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Lower Bound on the Density of States for Periodic
Schrodinger Operators

Sergey Morozov, Leonid Parnovski, and Irina Pchelintseva

ABSTRACT. We consider Schrédinger operators —A + V in R4 (d > 2) with
smooth periodic potentials V', and obtain a uniform lower bound on the (non-
integrated) density of states for large values of the spectral parameter. It turns
out that as the spectral parameter increases, the density of states approaches
the one for —A.

1. Introduction

Let H = —A +V be a Schrodinger operator in Ly(RY) with a smooth periodic
potential V. We will assume throughout that d > 2. The integrated density of
states (IDS) for H is defined as

(1.1) N(A) = LleréoL*dN(A;HéL)), AeR.

Here HE)L) is the restriction of H to the cube [0, L]? with the Dirichlet boundary
conditions, and N();-) is the counting function of the discrete spectrum below .
The existence of the limit in is well known, see e.g. [RST8|, [Shu79]. For
Hy := —A the IDS can be easily computed explicitly (e.g. using the representation

(2.6) below):

—d -1 d/2 .
12) NO(A):{(zw) d=lwgA/2 A > 0;

0, A <0.

Here wy = 27%/2/T'(d/2) is the surface area of the unit sphere S4~! in RY.

The asymptotic behaviour of the function for large values of the spectral
parameter was recently studied in a number of publications, see [Skr87)|, [Kar97],
[HMO98|, [Kar00], [Sob05], [PS09], and references therein.

Our article concerns the high—energy behaviour of the Radon—Nikodym deriv-
ative of IDS

g :=dN/dA\,
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which is called the density of states (DOS) (see [RS78]). Our main result is that
for big values of A

(1.3) 9(N) = go(N) (1 = o(1)),
where
go(A) = dNg(N)/ dX = (27) " LwgA@=2)/2 /2,
We remark that should be understood in the sense of measures; in particular,
we do not claim that g(\) is everywhere differentiable.

It has been proved in [Par08] that the spectrum of H contains a semi-axis
[Ao, +00); this statement is known as the Bethe-Sommerfeld conjecture (see the
references in [Par08] for the history of this problem). This result has an obvious
reformulation in terms of IDS: each point A > \¢ is a point of growth of N. It was
also proved in [Par08] that for each n € N and € = A™™ we have

(1.4) NA4¢e) = N\ < exld=2/2,

Later, when the second author discussed the results and methods of [Par08| with
Yu. Karpeshina, she suggested that using the technique from that paper, one should
be able to prove the opposite bound

(1.5) N +e)— N\ > eAld=2/2

when A is sufficiently large, not just with € = A™" (when the proof is relatively
straightforward given [Par08]), but also uniformly over all ¢ € (0,1]. In our paper
we prove that for big A

Wd
1.6 N(A —N(\) >
(16) (A+e) =N > 5ot
Note that (|1.6)) implies the claimed bound (|1.3).

The main result of the paper is

eAd=D/2(1 — 6(1)).

Theorem 1.1. For sufficiently big A and any € > 0 the integrated density of states
of H satisfies (|L.6]).

The proof of Theorem is heavily based on the technique of [Par08|] and
uses various statements proved therein. In order to minimise the size of the paper,
we will try to quote as many results as we can from [Par08], possibly with some
minor modifications where necessary.

The article is organized as follows. In Section 2] we introduce the necessary
notation and quote the results of [Par08] which we need for the proof of Theo-
rem Sections [3] and [4] contain some auxiliary results, and the proof is finished
in Section Bl

2. Preliminaries
We study the Schrodinger operator
(2.1) H=-A+V(x), xcR?

with the potential V' being infinitely smooth and periodic with the lattice of periods
A. We denote the lattice dual to A by A, fundamental cells of these lattices are
denoted by © and QF, respectively. We introduce

(2.2) Q = sup {|€]|¢ € Q}.
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Let
(2.3) D:=—V, Dk):=D+k.

The Floquet-Bloch decomposition allows to represent our operator (2.1) as a
direct integral (see e.g. [RST8]):

(2.4) H= | @©Hk)dk,
Ot

where

(2.5) H(k) =D(k)? + V(x)

is the family of ‘fibre’ operators acting in Ly(€2). The domain ® of each H (k) is the
set of periodic functions from H?(Q). The spectrum of H is the union over k € Qf
of the spectra of the operators (2.5). Let {);(k)}, j € N be the set of eigenvalues
of H(k) (counting with multiplicities). Then the integrated density of states
admits the following representation:

(2.6) N(\) := (27r)*d/m #{j: \j(k) < A} dk,

see e.g. [RSTS].

We denote by |- |, the surface area Lebesgue measure on the unit sphere S¢~!
in R? and put wg := ||, = 27%2/T'(d/2). By vol(-) we denote the Lebesgue
measure in R?. We write B(R) for the ball of radius R centered at the origin. The
identity matrix is denoted by I. By A = p? we denote a point on the spectral axis.
We also denote by v the Lo,—norm of the potential V', and put J := [A—20v, A420uv].

Any vector £ € R% can be uniquely decomposed as € = n +k with n € AT and
k € Qf. We call n =: [£] the ‘integer part’ of & and k =: {£} the ‘fractional part’
of & For & € R?\ {0} we define r = r(€) := |€] and & := &/|€|. For any h € Ly(9)
we introduce its Fourier coefficients

(2.7) hy := (vol Q)~1/2 /Q h(x)exp (—i(n,x))dx, ne AT

Given two positive functions f and g, we say that f > g, or g < f, or g = O(f)
if the ratio g/f is bounded. We say f =< g if f > g and f < g. Whenever we use
O, o, >, <, or =< notation, the constants involved can depend on d and norms of
the potential in various Sobolev spaces H?; the same is also the case when we use
the expression ‘sufficiently large’.

Let

(28) A= {ger?, [|g - A <400},

Notice that the definition of A obviously implies that if € € A, then ‘|§‘| —p‘ < pL.
We put

(2.9) R=R(p) := pl/(36d2(d+2))

(so that the condition stated after equation (5.15) in [Par08] is satisfied). For
j € Nlet

©) == ATNB(jR)\ {0}.
Let M := 5d? + 7d. We introduce the set

(2.10) Bi={¢e A“(E,n’)\ > p!/2, for all m € 6, }.
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In other words, B consists of all points & € A the projections of which to the
directions of all vectors n € ©f,, have lengths larger than p'/2. We also denote
D:=A\B.

In the rest of the section we quote some results from [Par08] which will be
used in this paper. Our approach is slightly different from that of [Par08|. In
particular, we consider arbitrary lattice of periods A, not equal to (27Z)%. We also
use a different form of the Floquet-Bloch decomposition (so that the operators on
fibers are defined on the same domain). This leads to several straightforward
changes in the formulation of the results from [Par08]. These changes are:

(1) The lattices (27Z)? and Z? are replaced by A and A', respectively. The
‘integer’ and ‘fractional’ parts are now defined with respect to AT (see
above);

(2) The matrices F and G are replaced by the unit matrix I throughout;

(3) The Fourier transform is now defined by , and the exponentials e,
introduced at the beginning of Section 5 in [Par08] are redefined as

em(x) == (vol Q)12 mx) - m e AT

(4) The operators H (k) are now given by (2.5) on the common domain D.

The main result we will need follows from Corollary 7.15 of [Par08]:
Proposition 2.1. There exist mappings f,g : A — R which satisfy the following

properties:

(i) (&) is an eigenvalue of H (k) with {€} = k; |f(§) — |§|2‘ < 2v. f is an
injection (if we count all eigenvalues with multiplicities) and all eigenvalues of H (k)
inside J are in the image of f.

(ii) If € € A, then |f(€) — g(€)] < p~@3.
(iii) For any € € B

(&) = I¢f”
2M
e s S Con &) 6

J=1my,...,m; €0, 21+ +n;; <2M
Remark 2.2. Formula ([2.11)) implies that
(2.12) dg/0r(€) < p, forany &€ B.

For each positive § < v we denote by A(¢), B(J), and D() the intersections of
g7 ([p? — 6, p* + 8]) with A, B, and D, respectively.

It is proved in Lemma 8.1 of [Par08] that
(2.13) vol (D(8)) < p*~ /3.

The following statement (Corollary 8.5 of [Par08]) gives a sufficient condition
for the continuity of f:

Lemma 2.3. There exists a constant Cy with the following properties. Let
I:={&(t) : t € [tmin: tmaz] } € B(v).

be a straight interval of length L < p~'6. Suppose that there is a point ty €
[tmin, tmaz] with the property that for each non-zero n € At g(é‘(to) + n) is either
outside the interval

[g(f(to)) — Cip~ 3 = CipL, g(&(to)) + Crp™ "7 + C1PL}
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or not defined. Then f(£(t)) is a continuous function of t.
By inspection of the proof of Lemma 8.3 of [Par08] we obtain

Lemma 2.4. For large enough p and 6 < p~! the following estimates hold umni-
formly over a € AT\ {0}: ifd >3,

(2.14) vol (8(5) N (B(6) + a)) < (82pP3 4 5p7);
ifd=2,
< 8372, la| <2p—1,
(2.15) vol (3(5) N (B(8) + a)) <82 +6p72, |jal - 20| < 1,
=0, la] > 2p+ 1.

3. Prevalence of regular directions

In this section we prove that for most directions &' the image of the function f
of Proposition is an isolated eigenvalue of H ({6}) continuously depending on
€| if it belongs to a neighborhood of p?.

Lemma 3.1. For p big enough and
0<d6< p_d_3
there exists a set F = F(p) on the unit sphere S4=1 in R with
(3.1) |Flo = wa(1l —o(1))
such that f(&) is a simple eigenvalue of H({€}) continuously depending on r := |€|
for every & = (r,€') € f_l([p2 — 6,02+ (5)) with ¢ = €/|€| € F.
PROOF. It is enough to consider § := p~¢~3. For each & € S9! let
(3.2) I/ (6) == {r&',r > 0} N B(9).
Let Fi := {&' € S971 I (6) # 0, I (6) N D(6) = 0}.
For any n € ©f,, the area of the set of points ¢ € S9! satisfying
(e’ o) < P2

is evidently O(p=1/2) if r > p/2 (the latter is true for all ¢’ € A). Since the
number of elements in O, is O(R?), by ([2.9) and (2.10) we have

(3.3) |S4=I\ Filo = o(1).

By definition B(6) = BN g~'([p? — 8, p? +6]), hence (2.12)) implies that for big
p the length lg/(0) of Ie/(0) satisfies

(34) 151(6) = 5p_1, fl € Fi1.
Let

F:={¢ € Fy|f is continuous on I¢(0)},
and
E(6):={¢te 8(5)‘5’ € Fi\ F}.
Lemma tells us that for each point & € £(J) there is a non-zero vector n € Af
such that

(3.5) l9(€+mn) — g(&)] < C1(p™ " + ple (8)) < (p~ % +6).
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Since |g(&) — p?| < 4, this implies
g€ +1n) = | < Co(p™ P +0) =61 < p 0 =4,

and thus € + n € A(d71); notice that Co > 1 and so 6; > 0. Therefore, each point
& € £(8) also belongs to the set (A(d1) — n) for a non-zero n € AT; obviously,
In| < p. In other words,

(3.6) £(6) C U (A(61) —n) = | (B(31) —n) U | (D(61) — n).
neATNB(Cp), n#0 n#0 n#0

To proceed further, we need more notation. Denote Dy(d1) to be the set of all
points v from D(d;) for which there is no non-zero n € AT satisfying v —n € B(6);
D1(01) to be the set of all points v from D(d1) for which there is a unique non-zero
n € A satisfying v — n € B(8); and D4 (1) to be the rest of the points from D(d;)
(i.e. Dy(d1) consists of all points v from D(d1) for which there exist at least two
different non-zero vectors ny,ny € AT satisfying v — n; € B(5)). Then Lemma 8.7
of [Par08| implies that we can rewrite as

(3.7) £©) c |J (B(61) =n)u | (Pr(61) = n).
n#0 n#0
From this we conclude that
38) €6 c Y ((3(51) —n)n B(d)) v ((Dl(él) ~n)n 3(5)),
n#0 n#0
since £(d) C B(9).
The definition of the set D;(d1) and imply that

vol < U ((Dl(él) —n)n 3(5))> < vol (D (61))

n#0
< vol (D(81)) < 81p?7 /3 < p= /3.

Ford > 3 Lemma inequality 6 < d1, and the fact that the union in (3.8]) consists
of no more than Cp® terms imply

(3.10)  vol ( U ((3(51) —n)N 3(5))) < p (02073 1 81p7Y) < 5(pT 0+ 1).
n#0
For d = 2 we obtain by Lemma [2.4]

wi( U (50086 +m))

neAt\{0}

(3.9)

< 3 vl (8(5) N (B(6y) + n))
(3.11) ned Mo}
+ Y vol (B(o)n (B(6r) +n))

neAf\{0}
IIn|—2p| <1

< 5f/2p2 + p(éf/Q +01p72) < dp7 /2,
where we have used that

#{n € AT‘Hn| —Zp‘ < 1} < p.
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Applying (3.9), (3.10), and (3.11)) to (3.8) we obtain for all d > 2
(3.12) vol £(6) < 6pt=7/3.
By definition,

E0)= J Ie(0).

& eFI\F
Hence by
(3.13) |F1\ Flo < 61 p? "4 vol £(6).
Combining and we conclude that for big p
(3.14) |71\ Flo = o(1).
We have
(3.15) [S4TEN Flo = 18771\ Fulo + | F1\ Flo

Substituting (3.3)) and (3.14)) into (3.15) we obtain (3.1)).

Now we notice that for every & € F the interval I¢(6) has the following
property: for each point & € I¢/(6) and each non-zero vector n € AT such that
£+n € A wehave [g(€+mn)— g(&)| >2p~973. This implies f(€ +n) — f(£) # 0.
Therefore, f(€) is a simple eigenvalue of H ({£}) for each & € I¢/(6). The lemma is
proved. ([l

4. Some properties of operators on the fibers

In this section we discuss some properties of operators H(k), k € Qf. In
Lemma [4.1| we prove that the Fourier coefficients of the eigenfunctions of these
operators satisfy certain decay estimates if the corresponding eigenvalues are big
enough. Using this, we obtain an estimate on the rate of change of such eigenvalues
with k in Lemma [£.2]

For m € R let

vim = ( 3 \n\2m|vn|2)1/2.

neAt
Since V is smooth, V(™) is finite for any m > 0. Recall that Q is defined by (2.2).

Lemma 4.1. Fir m € N and » € (0,1). For k € Qf let ¢ be a normalized
eigenfunction of H(k):

(4.1) H(k)y = ¢y

with the eigenvalue

(4.2) ¢ > max {36@2%_27 (1+ m%)Q/(d_l)%_Qd/(d_l)}.

Then there exists My, = M,,(d, A, V) € Ry such that for all n € AT with
(4.3) n| > (1+m) /¢

the Fourier coefficients of 1 satisfy
(4.4) [thn| < Myyse™™|n|~Bm+1/2,
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PROOF. We proceed by induction. Suppose that either m = 1, or m > 1 and
the statement is proved for m — 1. Substituting the Fourier series

Y(x) = (vol Q)~1/2 Z Ynexp (i(n,x)), x€
neAt

into (4.1)) and equating the coefficients at exp (i(n, x>) on both sides, we obtain by
&3):

(4.5) In + k|*9n + Z Va-1t1 = (Y.
leAT

Since k| < @, by (4.2) and (4.3)) we have

(4.6) 2n||k| < »n|?/6 + 63 1Q* < x#|n|?/3.

For sz € (0,1), it follows from that
(A7) P —C3 (L= (145 2l = 52+ ) (1 + )20l > snl2/2.
Combining and we obtain
[+ K2 = ¢ > 2 — 2mlk| — ¢ > #nf?/6,
and thus by
(48) Yl < 65 n 2 3 Vel

leAt

If m = 1 we estimate the sum on the r.h.s. by V() using Cauchy-Schwarz
inequality (since 9 is normalized) and obtain (#.4) with M; := 6V (©),
If m > 1, we estimate

(4.9) > Va1th| < sup [gm| > WL

1€AT: [1—n|<|n|1/d m: [m|>|n|—|n|1/d 1€AT: [1]<|n|1/d
By ([@3)), ([#2)), and monotonicity of the function q(t) =t — t'/? for t > 1 we have
| — 0] > (14 mo0) /S — (1 +msa) /O = (14 (m —1)2) V<.

According to the induction hypothesis

i _ 1-3m/2, 1_3m
(4.10) sup [then| < 3" Moy (1 — In|* d)/d) / |t =3m/2,

m: |m[>|n|—|n|1/d
Since » € (0,1), from (4.3)) and (4.2) we conclude
0] > (14 ms) /€ > (31 + )@/ > 98/,

hence

(4.11) (1 — |n|A-d/d)1=3m/2  g3m/2-1

Let
W= supr_d#{l € AT||1\ <r}
r>1
Clearly, W < oo. By Cauchy—Schwarz inequality

(4.12) S vl wAvOn|2,
1IeAT: |1||n|1/4d
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Substituting (4.10), (4.11)), and (4.12)) into (4.9) we get

(4.13) Z Va_ith| < 28m/2- Lo lmmpp /2y O pp i 3-m)/2,
leAt: [1-n|<|n|1/d

On the other hand, since ||| = 1, applying Cauchy—Schwarz inequality we obtain
> Vaath| < oz 3= a2 gy, |

1€AT: [I-n|>|n|1/d leAT: |I|>|n|1/d

< |n|3(17m)/2< Z |1|3(m71)d\V1|2)1/2 < V(3(m71)d/2)|n|3(17m)/2'
1€At: |1]>|n|1/d

Inserting (4.13)) and (4.14]) into (4.8) we arrive at (4.4) with
M,, := 6(28/ 21 W12y O py, ) 4 yBm=1)d/2)),

(4.14)

O

Lemma 4.2. For any n € (0,1) there exists (o > 0 such that if (k) > (o is a
simple eigenvalue of H(k) for some k € QT then

(4.15) IVi¢| < 2(1+n)V/C.

PRrROOF. Let ¢ (k) be the eigenfunction corresponding to ((k) with
(4.16) (k)| = 1.
Then

(111 V() = Vi), HK)0() = (40K, (TH0)0(0)).
by (3 and €3,

ViH (k) = 2D(k).
Substituting this into we obtain:

(4.18) V()| < 2| D) (k)| = 2( > \n+k\2,wn(k)‘z)1/2.

neAt
Let
(4.19) m:=[(d+1)/3] +1
and
(4.20) w:=n/(2m+1).
We assume that
(4.21) ¢ = ((k) > max {36Q%»% %, (1 + m%)z/(d_l)%_zd/(d_l)}.
Since by k| < @, by ([#.16), (4.21)), and (4.20) we have
(4.22) S I kPen)® < (1+ (m+1/6)5) ¢ < (1+1n/2)%.

In|<(1+ms) v/
For |n| > (1 + m)\/C we apply Lemma obtaining
(4.23) S mkPea@f <M S kP ol
[n]>(1+ms0)v/C In|>(14m3¢)\/C

By (#19) the r.h.s. of ([@23) is finite and is O(¢~'/2). Thus, choosing (, big
enough, by (4.18)), (4.22)), and (4.23]) we obtain (4.15]. O
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5. Proof of Theorem [I.1]
We are now ready to finish the proof of the main result. It is enough to prove

Theorem 5.1. For any « € (0,1) there exists po > 0 big enough such that for all
P = po

(5.1) N(p? +6) = N(p? = 8) > (1 - a)(2m)wadp’2
for any
(5.2) 0<d<p 43

Indeed, the original statement of Theorem can be obtained by partitioning
of the interval [\, A\ +¢] into subintervals with lengths not exceeding 2A(~4=3)/2 and
adding up estimates (5.1)) on these subintervals (with p? being respective middle
points).

Proor. We ﬁrst express the growth of IDS in terms of the function f of Propo-

sition i) using

(5.3) N(p* + 5) — N(p* —0) = (2m) " *vol (f'p* — 6,p> +9)).
We can write

) vol (f71[p? =6, p% +0)) = - r, &Yrd=t dr dg’
(5.4 oAt =apt ) = [ [ et anag

where y is the indicator function of f—! ([p2 — 8,02+ 6)) To obtain a lower bound
we can restrict the integration in (5.4)) to & € F defined in Lemma Then for
any 7 € (0,1) there exists pg > 0 such that for any p > py we have

(5.5) [Flo = (1 = n)wa,
and for any & € F the support of x(-,&’) contains an interval [rq, 73] with
(5.6) (I=—mp<r<r+1—np 'd<r

Indeed, the first inequality in (5.6) follows from Proposition [2.1f(ii),(iii). The last
inequality in (5.6 follows from Lemmata and

Thus for all p > po by (5.5) and (5.6)) we obtain

[ ] xmenitarag > [ a-ntpsag
(5.7) si=1.Jo F
2 (1 o n)dJrlwdpde(s’

Combining ., ., and ., and choosing 7 small enough we arrive at .
The theorem is proved.
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