OPERATOR THEORY
Solution I

1. Prove that B(F,Y) is not a Banach space if Y is not complete. [Hint:
take a Cauchy sequence (y,) in Y which does not converge and consider the
sequence of operators (B,,),

Bo) i= Ay, YA € T

Solution

Take a Cauchy sequence (y,,) in Y which does not converge and consider the
sequence of operators (B,),

B, = \y,, VA €F.

It is easy to see that B, € B(F,Y) and ||B,| = |lynl|, » € N. Since
(Br, — Bu)A = MYn — Ym), we have |B, — Bl = ||Yn — Yml||- Therefore
(B,) is a Cauchy sequence in B(F,Y’). Suppose there exists B € B(F,Y)
such that ||B,, — B|| — 0 as n — +o00. Let y := Bl € Y. Then ||y, —y|| =
|B,1—B1| < ||B,—B| — 0asn — +oo, i.e. the sequence (y,,) converges to
y. This contradiction proves that (B,,) cannot be convergent. Hence B(F,Y)
is not a Banach space.

2. Give an example of a bounded linear operator A such that Ran(A) is not
closed. [Hint: consider the imbedding X — Y, where X is the space C([0, 1])
equipped with the norm || - || and Y = L,([0,1]) is the completion of the
normed space (C([0,1]), | - [|,), 1 <p < o0.]

Solution

Let X be the space C([0, 1]) equipped with the norm |||/ and Y = L,([0, 1])
be the completion of the normed space (C([0,1]), | - ||,), 1 < p < oco. Let
A: X — Y be the imbedding: Af = f, Vf € X. Then Ran(A) = C([0, 1))
is dense in Y = L,([0, 1]) but does not coincide with it. Therefore Ran(A)
cannot be closed.



3. Give an example of a normed space and an absolutely convergent series
in it, which is not convergent.

Solution

Let X be an arbitrary normed non-Banach space (e.g., X = (C([0,1]), || |l,),
1 < p < 00). Then there exists a Cauchy sequence (x,) in X which does
not converge. Since (x,) is Cauchy, for any k € N there exists n; € N such
that ||z, — z,,|| < 27%, Vn,m > n;. Consider the series
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(xnkJrl - ‘Ink) : (1)

>
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This series is absolutely convergent because

o0 oo
Z ||xnk+1 - xnkH < ZQ_k =1 < +oo.
k=1 k=1

On the other hand, (1) is not convergent in X. Indeed, if the sequence of
partial sums >} (Zn,,, — Tp,) = Tn,,, — Tn, IS convergent as j — +oo, then
so is the sequence (z,,,) and also (z,), since (z,,) is Cauchy. Contradiction!

4. Let X be the Banach space C'([0,1]) and Y be the space of all continuously
differentiable functions on [0, 1] which equal 0 at 0. Both of the spaces are
equipped with the norm || - [s. Show that the linear operator B : X — Y,

(Bf)(t) = / f(r)dr,

is bounded, one-to-one and onto, but the inverse operator B™' : Y — X
is not bounded. Compare this with the Banach theorem (bounded inverse
theorem).

Solution



It is clear that || Bf|lc < ||flleo, ¥.f € C(]0,1]). So, B is bounded.
Suppose Bf; = Bfs, i.e.

/Ot fi(r)dr = /Ot fo(r)dr, Vte0.1]

Then differentiation gives fi(t) = fa(t), ¥Vt € [0,1], i.e. fi = fo. So, B is
one—-to—one.
Let ¢ be continuously differentiable and ¢(0) = 0. Then ¢’ € X and

o(t) = /O (e, Ve 0.1],

ie. ¢ = By'. So, B is onto.
It follows from the above that B is invertible and

B7p(t) = ¢(t), Vte[0,1].
It is easy to see that B~ :Y — X is not bounded. Indeed,
| B~ sin(nt)]|oo = ||ncos(nt) |l = n > nl|sin(nt)||s, ¥n € N.

This does not contradict the Banach theorem (bounded inverse theorem) be-
cause Y equipped with the norm || - ||« is not a Banach space.

5. Denote by C?%(]0,1]) the space of twice continuously differentiable func-
tions on the interval [0, 1] equipped with the norm
.— !/ "
Jull = o, huts)] + mas o/ ()] + pmax o (5)].
Let X denote the subspace of C?([0, 1]) containing functions satisfying bound-

ary conditions u(0) = wu(1) = 0. Prove that the operator A = —% is a
bounded operator acting from X to C([0, 1]).

Solution

The boundedness of A : X — C([0,1]) follows directly from the definition
of the norm in X. (Note that C([0,1]) is assumed to be equipped with the
norm || - ||eo-)



6. Show that the operator A from the previous question has a bounded in-
verse A~1: C([0,1]) — X and construct it effectively.

Solution

Consider the equation Au = f, where f € C([0,1]) is given and v € X
is unknown. It is equivalent to —% = f(s), Vs € [0,1]. Successive

integration gives
—/ f(r)dr + ¢,
0

u R—
ds
s t
—/ / f(T)det+Cls+Co,
0 JO

where ¢; and ¢y are some constants. Now the boundary conditions u(0) =
u(1) = 0 imply ¢o = 0 and

1 gt
& :/ / f(r)drdt.
0o Jo
Hence u = Rf, where

—/OS /Otf(f)dfdws/ol /Otf(T)det:
(3—1)/05 /Otf(T)det—l—s/sl /Otf(T)det.
It is easy to see that Rf € X, Vf € C([0,1]) and
(ARF)(s) = ( / /f drdt+s/ / f(r det)
%U f(T)dT—/ / f(T)det) — f(s), Vse0,1]
(RAu)( / / )drdt + s / / ))drdt

/0 W) = o (0))dt — s / (W () — o/ (0))dt = u(s) — u(0) — w/(0)s

—su(l) + SU((())) +su'(0) = u(s), Vse|[0,1], Yue X,




since u(0) = u(1) = 0. Hence, AR = I and RA = I, i.e. A is invertible and
AP =R.

The boundedness of A~ = R: C([0,1]) — X can be obtained directly from
the definition of the norm in X. It also follows immediately from the Banach
theorem on the inverse operator. (Note that the completeness of X follows
from the well known results on uniform convergence.)



