly,

T3(&1:€y) == Y3(&1) U (T3(E2) TR 51)
(the set Y3(&,;&;) is shown on Figure[J). We also define

P(&;;€,) =P (Y (€1:€y)), (7.12)
where ki 1= {& };
Hl(fﬁﬁz) = P<€1§€2)Hl(€1)P(51§€2)7 (7.13)
and
Hy(&1;€) = P(&;82)Ho(&,)P(&1:82). (7.14)

Suppose also that & € Z»(0) and let U C Z5(U) be a set containing
€ of diameter < p~!. Denote

Y(&U) == UperX(§;m), (7.15)
Y3(&U) := Unev X3(&;m),
P(&U) =PM(Y(&0)),
H'(&U):=P(&U)H'(E)P(EU), (7.16)
and
Ho(&U) :== P(&U)Ho(€)P(&:U). (7.17)

Notice that Y (£;;€,) = Y (&;;{&1,&2}).

Now if we define the mapping Fe ¢, : P(£1:€,)9 — P(£2:£1)9 by
formula , this mapping will be a bijection and an isometry, since
obviously

Y(&5:81) =Y (&1;85) + 65— &5
Similarly, if U is any set containing &£, and &,, then the mapping F¢ v :
P(&;U)H — P(€,;U)$ defined by will be a bijection and an
isometry, since

Y(&;U) =Y (&;U) + & — &
Note also that if n € Y(&;U), then n — £ € Z<.

The problem, of course, is that in general the spectra of H'(&;) and
H'(&;&,) (or H'(&4;U)) can be quite far from each other. However,
we can give sufficient conditions which guarantee that the spectra of
H'(&,) and H'(&,;&,) (or rather the parts of the spectra lying inside J)
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FIGURE 9. Now the sets Y3(&;&,) = Y3(&;) (dots) and
Y3(&,;&,) (stars) have the same number of elements

are within a small distance (of order O(p~*MP)) from each other. The
following statement is a straightforward corollary of lemma [3.2]

Lemma 7.4. a) Let &,,&, € Z5(0) C A satisfy |€, — &| < p~t. Then
there exists a bijection G = Gg, ¢, defined on a subset of the set of all
eigenvalues of H'(€,) and mapping them to a subset of the set of all
eigenvalues of H'(€,;&,) (eigenvalues in both sets are counted including
multiplicities) satisfying the following properties:

(i) all eigenvalues of H'(&,) (resp. H'(&,;&,)) inside J are in the
domain (resp. range) of Ge, ¢,;

(i1) for any eigenvalue p;(H'(&,)) € J (and thus in the domain of
Ge, ¢,) we have:

14 (H'(&1)) — G (H'(§)))] < p~ 7. (7.18)

b) Suppose €& € U C Z5(B) and the diameter of U is < p~'. Then
there exists a bijection G = Gey defined on a subset of the set of all
eigenvalues of H'(E) and mapping them to a subset of the set of all
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eigenvalues of H'(€;U) (eigenvalues in both sets are counted including
multiplicities) satisfying the following properties:

(i) all eigenvalues of H'(&) (resp. H'(E;U)) inside J are in the
domain (resp. range) of Gey;

(it) for any eigenvalue p;(H'(§)) € J (and thus in the domain of
Geu) we have:

1 (H'(8)) — G(p; (H'(§)] < p~. (7.19)

Proof. Let us prove part a) of this lemma; part b) is proved analogously.
Suppose, & € (Y(&;;€,) \ Y(&,)). Let us prove that then

IFE[* — p?| > K*. (7.20)
Indeed, we obviously have & := & + £2 & € Y(&) C (). Then

definitions (5.10), (5.11)), (7.1) and (7.2) imply that =10+ a+ 0,
n € (E2(V)N (& + D)), a € B(T, K) 0 cOy If6 ¢,
follows from lemma and the inequality
IFE* — [FEP| < 1,

which in turn follows from the conditions of lemma. Suppose 8 € 5.
Then £ — &, =a+ 0+ (n—§&,) €U and, since & ¢ Y(£,), we have
€ & Y3(&,), which in turn implies £ ¢ Z3(0). Now follows from
lemma [5.9]

Inequality shows that as before we can apply lemma , or
rather its corollary 3.3l This time, we apply this lemma with H =
H'(€,:€5), Ho = Ho(€:6,).n = 0, P = P(£,), Q = P(€,: &)~ P(€,).
Py =Pt (T3(€ ), P(T) := P(&;; &) P* ((T3(&1)+6;)\ (T5(€1)+

],1))P(€1;€2), j =1,...,M. The fulfillment of all conditions of
lemma follows from and lemma . Now the statement of
lemma immediately follows from corollary [3.3] U

Remark 7.5. Part (iii) of corollary shows that the bijection Gg¢, ¢,
is given by the following formula. Let | = [(&,,&,) be the number of
points

n e Y(£;6)\ Y(&) (7.21)
with |[Fn|? < X (notice that if 7 satisfies (7.21)), then |Fn| & J). Then
Ge e, (13 (H'(§1))) = pji(H'(€1365))). Similarly, if [ = I(§,U) is the

number of points

neT(EU)\ T(E) (7.22)
with [Fyf? < A, then Geo (i, (H'(€))) = iy (H'(& U))).

The next lemma shows that the eigenvalues of H'(&; U) do not change
much if we increase U; this lemma is an immediate corollary of lemma

4
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Lemma 7.6. Let £ € Uy C Uy C Z5(°0) and let the diameter of Uy be
< p~'. Denote by 1 = 1(&; Uy, Us) the number of points

neY(&U)\ Y(&Uy) (7.23)

with |Fn|*> < X. Then:
a) for any eigenvalue p;(H'(§;Uv)) € J we have:

| (H' (& U1)) — pj(H'(& U))| < p~ 7 (7.24)

b) the number 1(&; Uy, Us) does not depend on &, i.e. if €,&, € Uy,
then l(&l; Ul, UQ) = Z(EQ; Ul, Ug)

Proof. Part a) of lemma follows from lemma [7.4] and remark [7.5] since
(& UL, Up) =1y — 1y, I :=1(&; U;), and we have

|1 (H'(€)) = pyot, (H' (& Up))| < p77 i =1,2. (7.25)

Let us prove part b). Suppose, n; € Y (&€,; U2)\ Y (&;;Ur). Then, in the
same way as we have proved (7.20]), we can show that ||[Fn, [?—=X| > K.
Denote my := m; + (&5 — &;). The definitions of the sets Y imply
that n, € Y(&;Us) \ Y(&,;Up). Since |€, — €| < p~!, we have
||Fn,|? — |[Fn,|?| < 1. Therefore, the inequality |Fn,|?> < X is satisfied
if and only if the inequality |[Fn,|> < X is satisfied. This proves that
1(€1; Ur, Uz) = U(&2;Ur, Ua). O

As we have already mentioned, if £, € U, we have Y(n;U) =
Y (& U)+ (n— &), which implies that the mapping Fg,, : P(§;U)$H —
P(n;U)$ defined by is an isometry. Thus, by considering the
sets Y(&; U) instead of Y (&) we have overcome the first difficulty men-
tioned in remark [7.3, Now we will try to face the other problems
mentioned there.

Let g = 0,my,...,m, be the complete system of representatives of
Oy modulo U (we assume of course that n; € ©y). That means that
each vector 6 € Oy has a unique representation @ = n; + a, a € U.

Denote W; = ®;(£) := (£ +mn; + (BNZY)) NY(€). Then

() =Jw (7.26)

and this is a disjoint union (on Figure , the set W is the middle
column of dots, and ¥; and ¥y are the left and right columns).

Let us compute diagonal elements of H'(§). Let § € Y(§). Then n
can be uniquely decomposed as

n=§+p+mn, (7.27)
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with p € BN Z Recall that H'(§) = Hy(€) + Ve and Ho(€)e, =
|Fn|%e,, whenever n € Y(£). Since F&€y L Fu and F&y L Féy, we
have:

[Fnl* = [F(E+n; + p)|* = [F(réy + &g +m; + 1))
= 1%+ 2(F&y, Fny)r + [F((€ +n)w + 1),
This simple computation implies that
H'(¢) =r*I+rA+ B. (7.29)

Herea A= A(é) = A(ﬁ%v 5/%7 T) and B = B(€> = B(&Qb 5/277 T) are
self-adjoint operators acting in P(£)$ in the following way:

(7.28)

A=2) (F&y Fn,)PY(1,);

§=0
in other words,
Ay = 2Fely B ey = 2(Fely, B — E))en,  (730)
and
Bey = |F((§ + nj)% + N)|2€n + Véen = (|F77m|2 + Vg/)en (7.31)

for all n € W;(&) with n; and p being defined by (7.27)). These defini-
tions imply that ker A = P& (P)$. Notice that

1A < R < p'/? (7.32)

and
1B < L < p*? (7.33)
due to our assumptions made before lemma [5.1} see also corollary [5.3]
The dependence of the operator pencil H' = r*I +rA+ B on r is two-
fold: together with the obvious quadratic dependence, the coefficients
A and B depend on r as well. However, as we will show in lemma [7.7]
the second type of dependence is rather weak. Put

D(§) :=r(§)A(&) + B(&).

By {v;(§)} we denote the eigenvalues of D(§). Then according to ((7.29)
the eigenvalues of H'(€) are equal to

(&) = r*(€) +v;(8). (7.34)

If £,,&, € Z3(0), then we can define the operator A(&;;€,) as the
operator defined by with the domain P(&;;€&,)$. Similarly, if U
is a set containing € of diameter < p~!, then we define the operator
A(&;U) as the operator defined by with the domain P(&;U)$.
In the same way, we can define B(&;;&,), B(&;U) (they are defined by
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means of - Ela 52 (El)A(E1S 52) + B(€1;€2)a and D(E? U)-
We also denote by v;(&;:&,) the eigenvalues of D(&;;€&,) and by

Ai(€1:€5) = r?(&)) + vj(€15€5)
the eigenvalues of H'(§;;&,); v;(&;U) and \;(§; U) are defined analo-
gously.
Let us now study how the eigenvalues change under the change of r.

Lemma 7.7. Let £ € Z5(0), r = r(§). Let U be a set of diameter
< p~! containing €. Let t be a real number with |t —r| < p~! and a =
a(t) € Z3(0) be a unique point satisfying (a)g = (&), (a)y = &)y,
and r(a) =t (thus, when we vary t, the path a(t) is a straight interval
which goes along the F-perpendicular dropped from the point & onto
B). Suppose, a € U. Let v;(t) (resp. \j(t)) denote the eigenvalues of
D(a(t);U) (resp. H'(a(t);U)). Then

dyéit) — 0(pM (7.35)
and o
# =2t + O(p'/?) (7.36)

Proof. Let t1, t2 be real numbers satisfying |t; — 7| < p~! and a; =

a(t1), ay = a(tz) be the corresponding points inside Z3(B)NU. First of
all, we notice that the mapping Fjy, a, defined by is an isometry
which maps P(a;;U)$) onto P(ag;U)$. Moreover, the definitions of
the operators A and B imply that

A(al; U) = Fag,alA(a2; U)Fahaa;

similarly,
B(a1;U) = Faya,B(ag; U)Fy, a,-

These unitary equivalencies show that the eigenvalues v;(t) are in fact
the eigenvalues of the linear operator pencil tA+ B, with A and B being
any of the operators A(a; U) and B(a;U) with a satisfying (a)y = (§)y
and (a)g = (§)4; it does not matter which particular point a we have
chosen, since all corresponding operators are unitarily equivalent. For
example, we can choose A = A(&;U) and B = B(&;U). Now an
elementary perturbation theory shows that

dv;
d_tj = (Auj,uj>, (737)

where u; is the eigenvector of D corresponding to the eigenvalue Vj. The

estimate (7.32) shows that dv;/dt = O(p'/3). This proves (7.35). The

estimate (7.30]) follows from this and the identity \;(¢) = ¢? —I— l/] (t) O
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Using similar perturbative argument, we can study how the eigen-
values change when we change the other variables, namely, &y and

€.
Lemma 7.8. Let & € Z3(0), and let a € Z3(V) be the point satisfying
r(a) =r(€), |la— & < p~'. Suppose, &,a € U. Then
Xi(@;U) = X(& 0)| = i U) — (& U)| < |a—€lp'°. (7.38)
Proof. Formula ([7.34)) and the condition r(a) = (&) imply that \;(a; U)—
A\i(&U) =v;(a;U) — vi(& U). Moreover, definitions (7.30]) and (7.31)
imply that
JA(&; U) — FagA(a; U) Feal| < [y — a|R < Ja—€[p~*°  (7.39)
and
1B(&;U) — FeaB(a; U) Fagll < |€y — agl(|€yl + Ln) <fa— 5151/3-)
7.40

Indeed, let us check for example (7.39). Suppose, n € Y (say, n € ¥;).
Then we have:

A& U)en = 2(Fely, F, ey

and
Fo¢AFg qe, = 2(Fay, Fn;)en.
Since
lal — &l < Ja—€lp™
and

we have ([7.39). The estimate ([7.40]) can be proved analogously.

Therefore, since r(&) ~ p, we have
1D(&: U) — FgaD(a;U) Fagl| < |a—€|p"°.
Since the spectra of D(a;U) and Fg oD (a; U)F, ¢ coinside, this implies
(& U) = vi(a;U)] < |a— €[p*?,
which finishes the proof. U

Let us summarize the information about the spectra of H'(§) we have
obtained so far. Recall that A, is a slightly ‘slimmed down’ version of
A; it consists of all points € with |F&|? € J.

Lemma 7.9. Let &£,,&, € U C Z2(0) N Ay with the diameter of U
being p~'. Assume that u;(H'(&;U)) € J. Then

i (H'(&4;U)) — i (H' (€3 U))| < plé&;y — €|+ p~ M7
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If we assume, moreover, that (§;)y = (&;)w and (&§,)y = (&,)y, then

pi (H' (€3 U) =i (H'(€3;:U)) = (2p+0(p'%))(r(&1)—7(&,)+O(p~ 7).
Finally, if (&)g = (£2)w, (&1)y = (&2)y, and U contains the interval
I joining &, and &, then

pi(H'(€:0)) — mj(H'(€3;U)) = (20 + O(p'?)) (1 (€1) — 1(€2))-
Proof. The last statement follows directly from lemma [7.7 Assume
now that (&§,)y = (§;)y and (&;)y = (§,)y. Denote Uy := U, U, :=
U U I, where [ is the interval joining &, and &,, and [ = [(§,; Uy, Us) =

[(&5; Uy, Usy) (the last equality follows from lemma . Then lemma
7.0/ implies that

115 (H' (€13 U1) = pya(H' (€5 Ua))| < p M2 m = 1,2,
Now the statement follows from lemma [7.7 If (&) = r(€,), the
statement follows in a similar way from lemmas and [7.8 In the
general case, we join &; and &, by a path consisting of intervals falling
into either of the two cases above. U

Now we will ‘globalize’ the local mappings constructed so far, in
other words, we will define the function j : Y(£) — N mentioned in
the remark[7.3] Let &€ € Z(U) and {€} = k. Then the set of eigenvalues
{1 (H{(&))} of the unperturbed operator H((§) coincides with the set
{|[Fn|*>, n € Y(&)}. Let us label all numbers {|Fn*, n € Y(£)} in
the increasing order; if there are two different vectors n,n € Y (&)
with [Fn|*> = |F7|?, we label them in the lexicographic order of their
coordinates (i.e. we put n before 7 if either n; < 7y, or 9 = 7
and 1y < 79, etc.) Then to each point n € Y (&) we have put into
correspondence a natural number j = j(n) such that

[Fnf* = p; (Hy(€))- (7.41)
Next we define
9(n) = piem (H'(£)).
This mapping is well-defined and satisfies the following obvious prop-
erty: |g(n) — |Fnl?| < v (recall that v = ||V]|).

The problem with the mapping ¢ defined in this way is that we
cannot apply lemmal[7.7]to it, since lemmal[7.7|treats not the eigenvalues
of H'(§), but the eigenvalues of H'(&;U) with the set U containing
certain intervals perpendicular to 2. Thus, we need to introduce a
different definition which takes care of lemma [7.7 and at the same time

is reasonably canonical.
Let € € =Z5(). Denote

X =X(&) :={n € Z(V) : ny = &, My = E}-
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Simple geometry implies that X (&) is an interval of length < p~1.
Similarly to our actions when we were defining g, we notice that the
set of eigenvalues {u;(H{(€; X (€)))} coincides with the set {|Fn|*, n €
Y (& X)}. Let us label all numbers {|[Fn|?, n € Y(&;X)} in the in-
creasing order; if there are two different vectors m,,m, € Y (&; X) with
|Fn,|? = |[Fny|?, we label them in the lexicographic order of their coor-
dinates. Then to the point £ we have put into correspondence a natural
number ¢ = i(§) such that

FE|* = p(H(§: X)). (7.42)
Next we define g(&) = pie)(H'(§; X)). This mapping is well-defined
and satisfies the property [g(€) — |[F&|?| < v.

Lemma 7.10. Let £ € Z5(0) N Ay. Then the following properties are
satisfied:

(i) 19(&) — g(&)] < p~*M7;

(ii) g(€) = 1r? + s, where r = r(€) and s = s(€) = s(€y, €y, 7) 15 @
function which smoothly depends on r with % = O(p'?).

Proof. Let us prove the first statement. First, we notice that the differ-
ence (&) —j(&) is equal to the number of points n € (Y (&; X(&))\ Y (&)
satisfying |Fn|? < A. Now the statement follows from lemma and
remark [7.5]

Let us now prove the second statement. Suppose, &; € X (&) and
n e Y(& X). Then

ny =0+ (& —§) € Y(§; X).
Note that (§)y = (&;)w and therefore (n)y = (1;)w. Let us assume
that
[F¢| > [Fn) (7.43)
and prove that this implies |F&,| > |Fn,|. Indeed, there are two pos-
sible cases:
(i) € — m € V. Then, since &, — 1, = & — n € Y, we have:

’Ffl‘Q - ’F"h|2 = ‘F(gl)%P - |F(771)‘1J‘2
= [F(&)al” — [F(n)wl* = |FE* — [Fn|* >0

(ii)) &€ —m ¢ V. Then, in the same way we have proved estimate

(7-20)), using lemma we can show that [|[Fn|? — A\ > K?. But
since € € Z5(°UV) C A, we have ||F€|? — A\| < 1. Thus, implies
A—|Fnl? > K2 Since [n, —n| = |€, — €| < p~!, we have A— |[Fn |2 >
K?. Since &, € A, this implies [F&,| > |Fn,|.

Thus, we have proved that the inequality |F&,| > |Fn,| is equivalent
to |[F€| > |Fn|. This implies that i(&,) = (&), where 7 is the function
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defined by ([7.42)). Now the second statement of lemma follows from
lemma [7.71 O

This lemma shows that the mapping g behaves in a nice way as a
function of r. Unfortunately, the dependence on other variables is not
quite so nice. In fact, this mapping is not continuous, even modulo
O(p~*MP) because the functions i(€) are not continuous; moreover, a
little thought shows that we cannot, in general, define the mapping g to
have all properties formulated in the introduction and be continuous
at the same time. Indeed, if the function i = i(§) were continuous,
it would necessary have been a constant. Thus, the function ¢ has
discontinuities, and the function g may have discontinuities at the same
points as i. However, lemmas[7.4] [7.7] and [7.§ show that for each small
neighbourhood U in the space of quasi-momenta we can find a family
of representatives of the functions g which is ‘almost’ smooth. Namely,
the following statement holds:

Lemma 7.11. Let I = [a,b] C Z5(0) N Ay be a straight interval of
length L := |b —a| < p~'. Then there exists an integer vector n such
that |g(b + n) — g(a)| < Lp + p~*MP. Moreover, suppose in addition
that there exists an integer vector m # 0 such that the interval I + m
is entirely inside Zo(0) N Ay. Then there exist two different integer
vectors ny and ny such that |g(b + ny) — g(a)| < Lp + p~*MP and
lg(b+mn2) — g(a+m)| < Lp+ p~ 7.

Proof. Lemmas [7.4] and show that g(a) = \(a; I) + O(p~*MP) for
some integer [. Lemma [7.9 now implies that
IM(a; I) — N(b; I)| < Lp + p~ M7, (7.44)

Once again using lemmal7.4] we deduce that \,(b; I) = g(n)+O(p~*MP)
for some i € Y (b; I); in particular, we have n = b+n for some integer
vector n. This proves the first statement.

Let us prove the second statement. Conditions of lemma imply that
g(a) = Aj(a; 1)+O(p~417) and g(a-+m) = Ay(a+m; [+m)+O(p-147)
for some integers j,l. Moreover, if a+m € Y(a;[) (so that Y(a; /) =
Y(a+ m; [+ m)), then, since m # 0 we have

Jl. (7.45)
Lemma [7.9[ now implies that together with ([7.44]) we have
M(a+m;T+m)—N(b+m;+m)| < Lp+p M. (7.46)

Once again using lemma we deduce that \;(b; I) = g(n,)+0(p~*M?)
and \(b+ m;/ +m) = g(n,) + O(p~*MP) for different points 1, €
Y(b;I) and n, € Y(b+m;/+ m) (the points n, and n, are different
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because of (7.45))). In particular, these inclusions imply n, — b € Z4
and n, — b € m + Z? = Z¢. This proves the second statement. O

Thus, we have proved the following lemma, which is the main result
of this section:

Lemma 7.12. Let U € V(n). Then there are two mappings §,g :
Z5(B) — R which satisfy the following properties:

(i) §(&) is an eigenvalue of P(V)H'(k)P(W) with {§} = k. All
eigenvalues of P(W)H'(k)P (V) inside J are in the image of §.

(ii) If € € Ay, then |(€) — g(§)] < Cp~*"'7 and |g(€) — [FEJ*| < 2v.

(iii) g(€) = 1* + s(€) with r == |[F&y| and 2= = O(p'/?).
Proof. The only statement which has not been checked so far is that
lg(&) — |F€|?| < 2v. This follows immediately from the second state-
ment of this lemma together with the inequality |§(€) — |[F€[?| < v and

19(8) — g(§)| < Cp~P. O
Now, we can put together the results of the previous sections

Theorem 7.13. Suppose, R is sufficiently large, all conditions before
lemma are satisfied, and R < ppdfl/z. Then there are two mappings
f,9: A — R which satisfy the following properties:

(i) f(€) is an eigenvalue of H'(k) with {€} =k, |f(&) —|F&J?| < 2v.
f is an injection (if we count all eigenvalues with multiplicities) and
all eigenvalues of H'(k) inside J are in the image of f.

(ii) If € € Ay, then | f(§) — g(§)| < Cp~MP.
(i1i)) We can decompose the domain of g into the disjoint union:

A=3BU Ui;ll BEV(6M Ron) =5(0). For any & € B
g(&) = |F¢P?

+Z Z Z Onl ..... TLj<€’G771>_n1 ...<€,G7]j>_”j‘

For any & € Z5(°D)
(&) = (&) + s(8), (7.48)
with r(€) = [Féyl, 5(€) = s(r. €y €v). 52 = O(p).

Proof. We have described the construction of the mapping f at the end
of section 5. Mapping g is constructed in sections 6 and 7. U

Let us formulate an important property of the mapping ¢, which is
a global version of lemma
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Lemma 7.14. Let I = [a,b] C A, be a straight interval of length
L :=|b—a|] < p~'. Then there exists an integer vector n such that
lg(b+n) —g(a)| < Lp+ p~*MPtd_ Moreover, suppose in addition that
there exists an integer vector m # 0 such that the interval I + m is
entirely inside A,. Then there exist two different integer vectors n,
and ny such that |g(b +n;) — g(a)| < Lp+ p~*MP+ gnd |g(b + ny) —
gla+m)| < Lp+ p~*Mrtd,

Proof. Let us parametrise the interval I so that

I ={&(t),t € [tmin: tmaz) },

a = &(tmin), b = &(tmaz). Let us prove the first statement. If the
interval €(t) lies entirely inside B, then the statement is obvious since
the length of the gradient of g inside B is < p, so we can take n = 0. If
the interval &(¢) lies entirely inside Z5(0) for U € V(n), the statement
has been proved in lemma [7.IT} Consider the general case. Denote by
yj(k) := p;(H'(k)) the j-th eigenvalue of H'(k). Then the definition
of the mapping f implies that if y;(k) € J, then

yi(k) = f(n+k)

for some integer vector n; the opposite is also true, namely if f(n+k) €
J, then f(n + k) = y;(k) for some j. Notice also that for each j the
function y; is continuous.

Now let us return to the study of the behaviour of the function
g(&(t)). Suppose for definiteness that &(t,:,) € B. Then, as we men-
tioned in the beginning of proof, since the gradient of ¢ has length
< p, we have |g(€(1)) — 9(€(tmin)| < [€(E) = E(tman)|p as so0n as £(1)
stays inside B. Suppose that ¢; is the point at which &(t) crosses the
boundary of B. Then

9(&§(t1 = 0)) — g(&(tmin))| < [£(t) — &(tmin)|p (7.49)

According to the relationship between the mapping f and functions y;
stated above, there exists an index j such that f(&(t;—0)) = y,;({&(t1 —
0)}) (recall that if € = n +k, then we call k = {£} the fractional part
of €). Since y; is continuous function, y;({&(t1 — 0)}) = y;({&(t1 +
0)}). Using the relationship between the mapping f and functions
y; again, we deduce that there exists an integer vector n; such that
y;({€(t1 +0))}) = f(&(t1 + 0) + ny). Property (ii) of theorem
implies that f(£€(t; — 0)) = g(&(t; — 0)) + O(p~*P) and, similarly,
F(&(t1 +0) +n;) = g(&(t1 +0) + ny) + O(p~P). All these estimates
imply

g(&(ty +0) +n1) = g(&(tr — 0)) + O(p~*¥7). (7.50)
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Since £(t; + 0) + n; € Ay, we have either &£(t; + 0) + n; € Z5(0) or
&(t1 +0) +n; € B. Assume the former. Let to > ¢; be the smallest
value of ¢ at which &(¢) + n; crosses the boundary of Z5(0). Then
lemma [7.11| implies that thee exists an integer vector ny such that

|9(&(ts — 0) + 1) — g(&(t1 +0) +11)| < [€(t2) — &(t1)|p + O(p~ 7).

(7.51)
Now repeating the argument we have already used at the moment %,
we deduce that there exists an integer ng such that

g(&(t2 + 0) + n3) = g(&(ta — 0) + ma) + O(p~ 7). (7.52)

Now we repeat the process and increase ¢ beginning from ¢, until we
hit another piece of boundary of some =5(20) at ¢ = t3, etc. The shift
of the function g at each of the points ¢; of hitting the boundary is
O(p~*MP). The number of such points is < p?, since for each fixed
integer vector m the number of intersections of the interval (&£(¢) + m)
(t € [timin, tmaz)) With the boundaries of all sets Z(Q) is finite, and the
number of possible integer vectors m allowed here is < p? (obviously,
the length of each of these integer vectors is < p). Now formulas
— lead to the desired result.

The proof of the second statement is similar and can be derived
from the proof of the first statement in the same way as the proof of
the second part of lemma follows from the proof of the first part
of that lemma. U

Now it remains to extend the above results to the ‘full’ operator
H(k).

Corollary 7.15. For each natural N there exist mappings f,g: A — R
which satisfy the following properties:

(1) f(&) is an eigenvalue of H(k) with {€} = k; |f(&) — |F&|?| < 2v.
f is an injection (if we count all eigenvalues with multiplicities) and
all eigenvalues of H(k) inside J are in the image of f.

(ii) If € € A1, then |f(§) — g(€)] < p~.
(i1i)) We can decompose the domain of g into the disjoint union:
A=BulU"! wev(m) =2(0). For any € € B,

9(&) = FE¢f?

* Z Z Z Cnl ,,,,, n; <£7 G771>_n1 c <£7 Grl].>_"j
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with M = [(N +d)(4p)~'] + 1. For any & € (Z5(0V) N A,)

(&) =7r* +5(€). (7.54)

with r = |Fé&y|, s(&) = s(r, &g, &y) and 22 = O(p!/3).

(iv) Let I = [a,b] C Ay be a straight interval of length L := |b—a| <
p~Lt. Then there exists an integer vector n such that |g(b+n)—g(a)| <
Lp+p~N. Moreover, suppose m # 0 is a given integer vector such that
the interval I +m is entirely inside Ay. Then there exist two different
integer vectors ny and ny such that |g(b+n;) —g(a)| < Lp+p~ and
lg(b+mny) —g(a+m)| < Lp+ p~ V.

Proof. We use theorem for the operator H'(k) with M = [(N +
d)(4p)~'] + 1. Estimate (5.4) implies that |u;(H(k)) — p;(H'(k))| <
U

p~ V=1 so that all the required properties are fulfilled.

Remark 7.16. The function f is not necessarily continuous.

Before we continue with the proof of the Bethe-Sommerfeld conjec-
ture, let us formulate a theorem which immediately follows from our
results, just to illustrate their usefulness. Recall that by N(\) we have
denoted the integrated density of states of the operator defined

n .

Theorem 7.17. For each natural n we have the following estimate:

NA+AT") = N(A =A™ =0\ 1),
Proof. We use corollary with N = 2n + 1. Then

NO+A™) = N = A™) = vol(F (A = A A+ A7)

< Vol(g_l([)\ P 2)\—71])) _ Oo\d/g_n_l)’ (7.55)

the last equality being an easy geometric exercise (which will anyway
be established in the next section). O

Remark 7.18. As it was pointed out to the author by Yu.Karpeshina,
it seems possible that using the results of this paper (including the
results from the next section) one can prove the following lower bound:

NA+e)—N(\) > eAd=2/2

uniformly over € < 1 as A\ — oo (in particular, £ does not have to be
a negative power of \). We will not prove this estimate in our paper
though.
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8. PROOF OF THE BETHE-SOMMERFELD CONJECTURE

Throughout this section we keep the notation from the previous sec-
tion. Without specific mentioning, we always assume that p is suffi-
ciently large; the precise value of the power N will be chosen later. In
what follows, it will be convenient to consider a slightly slimmed down
resonance set. Namely, we introduce the set

B = {Ec A& >p /2 VUeV()}.

In other words, B consists of all points & € A; the F-projections of
which to all vectors n € ©f,, has F-length larger than p'/2. Obviously,
B C B. We also denote D := A, \ B.

Now we will study various properties of mappings f and g. We begin
with the function g.

For each positive § < v denote A(J), B(d), and D(J) to be intersec-
tions of g~ 1([p* — &, p® + 6]) with A;, B, and D correspondingly. The
following is a simple geometry:

Lemma 8.1. The following estimates hold:

vol(A(68)) = p*26, (8.1)
vol(B(8)) < p?726, (8.2)
and
vol(D(8)) < pBd=7/3. (8.3)
Proof. Let € =r¢’ € B, |[F€'| =1 Then the definition of g implies that
99
= = 8.4
5, <P (8.4)

uniformly over &'. Therefore, for each fixed & the intersection of
g ([p* — 9, p* + 8]) with the set {r&’, r > 0} is an interval of length
= §p~'. Integrating over &', we obtain (8.2). Estimate is obtained
in a similar way, only for & € Z() we put r := |[F&y|. Then the es-
timate is still valid. Let n € ©),. Then implies that the
set of all points & € A(J) such that the F-projection of & onto n has
F-length smaller than p'/? has volume O(p(?=5)/2§). Since the number
of elements in O/, is O(R?) = O(p*/?), we have

vol(D(8)) < pPd=51P)/25 « p3a-1/35,
since p < 1/3. Finally, (8.1)) is the sum of (8.2)) and (8.3)). O
Remark 8.2. Putting § = 2A™" in (8.1)), we establish the last equality

in (759).

The next estimate is more subtle.



52 L.PARNOVSKI (18.11.2007)

Lemma 8.3. Let d > 3. Then for large enough p and 6 < p~' the
following estimate holds uniformly over a € R® with |a| > 1:

vol(B(8) N (B(8) +a)) < (8%p™ % +p™%). (8.5)
If d = 2, similar estimate holds with 6** + §p~2 in the RHS.

Proof. After making the substitution v = F§, the function ¢ in new
coordinates will have the form h(v) = |v|* + G(v), with

G(v)=O0(v|™"?) (8.6)
and 00
oL 1
v, < Gyl (8.7)

for all j = 1,...,d, provided v € FB: these estimates follow from
lemma [6.1l We need to estimate the volume of the set

X ={v e (F(B)N (F(B)+ Fa)),h(v) € [p* — 6, p° + 4],

h(v — Fa) € [p*> — 6, p* + 9]} (8:8)

Indeed, we have X = F(B(é) N(B(S)+ a)), so the volume of X equals

det F times the volume of the set B(5) N (B(d) + a). Denote b := Fa.
First, we will estimate the 2-dimensional area of the intersection of X
with arbitrary 2-dimensional plane containing the origin and vector b;
the volume of X then can be obtained using the integration in cylin-
drical coordinates. So, let U be any 2-dimensional plane containing
the origin and b, and let us estimate the area of Xg := U N X. Let
us introduce cartesian coordinates in U so that v € U has coordinates
(v1, 19) with v going along b, and v, being orthogonal to b. For any

v € Xy estimate implies
h(v) = v} + 15+ 0(p™'?),
and so
23 > |h() — h(v = b)| = 7 = (b] = 1)?] + O(p™"").
This implies that

bl 2[b|
ey < 8.9
3 ~ T3 (8.9
when p is sufficiently large, and therefore
Oh(v)
b 8.10
Gt > b (5.10)

whenever v € Xo. Thus, for any fixed t € R, the intersection of the
line vy = t with Xg is an interval of length < |b|™14.
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Let us cut Xy into two parts: Xg = X5 U X3, with Xy, := {v €
X, [1a] <2C5p7 1}, X3 = Xy \ X, and estimate the volumes of these
sets (Cy is the constant from (8.7))). A simple geometrical argument
shows that if X}, is nonempty, then |b| > p. This, together with the
remark after , implies that the area of X}; is < p~2d. Now we
define the ‘rotated’ set X' which consists of the points from X which
belong to Xj; for some U. Computing the volume of this set using
integration in the cylindrical coordinates, we obtain

vol(X1) < p~46. (8.11)
Now consider X%. Let us decompose X% = X2, U X, where

XL ={veXy: wn>0}
and
X5 ={veXy:wm <0}

Notice that for any v € T;, formula (8.7]) implies

Oh(v)

. 8.12
aVQ > 1) ( )

Let ! = (v}, 14) be the point in the closure of DC_% with the smallest
value of the first coordinate: vi < vy for any v = (v1,1n) € X3,
Analogously, we define " to be the point in the closure of DC_% with the
largest first coordinate, vt the point with the largest second coordinate,
and v the point with the smallest second coordinate (see Figure
for an illustration). Note that v* < p.

Let us prove that

v — vl <6 (8.13)

Indeed, suppose first that v5 > k. Let v = (VI,V2) Then, since
h is an 1ncreas1ng function of v, when VQ > 2C’2p , we have h(v™) <
h(v") < p* + 6. Therefore, h(v™) — h(v') < 25. Estimate (8.10) then
implies .

Suppose now that v5 < 4. Let v := (1/1,1/2) Then h(v'" — b) <
h(v! —b) < p?+ 6. Therefore, h(v'" —b) — h(v" —b) < 26. Now, (8.9)
and imply .

Thus, we have estimated the width of X3;. Let us estimate its hight
(i.e. b —1vb). Let us assume that v! > vb; otherwise, we use the
same trick as in the previous paragraph and consider A(- — b) instead

of h. Let v* := (V2,1%). Then h(v*) < h(v?) < p? + 6. Therefore,
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FIGURE 10. The set X2, (the area bounded by four arcs)

h(v™) — h(v?) < 25. Now, (8.12) implies

w - o =2 [

V3
Vg

Vodry <K / ) %(Vi’, vo)dvy < 24. (8.14)
1/5 81/2

Therefore, we have the following estimate for the hight of X3;:

t

A (8.15)

vh+ b
Now, we can estimate the volume of X? := X\ X! using estimates (8.13)
and (8.15). The cylindrical integration produces the following:

2

5 (1) < (1) < 0% (8.16)
Vyt

Equations (8.11)) and (8.16) imply (8.5). If d = 2, we have to notice

that (8.14)) implies v4 — v} < 6'/2 and then use (8.11)) and (8.13). O

vol(X?) <
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As was mentioned already, the function f is not necessarily contin-
uous. We now give a sufficient condition for its continuity. Recall that
v is the Lo,-norm of the potential V.

Lemma 8.4. Let & € B(v) be a point of discontinuity of f. Then there
is a non-zero vector n € Z% such that

l9(€ +n) — g(&)] <2p7V. (8.17)

Proof. 1f € = m+k € B(v) is a point of discontinuity of a bounded func-
tion f, there exist two sequences {£;} and {éj} which both converge
to &, such that the limits A(§) := lim f(§;) and (&) = lim f(éj) exist
and are different. Since the points f(§;) are eigenvalues of H({§;}),
the limit A is an eigenvalue of H(k) (it is well-known that the spec-
trum of H(k) is continuously dependent on k). The same argument
implies that A is also an eigenvalue of H (k). Since A # ), at most one
of these points can be equal to f(£). Say, \ £ f(&). But since A is
inside .J, it must belong to the image of f, say A = f(é), {S} = {¢&}.
Thus, £ = £ +n with n € Z%. Since the function ¢ is continuous in B,

lim g(§;) = g(£), and so

|9(€) = Al = lim |g(&;) — F(&,)| < p™".
But we also have |g(€) — A = |g(&) — f(€)] < p~V. The last two
inequalities imply (8.17]). O
Corollary 8.5. There is a constant Cs with the following properties.
Let

I:={&(t): t € [tmin, tmaz]} C B(v).
be a straight interval of length L < p~'5. Suppose that there is a
point to € [tmin, tmaz] with the property that for each non-zero n € 72
g(&(tg) + n) is either outside the interval

[9(&(t0)) — Csp™™ — CspL, g(&(to)) + C3p™™ + CspL]
or not defined. Then f(&(t)) is a continuous function of t.

Proof. Suppose not. Then previous lemma implies that there is a point
t1 € [tmin, tmaz] and a non-zero vector n € Z¢ such that |g(&(t) +n) —
g(€(t))| < 2p7". Since |&(t1) — &(to)] < [€(tmas) — E(tmin)| < L, it
follows that (I +n) C Ay, and now lemma implies that for two
different integer vectors m; and my we have |g(&(to) + my) — g(&(t1) +
n)| < pL+p " and [g(£(to) + m2) — g(€(t1))| < pL + p~". Since
&(t) € B for all t and the length of the gradient of ¢ is < p in B, we
also have |g(&(t1)) — g(&(t0))| < pL. Thus, we have |g(&(ty) + m;) —



56 L.PARNOVSKI (18.11.2007)

g(&(to))| < Cp™ + CpL (j = 1,2). Since at least one of vectors m; is
non-zero, this contradicts the assumption of the corollary. U

Now we are ready to prove the Bethe-Sommerfeld conjecture. Since
in the two-dimensional case it has been proved, we will assume that
d> 3.

Theorem 8.6. Let d > 3. Then all sufficiently large points X = p* are
inside the spectrum of H. Moreover, there exists a positive constant cy
such that for large enough p the whole interval [p* — cap*~¢, p? + cap* ™9
lies inside some spectral band.

Proof. Put N = d in the corollary|7.15, Also put § = c4p*~%(the precise
value of ¢, will be chosen later). For each unit vector n € R? we denote
I,, to be the intersection of {rn, r > 0} with A(d). We will consider

only vectors n for which I;, C B. As was mentioned in the proof of
lemma the length L of any interval I,, satisfies L =< dp~'. Let

us prove that f is continuous on at least one of the intervals I,, C B.
Suppose this is not the case. Then corollary tells us that for each
point & € B(4) there is a non-zero integer vector n such that

9§ + 1) — g(&)] < Cs(p™ + pL) < (p~" + ). (8.18)

Since |g(&) — p?| < 6, this implies |g(& +n) — p?| < Cs(p~% + §) =: 6y,
and thus £ +n € A(d;); notice that C5 > 1 and so §; > 6. Therefore,
each point &€ € B(4) also belongs to the set (A(d;) —n) for a non-zero
integer n; obviously, |n| < p. In other words,

Bo)c U (A6) -n)

nezZnNB(Cp),n#£0

- UJ®0) -n)u (D) —n)

n#0 n#0

(8.19)

To proceed further, we need more notation. Denote Dy(d1) to be the
set of all points v from D(§;) for which there is no non-zero n € Z¢
satisfying v —n € B(J); D1(d1) to be the set of all points v from D(d;)
for which there is a unique non-zero n € Z¢ satisfying v — n € B(J);
and Dy (d1) to be the rest of the points from D(d;) (i.e. Do(d1) consists
of all points v from D(d;) for which there exist at least two different
non-zero vectors ny,ny € Z¢ satisfying v — n; € B(d)). Then a little
thought shows that we can replace D(d1) by D(d;) in the RHS of
. Indeed, this is shown in the following lemma.
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Lemma 8.7. The following formulae hold:

B(6) ﬂ(U (Do(61) — n)) =0, (8.20)

n#0

(U@:00)-)) € U B1) - n) 8.21)

n#0 n#0

and

Proof. The first formula is an immediate corollary of the definition of
Do(01). Let us prove the second formula. Suppose, v € Dy(d;). Then
there exist two integer vectors, n; and n, such that v —n; € B(9). Let
m be an integer vector. Then m is different from either n; or n,, say
m # n;. Since d; > ¢, this implies:

v-m=v-n—-(m-m)e (B{6)—(m-mny))C U(B(él)—n).

n#0

This finishes the proof of the lemma. O

This lemma shows that we can re-write (8.19)) as
B(6) C | J(B(61) —n) [ J(D1(61) — ) (8.22)
n#0 n#0
This, obviously, implies

3(9) = J ((B(6) - n) nB(5))

N0
UU( (5) —n mB((S))
n#0

Now let us compare volumes of the sets in both sides of (8.23]). The
volume of the LHS we already know from (8.2)): it is > p®~25. The
definition of the set Dy implies that

VOI<U<(91(51) —n) N B(‘D))

} (8.24)
< vol(D1 () < pBI-N35, « pBd=DI3(p=d 4 §),

Finally, lemma [8.3] inequality 6 < d; and the fact that the union in
(8.23) comsists of no more than Cp? terms imply

VOl(U((B(él) —n) ﬂB((S))) < pU(8203 4 8,7

< pd((p—d + 5)2Pd_3 + (p—d + 5)p—d) < 52p2d—3 + 5,0d_3 _’_p—S‘
(8.25)

(8.23)
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Putting all these inequalities together, we get

P12 < C(82 9213 1 6pBd=T/3 | =113, (8.26)
It is time to recall that § = c4p'~?. Plugging this into (8.26)), we obtain
capt < Co(Ap ™ Heap ™3+ p7T3). (8.27)

Now, if we choose ¢, to be small enough (i.e. ¢s < Cg'), the inequality
will not be satisfied for sufficiently large p. Thus, our assumption
that function f is discontinuous on every interval I,, C B(9) leads to
a contradiction (provided we have chosen small enough ¢;). Therefore,
there is an interval [,, C B(§) on which f is continuous. Since the
value of f on one end of this interval is < p? — ¢4p'~%, and the value on
the other end is > p? + c4p' %, the point p? must be in the range of f.
The first part of the theorem is proved. In order to prove the second
part of the theorem, we notice that the interval I,, which we found
satisfies the following condition: for each point £ € I, and each non-
zero integer vector n such that £ +n € A; we have [g(§ +n) —g(§)| >
2p~N. This implies f(& +n) — f(€) # 0. Therefore, f(£) is a simple
eigenvalue of H({£}) for each & € I,,. This implies that the interval
[p? — cap'™?, p? + cyp' ™% is inside the spectral band. The theorem is
proved. U
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