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1. Connections on holomorphic vector bundles

1.1. Splitting of connections: Let 0→M→ E → N → 0 be an exact sequence
of holomorphic vector bundles, | · | a Hermitian metric on E and ∇ a compatible
(∇0,1 = ∂̄E) unitary connection on E . Show that

• ∇Mσ = prM∇σ defines a connection on M compatible with the holomor-
phic structure (where σ ∈ Ω0(M ;M) and prM denotes the | · |-orthogonal
projection to M),
• β = ∇−∇M defines a (1, 0)-form with values in M∗ ⊗N .

1.2. First Chern class: Recall that we defined the first Chern class of a complex
vector bundle E to be the first Chern class of its top exterior power Λrank(E)E.
Check that if ∇ is a unitary connection on E then

c1(E) =
1

2πi
[Tr(F∇)].

2. Stable bundles

2.1. Proof of Harder-Narasimhan theorem: At some point in the proof of the
Harder-Narasimhan theorem we took the supremum over all holomorphic subbun-
dles F ⊂ E of µ(F) and claimed that there exist holomorphic subbundles realising
this supremum. Why is this supremum finite and why are there bundles which
realise it?

2.2. Harder-Narasimhan filtration for semistable bundles: Mimicking the
proof of the existence of a Harder-Narasimhan filtration for general holomorphic
vector bundles, prove that there is a filtration of a semistable vector bundle E over
a Riemann surface of the form

0 = E0 ⊂ · · · ⊂ Ek = E

where Ci := Ei/Ei−1 is stable and µ(Ci) = µ(E).
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