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https://en.wikipedia.org/wiki/Pendulum

Period of oscillation of a pendulum:

T = 2π

√
L

g
seconds ,

where
g ≈ 9.8

m

s2

is the acceleration of gravity (gravity of Earth) and L is the length
of the pendulum.

Natural frequency of a pendulum:

f =
1

T
Hz .

https://en.wikipedia.org/wiki/Pendulum


A system with 3 degrees of freedom.

It has 3 natural frequencies.



A string: system with infinitely many degrees of freedom.

https://en.wikipedia.org/wiki/String_vibration

It has infinitely many natural frequencies:

fn =
n

2L

√
T

µ
, n = 1, 2, . . . ,

where T is the tension of the string, µ is the linear density of the
string and L is the length of the string.

The collection of all natural frequencies is called spectrum.

Lowest natural frequency is called fundamental frequency, whereas
higher natural frequencies are called overtones.

https://en.wikipedia.org/wiki/String_vibration


Vibrations of a membrane. Think of a drum.

Things become more complicated: need to deal with partial
differential equations. Here partial refers to the fact that we have
more than one spatial coordinate.

Chladni Plate.

https://www.youtube.com/watch?v=T04iLhJsars

Ernst Florens Friedrich Chladni (1756 - 1827) was a German
physicist and musician.

https://www.youtube.com/watch?v=T04iLhJsars


Acoustic resonator. Like a membrane, but in 3D.

Things get really tough, finding natural frequencies fn,
n = 1, 2, . . . , becomes very difficult.

A miracle: the Rayleigh–Jeans law (1905) states that

fn ≈ c

(
3n

4πV

)1/3

as n→ +∞,

where c is the speed of sound and V is the volume of the
resonator.



Jeans’ contribution to the Rayleigh–Jeans law

“It seems to me that Lord Rayleigh has introduced an unnecessary
factor 8 by counting negative as well as positive values of his
integers”.

Lord Rayleigh replied with a paper consisting of one sentence as
well: “I agree”.



1910: Lorentz visits Göttingen at Hilbert’s invitation and delivers a
series of lectures “Old and new problems in physics”. Lorentz
states the Rayleigh–Jeans law as a mathematical conjecture.
Hermann Weyl is in the audience.

1912: Weyl publishes a rigorous proof of Rayleigh–Jeans law.
Almost incomprehensible.

Comprehensible proof: in R.Courant and D.Hilbert, Methods of
Mathematical Physics (1924).



Weyl’s Conjecture (1913)

One can do better and prove a two-term asymptotic formula for
the acoustic resonator with hard walls (Neumann boundary
conditions):

fn ≈ c

(
3n

4πV

)1/3

− c S

16V
as n→ +∞,

where S is the surface area of the boundary of the resonator.

Very difficult problem bordering on analytic number theory.



Theorem (Victor Ivrii, 1980) Weyl’s conjecture holds if periodic
billiard trajectories have measure zero.

Theorem (Vassiliev, 1984) Under certain geometric assumptions
on the branching Hamiltonian billiards, Weyl’s conjecture holds for
higher order operators. Furthermore, I have an explicit algorithm
for the evaluation of the second Weyl coefficient.

Yu.Safarov and D.Vassiliev, The asymptotic distribution of
eigenvalues of partial differential operators, American
Mathematical Society, 1997 (hardcover), 1998 (softcover).

“In the reviewer’s opinion, this book is indispensable for serious
students of spectral asymptotics”. Lars Hörmander for the Bulletin
of the London Mathematical Society.







Spectral asymmetry.

Single elementary particle living in closed 3-dimensional universe.

Particle is described as a wave governed by the Dirac equation.

Positive natural frequencies are interpreted as energy states of a
particle, whereas negative natural frequencies are interpreted as
energy states of a antiparticle.

Contributors to this subject area: Sir Michael Atiyah, Isadore
Singer, Nigel Hitchin, Peter Gilkey, Lev Pontryagin, Friedrich
Hirzebruch, Shiing-Shen Chern, Jim Simons, Bob Seeley.



Most important application of spectral theory: atomic physics.

Electrons in the atom are described as waves governed by the
Schrödinger equation or the Dirac equation. Natural frequencies
are interpreted as energy states of the atom.

Positronium atom. Here the agreement between theory and
experiment is 10−10. Triumph of spectral theory.

Problem with positronium: theoretical results are non-rigorous.

Bethe–Salpeter equation.


























